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For a fixed graph G, the capacity function for G, Pg, is defined by Pg(H)=
lim,_,.{yc(H™)]"", where yg(H) is the maximum number of disjoint G’s in H. In [2], Hsu
proved that Py, can be viewed as a lower bound for multiplicative increasing graph functions.
But it was not known whether Py, is multiplicative or not. In this paper, we prove that P is
multiplicative and additive for some graphs G which include K,. Some properties of Py are
also discussed in this paper.

1. Definition and introduction

G=(V,E) is called a graph if V is a finite set and E is a subset of
{[a, b]|a #b, [a, b] is an unordered pair of V}. We say that V =V(G) is the
vertex set of G, E = E(G) is the edge set of G.

Let G=(X, E), H= (Y, F) be two graphs. The sum of G and H is the graph
G+H=(W,B)with W=X,UY,, B=E,UF, where G,=(X,, E,)=G, H,=
(Y, F)=H and X, NY;=@; the product of G and H is the graph G X H =
(Z, K), where Z = X X Y, the Cartesian product of X and Y, and K = {[(x1, y1),
(x2, )11 [x1, x2) € E and [y,, y;] € F}. We let G* denote GXGX---XG (k
times). A real-valued function f, defined on the set of all graphs ¥, is additive if it
satisfies f(G + H)=f(G)+f(H) for any G, He %; f is pseudo additive if
f(G)+#0 and f(H)#0, then f(G+H)=f(G)+f(H) for any G, He ¥; f is
multiplicative if f(GXH)=f(G)Xf(H) for any G, He9; f is pseudo
multiplicative if f(G)# 0 and f(H) #0, then f(G X H) =f(G) X f(H) for any G,
H € %; fis increasing if f(G) < f(H) whenever G is a subgraph of H. We use MI
to denote the set of all multiplicative increasing graph functions and AMI to
denote the set of all additive multiplicative increasing graph functions. The
classification of multiplicative increasing graph functions is still unsolved.

A graph G' is a homomorphic image of G if there exists a homomorphism
9 :G— G’ which is onto and for every g1, g;] € E(G’) there exists [g;, 8] €
E(G) such that y(g;) =g, i=1, 2.

For any graph G, P(G)=lim,_.[y(G")]'", where y(G) is the maximum

* Work partially supported by the National Science Council of the Republic of China.

0012-365X/87/$3.50 © 1987, Elsevier Science Publishers B.V. (North-Holland)



54 L.-H. Hsu et al.

number of disjoint edges in G. In [2], Hsu proved that if f is multiplicative,
increasing and f(K,) =2, then f(G) = P(G) for all G. Thus P can be viewed as a
lower bound for multiplicative increasing graph functions. In this paper, we prove
that P is indeed multiplicative and then generalize our result to get a class of
additive multiplictive increasing graph functions.

2. The capacity fanctions

For a fixed graph G, we define the capacity function for G, P, from % to R as
Ps(H) =lim,_,.[yc(H")]", where yg(H) is the maximum number of disjoint G’s
in H. Obviously, P is always increasing.

Theorem 2.1. (1) If K is a subgraph of H, then Py < Px.
(2) Py = Py, where k is a positive integer.

Proof. (1) Since K is a subgraph of H, for any graph G we have yy(G) < yx(G).
Then y4(G™) < yx(G") which implies P, < Py.

(2) If V(H) = {x;, x5, - . ., x,}, then the induced subgraph of {(x,, ..., xy),
(X2, .-« »X2)s - -5 Xy, ..., x,)} in H* with each x; repeats k times is isomorphic
to H. From (1), we have Py <P,;. However, for any graph G we have
G" 2 yu(G™)H. Then G* o y%(G™)H*. Thus G™ 2 Y(G™*)H* and we get

Py(G) = ’}112':0 [‘)'Hk(G"')]U"' = ,},1_120 [YH"(Y;‘;(G'””‘)H")]I/'"
= mﬁﬂ[Y’;I(GWk)]Um = mllilgm [YH(Gm/k)]k/m = PH(G).

Therefore, Pyr= Py, O

From Theorem 2.1, we know that if two graphs G and H satisfies H" c G’ c
H™ for some n, t, m € N, then P; = Py. Thus some capacity functions are equal.
However, the next theorem tells us that the graphs with different clique number
or chromatic number will have different capacity functions. In [6], Mycielski
described a method for constructing a graph with w(G)=m and x(G) = n, where
2=m=n and 0(G) is the maximum clique size in G, x(G) is the chromatic
number of graph G.

Theorem 2.2. If (w(G), x(G)) # (w(H), x(H)), then P # Py.

Proof. If w(G) # w(H), we assume that w(G) < w(H). Since w(K™) = w(K) for
any graph K and m € N, we have yy(G™) =0 for every m. Hence Py(G)=0. On
the other hand, for every integer m, since G is a subgraph of G™, we have
v6(G™) = 1. Hence Pg(G)=1. Therefore Py #* Ps. If x(G)# x(H), then since
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x(K™) = x(K) for every graph K and any m € N, by the same argument as above,
we have Py #P;. 0O

The statement “If (w(G), x(G)) = (w(H), x(H)), then P; = Py” is not true.
For example (w(K>), x(K>)) = (@(K12), x(K12)) = (2, 2). But Py, # Px,,. This
can be proved in [4]. Also in [4], Hsu et al. discuss when two graphs will have
different capacity functions.

3. Uniform graphs

Let G, H be graphs with V(G)={x;,x;,...,x,} and V(H)=
i,y - -} Let D={(ay,a,,...,a,)|0<a;<1, X} a;,=1}. Let m be a
positive integer and Z=(zy, 2,,...,2,) be a vertex in H”. We call 2=
(@1, a, . . ., a,) with a; = [{j | z; = y;, 1 <j<m}|/m the distribution of z. For any
graph H, we can define a u-ary relation Rg(H) on D such that (3;, @,, ..., @,) €
R (H) with &; € D if and only if either

(i) there exists a positive integer m such that in H™ we can find
%15 %25 - - - » #u € V(H™) with the distribution of #: to be g; for every i and the
induced subgraph of {%,, %, . . . , #.} in H™ contains a subgraph isomorphic to G
with %; corresponding to x; for every i, or

(ii) there exists a sequence in Rg(H) of type (i), {(3;1, @2, - - - » @i u)}i=1 such
that im,o(@:1, @25 - - - 5 @i0) = (4, B, - - -, @y). Let I;(H)={ae
D(H)| (@&, a, . .., @) (u times) is in Rg(H)}. We say @ € I(H) is of type (i) if its
corresponding vector in Rg;(H) is of type (i).

A graph G with u vertices is called uniform if for any graph H, ¥Y}_, a;/u is in
Is(H) of type (i) whenever (&,, @,, . . ., @,) is in Rg(H) of type (i).

Example. K, and C, are uniform but K, , is not.

Proof. (1) Let V(K,) = {x,, x5, . . ., x,,}. For any graph H, if (@, ,,...,,) €
Rx (H) is of type (i), then there exists an integer m such that in H™ we can find
%15 %25 - - - » ¥n € V(H™) with the properties that the distribution of % 1s &; and
that {#,, %, - - - , .} induce a subgraph which contains a subgraph isomorphic to
K,. Now consider the n vertices in H™, z=(%, B2+ - Fn)s 2= (%2
B35 e e s ;,,,91), N (37,,, P2V Z YN %-1)- The induced subgraph of
{#,%,...,%,} in H™ forms a K,, and the distribution of z; is ¥, &@;/n for all i.
Hence Y7, @;/n is in I;(H) of type (i). Therefore K, is uniform.

(2) Let C, be the graph with vertices x,, X, . . ., X,—; such that x; is adjacent
to x;+1 (mod n). A similar proof as above for K, shows that C, is uniform.

() Let G=H=K,;, V(G)={x1,x;, %3} and E(G)={[x1, x2], [x2, x3]}.
Obviously, ((1,0,0),(0,1,0),(0,0,1)) is in Rs(G) of type (i). For every
m, let =012 Ym)s #2=021Y22---,Y2m) and F3=
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(3,1, ¥3,25 - - - » Ys,m) € V(H™) induce a K, , with 3, corresponding to x;. Observe
that y, ; # x, if and only if y, ; = x,. Thus |{j | y,; = x,}| + |{j | Y2, = x»}| = m. This
fact implies that (3, 4, 3) is not in I5(G) of type (i). Hence K, , is not uniform. 0O

In fact, every vertex transitive graph is uniform.

Theorem 3.1. If G is vertex transitive, then G is uniform.

Proof. Let T(G) be the automorphism group for graph G with |T(G)| = k and let
Ti(G)={n| 7w e T(G) and #(x;)=x;}. Since G is vertex transitive, we have
|T;(G)| = |Tu(G)| for any 1=<i,j, k, |, <u, where u=|V(G)|. For any graph
He', if (3, 3,,...,a,) € Rg(H) of type (i) then 3m, in H™ there exist u
vertices %, #», - - - , #. such that the induced subgraph of them in H™ contains a
subgraph G, which is isomorphic to G. Since G is vertex transitive, G, is also
vertex transitive. Let T(G,)= {=x,, &5, ..., m;}. Then in H*", there exist u
vertices  (1(71), T %1), - - - > T(F1)), (71(72), BAP2), - - - Wl(F2))s - - -,
(®1(#u)s ®AFu)s - - - » 7T F4)) such that they are all of distribution ¥}, &;/u and
the induced subgraph of them in H*” contains a subgraph which is isomorphic to
G. Thus Y1, @;/u € Ig(H) of type (i). Thus G is uniform. [

Let D={(a),a3,...,a,)]a;=0, ¥/_a,=1}. Let #¥:D—R be a function
defined by #(2) =1II;-, a; %, where é=(a,, a,, . .., a,). Note that log, ¥ is the
entropy function. Hence the function  satisfies

m
aym, am, ...

1)  lim (

m—»oo

1/m
) = #(z), where am elVi,
» Gym

and

@) %(Zl a,./u) > min{%(3) |i=1,2, . ..,u).

Theorem 3.2. If G is a uniform graph with V(G)={xy,x,,...,x,}, then
Ps(H) = max #(z).

aelg(H)

Proof. Let V(H) = {y;, y», ..., Y, }. For any g e I;(H), there exists a sequence
{(@i1, @25+ » Biu)}tica in Rs(H) of type @), such that
im; (@1, @25 - - - > #i0) = (@, &, . . ., &) (u times). Since G is uniform, we have
bi=(bi1, bz, - -, biy)=TL%1@;,/u is in I(H) of type (i) and lim_,..J; =a.
Thus for every i, we can find P25 s Fu € V(H™) for some m € N such that Zi
has distribution 4; Vj and the induced subgaph of {3,, %, . . . , %.} in H™ contains
a subgraph isomorphic to G with g corresponding to x;. Now consider
S(m, 4)= {# € V(H™) | the distribution of % is ¢;}. Then the induced subgraph
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H™|s(m, &) is vertex transitive. Let {(£=2,, %, ..., Z.} < S(m, Z,-) be such that its
induced subgraph in H™ contains a subgraph A; isomorphic to G with Z
corresponding to x;. For every @ € S(m, £;), there exists a permutation 7 € S,,,,
the symmetric group on m letters, such that x;(£) =&. Thus the induced
subgraph of {& = m;(%,), Tz(%2), - - - , Tz(%.)} < S(m, 4;) contains a subgraph A,
isomorphic to G with 7;(%;) corresponding to x;. Thus & = Uz cs(m,4,) Az form a
spanning subgraph of H™|s,, 5.
Now apply the following algorithm on .

Algorithm. Find an A; in & then delete the edges of A; and the edges of all
Az’s which are adjacent to A; until E(«) is empty.

The A;’s found in the above algorithm are surely mutually disjoint. Since any
A; can be adjacent to at most u(u—1) A;’s with &' #a&, we get at least
IS(m, &)|/(u(u — 1) + 1) disjoint G’s in . Thus

YS(H™) = Y6 (H™|s0n, 4y) = Y6 () = |S(m, L)/ (u(u — 1) +1)

= a1 by b . )
T ut—u+1\mb,,, mb,,, ..., mb;,

and it follows that
Ps(H) = lim [yo(H™))'™ = %(4,).

Since # is a continuous function, we get lim, .. #(4) = H(lim;... b)) = ().
Thus Ps(H) = #(&) Va € I(H). From the definition of Io(H) and D, we know
that I;(H) is a bounded closed set. So there is a Jels(H) such that
(&) = max{H (@) | @ € Ic(H)}. Thus

Ps(H)= max #(z). (1)

5€IG(H)

Note that in H™ there are at most c(m + v — 1, m) different distributions and
therefore there are at most m*® different (3;, ,, . . . , @,) in Rg(H), where g; is
the distribution of some vertex in H™ for all i. Let # be a set of disjoint G’s in
H™ with |#]| = yc(H™). Write M= {[#1, %2, - - - , #u] | #: corresponds to x;}. We
can define an equivalence relation on :|[ G F2r -+ s ;u] ~[&, %2, - .., £} if
and only if the distribution of 7; is the same as that of z; for all i. By the
Pigeonhole principle, there exists some (&;,@,,...,a,) such that the set
K ={[#1 %2> -- -, #u] | the distribution of 3 is &; for all i} satisfies |¥|=
m~*"yg(H™). Therefore m™"yo(H™)<min{|S(m, &;)| |i=1,2, ..., u}, hence

Ye(H™) S max min{(m“*|S(m, 2)|) |i=1,2,..., u}.

(al, a2, ..., a‘,,)eRG(H)
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This implies
Po(H) = lim [y(H™)]""

< max min{ im (m** |S(m, a)|)'"|i=1,2,..., u}
@ a, ..., &.)eRG(H) m—so

= max min{#(z,)|i=1,2,..., u}

(‘;1» EQ, LI au)ERG(}")

< max 36’( a,-/u>
i=1

(Elx a’b LI iu)ERG(H) j=

< max #(z). (2)

iEIG(H)
From (1) and (2) we have

P;(H)= max #(z). O
G( ) el (“)

4. Properties for uniform capacity functions

In this section, we discuss some properties for the capacity functions of uniform
graphs.

Theorem 4.1. If G is uniform, then P is pseudo-additive, i.e., if Pc(H)#0 and
PG(K) #* 0, then Pg(H + K) = Pg(H) + PG(K).

Proof. Let V(G)={x;,x,,...,x,}. Given any two graphs H and K with
[V(H)|=v and |V(K)|=w, since G is uniform, let P;(H)=g = #(a) with
i e I;(H) and Ps(K) = h = %({) with { € I5(K).

Because G is uniform, there exists a sequence in Ig(H) of type (i), {:}i=1,
such that lim,_,..4; = & and there exists a sequence in I(K) of type (i), 4y,
such that nm,._,J,- =/ Therefore, for every i there exists a positive integer m
such that in H™ we can find u vertices #,, %, . . . , Z, all with distribution ; which
form a G. Similarly, for every i there exists a positive integer / such that in K’ we
can find u vertices 71, 72, - - - , 7. all with distribution 4; which form a G. Since g
and h are real numbers, there exist sequences of rational numbers {g;};=; and
{h;}i—, such that lim, ... g; =g and lim,_,.. h; = h. Thus for every i we can choose
an integer ¢ such that p =1g;/(g; + h;) and q = th;/(g; + h;) are integers.

Now in (H+K)™ we can find u vertices (2, Z1, ..., %1, 1, %15 - - - » $1)
(@ Z25 - - -5 225 F2s 25 - - - ,;2), ooy Bus Bus -+« » Zus Fus Jus - - - » Fu) SUch that
each #; repeats pl times and each 3, repeats gm times. We can easily check that
these u vertices form a G and all with distribution

(plym,, (gm)iB)/(oml) = (—E— B ).

gi+hiai, g +h; '
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Thus

8 . h; )
<g.- ey 4;) € Is(H + K).

Hence

h
(gfha,g*_hl) e I;(H + K)

and therefore

g v —gl(g+h)a; w h —h/(g+h)b;
PG(H+K)>?€( a ) H( ) (——b-)
v g+h g+h e g+h joi\g+h !
( g )-g/(g+h)z:,,, a; f[ . Elg+h) ;|\ ~BAG+RYElm by, w N hi(g+h)
- g+h (,'=1ai > (g+h) (]E!b] l)
= <_L.) e g/(g+h)(L) —h/(g+h)hh/(g+h)
g+h g+h
— g-g/(g+h)+g/(g+h)h—h/(g+h)+h/(g+h)( __1__ )-g/(g+h)_h/(g+h)
g+h

=g+h.
We have

Ps(H+K)= Ps(H) + P5(K). 3)

On the other hand, let &= (3, ) =(ay, a,, - . . , @y, by, by, ..., b,) e I(H + K)
be such that Po(H + K)= (). Letp=X}.,a,and q=Y¥",b,. Thenp + g =1.
Since ¢=(z, d)e I (H+K) and G is uniform, there exists a sequence in
Is(H + K) of type (i), {(&;, )}=,, such that lim;_,(z;, ;) = (3, £). Assume that
@;=(a;1, 82, ...,a,) and 4= (bi1, bia, . . ., b)), Let p, =YY, a,; for every i.
Then ., .,

!imp,-=!im2 a;; = 2 llma,,-=2 a;,=
i~ i~ j—1 j=1i—® j=1
Similarly, let g; = ¥, b;; for every i, we have lim,_,.. ¢; =gq.

Since (z;, 4;) € I(H + K) of type (i), there exists an integer m such that in
(H+ K)™ we can find 7, 4, . . ., £, such that they are all of distribution (z;, Z,)
and they form a G. Without loss of generality, we may assume z;=
(Zi1> Zi2s - - - 5 Zijns Zint1s - - - » Zim) With z;;€ V(H) if and only if 1<j<n. Let
#;=(2;1, Zi2, - - - » 2.n)- Then we have u vertices 7,, 2, . . . , Z, all with distribu-
tion @;/p;. If they form a G, then ,/p; € Io(H). Otherwise, #,, %, . . ., Z, form a
homomorphic image of G. Since P;(H) #0, there exists an integer r such that in
H'" we can find u vertices &, @&, . . . , @, all with distribution  which form a G.

Let seN, then in H™™" we can find u vertices (&, #,%,..., #1),
(@oy 22y 22y ooy B2)y v v s (Bys By Zuy - - - , Z,) With each Z; repeats s times. Then
these u vertices form a G and all with distribution

4+ (sa;)/p;
s+1
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Since .
d+(sa3;)/p; _ .

= ayPi,

li
s—-»IE s+1

we have @/p; € I(H). Thus &/p € Is(H). Similarly, we have 4/q € I5(K).
Let k = #(a/p) and I = #(4/q). Then

Po(H +K) = #(¢) = II a7 ﬁ b

i=1 j=1

= li[l (p(ai/p))—P(a.-/p)lj1 (Q(b,-/q))—q(bi/q)

_ v p w q

=p ”[Hl (a,-/p)“""”] q“’[H (b,-/q)""‘"’]
i= j=1

=p PkPq~ = p~PkP(1 _p)—(l—p)l(l—p).

Consider the function f(x)=x"*k*(1—x)"0211™®  Then f'(x)=
f(@)In(k(1 — x)/(Ix)). Since f'(x) =0 if and only if x=k/(k+1) and f'(x)>0
when x <k/(k +1), f'(x) <0 when x > k/(k + I). Therefore f(x) has a maximum
value at x = k/(k + ). Thus

Pc(H+K)<(k/(k + 1))'k/(k+l)kk/(k+1)(l /(k + 1))~ H0+D JUCR+1)
=k + 1< Po(H) + Po(K). @

From (3) and (4), we have Pg(H + K) = P;(H) + P5(K). Hence P; is pseudo
additive. O

Corollary. Let G be a uniform graph, and P;(H) #0, Pg(K) #0. Then Ps(H) =
H() with 3 € Ic(H) and P5(K) = #(4) with { € 15(K) if and only if Po(H + K) =
HK(), where

_ ( Ps(H) = Ps(K) Z)
Pol) + Po(®)* Polt) + Po(B) )

c
and ¢ e Io(H + K).

Theorem 4.2. If G is uniform, then P is pseudo multiplicative, i.e., if Pc(H) #0
and P(;(K) *0, then PG(H X K) = PG(H) X PG(K).

Proof. Since
Ps(H?) = nli_I}l[Yq(Hz")]”” = nli_t’!g}a{[Ya(lle")]"z”}2 = P%(H),

we have P;((H + K)?) = P%(H + K). Moreover, since Pg(H) #0 and P;(K) #0,
we have G ¢ H and G ¢ K® for some r, s € N. This implies G < (H x K)™> 9,
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Thus Pg(H X K)+#0. From Theorem 4.1, we know Pg is pseudo additive. Hence

Po((H + K)?) = Po(H? + 2H X K + K?) = Po(H?) + 2Ps(H X K) + P5(K?)
= P4(H) + 2Ps(H X K) + P}(K). (5)
But
Po((H + K)*) = P%(H + K) = [Po(H) + Po(K)F

= PE(H) + 2P(H)Ps(K) + P&(K). (6)

Comparing (5) and (6) we obtain Pg(H X K) = P;(H)Ps(K). Hence Ps is
pseudo multiplicative. O

We have the following result which is similar to the Coro‘liary of Theorem 4.1.
The proof is omitted.

Corollary. Assume G is uniform, and Pg(H) #0, P5(K) #0. Then Po(H) = #(3)
with 3= (ay, ay, . . . , a,) € Ic(H) and Pg(K) = #(4) with {=(b,, b,, ..., b,) €
I(K) if and only if Pg(H x'K)= #(3), where cels(HXK) and &=
(€1,15€1,25 -+ » CLws €215 - - - 5 Cos - - - 5 Cu,w) With ¢;j = a;b;.

Let us construct a graph KG,, as follows. The vertices of KG, ; are the
n-subsets of {1,2,...,2n +k} and two of them are joined by an edge if and only
if they are disjoint. These graphs are called Kneser’s graphs. It is easy to see that
Kneser’s graph is vertex transitive. In [5], Lovész has proved that

2n +k

o(KG, ) = [ ] and y(KG, )=k +2.

Thus by Theorem 2.2, Theotem 3.1, Theorem 4.1 and Theorem 4.2, we have a
lot of different capacity functions which are pseudo additive, pseudo multiplica-
tive and increasing.

5. Primary uniform graphs

We say a graph is primary if for any homomorphic image G’ of G, wé have
Pi; <Pg, ie., G c(G')* for some k € N. For example, Cy.1, K, and Petérsen
graph are primary. '

Lemma 5.1. If G is primary and H contains a homomorphic image G' of G, then
Ps(H) #0.

Proof. Since G is primary, we have G c(G')* c H* for some ke N. Thus
Ps(H)#0. O
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By Lemma 5.1, Theorem 4.1 and Theorem 4.2, we have the following
corollary. ‘

Corollary. If G is primary and uniform, then P; € AMI.

6. Conclusions

For any graph H and any integer m =1 let H,, be the induced subgraph of H
such that x € V(H,,) if and only if x is in any m-clique of H. For any graph
function f, we can define another graph function f,, by f,.(H) =f(H,,) for any
graph H.

Lemma 6.1. If f is additive (respectively, multiplicative, increasing), then f,, is
also additive (respectively, multiplicative, increasing).

Proof. Assume that f is additive. Observe that x € V((G + H),,) if and only if x is
in G, or x is in H,,. Therefore (G + H),, = G,, + H,,. Then we have

fm(G + H)=f((G + H)»n) = f (G + Hy) = f(G) + [ (Hi) = fu(G) + fru(H).

Hence f,, is additive. Next assume that f is multiplicative. Since (x, y) € V((G X
H),,) if and only if x is in G,, and y is in H,,, we have (G X H),, = G,, X H,,.
Then

fm(G X H) = f((G X H),) = f(Gn X Hp) = f(Gpn)f (Hpn) = fin(G)fn(H).

Hence f,, is multiplicative. Finally, if f is increasing, then-for any G, H € ¥ with
G c H, we have G, c H,,. Hence f,(G)=f(G,)<f(H,)=f.(H). Thus f, is
increasing. O

Note that the function defined by P(G) = lim,,..[y(G™)]"™, where y(G) is the
maximum number of disjoint edges in G is in fact Px,. In [2], Hsu discovered that
P can be viewed as a lower bound for some multiplicative increasing graph
functions. But it was not known whether P is multiplicative or not. Now we know
K, is primary and uniform. Hence P € AMI.

The classification of the set of additive multiplicative increasing graph functions
is still unsolved. But with Lemma 6.1, we have the following functions which are
additive multiplicative increasing:

(1) (hy)., defined in [2] with H connected,

(2) 6,, with 8 defined in [2], and )

3) (pg)m With G primary and uniform.

Moreover P; can be viewed as a lower bound for additive multiplicative
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increasing graph functions. Indeed, if f € AMI and f(G) = P;(G), then we have

f(H) = (f(H™)"™
= (f(ya(H™G))'™ = (yo(H™f (G)'™

= (vc(H™)Ps(G))'™ for any H e %.
Thus

f(H)= lim (vo(H™)Po(G))"™ = lim (vo(H™)"" = Po(H).

In [4], Hsu et al. have proved that if G is bipartite, then Py is equal to one of
Py,, Pog,, Px, and Py ,. Moreover, these four functions are all different. Also, it
is proved that if Py (H)#0, then Py (H)=Px(H). Actually, if G’ is a
homomorphic image of G and H is any graph such that P;(H)+#0, then
Pg(H) = Ps:(H). In fact, we know Py, is not in AMI. For example, Py (K, +
K3) =3 but Py (K;) + Pk (K;) =0+ 2. The calculation of some capacity func-
tions will also be discussed in [3].

It is interesting that for some H, y, is very difficult to calculate but the
asymptotic behavior of it is good. In [1], it is proved that the 3-dimensional
matching problem (3DM) is NP-hard. Let us take H = K3 as an example. Since
the 3DM can be reduced to the calcultion of Yk,» thus finding yx, is NP-hard.
However, we do know the asymptotic behavior of K, since Py, can be easily
calculated and Py, e AMI.
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