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An Approximate Fisher Linear Discriminant Analysis

for Clustering

Student : Cheng-Gang Yang Advisor : Dr. Chi-Cheng Jou

Department of Electrical and Control Engineering

National Chiao Tung University

ABSTRACT

In the era we get the large amounts of data more and more easily, the data
clustering becomes more and-more important. The difficulty of clustering is that every
case has many statistics which call features, how we choose these features or their
combination will effect the clustering result extremely. Principal component analysis
(PCA) is one of the common feature extraction methods, but extracting the components
of maximum variance is uncertain best for both classification and clustering. This thesis
focuses on improving the feature extraction, we combine Fisher linear discriminant
(FLD) which can extract the features excellently for classification and the traditional
K-means clustering to an approximate Fisher linear discriminant (AFD) algorithm. Let
the K-means clustering result is the known class, then use FLD to find the best features,
after that, use these features to cluster and then do FLD again, we also get the best
features for this new clustering result. Repeat above process until convergence. This
thesis chooses two kinds of the data, Iris and Wine, that have three classes to do

experiment, and compare the clustering accuracy by the real class. By experiment we



find that even though the components of maximum variance can contain the most
information of the original data, but it is not useful for clustering. Extracting the key
features by AFD algorithm to cluster is better than PCA, and in the same number of

features AFD algorithm has better clustering result than PCA.
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St = (a'x—1) (2.20)
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J(a) = (”; sz) (2.21)
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B 1
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i=1
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-
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22w 18
SiS,A=c-A (2.31)

AT 5 S, SpenFed - 2idire 2 bend > BN AT 2LE T 2K -
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FENFZREERFLGFRY G UF D RIEP Y o g
TPl c FRFIAD AT LA ES R DMER I T AP
FHRF LEDLFEGE - NT AR TR D DD 2 LTy T REFN A
7 (approximate Fisher linear discriminant, AFD) - {§ - AFD -

AL mAHEOEEE T oauEn RiTFLD 5 0 & E 8 £+ 2 ke
TR » LA HFHNEEE F- X FLD * ¥ {7 5|37 F i > 4ot & f ot

A S UATREAC A AFD 7 5 % e i o

R3] K-means % X % € % Pldzds? w88 F)p A ip ek Barakbah 4o

—
P
o

Kiyoki [5]3% 1 e i 22 L 4o 4 38 & 1k

Bl \1.
-
e

3. 1345 K-means A # 2 % 0 ik % (2.31) 3 9 FLD % - &4 % £
4 HFREPIHBIL D B2t ARPFBRT LA GRS Y KL

1
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aa, HfF e £ e et U
aa U=UV,V=diag(4, 4, 1,) (3.1)

d3taa gk d 1 PR A BRI 0 € p-lBEAEL0 T

=a/u,=0,i1=2,3;-;p  since a =0
3 D Ty _ T _ _ _ o,
x4 =A=trace(aa) ) = trace(afa,) = trace() =1= 4,=1 > ¥
i=1
aa U, =1-u, (3.3)

= ca, = U
=a, =u,,Iifla|=u|=1
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DHELAR LS Je TADOSHEY 2 L LJ REDTRES > b

)\4_
¥
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o R ERT NELY S B OEhe ERY - BEYS ERE AL
2 RN BTN 2R O] Sk R FSEAY - R B ot -
Kig 24455 B RFgphDL & -
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3.2 3 23

d 7 (2.1)i0p S #ic E o3 (2.27)

trace(S,, ) = trace(zcl D (x=m)(x-m,)’ j

i=1 xeC;

C

ZZtrace((x m)(x-m,)")

=3 X;qtrace((X—mi)T (x-m,)) (3.4)
A Ztrace(”x m ||)
N Cp_my

v 12 3] K-means i 3% R P Rk min trace(S,) o £ d 34T hRIZT @
o Hpa e E-sFa

arg max a'Ca=arg mgxtrace(aTSTa) (3.5)
2w REy (total covariance matrix) S, =(N—-1)-C=S; +S,,

WA (2.30)% T AR EH P S
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trace(b'Sgb) trace(b’S;b) trace(b'S, b)
arg max —————_ =arg max - - -
b trace(b'S,b) b | trace(b’'S,b) trace(b'S,b)
T
= arg max W—l (3.6)
b | trace(b’ S, b)
T
_ argmax trace(b' S;b)

b trace(b'S,,b)
B E5(34) -~ 54(35) 0 vt (36) 4T

I—» PCA

trace(b' S, b)
trace(b’S,,b)

K-means 4—'

§ o BDRA B A3 b PR v £ 0 e d 0 S, kv s

FLD =

PR AR A S s o s R A@E)L $ h Adid dia 0 2 6 F 1T Kemeans
REBLSA B TNEA)D et = ko earaE R g P -

H AT g e g AEE Rl #
X=X, X,...X,] ¢ 7Rt f g0 35 FIeenbiEg s e £ 5 u={U U,...u, | > 7"

BT BT 5 2= XU=UX +UX, +..+U X 0 3 BREESE S

(27 =292 = [ U (0 = X) 4 U (O X)X [+ R U, et &7 R
X B SR B A T AEERY B X (G RREE .

Boib- BRAL: AT HSEY AR RT o o M AFD £ 2 k capn i
Ry S L T
Pond ] B A HEE > B kil - RAOHEE 4 TG H T
PRIEA R RAIRAKDS AP L AR 4 LB R A

DR K TE o Fg i DRI A P iR T RS FCLe F 7 sy iR
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7 ®I# & (Silhouette value)f- DBI 45 %< (Davies-Bouldin index - DBI) - e T &
4o o 4 d(XA)E X Rl ARG BLen T R > B a(i)=d(X,A),X €A >

b(i) =mind(x',B) , X' ¢B »

—% a(i) < b(i)
S(i)=10 a(i) = b(i) 3.7)
b(i) o
%—1 a(i) >b(i)
2 5 (i) = 2 —2a) “1<5(i) <1

~ max{a(i) , b()}
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TFAREE > 5 ELiREnT, T

SC(k) _%;%Zsm (3.8)
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L5 =d (0)frEd (+) 0 £ BESN TFB—FKZ FriE AR L KRBT A FE e

a hy |
15 10 5 0 5 10 end 15 20

B 3-3AFD v & JzaciE 42
By ke w R RAPCA ¥ - A pho BB foacd Ket o BT L 4
BoooNA A b]F Y AFD BT PCA BT 1 2 2RF e d Bt R A A
BEw kg 0 AFD #35 dens woepst PCA L & & kA ¥ o

g AL RIS e AR F PN o THRAP 2 ToEERE

o

FUBTRAEFES DL FELEE o) FEPALFEL BRI 2 9 P Tl e

—\

Rl 124 ARG D el FCL i & 38 % 2 e 0%
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FCI 1st 2nd

pARA K 1.791 2.635

AFD 4.176 1.775

PCA 2143 1842
4 3-1 & b FCI
d AT TR AFD th¥ - B 112 p ARARDY Pho § RS HEL R AP

Bt Rka7 R Y hiEs Bt 0 ERAFTTHR A DR -
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fedrba L f b B TSR ¢ R Bchlicdy 0 (8 Rkd § 2 IF L SR A 4T eh- B b

F o FH PIEEE Y o lris Ad w B dc > 150 £ F AL ehz s 0 FoaE L
50 & > s B i TETEROE R ME TR Wine 4 L = BREITBLTF

TRz BRI ) FAEA WG 5971 {48 LA B Rl
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B0 doFE o R L o A ARG ¢ vz BN T £l
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A F M Rfcapn2 Fons 2 4 (mutual information) 1 % ik gt 2. [ cdp B
Mo 30450350 BB TR I ApfEE R » 25407 !

I(X;Y)=H(Y)—H(Y|X)=H(X)—H(X|Y) (4.1)

H(X) ==Y p(x)log p(x,y)

4.2
H(X[Y)==>_>" p(x,y)log p(x|y) (42)

H(X) 3 X &% (entropy) » & 4 7 X e 423 > H(X|Y),*T£T¥ 30 % e Y

19’Xi—rm/vbﬁbﬁifg°;%ﬂjf;‘i—i@’ J'E.»l!‘ ’léﬁﬁ&ﬂg f%’f_’é‘_,
E:l'-v
=lelel (4.3)
min{H (X), H(Y))
d v T

¥ X1 X2 X3 X4

LRI R4 0475 0278 0852 0.940
041 RIS RN T4
AT R MR fox, R R AN ERAR 41 s v F A B

FEETLFRZAT ) FPREDERY oA X, PR 2FF N E 2 a2 ek o

ER A EEAE- S $ L)
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17§ (A e ac § P

- -4

= B ERe £

“k
o
A4
.o
T

BN AAR L SS R

CEES I LGt TS SEE LN &

ey
4
i
%m
%y'b
=
=0
i
£
3
e

% #he FCl & o

AFD 1st 2nd 3rd 4th
0.222  -0.103 0.969  -0.032
0.407 -0.029 -0.067 0.911
-0.589 0.716 0.221 0.302
-0.662 - -0.690 0.088 0.280
PCA 1st 2nd 3rd 4th
0.361 0.657 0582  -0.315
-0.085 0.730 -+ -0.598 0.320
0:857... -0.173~ -0.076 0.480
0358 -0.075 -0.546  -0.754
% 4-3AFD 4 PCA & oo £
FCI 1st 2nd 3rd 4th
AFD 33.804 15.434 7.591 5.788
PCA 15.628 3.666 4.306 4.212
% 44 % $hFCl &
Bred (%) 1t 2nd 3rd 4"
AFD 98.67 80.67 80.67 71.33
PCA 91.33 42.67 52.00 43.33
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AFD & h#wic 4 F vt PCA B 1135 5 o v 7 g I > i~ 7 FCI

Bk > L XHP P FCl & &k 47 2 i
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LGB SRBIT L F I A% - ght AFD 3Rt PCA me PR A
s (FEAz k edR ) o PCA 2 24 7 3R > AFD B iF #ea Mk o 1 S5
AAT R e ERRS I 2 AP Dihgree £ 0 7 d F1F f e (factor

loading) % f2 18 - F1 & f i Tk & B S Fenfp M o T £, =corr(X,Y) - F%

éj\;m #HiE xR ET ﬂ%ﬁ;’%ﬁ%ﬁtmg;; R

PCA factorl  factor2  factor3  factord
X1 0.897 0.391 0.197 -0.059
X2 -0.399 0.825 -0.384 0.113
X3 0.998 -0.048 -0.012 0.042
X4 0.967 -0.049 -0.200 -0.153

4 A-6PCA F]# § ik

AFD factorl ~ factor2  factor3  factor4
X1 -0.790 0.835 0.980 0.861
X2 0537 -0:499 -0.257 0.142
X3 -0.985 0.978 0.952 0.830
X4 -0.970 0.889 0.905 0.851

# 4-TAFD %1% § 'L
dA AR AT S AR P BESEX X PR R Rad £ 41
o RBOGIoX, AR F PR T A S A 45 AR P b A Bk E
F AL o KA AFD fw bt X, frx, 3G iR 4 o0 FE - B

W4 A A HEES o BT e BEN SR 0 X, NFF f F L]

F=1)

PCA % = $h¥t X, inF] % f i (%~ o B dex 2L el o TRt 7 12 380 % X, 7



eioy Fe o A EARERTLH -
B¥S A et A LRI B S e A % o2 AFD % - &%)
R AD o d WA XA AT - B ER 4 AL FP A end WA

A g AR 0 4 T A F R e e o

~ml

J“!"'ll" !Iln

B 4-6 IrisAFD % - &%) v £ Jcatif 42
dBT L F R aciE AR > FRGEO AT o 2 R EHE 2 WARSARE > P ALH

Jiﬁﬁiiﬁ?ﬁ%o-&r'f%:



with-class

) classl class2 class3 SUM Between-class
variance
1-th 0.670 0.992 0.866 2.529 2.075
2-th 0.437 0.677 0.593 1.707 2.765
3-th 0.393 0.662 0.577 1.631 3.811
4-th 0.285 0.675 0.594 1.554 9.704
5-th 0.181 0.547 0.487 1.215 16.204
6-th 0.198 0.303 0.275 0.775 31.386
7-th 0.224 0.278 0.264 0.765 32.104
4 48 EPRBIreFRE
TR 5 Iris T A AFD = fh b chE 2 R
1st 2nd
15r 15r
10 10
5\ 5r
0 ) 0
-4 -2 0 4 -1 0 1 2

15r

Bl 4-7 = #5555 AFD = #} 18 = [

AFD % - % &

0.222
0.407
-0.589

-0.662

FLD % - = &

0.209
0.386
-0.554
-0.707

4 49
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PCA%-w3g

0.361

-0.085

0.857
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78 5 (%) 1st 2nd 3rd 4"
AFD 8310  70.80  66.90  46.60
PCA 80.30  66.90 3930  37.10
FCI 1st 2nd 3rd 4"
AFD 10.927 885 8875  6.082
PCA 8.774 7228 2722 2821

% 4-10 Wine & $hen FCI B o 72 5
AFD #5 4 ke 2 fihif pg ir;rs R I PCA &k andF o B ILF] AFD % = #

W B FCH B o frit§ Al o A K F FEM S B L G &Y

"E!\ “\
"E!\ “\

B4 Adp e 245 0k 800 B ) FCI fofb 5 2 B ciabd %

36



20 F L L L L L L
— O FCI
O~ accuracy
Q )
— ®
g 0- , 1055
AN Q o o
8 o0 o _ e
N\ - @\
O—e—"C7 TN
-
QL O
\\ O
O—=0
0 C r r r r r r 'O
0 2 4 6 8 10 12 14

95 7l = & ORI
B 4-10 Wine 7% & &5 » & 7 FCl e &2 8 5
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R RS o MR iR 7 SR E ey R 2 R iR B R .
4.3 phikdf & FEEK
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TAFORTR 7 BB RHHmDI e 1L THREASEFE2 L 5B
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A HZ B A0 phic B A ERS B L e
PR GpiE FClE » A% A (AL ) engEwm B ¥ § A%< a7 FCI & » 4% % i1
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0.6 - 0.6 -
0.5~ 0.5~
0.4 L r r r I 0.4 r r r I
0 10 20 30 40 0 0.2 0.4 0.6 0.8
FCI Silhouette value

MBI E AR BB ) T UG ITE I REY - R E 0 Ra & FClI &
X ) b APREEE T 2R A 4ok AFD S E 235 0 kehdhE FClI @i H © dhk e
4 2F % J%:jfa{ﬁil Tk A EEENEY S E o T FR Iris FTAFCI

ORI EFOTIERI FRE S APy A M eh o XA AP & Wine 0§ % A% < h FCI
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0.9~ 0.9~
0.85 0.85F
0.8~ 0.8~
* *
0.75 0.75
0.7 - 0.7
> >
Q (5]
© ®©
5 0.65 5 0.65
(&) (&)
@ @
0.6 - 0.6
0.55 - 0.55
0.5 0.5
0.45 0.45 55
0.4 C r r I 0.4 L r r r L
0 5 10 15 0 0.2 0.4 0.6 0.8
FCI Silhouette value

B 4-12 Wine 75 FCL &4e ] B VS 3 55

dot B 0 dptRana ] g A ERE A Wine e 3 e g o iRl Ed
Wine o Rdecna SRR G AR RE 0 A R R AL e B 2 a5 o W Y

F I ElAe ks 2 g 2 F Y P g Ad 3 Kemeans A H A 2 {7 T franE f

$oBRAT R SBMAFT ? RF G phlics Barsk ool
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15r 1r
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10, % —<— PCA 0.8~ 4 — PCA
i > i
(__) o} \\ e ')Eﬁ 0 6 \
A 0\ ety
[0}
123456 78 910111213 1234567 8910111213
il 8 I il iy IE Fe
WineZ% il
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0.95 - /," T oo
. e AFD
g 09r / > PCA
0.85 -
08 D [ r r r r r r [ [ r r r
1 2 3 4 5 6 7 8 9 10 11 12 13

i HY B H

B 4-15Wine ¥ — #he? § dheriE pr

(e

Ph2_

Ji

t Wine F42¢ » 7 144 5| PCA £ FCI ¥ - phic® IR R S
4 PCA %> 59 5 phjesy 0 0 & AFD s it Bii 4 BPCA 4 » AFD SLéf
257 €0 PCABF & L % i o F13 PCA B b AFD 4 L35 piitdy o

B S 0 A F B %‘%f% FRIE kAT BE5(3.8) oy I E = A O

h=)
-

o B 2 o IR A $E 0 argmax SC(K)
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3 L %
44 BE5viR
FPp - S fhendicp 2205 o Iris FALR ¥ - B> Wine TR * 3 B
Pho Bfs® 52 RATRIIOSFIRE 22 FHRPE > BEF &R

#rE ¥ (%) Kmeans Kmedois fuzzy C-means Ward

BARA K 89.33 92.67 89.33 89.33
AFD 98.67 98.67 98.67 96.67
PCA 91.33 91.33 91.33 90.00
FCI Kmeans Kmedois fuzzy C-means Ward

pOARAA 7.641 7191 7.622 7.593
AFD 33.804  33.804 33.804  33.245
PCA 15.628 15.628 15.628 15.394

# 4-1110ris T g 5 5%

B3 (%) Kmeans Kmedois fuzzy C-means Ward

pARAK 96.63 89.33 96.63 92.70
AFD 97.19 97.19 96.63 95.51
PCA 97.19 94.94 97.19 96.63
FCI Kmeans Kmedois fuzzy C-means Ward

BOARA A 0.811 0.762 0.811 0.773
AFD 3.903 3.903 3.895 3.793
PCA 3.935 3.928 3.937 3.898

3 4-12Wine FH 3.2 %

SFE v Iris fr Wine e B % 7 i f I AFD BB LA FIT 2 4
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a3 BIRAE IR o

#HE AFD > & fae A FEDN G A S 2 FF

RIBE(SC) AR Az H LIE F A (%)
AR R 0.865 0.739 0.126 14.57
AFD % - #h 0.951 0.887 0.064 6.73

£ 413 Qi e
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