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Corollary 4.3: Assume (4.1), (4.8), and (4.13) are satisfied and
suppose K, and «; solve the nonzero set point problem with K; € 8.
Then there exist n X # @, P = 0 such that

K= -R['®, 4.14)

a,=R'BTA;TPy—R[\[BTA;"(LTR,—~®TR['R])-R[ 15

4.15)
and such that Q and P satisfy
0=(A-BR'®)Q+Q(A-B,R['®)T+V,, (4.16)
0=ATP+PA+Ry—®"R,®. 4.17)
Finally, setting
y¥=0, Ry =0, L=1I, (4.18)

we obtain the result of [2].

Corollary 4.4: Assume (4.1), (4.8), (4.13), and (4.18) are satisfied
and suppose K and o solve the nonzero set point problem with Ky € 8/
Then there exists # X n P = 0 such that

K =—-R['BTP, 4.19
a=—R['BTA;TRS (4.20)
and such that P satisfies
0=ATP+PA+R,—-PzP. (4.21)
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Analysis of Time-Varying Scaled Systems Via General
Orthogonal Polynomials

TSU TIAN LEE anND YIH FONG CHANG

Abstract-—General orthogonal polynomials are introduced to analyze
and approximate the solution of a class of scaled systems. Using the
operational matrix of integration, together with the operational matrix of
linear transformation, the dynamical equation of a scaled system is
reduced to a set of simultaneous linear algebraic equations. The
coefficient vectors of the general orthogonal polynomials can be deter-
mined recursively by the derived algorithm. An illustrative example is
given to demonstrate the validity and applicability of the orthogonal
polynomial approximations.

1. INTRODUCTION

An investigation of the dynamics of an overhead current collection
mechanism for an electric locomotive by Ockendon and Taylor [12]
revealed that under certain conditions, the dynamics of the systems is
characterized by a differential equation containing terms with a scaled
argument of the form

X)) =AX(\)+BX(?)
X0)=X,

where X (\t) and X (¢) are n-vectors and 4 and B are n X n matrices and
the constant 0 < A < 1. This type of differential equation also plays an
important role in several chemical processes [3], [13]. This equation was
first studied by Fox ef al. [11] with the introduction of a finite difference
method for 0 < A < 1. Recently, the solution of such a scaled system has
been obtained by several different orthogonal functions, such as block-
pulse functions [14], {2], [3], Walsh functions [1], delayed unit step
functions [4], Laguerre polynomials [5], Chebyshev polynomials [6], [7],
and Legender polynomials [15]. The common approach of these methods
is the use of the operational matrix of integration together with the
operational matrix of scaling to reduce the differential equation to a set of
linear algebraic equations, which is more suitable for computer program-
ming.

In this note we will employ the operational matrix of integration and
product operational matrix of the general orthogonal polynomials,
together with the operational matrix of linear transformation, which will
be derived later, to obtain the solution of the scaled system. The
operational matrix of linear transformation is derived based on the
following properties, namely, the pure recurrence relation

$i1(2) = (@2 + b)) ¢i(2) — €i9;-1(2) (1)
with
do(R)=1; di(2)=apz+ by
and the differential recurrence relation
$i(2) = A 1(2) + Bii(2) + Cidbi1(2) )

where recurrence coefficients a;, b;, ¢; and differential recurrence
coefficients A;, B;, and C;, are specified by the particular orthogonal
polynomials under consideration and some are listed in [9]. The aim of
this paper is twofold: 1) to derive an operational matrix of linear
transformation for general orthogonal polynomials so that the scaled
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matrices derived by Hwang [4], Hwang and Shih [S], Chou and Horng
[71, and Shih and Kung [15] can be obtained by the derived operational
matrix as its special case; and 2) to present a general solution of scaled
systems, whether it is time-varying or time-invariant, via orthogonal
polynomials. This solution can certainly be reduced to different polynomi-
als approximation solutions of the specific problem, including Che-
byshev, Jacobi, Legender, ultraspherical, and any other orthogonal
polynomials that possess recurrence relations (1) and (2).

II. GENERAL ORTHOGONAL POLYNOMIALS ON FINITE INTERVALS

The orthogonal polynomials ¢;(z) with respect to the weight function
w(z) over the interval ¢ < z < b are defined as of degree precisely 7 in z
and satisfy the condition [9]

i=J 6}

b )
| w@eie0) dz= {g "

and the recurrence relation (1). The general shifted orthogonal polynomi-
als may be obtained by letting z = p¢ + g which transform domain [a, b]
into domain [a’, ‘], where b’ > a’, @’ and b’ are both finite, p = (a
— b)y/(a’ — b'yand g = (a’b — ab’')/(a’ — b’).

Thus, the shifted general orthogonal polynomial becomes

. of (O=laft+bfloF ) —cfFo} *(2) )
whel_'é izi* = ap* b} = b + aig, cf = ¢, fori = 0, 1, *++, with
o) = 1; ¢F() = a}t + bf. The new polynomials ¢ *(#) with the
recurrence relation (4) are orthogonal with respect to weight function
w*(t) = w(pt + g) over the interval [@’, b’]. It has been shown that if
C(T)isan n x r matrix time function, C(¢) can be expanded by general
orthogonal polynomials as [8]

C)=[Co C, -+ Cpoild(t)=C0,(0)

where C; is an n X r coefficient matrix

AR HO)

sin=| T2 PO

, 4 mrXr matrix,

LX ¢k (D)
is called the general orthogonal polynomial matrix, C7, an n x mr
matrix, is called the general orthogonal coefficients matrix, I, a7 X r

identity matrix, X denotes a Kronecker product, and #(¢) is an r X /time
function,

u(r)=Ug*(1t)

then
C(u(t)=[CoUCU -+ C,_ UILP*(¥) 5)
where L = [y olo,1 *** foom—1: " * I t,00m=1,1 *** dm—1,m—1]7 is called
the operational matrix of product, /;; are the expansion coefficients

vectors of the product of ¢ ¥(#) and ¢j’5‘(t), fori,j=0,1,:<-,m— 1.
Furthermore, it has also been shown that [8]

SD $4() di = Pg*(0). )

For m terms approximation, P is of the form

B,—g A, 0 o - 0 0 0

C1+D] Bl Al 0 e 0 0 0
T . . ST S B

Dm—z 0 0 0 Cm—2 -Bm—z Am—z

Doy 0 0 0 0 G, Bns
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where D;fori = 1,2, ---, m — 1 can be calculated from

Di=—-A0% (0)-Bio¥(0) - CioF (0). ®
_ III. OPERATIONAL MATRIX OF LINEAR TRANSFORMATION
Define
SXt)=¢Xar-B) = Y, didF(?) )
i=0
that still satisfies the recurrence relation
¢:+|(ts) = (anls+bn)¢:(t:)—cn¢::_1(ts) (10)

for any f; even outside the interval [a’, b'].
Substituting (9) into (10), we have

n+l n

n-1
>, duri¥ (=Y, dy et =Y+ b, 16O = Y, a1 idF(@). (1)
i=0 i=0

i=0

Since the first term of the right-hand side of (11), after simple
manipulations, can be expanded as

2 dy il (at—B)+b,]0* (1)

i=0

g ) & a.ac.,
= 2 o, Gnim1®F O+ 3 == dn 8O
i= i=0
+2 aibn = 2,0, — bt dn i ®X(0). 12)

i=0 4
Substituting (12} into (11) and equating the like coefficients of the general
orthogonal polynomials {¢*(£)},i = 0,1, -+, n + 1, we can obtain the
recurrence relation of the form

apo
Gnari=——dni-1+
i1 Qv

a,aCi
dn i+1

+ b, — a,a,8 - bia,o

dn,i_ cndn—l,i
a;

a3

fori =0,1,---;n=0,1, ---, withdpo = 1;dy0 = bo(l — ) —
aB; dyy = a;d,; = 0@ > nori <0).

Thus, we derive a matrix termed as the operational matrix of linear
transformation T to relate general orthogonal polynomials to their
transformed forms as

¥t — )= Tp*(1) 14
and 7T is of the form
do_o 0 0 b O
dio di, 0 s 0
T= dz,o dZ.l dz,z e 0 (15)
dm—l.O dm-l.l dm—l.2 R

When o = A > 0and 8 = 0, then T becomes the scaled matrix §, i.e.,

D*(A1) =So*(7). (16)

The scaled matrices proposed by Hwang [6], Hwang and Shih [5],
Chou and Horng [7], and Shih and Kung [15], are the special cases of the
present operational matrix. This operational matrix, together with the
operational matrix of integration and product operation matrix, plays an
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important role in reducing the scaled systems to a set of algebraic
equations.

IV. ANALYSIS OF SCALED SYSTEMS
Consider the time-varying scaled system

() =Ax(\)+B)x()+ CHu(r) (17)
with x(0) is given where x(7) is an n X [ state vector, u(f) isa r X /input
vector, and A(r), B(r), and C(¢) are time-varying matrices of appropriate
dimensions.

Integrating (17) from ¢* = Oto ¢’ = ¢, we obtain

'3

x(H-xO)=\ A@)xOM") dt’ + S B)x(t') dt’ + 5 C@u(t’) dr'.
0 0 . 0

J

(18)

Expanding x(r), u(f), A(#), B(f), and C(f) by general orthogonal
polynomials, we have

x()=[xo x X 1]9*(1) = X*(1) (19)
u(ty=[um u U 1] *(1)= Ud*(t) 20)
AW =14, A Am_11$a(0) (21)
B()=[B, B B, _\1¢.(1) (22)
c=1G G Crn-119,(?). 23
Applying (16), x(Af) can be expanded as

(A1) = XSPp*(1). eD)

Notice that initial condition x(0) can be expanded into
x(0)=[x(0) 0 ---01¢*(1)=Xod*(2). (25)

Substituting (19)-(25) into (18) and using (5) and (6), we obtain

X0 — Xod*(1) = [A:XS AKS -+ An_ KSILPO*(1) +[BoX B X

* B | XILPo*()+ [GU C U -+ C,_\UILP$*(t). (26)

Equating the coefficient matrices of general orthogonal polynomials
vector yields

X-Xo=[AoXS A XS +++ A, | XSILP+(B,X B X --- B, | XILP
+IGU QU -+ C,_\UILP. (27)

LettingL = [Lz‘L;- o L;_I]T, where L,‘ = [I,',ol,',l R
=0,1, ---, m — 1, then (27) becomes

bym-1]7, for i

m—1 m-1 m—1 B
X-Xo=Y, AXSLP+Y, BXLP+Y, CULP. (28)

i=0 i=0 i=0

Letting W; = [wiywip *** Wip_1] = GUL,P, X = [xox| *** Xm_1], X
= [x(0)0 - -- O] and defining £ = [x7xT--- xT 17, %, = [x7(0)O7
<+ 07T and w; = [wlw], --- wl |17, then (28) can be solved by
m-1 m-1
£={Lm— Y, (A, B (SLPY' +B; ® (LiP)1} '[%H+ 3, W] (29)
i=0 i=0

Note that if A (t), B(¢) are constant matrices, and C(f) = O, which is
the case considered by Hwang [5], the result of Hwang can be obtained by
substituting C(¢) = O into (29). If B(¢) = 0, and A(¢) and C(¢) are
constant matrices, which is the case considered by Chen [2] and Chou and
Horng [7], the approximate solutions can be obtained by substituting B(¢)
= 0 into (29) which then will yield the results of Chou and Horng [7] and
Chen [2]. If A(¢), B(¢), and C (¢) are all constant matrices, which is the
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TABLE 1
THE APPROXIMATION SOLUTION OF x(¢) FOR DIFFERENT ORTHOGONAL
POLYNOMIAL EXPANSIONS

Polynomials

Type \ Term #%t) 7Y &*o(t) &%) %) #*5(t)
Ja[.cg]bi" 91157 08005 -.02407 -.00075 00077 -.00004
Pn"

U}:)raspherical" 81617 .08018 -.01299 -.00088 00031 -.00000
Py

Chebyshev 1t .76691 31026 ~.07300 -.00898 00301 -.00004
Ty

Chebyshev 2nd* 80347 15883 -.03805 -.00347 00154 -.00002
U,

Legendre* 79108 31447 -.09874 -.01115 00557 -.00009
P,

Laguerre 56074 133863 18824 09202 03605 00870
Lo

Hermite 78160 -10228 -.03565 00435 -.00217 00230

* All Jacobi type polynomials are shiflted to domain [1, 1;
ie,z=-2t+1.
TABLE II
COMPARISON OF THE DIFFERENT POLYNOMIALS APPROXIMATION FOR
x(?)
t Jacobi Ultra. Chebyshev  Chebyshev  Legendre  Laguerre  Hermite Runge
{m=8) (m=86) 1st (m=6}  2nd {m=6) (m=8) (m=8) (m=8) Kutta

0.0 1.00008 1.00039 1.00006 1.00002 1.00014 1.22448 86685 1.00000
0.2 97752 97752 97754 97752 97752 1.00354 88338 97751
0.4 00225 90228 00224 80228 90225 .81085 83433 80226
0.6 77032 77032 77026 77029 77028 84398 76523 77031
0.8 59203 59209 59214 59210 59211 50081 84591 59200
1.0 39484 39397 39380 .39378 .39388 37864 47338 38358

case considered by Shih and Kung [15], the approximate solutions of Shih
and Kung can be obtained by substituting A(¢#) = A, B(¢) = B, and C(?)
= Cinto (29).

V. ILLUSTRATIVE EXAMPLE

Example 1: Consider the scaled system
x(6)= — 1x(0.82) — t2x(?)
x(0)=1.

The expansion coefficients of x(¢) for m = 6 and ¢; = 1 for different
orthogonal polynomials are given in Table I. Some classical orthogonal
polynomials approximation of x(#) for m = 6 and #; = 1, together with
the solution obtained by the Runge-Kutta method is shown in Table II. It
is clear that, in general, the agreement is very satisfactory. In particular,
the Jacobi type polynomials approximation converges faster than the
others. Noted the poor quality of results obtained via either the Laguerre
or Hermite polynomial. This is due to the fact that the zeros of the
Laguerre polynomial and the Hermite polynomial are widely spread over
the interval of [0, o] and [— oo, oo}, respectively. Hence, in general,
these two polynomials require more terms than the Jacobi type polynomi-
als in order to yield similar results as that of Jacobi type polynomials
within a small interval. In this example, m = 6 is not large enough for
these two polynomials.

VI. CONCLUSIONS

The operational matrix of linear transformation for general orthogonal
polynomials is first introduced, and a systematic method is presented to
analyze a class of time-varying scaled systems. The operational matrix of
linear transformation, together with the operational matrix of integration,
are applied to reduce the differential equation to a set of linear algebraic
equations which is very convenient for digital computation. Ilustrative
example shows that only a small number of terms are required to obtain
accurate approximations. Moreover, in general, the Jacobi type ortho-
gonal polynomials solution converges faster than the Hermite polynomials
solution and the Laguerre polynomials solution.

REFERENCES

[1] G. P. Rao and K. R. Palanisamy, ‘‘Walsh strech matrices and functional
differential equation,”” IEEE Trans. Automat. Contr., vol. AC-27, no. 1, pp.
272-276, 1982.



648

[2]1 W. L. Chen, ““Block pulse series analysis of scaled systems,” Int. J. Syst. Sci.,
vol. 12, no. 7, pp. 885-891, 1981.
[3] C. Hwang and Y. P. Shih, *‘Solution of population balance equations via block
pulse functions,” Chem. Eng. J., vol. 25, pp. 39-45, 1982.
[4] C. Hwang, **Solution of a functional differential equation via delayed unit step
functions,”’ Int. J. Syst. Sci., vol. 14, 1983.
[5] C. Hwang and Y. P. Shih, “‘Laguerre series solution of a functional differential
equation.”” Int. J. Syst. Sci., vol. 14, no. 7, pp. 783-788, 1982.
[6] C. Hwang, “*Solution of a scaled system via Chebyshev polynomials,”” J.
Franklin Inst., vol. 318, no. 4, pp. 233-241, 1984,
[71 1. H. Chou and 1. R. Horng, *‘Chevyshev series analysis and identification of
scaled systems,”” fnr. J. Syst. Sci., 1985.
{8] Y.F. Chang and T. T. Lee, *‘General orthogonal polynomials approximation of
the linear-quadratic-Gaussian control design,”” Int. J. Conlr., vol. 43, pp. 1879-
1895, 1986.
[91 G. Szegd, Orthogonal Polynomials, 4thed. New York: American Mathemati-
cal Society, 1975.
F. B. Hildebrand, ntroduction to Numerical Analysis, 2ad ed. New York:
McGraw-Hill, 1974.
[11] L. Fox, D. F. Mayers, J. R. Ockendon, and A. B. Taylor, ‘‘On a functional
differential equation,”” J. Inst. Math. Appl., vol. 8, pp. 271-307, 1971.

[12] J. R. Ockendon and A. B. Taylor, ‘“The dynamics of a current collection systems
for an electric locomotive,’” Proc. Roy. Soc. London A., vol. 322, pp. 447468,
1971.

[13] A. D. Randolph, “‘Effect of crystal breakage on crystal size distribution in mixed

suspension crystallizer,”” Ind. Eng. Chem. Fundmentals, vol. 8, pp. 58-63,

1969.

G. P. Rac and T. Srinivasan, ‘“An optimal method for solving differential

equations characterizing the dynamics of a current collection systems for an

electric locomotive,” J. Inst. Math. Appl., vol. 25, pp. 329-342, 1980.

[15] D. H. Shih and F. C. Kung, **Analysis and parameter estimation of scaled systems

via shifted Legendre polynomials,’’ Int. J. Syst. Sci., vol. 17, 1986.

{10}

t14]

The Operational Matrices of Integration and
Differentiation for the Fourier Sine-Cosine
and Exponential Series

P. N. PARASKEVOPOULOS

Abstract—For the Fourier sine-cosine series basis vector ¢(f) and the
Fourier exponential series basis vector ¥(¢), a linear nonsingular transfor-
mation 7 is determined such that $(#) = Tp(¢). This result is then used to
show that the operational matrices of integration P and Q for ¢(7) and
¥(2), respectively, are related by the expression 7P = Q7. Analogous
results are derived for the correspending operational matrices of
differentiation D and R. General expressions are derived for 7, P, Q, D,
and R.

I. INTRODUCTION

Recently, orthogonal series have been used for studying various
problems in system analysis and synthesis. The key idea involved is based
on the integral expression

| (o) do=Pp @), where o ()= 10o(t), 01(, -+, o100 (1)

is the orthogonal basis vector and P is an r X r constant matrix called the
operational matrix of integration. The matrix P has already been
determined for many types of orthogonal series, such as Walsh [1], block-
pulse [21, Laguerre [3], {4], Chebyshev [5], Legendre [6], [7], Hermite
[81, Jacobi [9], Bessel [10], Fourier sine-cosine series [11], and the Haar
functions [12]. Most of the problems that have been studied may be
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sumrnarized as follows. State-space analysis [13]-[18], optimal control
[19)-[22), identification [23]-[27], senmsitivity analysis [28]-[30], ob-
server design [31]-[33], model simplification [34]-[36], solution of
integral and variational problems [37]-[42], etc.

In this note the Fourier sine-cosine series are revisited and they are
studied in conjunction with the Fourier exponential series. Let ¢(f) and
¥(r) denote the orthogonal basis vectors for the sine-cosine series and the
exponential series, respectively. Also let P and Q denote the respective
operational matrices of integration. Then, it will be shown that a
nonsingular transformation matrix 7 exists such that

YO =Te(s) ¢3)
TP=QT. @

Since det T = 0, it follows that (2) and (3) are very useful since one may
go from one set of orthogonal functions to another. In particular, (3) is
used to derive @ knowing P. Similar results are derived for the
operational matrices of differentiation.

II. THE OPERATIONAL MATRICES OF INTEGRATION

Consider the Fourier sine-cosine series basis vector ¢(¢) having the
form

e(B)=[oo(t), e1(), *= s (D), @F(), -, N7 )
where
e-{1)=cos 2n7rt; n=0,1, .-+, r
L
qo;:‘(t)=sin—2—’[iﬂ‘; n=1,2, -, r.

Also consider the Fourier exponential series basis vector ¥(7) having the
form

V(@O =[6a(1), i (2), ==, WD), 1), -, Y HOTT 3
where
Ya(t)=e2™/L  p=0,1, <+, 1
n=1,2, -, r

y{zf"(t)=e‘f2'"""';
where j = V- 1.

Making use of the relation e® = cos 6 + J sin 6 one may readily show
that () and ¥(¢) are related as follows:

Y(O) =Ty (1) 6

where T'is an 27 + 1 square nonsingular transformation matrix having the
form

T=10"'1 !} j, M
-
01 1 -1,

where I, is the r X r unit matrix. Furthermore,

e()=T"14(2) ®)
where
)

20010

[P S,
= oY ©)

2 --1__’__'-__5

0 i1 il

1
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