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TRANSITIONAL YIELDING APPROACH FOR SOILS
UNDER GENERAL LOADING

By Yii-Wen Pan,’ S. M. ASCE, and Sunirmal Banerjee,” M. ASCE

AssTRACT: Within the framework of critical state soil mechanics concepts, .a
rate-independent constitutive model for soil response to complex, three-di-
mensional loading is proposed. For any loading excursion, the material re-
sponse is assumed to be elastoplastic. The approach proposed permits descrip-
tion of continuous and transitional yielding of material by adopting a combination
of isotropic and kinematic hardening law. The capability of the model to rep-
resent anisotropic hardening behavior of soils and soil behavior under cyclic
loading is particularly emphasized. Predicted response of Kaolin samples is
compared with experimental results from various types of laboratory tests, in-
cluding true triaxial tests.

INTRODUCTION

The first rational basis for the synthesis of soil mechanics and isotropic
hardening theories of plasticity was provided by Drucker, Gibson, and
Henkel (9). The thrust of this work led to the development of the so-
called “Cam-clay” concepts (18) for modeling the continuous yielding
and volume change behavior of soils. And, since then, many refine-
ments and improvements in the application of plasticity theories in geo-
mechanical modeling have been proposed. Among the subsequent de-
velopments, including those that are direct derivatives of the Cam-clay
model, some retain the original framework of isotropic hardening theory
with associated flow rule (3,7,8,16,18,19,25), while others attempt to ad-
dress more complex aspects of soil behavior by including kinematic
hardening (13,17), and nonassociated flow rule (3,11).

Notwithstanding the great strides that have been made in plasticity
modeling during the last two decades, some of the modified versions of
the Cam-clay model (3,16,19) and a similar formulation called Cap model
(2,20) have been most widely used. For the most part, this popularity
is probably due to the mathematical simplicity of these formulations and
of the parameter identification procedures consistent with the conven-

' tional laboratory tests. Nevertheless, these models, like many others,

have considerable difficulty in predicting soil response for loading paths
other than those from which model parameters are obtained. Secondly,
these models are essentially limited to monotonic loading problems. Be-
cause of the underlying assumption of elastic behavior below the current
yield surface, these models cannot account for the hysteresis effects due
to stress reversals adequately, and do not have the ability to represent
permanent deformations for stress reversals within the current yield sur-
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face. Furthermore, these models have been found to be lacking in their
ability to account for soil response characteristics such as shear dila-
tancy, and initial and induced anisotropy. These are serious limitations,
since in view of the preceding facts, such models should have limited
utility for implementation in computational schemes for large-scale
boundary value problems with real soils.

In a recent article (4), the writers proposed a transitional yielding ap-
proach to modeling unload-reload behavior of soils. This approach ad-
dresses the deficiency of the popular plasticity models in describing hys-
teresis effects by incorporating continuous changes in yield surfaces and
plastic moduli during stress reversals. The possibilities of such an ap-
proach in representing the behavior of overconsolidated soils and the
accumulation of permanent deformation due to unloading and teloading
were demonstrated in that paper within the context of the modified Cam-
clay formulations. In this paper, a similar approach is extended to a more
complete model, which is mathematically simple yet accounts for any
arbitrary three-dimensional anisotropic load-deformation response, in-
cluding response to large stress reversals. The purpose of this paper is
to present the theoretical formulations of the model, to show how the
model parameters can be identified from simple tests and to examine
the capabilities and accuracies of predictions.

FORMULATION OF THEORETICAL MODEL

In the development that follows, any general three-dimensional load-
ing history is considered to be composed of several individual stress paths.
The material is assumed to be on the same stress path until a sudden
reversal in the direction of stresses occurs. A new stress path is assumed .
to begin from the point of stress reversal. In order to account for realistic
soil response to large stress reversals in a consistent manner, it has been
hypothesized that a new set of yield surfaces begins to grow from the
point of most recent stress reversal. The point of reversal on a stress
trajectory can be easily defined and detected as the point at which the
next increment of stress brings the stress state inside the current yield
surface. As can be seen later, the definition of the point of stress reversal
is crucial to this formulation.

Constitutive Relations.—The incremental approach to the elastoplas-
tic hardening assumes that the total strain increment, de;;, due to a stress
increment, doy;, can be decomposed as

dey=dej +def .. ..o e (§))
The elastic strain increments are easily related to the stress increments
by

dej P

dE?j = EE - E ijdo-kk ............................................ ,. (2)

where G = shear modulus; E = Young's modulus; and p = Poisson’s
ratio. The plastic strain increment can be related to the stress increment
once the yield surface, the flow rule and the hardening modulus are all
defined.
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Yield Surface.—It is customary in all incremental theories of plasticity
to represent the yield surface of an initially yielded material as

F(O’,’i ,k) - 0 .................................................... (3)

in terms of its current stress state, ;, which represents the components
of the stress tensor) and some hardening parameter, k, which is depen-
dent on the strain history of the material. For isotropic work hardening
materials, such a surface described by the loading function, F represents
the boundary between virgin or normally consolidated states and the
overconsolidated states in the stress space. Conventionally, overconso-
lidated stress-strain behavior is assumed to be elastic; for most soils, this
is an inadequate representation. In fact, experimental results show that
plastic deformation takes place for stress states below the original or vir-
gin yield surface and the behavior is still work-hardening plastic. Clearly,
within the context of monotonically expanding yield surfaces, the stress-
strain behavior of normally consolidated soils alone can be described. In
order to remedy this defect and to extend the generality of the consti-
tutive models, several formulations have proposed continuous degra-
dation or contraction of the original yield surface during unloading (1,4,6).
Even these models have limited versatility. There are yet other features
such as anisotropy, both initial and induced, which have not been prop-
erly handled by these isotropic hardening models. Again, none of these
models are quite suitable for general cyclic loading problems. Although
reasonable simulations of these characteristics have been shown by models
using multiple yield surfaces and kinematic hardening approach (12,13,17),
these models have other limitations, which will be discussed later.

In order to formulate a more generalized model, it seems necessary
to adopt an approach that cannot only describe both normally consoli-
dated and overconsolidated soil behavior adequately, but also can pro-
vide a smooth transition between these two states. Hence, the current
formulation utilizes a transitional approach which combines both iso-
tropic and kinematic hardening. For loadings directed beyond the virgin
yield surface, isotropic hardening is retained, while for loading excur-
sions within the virgin yield surface a kinematic hardening rule is also
assumed to apply. But when the material is reloaded back to virgin
yielding again, the kinematic hardening characteristics associated with
the stress history gradually fade away.

The virgin yield surface (F = 0) is assumed to have the mathematical
form:

L R | R SRR (4)

For stress iricrements moving outward from this surface, the virgin yield
surface may expand monotonically. But if the stress increment is di-
rected inward from this surface, this is a point of stress reversal, the
yield surface collapses back to a point. As further unloading occurs, the
yield surface is allowed to expand and translate simultaneously. The rate
of expansion and translation are assumed to be identical and the math-
ematical form of this yield surface is assumed to be same as the virgin
yield surface. Consequently, the new yield surface satisfies
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FIG. 1.—Typical Shapes of Yield Function in Principal Stress Space and in Triax-
ial (p,q) Plane

FO,8) = 0 e )

where a = sa. = size of current yield surface so that the ratio of its size
to that of the virgin yield surface; 4. is denoted by s = a/a., 0 = s =< 1.0;
and o = 0 — o, with oy = (1 — s)af} = a tensorial quantity that defines
the amount of translation of the yield surface, and ¢} = stress sensor at
the point of most recent reversal.

A stress reversal condition occurs whenever the next stress increment,
Aoy, will bring the stress state inside the current yield surface described
by Eq. 5. Under this condition

FOF 4 DG, 8) <O ottt it ©6)

In case any stress reversal occurs, the stress state oj; before the oc-
currence of stress reversal becomes the new of and the yield surface
collapse to a zero size (or the ratio, s suddenly becomes zero at that
point). Yield surface starts to expand and translate from then on follow-
ing Eq. 5 again.

As the material is gradually loaded so that it gradually approaches
virgin yielding, the size ratio, s, gradually approaches the value of unity.
When s = 1, Eq. 5 becomes identical to the yield surface for virgin yield-
ing (f = F).

The detailed derivation for the actual mathematical function used to
represent the yield surface is provided in the Appendix I. The typical
shapes of this function in the general stress space and the usual triaxial
stress (p-g) plane are presented in Fig. 1 to illustrate that this functional
form is capable of describing experimentally derived shapes (5,11).

Flow Rule.—The plastic strain increment dej; resulting from any stress
increment along any stress path is assumed to follow the flow rule, which
may be expressed as

1
def = ITI n§ (n{,,,,d(r,,,,,) ............................................. 7y

where n§ = component of the unit normal vector on the plastic potential
surface; #l,, = component of the unit normal vector on the current yield
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surface = (3f/d5%)/(0f/d0%, - 9f/d0},)'% do,, = component of stress in-
crement; and H = hardening or plastic modulus, a scalar quantity. If the
plastic potential surface and the yield surface are identical, i.e., an as-
sociated flow rule is assumed, Eq. 7 becomes

1
d€§}’= T TP @0 ) o v e e e ... (8)

where n§ = nfj = n;. The hardening modulus for an initially yielded
material can be evaluated from the consistency condition (i.e., dF = 0).
In this study, the material response is assumed to be elastoplastic along
any individual stress path, changing from purely elastic to virgin yield-
ing gradually. This is controlled by the hardening modulus, which fol-
lows the interpolation rule given below.

Interpolation Rule.-—Obviously, the hardening or plastic modulus de-
fined in Eqs. 7 and 8 changes with the direction and the state of plastic
deformation and its variation with the yield surface accounts for the di-
rectional stiffness of the material. It is assumed that the modulus takes
an infinite value at the beginning of the stress reversal and gradually
approaches its value on the virgin yield surface. Here, the variation of
hardening modulus is assumed to obey the following rule:

H= a[w] T ©)

where H, = hardening modulus on the virgin yield surface; o = an
arbitrarily chosen calibration factor; B,y = material parameters; s = a size
ratio previously defined; and H = the hardening modulus for the current
stress state.

Derivation of Elastoplastic Matrix.—The elastic and the plastic stress-
strain relations given by Eq. 2 and Eq. 8 can be written in the matrix
form as :

e R R (10)
e
@)

where D = elastic stiffness matrix; and H = hardening modulus.
From Eq. 1, 10, and 11, it can be shown that (24)

B
) )

or doe=D%de .........oo i (12)
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Eq. 12 gives the required constitutive relations for the incremental load-
ing. In order to obtain the elastoplastic matrix, D%, the flow vectors which
constitute the matrix, and the hardening modulus must be evaluated.
Let J, Ji*, J5* denote stress invariants and 83 denote the Lode angle in
terms of off . The flow vectors in the general stress space can be written
as

d of \ oJF of \aVI* [ of \[aM) a0}
—f*=<—£*)—‘;+(——f—>———*—+ i — = (13)
30’,‘]' aJ1 aa,-]- 3 Ié* 60','/' oM/ \ 304 60',-,- )

Since f=f(Jf, 3%, Manda) ...o.oouiiriiniiniie e (14)
where M = M(6}).

However
0f -V [ 1 epr 3 IV
——.>;= * 1*3/2'—;—T. P R (15)
30','}' 2 cos 390 ( 2 ) 60,] (]2 ) 60’,}
Hence, the flow vectors can be evaluated as

of ot IVJi* aJ5*

—=C;—+C G e e 16a
oot eat oo} s (164)
of
Where Gy === . . it (16b)
ot
of  sin 30} < of )] :
C2=[ Y = i (16¢0)
VIt Vi M
V3 1 of
R ukrmney-SD G et I PN 16d
o2 gy <aM> ted
1
and Y= -2 (1= BIMAB-M) oo (16¢)

Eq. 16¢ is derived from the definition of M = M(8,) given in Appendix
I. The quantities df/d]f, 3f/dV]5*, and 8f/6M can be easily computed
from the definition of the yield function, f.

The hardening modulus, H,, for virgin yielding state can be as shown
in Appendix II as

—a, (aF) aF
— i1 +e)—

()\c_ Ku) oa, ' Bckk

() (2

in which 4, = mean normal stress at critical state; \.,k, = critical state
parameters for virgin compression and swelling, respectively; and e =
void ratio of soil.

Hcd =
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Fvaluation of Model Parameters,—It is clear from the preceding sec-
tion that the parameters needed to characterize a particular soil are:

1. e; = reference soil ratio of the soil at unit mean stress.

2. \, = slope of the hydrostatic loading (compression) curve in e-ln p
space.

3. &, = initial slope of the hydrostatic unloading (extension) curve in
e-In p space.

4. p = Poisson’s ratio.

5. M, = stress ratio at critical state in compression = 6 sin ¢ /3 —
$iN ¢k, In terms of maximum friction angle ¢, .

6. B = strength anisotropy factor; given by the ratio M,/M. in which
M, = stress ratio at critical state in extension = 6 sin ¢,/3 + siN Gpax
in terms of maximum friction angle &,y .

7. w = factor defining the shape of yield surface on the wet side (in
the terminology of critical state soil mechanics, w is equivalent to [{(p. —
az/ac.

" 8. d = calibration constant defining the shape of yield surface on the
dry side.

9. B and vy = calibration constants for interpolation of hardening mod-
ulus.

Realizing that the set of parameters listed above must be evaluated,
from suitable experimental data, particular emphasis was placed on re-
quiring that the parameter identification procedures be based on stan-
dard triaxial laboratory tests. The first six of the parameters listed are
common to all “Cam-clay” type of models and can be easily evaluated.
The parameters, A, and k, can be evaluated from isotropic consolidation
test with at least one unload-reload cycle. M, and B can be evaluated
from triaxial compression and extension tests on normally: consolidated
samples and the Poisson’s ratio, u from the initial slope of the triaxial
compression or extension data.

The remaining parameters germane to the proposed model would re-
quire somewhat sophisticated testing. The material constants », and d
defining the shape of the yield surface on the wet and dry side of critical
will require constant stress path drained triaxial tests on a number of
samples at different overconsolidation ratio values. And, the hardening
modulus interpolation parameters, 8 and y need to be calibrated against
reloading data from isotropic consolidation tests and against triaxial cyclic
stress-strain data on a number of overconsolidated samples.

ExamPLES AND VERIFICATION

The proposed approach has been applied to several different types of
common laboratory tests for soils. First, the theoretical response of an
example soil under both static and cyclic laboratory tests were numeri-
cally simulated. The whole idea behind these simulations was to dem-
onstrate the capabilities of this model. The accuracies of model predic-
tion were also verified by a series of comparisons between experimental
observations of stress-strain or pore pressure responses furnished in the
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FIG. 2.—Theoretical Deviatoric Stress and Pore Pressure Response in Undrained
Triaxial Compression (ACU and ICU) and Extension (AEU and IEU) Tests

literature and those predicted by the model. These results are discussed
in this section.

The effect of isotropic and anisotropic (K,) consolidation on the un-
drained shear response of soils is shown in Fig 2. This figure presents
the numerically preicted results of CU triaxial compression (IC and AC)
and extension (IE.and AE) tests on a normally consolidated specimen.
Figs. 2(a-b) show the variation of deviatoric stresses, and excess pore
pressures, respectively, against axial strain. Theoretical results of cyclic
undrained simple shear tests on an isotropically consolidated specimen
are presented in Fig. 3 in terms of shear stress and excess pore pressure
buildup, respectively, against shear strain. Simulated responses of the
soil under drained simple shear conditions are shown in terms of shear
stress and volumetric strain versus shear strain in Fig. 4. ,

The model parameters used for the soil specimen are A\, = 0.24, k, =
0.04, e, =279, n =015, y =4, =60, o = 1.25,d = 10, B = 0.8 and
M, = 0.85. For all the cases the initial isotropic confining pressure (or
the vertical pressure for K,-consolidation cases) was maintained to be 50
kN/m”. These examples adequately display the capablhty of the ap-
proach to model the differences in undrained strength in static triaxial
compression and extension, the hysterisis effects and generation of pore-
pressures or accumulation permanent volumetric strains in cyclic simple
shear tests.

The experimental data reported by several authors (15,19,22,23) on Ka-
olin samples were used in this study for comparison with predicted re-
sponses. The data selected include undrained triaxial compression and.
extension test results for both normally and overconsolidated speci-
mens, undrained triaxial stress path data for monotonic and cyclic tests,
and results of cubic triaxial drained tests performed at constant mean
effective stress.

Fig. 5 shows the comparison between predicted dev1ator1c stress and
excess pore pressure responses and the corresponding measured re-
sponses (15) for a specimen at-OCR = 1.0, and 2.3 subjected to un-
drained triaxial compression and extension. Except for the pore pressure
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response of the normally consolidated specimen during extension, the
agreement with computed results is remarkable. Wroth and Loudon (23)
provided experimental plots of normalized undrained stress paths for
monotonic loading on Kaolin samples at various OCR values and for
cyclic loading on normally consolidated samples. Fig. 6 shows how these
plots compare with their theoretical counterparts. In this figure the solid
lines denote the predicted paths and the point ¢ represents the critical
state. It can be seen that the results of the static tests compared signif-
icantly better than those of the cyclic test for some reason. Roscoe and
Burland’s (19) data from cycled undrained triaxial tests on a normally
consolidated sample also show good agreement with the predicted re-
sults, which are shown in Fig. 7 by the solid lines. In the final example
chosen for verification, the results obtained by Wood (14) from true triaxial
tests on Kaolin samples are shown to match very well with the predic-
tions in Fig. 8. This test was performed at constant mean stress, p by
keeping one of the principal stresses constant and by gradually increas-
ing and reducing the other two principal stresses by equal amounts un-
der drained condition. The direction of the stress path was reversed after
reaching a predetermined state. It can be noted that similar deviatoric
and volumetric deformation characteristics were reported by Namy (14)
for drained constant p-tests. A particularly encouraging feature of the
predictions is the evidence of volume decrease even during the early
part of stress reversal.

It is worth mentioning that in making prediction of the results selected
for verifications, the model parameters did not require any significant
alteration. Essentially, among the parametric values used for the ex-
ample cases described above, only v, B and M, were slightly adjusted.
The actual values used are: y =5, B = 0, M, = 0.82 for Fig. 5, y = 4, B
=20, M, = 0.9 for Figs. 6 and 7; and v = 4, B = 0, M, = 0.85 for Fig.
8. This is particularly remarkable in view of the fact that the results were
selected from different sources.

SuMmMARY AND CONCLUSIONS

An incremental elastoplastic constitutive model for soils under general
loading conditions has been proposed. The approach proposed herein
is based on the concept of transitional yielding behavior and allows gradual
change from elastic to inelastic behavior during both loading and un-
loading. An associated flow rule and a combined isotropic and kinematic
hardening law was adopted for this model. While an isotropic hardening
law applies adequately for virgin yielding of soils, a combined isotropic
and kinematic hardening is needed for describing the behavior of pre-
consolidated material. The scheme adopted in this study for the growth
of yield surfaces provides an alternative to the nested yield surface mod-
eling (12,13,17). Contrary to the models using nested yield surfaces in
which the location of all the yield surfaces during the process of loading
needs to be traced and recalled, and a large number of nesting surfaces
required to insure good results, the proposed model only requires a size
ratio, s. As a result; this model may be much more efficient for appli-
cation to actual boundary value problems.
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The capabilities and accuracies of the model predictions have been
demonstrated by analyzing a number of cases and comparing. with ex-
perimental results from literature sources. It has been particularly shown
that the model extends the application of critical state concepts to cyclic
loading and anisotropic material behavior. The dilatant and strain-soft-
ening features of material behavior are also incorporated. Since majority
of the material constants are essentially common to those in “Cam-clay”
models, these are relatively easily evaluated; others are determined by
fitting triaxial stress paths.

Evidently, the incremental constitutive relations proposed herein only
apply for rate-insensitive, path-dependent material behavior so that phe-
nomena such as creep or stress relaxation are not covered. However, in
many complex practical problems in geotechnical engineering it may be
possible to obtain a good estimate of behavior without including rate
effects. In such circumstances, the proposed scheme has good potential
for applications.

ArpeNDIX L—DEeRIVATION OF YIELD FUNCTION IN GENERAL
STRESS SPACE

In the general stress space the yiéld function has the form

F=F(i,VT5,80,8) oo, ST (18)

in which 8, = 1/3 sin™ [3V3/2(J}/]5*?); ], = first invariant of the stress
tensor; J; = second invariant of the devatoric stress tensor; J3 = third
invariant of the deviatoric stress tensor; S; = o; — (1/3)oud; = deviatoric
stress; o; = stress tensor; 8; = Kronecker delta; and 4. = hardening pa-
rameter. :

The yield function may also be expressed as a function of J;, J;, M,
and 4., with M = the stress ratio at the critical state. In order to take
into account anisotropy, M is considered to be varying with the orien-
tation of the stress path in the general stress space. In other words, M
is assumed to be a function of 8, . The actual functional form, M = M(8;)
was obtained by mapping a quarter of an ellipse on one-sixth of the -
plane as :

BM,

1/2
P w 2 ki
B“ cos” | 1.50, + 2 + sin‘ | 1.56, + 2

where M = M, when 8, = —w/6 (triaxial compression test); M = BM,
when 6, = /6 (triaxial extension test); and M., and B = material pa-
rameters, . .

Two different functions were selected for representing the segments
of the yield surface on the wet and dry sides of critical. The stress ratio,
which is given by n = g/p where g = V3] = deviatoric stress and p =
J1/3 = mean normal stress, defines these two regions. The dry of critical
state corresponds to m > M, while m = M corresponds to the wet of
critical state. In addition to satisfying continuity at m = M, the chosen
yield functions are required to meet the following conditions: (1) @ p =

M = M(8,) =
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0,9 =0, aF/ap <0, 0F/oq = 0; (2) @ p = a.; q = Ma,, 9F/dp = 0; 3F/
dq > 0, with a. = the mean normal stress at critical state; and (3) @ p =
pe.; g =0, 0F/ap > 0, 0F/dq = 0, with p. = the mean normal stress when
w=0.

Yield Function—Wet of Critical (v = M).—Since it has been seen that
the modified Cam-clay type of surface works well for soils wetter than
critical, a more general form of elliptical yield function was selected for
this study. On the p-g plane, it can be written as

F=F,=Mp-a)+of—oMaZ=0...............oiiiann. (20

where M = stress ratio at critical state defined by Eq. 19; a2, = mean
normal stress at critical state; and w = a material parameter defining the
shape of the ellipse. The Eq. 20 can also be written in terms of the stress
invariants as

2
F=F,= M2<% - ac) +307 T — @M =0 (21)

It should be pointed out that this yield surface is similar to the movable
surface in the cap model (2,20). It can also be shown that when B = 1.0
(i.e., M = M, = constant) and o = 1.0, the yield surface adopted here
becomes identical with its counterpart for the modified Cam-clay.

Yield Function—Dry of Critical (v > M).—For soils in dry states, an
elliptical description of the yield surface is not particularly suitable. A
more general yield function was, therefore, adopted for the dry side in
terms of p, q as

) ,
F=F,=@d-1)p'+ (ﬁ) —d PV (22)

where d = a material calibration constant for the shape of the yield sur-
face on the dry side. Again, Eq. 22 can be written in terms of the in-
variants as

d N d d-1
F=Pd=(d—1)<1> +<\/3_]2> —d<]—1> Cae=0 ... B (23)

3 M 3

It can be shown that when B = 1.0 (i.e., M = M, = constant and d =
2, the modified Cam-clay yield surface is traced. For larger values of d,
the yield surface becomes flatter and flatter.

These two yield function together satisfy the three conditions pre-
scribed earlier.

AppenDIX Il.—DEerivaTION OF HARDENING MobuLus, H,,

From the general expression for the yield surface F = F(o,k) where k
= hardening parameter. Consistency condition requires

oF oF
e (B4 () k0 o
d ok

o

Also, from the flow rule
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(o)) o]

a0/ \as) ¢
de? = P R TP TR (25)

o (5e) 5]

do/ do

For any strain-hardening relationship, the change in k can be expected
as

dk = Z'de? where Z" = aweightingmatrix .................... (26)
Hence from Eqs. 24-26 one obtains

o 9E\[(9F\" ,
T Z'\— 3| — | do
oF oF do/ (\da
—|do+|— - =0 . (27)
oo ok <ap> (aF)
HI =] [
do/ \do
In other words, the hardening modulus is given by
[5(2)
ok do
H= ——— g e e 28)
(ap>T< aF) (
ac/ \do
In this formulation, the weighting matrix, Z is taken as
1+e

1+e

1+e
Z= 0 where e = currentvoidratio...................... (29)
0
0
so that the irrecoverable void ratio change is equal to the change in the
hardening parameter, dk, i.e.

R N (30)

Again, from the consolidation relationship the mean normal stress at
virgin yielding, p, is given by

&
P = pLexp ) ........................................... (31)

)\C_Ku

where p; = reference mean normal stress = unit stress; and e’ = irre-
coverable void ratio change due to change in stress from p; to p. . Noting
that p, can also be written as '

T T T (32)

the terms o and g, are defined in Appendix I. The quantity (3F/ok) be-
comes
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gl (ip—> (ai> (‘3-’1> ............. e, (334)
ok \éa./ \op./ \oe”
F  pe 9ac/ .

EE—,I-I-OJ()\C—K“)

oF a, (aF) : (330
—_—= ot T T T S S C
ok A, — K, \94, ' ‘

The hardening modulus H,; during virgin yielding can therefore be writ-
ten in the form

( a. ) <6F> oF
— (1 +e)—
)\c - Ky aac 60'kk
() ()
da/ \dc
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AppenDIX IV.—NoTATION

The following symbols are used in this paper:

a = hardening parameter which represents instantaneous size of
yield surface;

4. = size of consolidation surface or pre-yield surface;
B = strength anisotropy factor = M,/M,;
D = elastic stiffness matrix;
D? = elastoplastic stiffness matrix;
= calibration constant defining shape of yield surface on dry
side;
de; = total strain increment;
de; = elastic strain increment;
de; = plastic strain increment;
doy = stress increment tensor;
E = Young's modulus;
e; = reference void ratio of soil at unit mean stress,
fF = yield function;
= shear modulus;
H = hardening modulus;
J1 = 1st stress invariant;
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2nd and 3rd deviatoric stress invariant;

hardening parameter;

stress ratio at critical state; )

value of M in case of triaxial compression;

value of M in case of triaxial extension;

g = n§ = nfi , in case of associated flow rule;

unit normal vector on plastic potential surface and yield sur-
face, respectively;

ratio of a/a.; .

arbitrary chosen calibration factor;

tensor which defines translation of yield surface o;; = (1 —
s)ot;

material parameters used in interpolation rule;

Kronecker delta;

stress ratio (q/p);

Lode angle;

initial slope of hydrostatic unloading curve in e-In p space;
slope of hydrostatic loading curve in e-In p space;
Poisson’s ratio;

stress tensor;

stress tensor at point of most recent stress reversal; and
factor defining slope of yield surface at wet side.
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