330

Technical Notes and Correspondence

Matrix Partial Fraction Expansions of Rational Matrices
YEN-LEI LING AND BOR-CHYUN WANG

Abstraci—A general and rigorous derivation is made of a new formula,
established recently in the literature, for matrix partial fraction expansion
of a rational matrix. The procedure, by use of a minimal Jordan
realization of the rational matrix, provides as a byproduct, general
expressions for residue matrices in terms of products of columns of the
output matrix and rows of the input matrix of the realization.

LIST OF SYMBOLS AND ABBREVIATIONS

A’, A7 transpose and inverse of matrix 4.

A ® B Kronecker product of matrix 4 and matrix B.

Di(\%) (1Y (F @AY/ (dN), DofN*) = Ak,

deg G(s) degree of characteristic polynomial of rational G(s).

F complex field C or real field R.

h; Markov’s parameters CA/B.

I, 1 X nunit matrix.

Kmxn ring of m X » matrices over K, K is F, R(s) or R[s].
K" vector space of # X 1 column vectors with elements in K.
By, Bnxn zero n-vector and zero m X n matrix.

R real field.

PFE partial fraction expansion.

R(s) field of rational functions in s with coefficients in R.
R[s] ring of polynomials in s with coefficients in R.

S(d) Stanley matrix associated with polynomial d(s).

I. INTRODUCTION

Matrix PFE is frequently used in linear system theory, e.g., to obtain
inverse Laplace and Z-transforms, and in state-space realizations of
rational matrices. The problem of matrix PFE is phrased as follows.

Given a strictly proper rational matrix G(s} € R(s)7**

G(s)=N(s)/d(s), N(s) € R[s]9*? [€)]
where

N(S)=MNsT +Nps' 24 -+ + N s+ N, 0]

is the numerator matrix,

d(s)=s"+d;s'""'+--+d,_s+d, (3a)

(3b)

=TIt
i=1
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is the denominator polynomial, and

d; € R, N; € R, i=1, "=, 8, N € F,j=1, ", m, 3, ;=4

)
find the residue matrices Ry, € F9**, i =1, ---,mk =1, .-+, t;, in
terms of the coefficient matrices N;, i = 1, --+, ¢, such that

m 4 le
G(s)= .
() E| g G )

The fundamental method for matrix PFE is the same as that used in PFE
of rational functions, i.e., by assuming residues and equating correspond-
ing terms. Other methods available in the literature are based on Lagrange
interpolation [1], {2] or Taylor series expansion {3, p. 309]. But they are
complicated for large dimension and high-order systems. Recently, as the
solution of the matrix PFE problem, a new formula, namely

(R\R}, - RiGR,RY -+ Riy -+ RL =+ R 1’
=US( W) ' QLIUN/N, -+ N]1* (6)
has been given [4], [5], where
1 O
d, 1

S{dy=} d; d 1 )
d,_; di-s e d, 1

is the £ X ¢ Stanley matrix [6] associated with d(s),

W=[e(h) Di(w(h)) Da(v(M) Dy (w(NMD)
cv(h) Diw(R) D:(v(h) D(:—I (A
“vdn) Diw(AR)) Dae(N)) 0 Do (v ®

is the ¢ X ¢ generalized Vandermonde matrix, and

v(A)=[1 A A2 N, &)

1 d/ A=

AAN (10

D;(A) =
The derivation in [4], [5] is not in general form and is thus less rigorous.
Instead, it is illustrated by simple examples, and is basically the same as
the fundamental method.

A more rigorous derivation in a general form of formula (6) is
presented in this note. The method is based on the fact that the residue
matrices can be expressed in terms of products of columns of the output
matrix and rows of the input matrix of the minimal Jordan realization of
G(s).

iI. A BASIC FORMULA

In (1), G(s) is assumed irreducible, i.e., d(s) and every Ny(s) is
relatively prime. Suppose {4, B, C} is the minimal Jordan realization [7,
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TABLE 1
MINIMAL JORDAN REALIZATION {4, B, C} OF G(s)

(nxn)A=diag (A; A; - An),
(nixn)A;=diag (An An -+ A,

r;=number of Jordan blocks associated with A;,

v O
1

Ni
(nyxn;)
N
| |
B, By biin
Bz B,’z bilj,l
B= . N B,-= . s Bij= . s

(nxp) (n;xp) (n;Xp)

B,,,_ Blr,- bi'li,n,-j_
(qxﬂ)C':[Cl CZ et Cm]:

(gxn) Ci=[Cy Ciy -+ Ci],

(gXn;))Cij=[ciyy cija " Cij,n;j]

p- 240] of G(s); then

C(sI—-A)"'B=G(s) (11
where the matrices A € F**7, B € F"*P and C € F7*" are of the
forms shown in Table I, and n = deg G(s).

Note that in submatrix 4; there is at least one Jordan block, say 4;;, of
the maximum order ¢;. Thus,

Li=np 2 np 20 2 on, (12)
The Jordan block A4;; has some useful properties
A DN DA DayyeiAD)
AE_: )\;! D]()\;x) Dnij—Z()\?) E] (13)
Ae
1 1 1
s—N (5-N)? (5—N)"
1 1
— Y- 1= [E———
(s1;—Ay) Py Gony (14)
L
S—N

Since d(s) is the minimal polynomial of A4, by [8, p. 325], we have

d_ (Al simt, (15)

-

1 i
(sI"—A)"zd—) D

Jj=1 i=j

After some algebraic manipulations and by use of the Markov parameters
[9, p. 354]

h=CA'B 16)
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and the Stanley matrix given by (7), the numerator matrix becomes

NisT T4 Nys'=24 - + N, 5+ N,

={ls*"" *++ s I®I}N; NJ --- N/T’ (17a)
4 {

=C Y > d_A"s/-'B (17b)
=1 i=j

={(s""" -~ sUS@HRLA R -+ k] Y. (17c)

We reach now a basic formula
[N/ N; -+« N1 =[S(d)®ILh{ k] -+ k] 1" (18)

1. MATRIX PFE FOR GENERAL CASE OF MULTIPLE ROOTS

With (14), the residue matrices can be obtained in terms of products of
columns of C and rows of B. First, note that

C(sI-A)'B=Y, Cisl,,~A)"'B, (19a)
i=1
=E Cylsh,;~A)™' B, (19b)
i=1 j=1
5w & R, )
=% 3y == (19¢)
i=l j=1 k=1 (s=)*
where for k < ny,
nij—(k—l)
R, k)= 3 cysblg - 20)
8=1
By minimality of {4, B, C} it follows that
R‘(U: nu)zcij.lbi}.nu#:eqxp- (21)

Collecting R(if, k)'s corresponding to the same denominator and noting
that n; < ¢, from (12), we get Ry in (5)

Ra=Y R(ij, k) @2

1=1
by setting R(ij, k) = 8,x, for k > ny, rf., (14), (20).
The Markov's parameters #,, @ = 0, 1,2, -+, ¢ — 1, in (18) can now
be. by use of (13). (20), and (22), expressed in terms of Ry’s and N\;'s

ha=YY, CA*B; (23a)
i=1
=E E C,AZ By (23b)
m i ’_
=E E E R(ij, K)Di- () 230)
=E E R Dy (XF) (23d)
={[A* Dy(AY) - D, (A A; Di(A3) +++ Dy 1(A3)
SN DAY - D (AR}
XIR| R, =« R{y Ry Ry, -+ Riy R}, Rp, 1. (23¢)
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Then
(hg A =-- k] ]
Ry 1Tt oM N VL R
R 0 1 Dl(kf) D1(>\'1'l)
6 0 1 DAY
Ry, 0 0 0 D:l—l()\'fl)
Ry 1 N A RN U
0 1 DAY DA\
4. | A oont
Ry, 0 0 O Dy, (MY
R, 1 Am A2 At
0 1 DAY DAY
R, 0 0 O D, (N
L fm_. tL m l( l y.
(24a)
=[R}, “** Riu, W' ®L). (24b)
Substitute (24b) into (18), we have
[N/ N; - N1 ={IS(@)W]IDL}R) - Rnu,]’ (25)

from which formula (6) results.

IV. MATRIX PFE FOR CASE OF SIMPLE ROOTS

In this simple case f; = 1, thenny; = 1, m = {, n; = r;

G(s)=N(s)/d(s)="Y, ;% 26)

i=1

where

ds)=[] s-».

27
i1
Formula (6) becomes
R/ R} -+ RV =[S@VIT'®LIIN; N; --- N/1" (28)
where
V=[v(N) v(A) -+ v(A)] 29)

with v(\) given by (9), is the Vandermonde matrix.

As an alternative and interesting derivation, (28) can also be easily
proved by considering {A, B, C} as the Gilbert diagonal realization [9, p.
349] of G(s), where

A=diag (\ I, i=1—1t) N EF, (30}
B'=[B B, --* B/], B; € F*", €2))
C=[C, G, - G, C; € Faxn, 32)
i
2 ni=n, (33)
i=1
R,=CB; i=1-1 (34)
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Note that
ki k! -+ h!1"=[V&LIB,C| B,C; -+ BIC'|’

=(VLIR, R -~

(35a)
“R!T. (35b)
Then (28) follows with (35b) substituting into (18).

V. NUMERICAL EXAMPLE [7, p. 251]

Let

-5 1
(s+1)° s+1
25+1
s(s+1)

s (L3 ]l L)

_ Ry Ry Ry
= — +_
s+1 (s+1)? s

G(s)=

1
s+1

where d(s) = s(s + 1)2 = 53 + 252 + 5. By (6), the residue matrices are
obtained as follows:

v(~1) D\{v(- 1] v(0)
\ l /—1
Ry 100 1 0 1
Ry;| = 210 — 1 1 0 KR
Ry, 121 _1 -2 0
~11 _
21 11
(UNY 1 0f.
31| o 0
00 00
] B

The matrices B and C of the minimal Jordan realization of G(s) are

0 00 = by, 1 0 1 0
1o <o,
B= 2 c=lo 2 1 1l
B Y R S S
1 0] < by,

Ciii Cn2 €z Can

By (20) and (22), Ry, R}z, and R, can also be expressed as:

Ry=R(1, D+R(12, y=cy,b| +enab|teuab),

i 0 1 -
=[0] 0 0+ [2] I 0]+[1] -1 1]_[ |

R,=R(1, 2)+R(12,2)
i 1 0
=cu by, 0= [O:I 1 0= I:O 0] s
Ry=RQ1, )=cy, b!

[} 0 0
e

Remarks: Computations of the Ry 's by (22), i.e., by summations of
the products of the columns of C and the rows of B, provides an
interesting double check only. Otherwise, it could be argued if there is
any value in these computations, since in the Jordan realization problem
[7] B and C are obtained using the result of the matrix PFE of G(s).

il
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VI. CONCLUSIONS

A completely different and rigorous derivation of a new formula for
matrix partial fraction expansions of a rational matrix is presented. For
the general case of multiple roots the proof is via the minimal Jordan
realization of the rational matrix, while for the case of simple roots the
proof would be easy via the Gilbert diagonal realization. In both cases the
key steps are: 1) to express residue matrices in terms of products of
columns of the output matrix and the rows of the input matrix of the
realization; 2) to relate the Markov parameters with residue matrices and
the roots. Study of possible applications in linear multivariable control
design, such as Owen’s dyadic approach [10] and modal control [11], is
now under way.
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Coprime Fraction Computation of 2-D Rational
Matrices

YHEAN-SEN LAI anp CHI-TSONG CHEN

Abstract—This note presents a numerical method of computing a
coprime fraction of a two-dimensional (2-D) rational matrix, not
necessarily proper. It is achieved by searching the primary linearly
dependent rows, in order from top to bottom, of the two generalized
resultants, The procedure can be extended to the three- or higher
dimensional case and the result can also be used to compute the greatest
common divisor (GCD) of 2-D polynomial matrices without employing
primitive factorizations which does not exist in the three- or higher
dimensional case.

I. INTRODUCTION

The computation of an irreducible fraction of a two-dimensional (2-D)
rational function or matrix is important in the minimal implementation of
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digital signal processing and in the study of multidimensional system
theory, and has been studied by a number of authors [1], [2]. These
methods check whether or not the two polynomials are coprime and
compute their greatest common divisor (GCD). They are carried out by
considering R{z;, 22] as R[z][z2] or R[z][z,]. In this note, we bypass
the computation of the GCD and compute directly the reduced rational
matrix.

This paper is an extension of the 2-D scalar case in [3] to the 2-D matrix
case. The extension, however, is highly nontrivial. Many properties
which do not exist in the scalar case will appear in the matrix case. The 2-
D matrix case is also drastically different from the 1-D matrix case. In this
note, by coprimeness, we mean factor coprimeness [7].

Let G(z), 2;) be a 2-D g X p rational matrix, not necessarily proper,
factored as

G(21, 22)=N (25, 2)D (21, 22)
— A"z, 22)B(z1, 22) 1)

where N(z,, 22), D(z1, 22), A(z1, 22), and B(z,, z,) are, respectively, g x
P, D X p, g X gq,and g X p 2-D polynomial matrices. Equation (1)
implies

D(z,, z2)

N(zy, 22) =0 @

[B(z1, 22)A(z1, 2)] [

This is a set of linear homogeneous algebraic equations with elements in
the 2-D polynomial commutative ring R{z;, z,]. Given D(z,, z;) and
N(zy, 23), it can be shown that all solutions [B(z,, z:)4(z,, 22)] of (2)
form a free module over R[z;, 2] of dimension g. Let V denote the
module. A basis of ¥ is the minimal set of generators (in this case, g
generators) which generate 7 [4], [6]. Then it is easy to establish the
following lemma.

Lemma 1 {8]: The left fraction G(z1, 22) = — ANz, 22) B(21, 20) is
coprime if and only if [B(z;, 22)4(z1, 22)] is a basis of the module V.

Lemma 2 [8]: Consider a 2-D ¢ X p rational matrix G(z;, Z5) = —
Az, 2)B(21, 22) = —A7 21, 22)B(Z1, 22). Let 0(z4, 22) be any g
different columns of [B(zi, z)A(zi, z2)] and let O(z;, z») be the
corresponding g columns of [B(z1, 22)A(z1, 2)]. If A(z), 22) and B(z,, 22)
are left coprime, and if O(z;, z,) is nonsingular, then

80z, 2)1<8,|0(z, )] i=1,2
where |-] denotes the determinant and 8,f(z;, z,) denotes the highest
degree of z; in f(z,, z2). The equalities hold if A(z,, z,) and B(z,, z,) are
also left coprime.

Instead of solving (2) directly. we shall transform it into sets of linear
homogeneous algebraic equations. Define

N M

Nz, 2= 3 Noyzid) Ga)
j=0 :=0
N M
D(zi, 22)= Y, E Dz (D)
J=0 i=0
and
L 1Y
B(zi, )=, 3, B ziz] (30
=0 i=0
L K
Az, 2)=Y, 3 A;2iz) (3d)
j=0 i=0

where M = max (;N(z1, 22) 6:D(z1, z2)), N = max (N(z1, 22),
6:D(z1, 23)), and K and L are similarly defined. All the B; s, A;)’s,
N;;’s, and D;;’s are real constant matrices, not necessarily all nonzeros.
The substitution of (3) into (2) and equating the coefficients of various
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