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有界面 Stokes 方程之邊界積分方法 

學生：吳聲華 

 

指導教授：賴明治 

國立交通大學應用數學學系﹙研究所﹚碩士班 

 

 

摘 要       

 

本文主要的目的是研究二維不可壓縮 Stokes 方程的邊界積分方法。此數值方

法是基於 Poisson 方程的基本解，和將界面速度表示為 Green 函數與奇異來源項

之捲積。我們分析積分方程的奇異性以及將積分方程分解成為平滑部分和奇異部

分。前者可以利用梯形法作積分計算，後者則利用 quadrature 形式來計算。兩個

數值計算格式被提出用來模擬彈性界面的動態，一個是顯式的計算格式，另一個

是隱式的計算格式。在數值實驗中，我們首先模擬橢圓彈性界面在靜止流體的動

態，得到一個二階收斂的結果。第二個數值實驗是模擬單一 vesicle 在剪流中的

動態，得到一系列與理論相對照的數值結果。 
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ABSTRACT 

 

The essential purpose of this thesis is to study the boundary integral method for two dimensional 

incompressible Stokes flows. The method is inspired by the fundamental solution of Poisson 

equation, and presents the interfacial velocity in integral formulae, as convolution form of a Green’s 

function and a singular source term. Once the formulae are clear, we analyze the singularity in the 

integral equations and split it into a smooth part and a singular part. The former can be treated by the 

trapezoidal rule and the later is cured by quadrature form with specific weights. To simulate the 

dynamics of an elastic interface, two numerical schemes are proposed, one is the explicit scheme 

which a force in previous time step is equipped, the other is implicit so that a tension-like unknown 

is solved together with interfacial velocity. In numerical experiments, we first apply the method to 

an elliptic elastic material in a quiescent flow, and give a second-order convergence to the circular 

steady state. The second application is a vesicle suspended in a simple shear flow. A series of 

numerical studies about the tank-treading motion and the tumbling motion for a vesicle match 

previous works well. 
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1 Introduction
Stokes flow involving interfaces have been researched extensively in the past few years.

It has many important applications in science and engineering, such as in biomechanics,
geophysics, mechanical engineering, and chemical engineering. One example is the flow
of a suspension of bubbles, drops or biological cells, such as a red blood cell past through
a vessel. Numerical simulations can accurately approach the practical questions when an-
alytical solutions cannot be found and real experiments are hard to realize or expensive to
execute. While numerical simulations become a very important tool for investigating the
interfacial dynamics in low Reynolds number flow, studying surface tension on interface
is popular. Surface tension effects are modelled classically by positing a force jump at the
interface. There are many numerical methods that are suitable for computing interfacial
dynamics in Stokes flow, including boundary integral methods [8, 9, 10, 11, 13], level set
methods, immersed interface methods [6], immersed boundary methods [4], phase-field
and diffused interface methods. Each method has its merits and disadvantages. In this the-
sis, we focus on the boundary integral method to simulate the interfacial dynamics in two
dimensional incompressible Stokes flow. The three dimensional problem is more chal-
lenging to study especially for evolving interfaces with large deformations. In this thesis,
we study the boundary integral method for two dimensional incompressible Stokes flow.
The method is inspired by the fundamental solution of Poisson equation, and presents the
interfacial velocity in integral formulae, as convolution form of a Green’s function and a
singular source term. Once the formulae are clear, we analyze the singularity in the inte-
gral equations and split it into a smooth part and a singular part. The former can be treated
by the trapezoidal rule and the later is cured by quadrature form with specific weights. To
simulate the dynamics of an elastic interface, two numerical schemes are proposed, one is
the explicit scheme which a force in previous time step is equipped, the other is implicit
so that a tension-like unknown is solved together with interfacial velocity. In numerical
experiments, we first apply the method to an elliptic elastic material in a quiescent flow,
and give a second-order convergence to the circular steady state. The second application
is a vesicle suspended in a simple shear flow. A series of numerical studies about the
tank-treading motion and the tumbling motion for a vesicle match previous works well.

Organization of this thesis is as follows. In Section 2, we introduce the Green’s func-
tion for the two dimensional incompressible Stokes flow, and derive the boundary integral
equation for the two dimensional incompressible Stokes flow. The derivation is based on
Pozrikidis’ book [7]. In Section 3, we discuss the boundary integral equation for the in-
terfacial velocity in detail by decomposing the integrals into different terms, and present
the explicit and the implicit numerical integration schemes for different situations. This
introduction is based on Xu Sun and Xiaofan Li’s paper [11]. In Section 4, we present
some numerical experiments for simulating the interfacial dynamics in Stokes flow with
the elastic and the motion of a vesicle suspended in a simple shear flow. Moreover, we
present the convergence test for the velocity to verify the accuracy of the numerical inte-
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gration schemes.

2 Derivation of boundary integral equation
First of all, let us consider the flow governed by the two dimensional Navier-Stokes

equation with the condition of incompressibility

ρ

(
∂u
∂t

+ u · ∇u
)

= −∇P + µ∆u, (2.1)

∇ · u = 0, (2.2)

where u = (u, v), ρ is the density of the fluid, and µ is the viscosity of the fluid. In order to
nondimensionalize the Navier-Stokes equation, we introduce a characteristic length L, a
characteristic velocity U, and a characteristic time T . Moreover, let x∗ = x

L , u∗ = u
U , t∗ =

tU
L , and P∗ = PL

µU . Then, the Navier-Stokes equation can be rewritten in the dimensionless
form

β
∂u∗

∂t∗
+ Reu∗ · ∇∗u∗ = −∇∗P∗ + ∆∗u∗. (2.3)

There are two dimensionless numbers in (2.3): the frequency parameter β = L2

νT and the
Reynolds number Re = UL

ν
, where ν =

ρ

µ
is the kinematic viscosity of fluid. The frequency

parameter β represents the ratio between the inertial acceleration force and the viscous
force, and the Reynolds number Re represents the ratio between the inertial force and the
viscous force. When β and Re are much smaller than 1, all terms on the left hand side of
(2.3) are much smaller than the terms on the right hand side. Thus, all terms on the left
hand side of (2.3) can be ignored. Then reverting to dimensional variables, we can find
that the Navier-Stokes equation becomes the Stokes equation

−∇P + µ∆u = ∇ · σ = 0, (2.4)

where σ is the stress tensor defined as

σ =

[
σ11 σ12

σ21 σ22

]
=


−P + 2µ

(
∂u
∂x

)
µ
(
∂u
∂y + ∂v

∂x

)

µ
(
∂u
∂y + ∂v

∂x

)
−P + 2µ

(
∂v
∂y

)
 . (2.5)

Taking the divergence of the Stokes equation and using the condition of incompressibility,
we find that the pressure is a harmonic function

∆P = 0. (2.6)
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2.1 Green’s function for two dimensional Stokes flow
The following description is based on Pozrikidis’ book [7]. Now consider the two

dimensional incompressible singular force Stokes equation

−∇P + µ∆u + gδ(X − X0) = 0, (2.7)

∇ · u = 0,

where g = (g1, g2) is an arbitrary constant, δ is the delta function, and X0 = (X0,Y0) is an
arbitrary point. Introducing the Green’s function for the singular force Stokes equation

G(X,X0) =

[
G11(X,X0) G12(X,X0)
G21(X,X0) G22(X,X0)

]
,

such that the velocity u(X) can be expressed as

u(X) =

[
u(X)
v(X)

]
=

1
4πµ

[
G11(X,X0)g1 + G12(X,X0)g2

G21(X,X0)g1 + G22(X,X0)g2

]
, (2.8)

where X0 is called the source point, and X is called the observation point. Physically,
(2.8) expresses the velocity field due to a point force of strength g located at the point X0.
Since the pressure P(X) is a harmonic function, then there exists a function p(X,X0) =

(p1(X,X0), p2(X,X0)) such that P(X) = 1
4π(p1(X,X0)g1 + p2(X,X0)g2). Once we get

the velocity u(X) and the pressure P(X), then we can obtain the stress tensor σ(X) by
substituting the velocity and the pressure into (2.5).

We compute the free space Green’s function as following. First, we replace the delta
function in (2.7) with the fundamental solution of the Laplace equation

δ(X̂) =
1

2π
∆ ln r, (2.9)

where X̂ = (X̂, Ŷ) = X − X0, and r = ‖X̂‖. Substituting (2.9) into (2.7), we have

−∇P + µ∆u +

(
1

2π
∆ ln r

)
g = 0.

Taking the divergence for above equation, we have

−∆P + ∇ ·
[(

1
2π

∆ ln r
)

g
]

= 0⇒ ∆P = ∆

[(
1

2π
∇ ln r

)
· g

]
. (2.10)

Thus, we can obtain the pressure P by balancing the dimension of (2.10)

P =

(
1

2π
∇ ln r

)
· g. (2.11)
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Next, substituting (2.9) and (2.11) into (2.7), we have

−∇
[(

1
2π
∇ ln r

)
· g

]
+ µ∆u +

(
1

2π
∆ ln r

)
g = 0

⇒ µ∆u =


− ∂2

∂y2

(
1

2π ln r
)

∂2

∂x∂y

(
1

2π ln r
)

∂2

∂x∂y

(
1

2π ln r
)
− ∂2

∂x2

(
1

2π ln r
)

 g. (2.12)

Assume that the velocity u can be expressed as

u =
1
µ


− ∂2

∂y2 H ∂2

∂x∂y H
∂2

∂x∂y H − ∂2

∂x2 H

 g, (2.13)

where H is a scalar function. It is noted that the condition of incompressibility ∇ · u = 0
is satisfied under this assumption. Substituting (2.13) into (2.12), we have

∆




− ∂2

∂y2 H ∂2

∂x∂y H
∂2

∂x∂y H − ∂2

∂x2 H

 g

 =


− ∂2

∂y2

(
1

2π ln r
)

∂2

∂x∂y

(
1

2π ln r
)

∂2

∂x∂y

(
1

2π ln r
)
− ∂2

∂x2

(
1

2π ln r
)

 g.

Since the constant vector g is arbitrary, then

∆H =
1

2π
ln r.

We can obtain the scalar function H by solving above equation

H =
1

8π
r2 (ln r − 1) .

Finally, we can obtain the velocity u by substituting H into (2.13)

u(X) =

[
u(X)
v(X)

]
=

1
4πµ

[
G11(X,X0) G12(X,X0)
G21(X,X0) G22(X,X0)

]
g,

where G(X,X0) is the free space Green’s function

G(X,X0) =

[ − ln r + X̂2

r2
X̂Ŷ
r2

X̂Ŷ
r2 − ln r + Ŷ2

r2

]
.

The associated pressure P and the stress tensor σ can be computed as following

P(X) =
1

2π

(
X̂g1

r2 +
Ŷg2

r2

)
,

σ(X) =
−1
π


X̂3g1

r4 +
X̂2Ŷg2

r4
X̂2Ŷg1

r4 +
X̂Ŷ2g2

r4

X̂2Ŷg1
r4 +

X̂Ŷ2g2
r4

X̂Ŷ2g1
r4 +

Ŷ3g2
r4

 .
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2.2 Boundary integral equation
Once the free space Green’s function is obtained, we can derive the boundary integral

equation by the Lorentz reciprocal identity, which is for any two nonsingular flows u and
u′ with corresponding stress tensors σ and σ′

∇ · (σu′ − σ′u) = 0⇒ ∇ ·
([
σ11 σ12

σ21 σ22

] [
u′

v′

]
−

[
σ′11 σ′12
σ′21 σ′22

] [
u
v

])
= 0 (2.14)

Now let u′ be the solution of the two dimensional singular force Stokes equation and
σ′ be the corresponding stress tensors. Substituting these expressions into the Lorentz
reciprocal identity, we have

∇ ·

[
σ11 σ12

σ21 σ22

] [
G11g1 + G12g2

G21g1 + G22g2

]
− 4µ


X̂3g1

r4 +
X̂2Ŷg2

r4
X̂2Ŷg1

r4 +
X̂Ŷ2g2

r4

X̂2Ŷg1
r4 +

X̂Ŷ2g2
r4

X̂Ŷ2g1
r4 +

Ŷ3g2
r4


[

u
v

] = 0

Since the constant vector g = (g1, g2) is arbitrary, we obtain

∇ ·
([
σ11G11 + σ12G21

σ21G11 + σ22G21

]
+ 4µ

[ X̂3u+X̂2Ŷv
r4

X̂2Ŷu+X̂Ŷ2v
r4

])
= 0, (2.15)

and

∇ ·
([
σ11G12 + σ12G22

σ21G12 + σ22G22

]
+ 4µ

[ X̂2Ŷu+X̂Ŷ2v
r4

X̂Ŷ2u+Ŷ3v
r4

])
= 0, (2.16)

where G is the free space Green’s function. In order to derive the boundary integral
equation, we choose a area Ω that is bounded by a closed curve Γ, and choose a point X0

that is outside Ω. Integrating (2.15) and (2.16) over Ω, and using the divergence theorem
to convert the area integral over Ω into a line integral over Γ, we obtain

∫

Γ

([
σ11G11 + σ12G21

σ21G11 + σ22G21

]
+ 4µ

[ X̂3u+X̂2Ŷv
r4

X̂2Ŷu+X̂Ŷ2v
r4

])
· nds = 0, (2.17)

and
∫

Γ

([
σ11G12 + σ12G22

σ21G12 + σ22G22

]
+ 4µ

[ X̂2Ŷu+X̂Ŷ2v
r4

X̂Ŷ2u+Ŷ3v
r4

])
· nds = 0, (2.18)

where n = (n1, n2) is the unit outward normal vector of Ω and s is the arclength parameter.
Next, we choose a point X0 that is inside Ω. In addition, we define a small circular area
Bε(X0) that is centered at X0 with the radius ε. In this case, equations (2.15) and (2.16)
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is regular in Ω \ Bε(X0). Integrating (2.15) and (2.16) over Ω \ Bε(X0) and using the
divergence theorem again, we obtain

∫

Γ

([
σ11G11 + σ12G21

σ21G11 + σ22G21

]
+ 4µ

[ X̂3u+X̂2Ŷv
r4

X̂2Ŷu+X̂Ŷ2v
r4

])
· nds

= −
∫

∂Bε (X0)

([
σ11G11 + σ12G21

σ21G11 + σ22G21

]
+ 4µ

[ X̂3u+X̂2Ŷv
r4

X̂2Ŷu+X̂Ŷ2v
r4

])
· nds,

and
∫

Γ

([
σ11G12 + σ12G22

σ21G12 + σ22G22

]
+ 4µ

[ X̂2Ŷu+X̂Ŷ2v
r4

X̂Ŷ2u+Ŷ3v
r4

])
· nds

= −
∫

∂Bε (X0)

([
σ11G12 + σ12G22

σ21G12 + σ22G22

]
+ 4µ

[ X̂2Ŷu+X̂Ŷ2v
r4

X̂Ŷ2u+Ŷ3v
r4

])
· nds,

where ∂Bε(X0) is the boundary of Bε(X0). Letting the radius ε tend to zero, the right hand
side of the above two integral equations tend to −4πµu(X0) and −4πµv(X0), respectively.
Thus, we can obtain

u(X0) =

[
u(X0)
v(X0)

]
=
−1
4πµ

∫

Γ

[
G11 f1 + G21 f2

G12 f1 + G22 f2

]
ds

+
−1
π

∫

Γ


u
(

X̂3n1+X̂2Ŷn2
r4

)
+ v

(
X̂2Ŷn1+X̂Ŷ2n2

r4

)

u
(

X̂2Ŷn1+X̂Ŷ2n2
r4

)
+ v

(
X̂Ŷ2n1+Ŷ3n2

r4

)
 ds, (2.19)

where X̂ = (X̂, Ŷ) = (X − X0,Y − Y0) and f = ( f1, f2) = σn is the surface force. Equation
(2.19) represents a flow in terms of two boundary integral involving the Green’s function
G and the stress tensor. The first integral on the right hand side of (2.19) is called single-
layer potential, and the second integral is called double-layer potential. Finally, if the
source point X0 is right on the boundary Γ, we can express the velocity u as

u(X0) =

[
u(X0)
v(X0)

]
=
−1
2πµ

∫

Γ

[
G11 f1 + G21 f2

G12 f1 + G22 f2

]
ds

+
−2
π

∫

Γ


u
(

X̂3n1+X̂2Ŷn2
r4

)
+ v

(
X̂2Ŷn1+X̂Ŷ2n2

r4

)

u
(

X̂2Ŷn1+X̂Ŷ2n2
r4

)
+ v

(
X̂Ŷ2n1+Ŷ3n2

r4

)
 ds. (2.20)

In summary, equation (2.17), (2.18), (2.19) and (2.20) represent the boundary integral
equations that the point X0 is outside, inside, or right on the boundary of a selected area.

In order to accelerate the numerical computation, we want to simplify the boundary
integral equation by eliminating the double-layer potential. Assuming that the domain of
u is inside the closed curve Γ, there is a complementary flow u′ outside Γ. The existence

6



of the complementary flow u′ can be proved as long as the flow u satisfies the following
constrain

∫

Γ

u · nds = 0,

where n is the unit outward normal vector of the domain of u. Furthermore, let u′ vanish
at infinity and has the same boundary values as u on Γ. On the other hand, if the domain of
u is outside Γ, there is a complementary flow u′ inside Γ so that u′ has the same boundary
values as u on Γ. In either case, we choose a point X0 inside the domain of u, and use
(2.17), (2.18) to find

∫

Γ

([
σ′11G11 + σ′12G21

σ′21G11 + σ′22G21

]
+ 4µ

[ X̂3u′+X̂2Ŷv′
r4

X̂2Ŷu′+X̂Ŷ2v′
r4

])
· nds = 0, (2.21)

and
∫

Γ

([
σ′11G12 + σ′12G22

σ′21G12 + σ′22G22

]
+ 4µ

[
X̂2Ŷu′+X̂Ŷ2v′

r4

X̂Ŷ2u′+Ŷ3v′
r4

])
· nds = 0, (2.22)

where u = (u′, v′) and σ′i j is the stress tensor corresponding to u′. Combining (2.21),
(2.22) with (2.19), we can obtain

u(X0) =

[
u(X0)
v(X0)

]
=
−1
4πµ

∫

Γ

[
G11q1 + G21q2

G12q1 + G22q2

]
ds, (2.23)

where (q1, q2) = q = f − f′. So far, we can express the flow only in terms of a single-layer
potential.

2.3 Interfacial flow
Flows involving interfaces between two different fluids occur in many applications. In

order to describe a interfacial flow, we consider the flow on each side of the interface. For
simplicity, we label the ambient fluid and the particle fluid with Ω1 and Ω2, respectively.
In addition, let λ =

µ2
µ1

be the viscosity ratio between the internal and external fluid. Using
the standard boundary integral equation, which we get in the previous subsection, for a
point X0 that is located outside Ω2, i.e., X0 ∈ Ω1, we can obtain

u1(X0) =

[
u1(X0)
v1(X0)

]
=
−1

4πµ1

∫

Γ

[
G11 f 1

1 + G21 f 1
2

G12 f 1
1 + G22 f 1

2

]
ds

+
−1
π

∫

Γ


u
(

X̂3n1+X̂2Ŷn2
r4

)
+ v

(
X̂2Ŷn1+X̂Ŷ2n2

r4

)

u
(

X̂2Ŷn1+X̂Ŷ2n2
r4

)
+ v

(
X̂Ŷ2n1+Ŷ3n2

r4

)
 ds, (2.24)
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where f1 = ( f 1
1 , f 1

2 ) is the surface force over the external of Γ. On the other hand, by using
equation (2.17) and (2.18) we can obtain

∫

Γ

[
G11 f 2

1 + G21 f 2
2

G12 f 2
1 + G22 f 2

2

]
ds + 4µ2

∫

Γ


u
(

X̂3n1+X̂2Ŷn2
r4

)
+ v

(
X̂2Ŷn1+X̂Ŷ2n2

r4

)

u
(

X̂2Ŷn1+X̂Ŷ2n2
r4

)
+ v

(
X̂Ŷ2n1+Ŷ3n2

r4

)
 ds = 0, (2.25)

where f2 = ( f 2
1 , f 2

2 ) is the surface force over the internal of Γ. Combining (2.24) and
(2.25), we find

u1(X0) =

[
u1(X0)
v1(X0)

]
=
−1

4πµ1

∫

Γ

[
G11∆ f1 + G21∆ f2

G12∆ f1 + G22∆ f2

]
ds

+
−(1 − λ)

π

∫

Γ


u
(

X̂3n1+X̂2Ŷn2
r4

)
+ v

(
X̂2Ŷn1+X̂Ŷ2n2

r4

)

u
(

X̂2Ŷn1+X̂Ŷ2n2
r4

)
+ v

(
X̂Ŷ2n1+Ŷ3n2

r4

)
 ds, (2.26)

where ∆f = (∆ f1,∆ f2) = f1 − f2 is the discontinuity of the interfacial force. So far, we
obtain the boundary integral equation for the external flow of the interface. Next, for a
point X0 is located inside Ω2, using equation (2.17) and (2.18), we can obtain

∫

Γ

[
G11 f 1

1 + G21 f 1
2

G12 f 1
1 + G22 f 1

2

]
ds + 4µ1

∫

Γ


u
(

X̂3n1+X̂2Ŷn2
r4

)
+ v

(
X̂2Ŷn1+X̂Ŷ2n2

r4

)

u
(

X̂2Ŷn1+X̂Ŷ2n2
r4

)
+ v

(
X̂Ŷ2n1+Ŷ3n2

r4

)
 ds = 0. (2.27)

On the other hand, we use (2.19) to obtain

u2(X0) =

[
u2(X0)
v2(X0)

]
=
−1

4πµ2

∫

Γ

[
G11 f 2

1 + G21 f 2
2

G12 f 2
1 + G22 f 2

2

]
ds

+
−1
π

∫

Γ


u
(

X̂3n1+X̂2Ŷn2
r4

)
+ v

(
X̂2Ŷn1+X̂Ŷ2n2

r4

)

u
(

X̂2Ŷn1+X̂Ŷ2n2
r4

)
+ v

(
X̂Ŷ2n1+Ŷ3n2

r4

)
 ds. (2.28)

Combining (2.27) and (2.28), we find

u2(X0) =

[
u2(X0)
v2(X0)

]
=
−1

4πµ2

∫

Γ

[
G11∆ f1 + G21∆ f2

G12∆ f1 + G22∆ f2

]
ds

+
−(1 − λ)
πλ

∫

Γ


u
(

X̂3n1+X̂2Ŷn2
r4

)
+ v

(
X̂2Ŷn1+X̂Ŷ2n2

r4

)

u
(

X̂2Ŷn1+X̂Ŷ2n2
r4

)
+ v

(
X̂Ŷ2n1+Ŷ3n2

r4

)
 ds. (2.29)

For a point X0 is located right on the interface Γ, we can obtain

u(X0) =

[
u(X0)
v(X0)

]
=

−1
2πµ1(1 + λ)

∫

Γ

[
G11∆ f1 + G21∆ f2

G12∆ f1 + G22∆ f2

]
ds

+
−2(1 − λ)
π(1 + λ)

∫

Γ


u
(

X̂3n1+X̂2Ŷn2
r4

)
+ v

(
X̂2Ŷn1+X̂Ŷ2n2

r4

)

u
(

X̂2Ŷn1+X̂Ŷ2n2
r4

)
+ v

(
X̂Ŷ2n1+Ŷ3n2

r4

)
 ds. (2.30)
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It will be noted that when the viscosities of the two fluids are equal, the coefficient of
the double-layer potential vanishes, and flow can be represented in terms of a single-layer
potential with ∆f.

Next, if there is an ambient flow with velocity u∞ = (u∞, v∞) past the particle fluid.
The interfacial velocity u(X0), X0 ∈ Γ, can be expressed as

[
u(X0)
v(X0)

]
=

2
1 + λ

[
u∞

v∞

]
+

−1
2πµ1(1 + λ)

∫

Γ

[
G11∆ f1 + G21∆ f2

G12∆ f1 + G22∆ f2

]
ds

+
−2(1 − λ)
π(1 + λ)

∫

Γ


u
(

X̂3n1+X̂2Ŷn2
r4

)
+ v

(
X̂2Ŷn1+X̂Ŷ2n2

r4

)

u
(

X̂2Ŷn1+X̂Ŷ2n2
r4

)
+ v

(
X̂Ŷ2n1+Ŷ3n2

r4

)
 ds. (2.31)

So far, we obtain the boundary integral equation for interfacial velocities in two dimen-
sional Stokes flow.

3 Numerical method
Our problem is an ambient flow with velocity u∞ past a deformable particle, where

Ω1 and Ω2 represent the ambient fluid and the particle fluid, as illustrated in Fig. 3.1 The

Figure 3.1: Sketch of an ambient flow past a deformable particle.

governing equations are the two dimensional steady Stokes equation with the condition
of incompressibility, as following

− ∇Pi + µi∆ui = 0, (3.1)

∇ · ui = 0, (3.2)
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where i = 1, 2. µ1 and µ2 are the viscosity coefficients for the ambient fluid and the
particle fluid, respectively. The boundary conditions on the interface Γ between two fluids
are given as following

u1(X) = u2(X), (3.3)
[σ · n](X) = f(X), (3.4)

where X ∈ Γ. σ, n and f are the stress tensor, the unit outward normal vector and the
surface force, respectively. [·] denotes the discontinuity across the interface Γ. The surface
force f can be chosen as

f =
∂

∂s
(στ), (3.5)

where s is the arclength parameter, τ is the unit tangent vector, and σ is the surface
tension. Let us recall that the velocity u at a point X0 on the interface Γ can be written as

[
u(X0)
v(X0)

]
=

2
1 + λ

[
u∞

v∞

]
+

−1
2πµ1(1 + λ)

∫

Γ

[
G11 f1 + G21 f2

G12 f1 + G22 f2

]
ds

+
−2(1 − λ)
π(1 + λ)

∫

Γ


u
(

X̂3n1+X̂2Ŷn2
r4

)
+ v

(
X̂2Ŷn1+X̂Ŷ2n2

r4

)

u
(

X̂2Ŷn1+X̂Ŷ2n2
r4

)
+ v

(
X̂Ŷ2n1+Ŷ3n2

r4

)
 ds, (3.6)

where λ =
µ2
µ1

is the viscosity ratio between the particle fluid and the ambient fluid, G
is the two dimensional free space Green’s function, and X̂ = (X̂, Ŷ) = X − X0. It is
obvious to see that the integral equations occur singularities when X and X0 coincide. The
numerical integration schemes for the integrals involving singularities will be discussed in
the following subsection. Once the velocity u on the interface Γ is obtained, the interfacial
dynamics can be determined by

∂X
∂t

= u, (3.7)

where the interface position X can be expressed as a periodic vector function of the pa-
rameter α. In summary, there are two steps for solving this interfacial dynamics problem.
The first step is computing the interfacial velocity at each marker points on the inter-
face. Then we can advance the interface by using the evolution equation (3.7) to track the
positions of these marker points.

3.1 Explicit numerical integration schemes
In this subsection, we analyze the integral equation (3.6) in detail by decomposing the

integrals into different terms. It is based on Xu Sun and Xiaofan Li’s paper [11]. First, let

10



the interface Γ be parameterized by X(α, t), where 0 ≤ α ≤ 2π. In addition, we suppress
the time dependency by writing, for example, X(α, t) as X(α), and denote

u(α) = u(X(α)), u(α0) = u(X(α0)),
G(α, α0) = G(X(α),X(α0)).

Then equation (3.6) can be rewritten as
[

u(α0)
v(α0)

]
=

2
1 + λ

[
u∞(α0)
v∞(α0)

]
+

−1
2πµ1(1 + λ)

∫

Γ

[
G11(α, α0) f1(α) + G21(α, α0) f2(α)
G12(α, α0) f1(α) + G22(α, α0) f2(α)

]
dα

+
−2(1 − λ)
π(1 + λ)

∫

Γ


u(α)

(
X̂3n1(α)+X̂2Ŷn2(α)

r4

)
+ v(α)

(
X̂2Ŷn1(α)+X̂Ŷ2n2(α)

r4

)

u(α)
(

X̂2Ŷn1(α)+X̂Ŷ2n2(α)
r4

)
+ v(α)

(
X̂Ŷ2n1(α)+Ŷ3n2(α)

r4

)
 sα(α)dα,

(3.8)

where fi(α) = ∂
∂α

(στi), i = 1, 2, and sα(α) =
√

X2
α + Y2

α is the stretch vector. Substituting
the expression of the free space Green’s function into (3.8), and rewriting

ln r = ln


r

2 sin |α−α0 |
2

 +
1
2

ln
(
4 sin2 |α − α0|

2

)
, (3.9)

equation (3.8) becomes

u(α0) =
2

1 + λ
u∞(α0) − 1

2πµ1(1 + λ)

∫ 2π

0
[− f1(α)D(α, α0) − 1

2
f1(α)E(α, α0)

+ f1(α)F11(α, α0) + f2(α)F12(α, α0)]dα

− 2(1 − λ)
π(1 + λ)

∫ 2π

0
[u(α)H11(α, α0) + v(α)H12(α, α0)]dα (3.10)

and

v(α0) =
2

1 + λ
v∞(α0) − 1

2πµ1(1 + λ)

∫ 2π

0
[− f2(α)D(α, α0) − 1

2
f2(α)E(α, α0)

+ f2(α)F22(α, α0) + f1(α)F21(α, α0)]dα

− 2(1 − λ)
π(1 + λ)

∫ 2π

0
[u(α)H21(α, α0) + v(α)H22(α, α0)]dα (3.11)
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where

D(α, α0) = ln


r

2 sin |α−α0 |
2

 , (3.12)

E(α, α0) = ln
(
4 sin2 |α − α0|

2

)
, (3.13)

[
Fi j(α, α0)

]
=


X̂2

r2
X̂Ŷ
r2

X̂Ŷ
r2

Ŷ2

r2

 , (3.14)

[
Hi j(α, α0)

]
=


X̂3

r4 n1(α)sα(α) + X̂2Ŷ
r4 n2(α)sα(α) X̂2Ŷ

r4 n1(α)sα(α) + X̂Ŷ2

r4 n2(α)sα(α)
X̂2Ŷ
r4 n1(α)sα(α) + X̂Ŷ2

r4 n2(α)sα(α) X̂Ŷ2

r4 n1(α)sα(α) + Ŷ3

r4 n2(α)sα(α)

 ,

(3.15)

in which X̂ = X(α) − X(α0), Ŷ = Y(α) − Y(α0) and r =
√

X̂2 + Ŷ2.
Assuming that the interface curve Γ is of C∞[0, 2π], we can find the limits of (3.12),

(3.14) and (3.15) when the source point X0 and the observation point X coincide, i.e.,
α→ α0. By using the Taylor expansion of X(α) − X(α0) and sin |α−α0 |

2 , we have

D(α0, α0) = ln



√[ ∞∑
n=1

x(n)(α0)(α−α0)n

n!

]2

+

[ ∞∑
n=1

y(n)(α0)(α−α0)n

n!

]2

2
∞∑

n=1

(−1)n+1

(2n−1)!

( |α−α0 |
2

)2n−1



= ln



√[ ∞∑
n=1

x(n)(α0)(α−α0)n−1

n!

]2

+

[ ∞∑
n=1

y(n)(α0)(α−α0)n−1

n!

]2

1 +
∞∑

n=1

(−1)n+1

(2n−1)!

( |α−α0 |
2

)2n−2


(3.16)

It will be noted that the denominator of (3.16) does not vanish when α = α0. Discarding
the high order term, we can obtain

D(α0, α0) = lim
α→α0

D(α, α0) = ln(sα(α0)). (3.17)

Similarly,

[
Fi j(α0, α0)

]
= lim

α→α0

[
Fi j(α, α0)

]
=

[
τ1(α0)2 τ1(α0)τ2(α0)

τ1(α0)τ2(α0) τ2(α0)2

]
, (3.18)

[
Hi j(α0, α0)

]
= lim

α→α0

[
Hi j(α, α0)

]
=


κ(α0)X2

α(α0)
2sα(α0)

κ(α0)Xα(α0)Yα(α0)
2sα(α0)

κ(α0)Xα(α0)Yα(α0)
2sα(α0)

κ(α0)Y2
α(α0)

2sα(α0)

 , (3.19)
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where τ = (τ1, τ2) is the unit tangent vector along the interface Γ and κ is the curvature
of the interface Γ. Let us divide the interval [0, 2π] evenly by 2N segments and denote
α j = jπ/N, where j = 0, 1, . . . , 2N − 1, and choose M = 2N. As a consequence, the
integrals concerning (3.12), (3.14) and (3.15) can be computed by using the trapezoidal
rule. Next, let us consider the integral

∫ 2π

0
−1

2
fk(α)E(α, α0)dα, k = 1, 2. (3.20)

Choosing α0 to be one of α j’s, α0 = αi, we can approximate the weakly singular integral
(3.20) with the following quadrature [5]

∫ 2π

0
−1

2
fk(α) ln

(
4 sin2 |α − α0|

2

)
dα ≈ ∆α

M−1∑

j=0

−1
2

R( M
2 )
| j−i| fk(α j), (3.21)

where the quadrature weights are given by

R(N)
q = −2


N−1∑

p=1

1
p

cos
pqπ
N

+
(−1)q

2N

 , q = 0, 1, . . . , 2N − 1. (3.22)

Thus, the explicit numerical integration schemes are

Un+1
i =

2
1 + λ

U∞i −
∆α

2πµ1(1 + λ)

M−1∑

j=0

[−D(α j, αi)( f1)n
j

+
−1
2

R( M
2 )
| j−i|( f1)n

j + F11(α j, αi)( f1)n
j + F12(α j, αi)( f2)n

j]

− 2∆α(1 − λ)
π(1 + λ)

M−1∑

j=0

H11(α j, αi)Un+1
j + H12(α j, αi)Vn+1

j , (3.23)

and

Vn+1
i =

2
1 + λ

V∞i −
∆α

2πµ1(1 + λ)

M−1∑

j=0

[−D(α j, αi)( f2)n
j

+
−1
2

R( M
2 )
| j−i|( f2)n

j + F22(α j, αi)( f2)n
j + F21(α j, αi)( f1)n

j]

− 2∆α(1 − λ)
π(1 + λ)

M−1∑

j=0

H21(α j, αi)Un+1
j + H22(α j, αi)Vn+1

j , (3.24)

where Un+1
i and Vn+1

i denote the numerical approximation to u(α0) and v(α0) at next time
step. Recalling that when the viscosities of the two fluids are equal, i.e., λ = 1, the co-
efficient of the double-layer potential vanishes, the numerical integration scheme can be
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represented only in terms of the single-layer potential. On the other hand, if the viscosi-
ties of the two fluids are different, we obtain a dense linear system for the velocity Un+1

i
and Vn+1

i , and the size of this linear system is twice of the number of the marker points on
the interface. Consequently, the subroutine in the IMSL math library for fortran 95 is em-
ployed to solve the linear system. If the velocity Un+1 and Vn+1 is obtained, the interface
dynamics can be determined by using the following equation to track the positions of the
marker points on the interface,

Xn+1
i − Xn

i

∆t
= un+1

i .

3.2 Implicit numerical integration schemes
There are many literatures studying to remove the stiffness [1, 2, 3]. In order to remove
the stiffness in our problem, we derive implicit schemes based on the boundary integral
equation case by case. In the first case, which is Stokes flow with the elastic force, the
surface force f is expressed as

f =
∂

∂s
(στ),

where s is the arclength parameter, τ is the unit tangent vector, and the surface tension σ
is computed by Hook’s law

σ = sb(sα − r0),

in which, sb is the elastic coefficient of the boundary and r0 is the rest length. Then we can
discretize the surface tension term by σn+1

j = sb((sα)n+1
j − r0). Using the center difference

to discretize the elastic force terms ( f1(α), f2(α)) and substituting those expressions into
(3.23) and (3.24), we obtain

Un+1
i =

2
1 + λ

U∞i + C1

M−1∑

j=0

[−D(α j, αi) +
−1
2

R( M
2 )
| j−i| + F11(α j, αi)][σn+1

j+1(τ1)n
j+1 − σn+1

j (τ1)n
j]

+ F12(α j, αi)[σn+1
j+1(τ2)n

j+1 − σn+1
j (τ2)n

j] + C2

M−1∑

j=0

H11(α j, αi)Un+1
j + H12(α j, αi)Vn+1

j ,

(3.25)

and

Vn+1
i =

2
1 + λ

V∞i + C1

M−1∑

j=0

[−D(α j, αi) +
−1
2

R( M
2 )
| j−i| + F22(α j, αi)][σn+1

j+1(τ2)n
j+1 − σn+1

j (τ2)n
j]

+ F21(α j, αi)[σn+1
j+1(τ1)n

j+1 − σn+1
j (τ1)n

j] + C2

M−1∑

j=0

H21(α j, αi)Un+1
j + H22(α j, αi)Vn+1

j ,

(3.26)
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where C1 = −1
2πµ1(1+λ) and C2 =

−2∆α(1−λ)
π(1+λ) . Using the summation by part, equations (3.25)

and (3.26) become

Un+1
i =

2
1 + λ

U∞i + Ĉ1

M−1∑

j=0

(Ai, j−1 − Ai, j)(τ1)n
j(sα)n+1

j + (Bi, j−1 − Bi, j)(τ2)n
j(sα)n+1

j

+ C2

M−1∑

j=0

H11(α j, αi)Un+1
j + H12(α j, αi)Vn+1

j

− C̄1

M−1∑

j=0

(Ai, j−1 − Ai, j)(τ1)n
j + (Bi, j−1 − Bi, j)(τ2)n

j , (3.27)

and

Vn+1
i =

2
1 + λ

V∞i + Ĉ1

M−1∑

j=0

(Ci, j−1 −Ci, j)(τ2)n
j(sα)n+1

j + (Bi, j−1 − Bi, j)(τ1)n
j(sα)n+1

j

+ C2

M−1∑

j=0

H21(α j, αi)Un+1
j + H22(α j, αi)Vn+1

j

− C̄1

M−1∑

j=0

(Ci, j−1 −Ci, j)(τ2)n
j + (Bi, j−1 − Bi, j)(τ1)n

j , (3.28)

where Ĉ1 = C1sb, C̄1 = C1sbr0, Ai, j = −D(α j, αi)+−1
2 R( M

2 )
| j−i|+F11(α j, αi) , Bi, j = F12(α j, αi) =

F21(α j, αi), and Ci, j = −D(α j, αi) + −1
2 R( M

2 )
| j−i| + F22(α j, αi). In addition, we use the identity

∂

∂t
sα =

XαXαt + YαYαt

sα
=

Xαuα + Yαvα
sα

=
∂u
∂α
· τ. (3.29)

Equation (3.29) can be discretized as following

(sα)n+1
i − (sα)n

i

∆t
=

un+1
i − un+1

i−1

∆α
· τn

i . (3.30)

Coupling the boundary equation (3.27) and (3.28) with (3.30), there is a linear system for
the velocity Un+1

i , Vn+1
i and the stretch vector (sα)n+1

i , as following


Ĥ11 + IM Ĥ12 D1

Ĥ21 Ĥ22 + IM D2

L1 L2 IM




Un+1

Vn+1

(sα)n+1

 =


rhs1

rhs2

rhs3

 , (3.31)
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where

(Ĥ11)i j = C2H11(α j, αi), (Ĥ12)i j = C2H12(α j, αi),

(Ĥ21)i j = C2H21(α j, αi), (Ĥ22)i j = C2H22(α j, αi),

(D1)i j = Ĉ1(Ai, j−1 − Ai, j)(τ1)n
j + Ĉ1(Bi, j−1 − Bi, j)(τ1)n

j ,

(D2)i j = Ĉ1(Ci, j−1 −Ci, j)(τ2)n
j + Ĉ1(Bi, j−1 − Bi, j)(τ2)n

j ,

(rhs1)i =
2

1 + λ
U∞i − C̄1

M−1∑

j=0

(Ai, j−1 − Ai, j)(τ1)n
j + (Bi, j−1 − Bi, j)(τ2)n

j ,

(rhs2)i =
2

1 + λ
V∞i − C̄1

M−1∑

j=0

(Ci, j−1 −Ci, j)(τ2)n
j + (Bi, j−1 − Bi, j)(τ1)n

j ,

(rhs3)i = (sα)n
i ,

L1 =



−∆t
∆s (τ1)0 0 . . . 0 ∆t

∆s(τ1)0
∆t
∆s(τ1)1

−∆t
∆s (τ1)1 0 . . . 0
. . .

0 . . . 0 ∆t
∆s (τ1)M−1

−∆t
∆s (τ1)M−1


,

L2 =



−∆t
∆s (τ2)0 0 . . . 0 ∆t

∆s(τ2)0
∆t
∆s(τ2)1

−∆t
∆s (τ2)1 0 . . . 0
. . .

0 . . . 0 ∆t
∆s (τ2)M−1

−∆t
∆s (τ2)M−1


,

and IM is the M × M identity matrix. In addition, Ĥ11, Ĥ12, Ĥ21, Ĥ22,D1, and D2 are
M × M dense matrices, and the size of this linear system is triple of the number of the
marker points on the interface. The linear system (3.31) can be solve by the method that
is provided from the IMSL math library for fortran 95. It will be noted that when the
viscosity ratio λ is equal to 1, the numerical integration scheme can be represented only
in terms of the single-layer potential. Thus, the linear system (3.31) reduce to


IM 0 D1

0 IM D2

L1 L2 IM




Un+1

Vn+1

(sα)n+1

 =


rhs1

rhs2

rhs3

 . (3.32)

In this case, the Gauss elimination method is be chosen to solve the linear system (3.32).
Step 1. observing the linear system (3.32), we can obtain

Un+1 + D1(sα)n+1 = rhs1,

Vn+1 + D2(sα)n+1 = rhs2,

L1Un+1 + L2Vn+1 + (sα)n+1 = rhs3.
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Step 2. solving the following linear system to obtain the stretch vector (sα)n+1,

(IM − L1D1 − L2D2)(sα)n+1 = rhs3 − L1rhs1 − L2rhs2.

Step 3. substituting (sα)n+1 into Step 1 to obtain the velocity Un+1 and Vn+1,

Un+1 = rhs1 − D1(sα)n+1,

Vn+1 = rhs2 − D2(sα)n+1.

In the second case, which is an inextensible vesicle suspended in Stokes flow, we also
can derive implicit numerical integration schemes. By real experiments and observations,
scientists discover that the surface area of a blood cell is conserved during the process
of the deformation. In two dimensional case, there is one more constrain that is the
condition of inextensibility ∇s · u = 0. This constrain comes from the real observation
and experiment. In order to let the flow satisfy the condition of inextensibility, we use
the function σ to be a Lagrange multiplier for this constrain. The surface force terms
( f1, f2) can be discretized as (∂(σn+1(τ1)n)

∂α
, ∂(σn+1(τ2)n)

∂α
). Substituting these expressions into the

boundary integral equation (3.23) and (3.24) and using the summation by part, we find

Un+1
i =

2
1 + λ

U∞i + C1

M−1∑

j=0

(Ai, j−1 − Ai, j)(τ1)n
jσ

n+1
j + (Bi, j−1 − Bi, j)(τ2)n

jσ
n+1
j

+ C2

M−1∑

j=0

H11(α j, αi)Un+1
j + H12(α j, αi)Vn+1

j , (3.33)

and

Vn+1
i =

2
1 + λ

V∞i + C1

M−1∑

j=0

(Ci, j−1 −Ci, j)(τ2)n
jσ

n+1
j + (Bi, j−1 − Bi, j)(τ1)n

jσ
n+1
j

+ C2

M−1∑

j=0

H21(α j, αi)Un+1
j + H22(α j, αi)Vn+1

j . (3.34)

Furthermore, the condition of inextensibility ∇s · u = 0 can be discretized as

un+1
i − un+1

i−1

∆α
· τn

i = 0. (3.35)

Combining (3.33) and (3.34) with (3.35), we find the linear system for the vesicle flow


Ĥ11 + IM Ĥ12 D1

Ĥ21 Ĥ22 + IM D2

L̂1 L̂2 0




Un+1

Vn+1

σn+1

 =


ˆrhs1
ˆrhs2

0

 , (3.36)
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where

ˆrhs1i =
2

1 + λ
U∞i , ˆrhs2i =

2
1 + λ

V∞i ,

L̂1 =



(τ1)0 0 . . . 0 −(τ1)0

−(τ1)1 (τ1)1 0 . . . 0
. . .

0 . . . 0 −(τ1)M−1 (τ1)M−1


,

L̂2 =



(τ2)0 0 . . . 0 −(τ2)0

−(τ2)1 (τ2)1 0 . . . 0
. . .

0 . . . 0 −(τ2)M−1 (τ2)M−1


.

The size of (3.36) is equal to the size of (3.31). The subroutine in the IMSL math library
for fortran 95 is employed to solve the linear system (3.36). When the viscosity ratio λ is
equal to 1, the coefficient of the double-layer potential vanishes. The linear system (3.36)
reduce to


IM 0 D1

0 IM D2

L̂1 L̂2 0




Un+1

Vn+1

σn+1

 =


ˆrhs1
ˆrhs2

0

 . (3.37)

The linear system (3.37) can be solved by the Gauss elimination method as the following
steps:

Step 1. observing the linear system (3.37), we can obtain

Un+1 + D1σ
n+1 = ˆrhs1,

Vn+1 + D2σ
n+1 = ˆrhs2,

L̂1Un+1 + L̂2Vn+1 = 0.

Step 2. solving the following linear system to obtain the surface tension σn+1,

(L̂1D1 + L̂2D2)σn+1 = L̂1 ˆrhs1 + L̂2 ˆrhs2.

Step 3. substituting σn+1 into Step 1 to obtain the velocity Un+1 and Vn+1,

Un+1 = ˆrhs1 − D1σ
n+1,

Vn+1 = ˆrhs2 − D2σ
n+1.

Once the velocity Un+1 and Vn+1 is obtained by solving one of the above linear sys-
tems, the interface dynamics can be determined by using the following equation to track
the positions of the marker points on the interface,

Xn+1
i − Xn

i

∆t
= un+1

i .
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4 Numerical result
We will perform a number of numerical experiments to simulate the interfacial dynam-

ics and to test the convergence of our explicit and implicit numerical integration schemes
for Stokes flow. Moveover, an example of simulating the motion of an inextensible vesicle
in Stokes flow is presented in this section.

4.1 Stokes flow with elastic force
The test problem we use is one typically seen in the literature, in which the boundary

is a closed curve initially in the sharp of an ellipse. We choose an ellipse initially aligned
in the coordinate directions with horizonal semi-axis a and vertical semi-axis b. The
boundary can be parameterized as

{
X(α, 0) = a cos(α),
Y(α, 0) = b sin(α).

Let the ambient flow u∞ = 0. For the initial condition defined as above, the steady
state of the boundary is a circle with radius r =

√
ab and the rest length r0 is chosen

as min(a, b). The area is conserved during the time evolution since the flow is incom-
pressible. We present two test cases in this subsection. In the first test case, we consider
the interfacial dynamics when the fluid viscosity ratio λ is equal to 1 (µ1 = µ2 = 1).
Fig. 4.1 shows the boundary configurations obtained by the explicit scheme and implicit
scheme at different time steps. The equilibrium configuration is a circle and the results of
two schemes are the same. The convergence tests corresponding to the explicit scheme
and the implicit scheme are shown in Table 4.1 and Table 4.2, respectively. Here we
take the maximum norm for the error of the velocity (Uh,Vh), and define the convergence
order(M) by order(M) = log2

(
error(M/2)
error(M)

)
. Shown from the data, as the resolution increases,

the magnitude of the error decreases. For the second test case, we simulate the interfacial
dynamics when µ1 = 1 and µ2 = 10, i.e., the fluid viscosity ratio λ = 10. In Fig. 4.2, we
plot the boundary configurations obtained by the explicit scheme and implicit scheme at
different time steps. In our numerical results, the larger the viscosity ratio λ is, the slower
the interface configuration goes to equilibrium, because the coefficients of the boundary
integral equations are some types of 1

1+λ
. The convergence tests corresponding to the ex-

plicit scheme and the implicit scheme are shown in Table 4.3 and Table 4.4, respectively.
In the above two cases, we take ∆t = (min(sα)∆α)2 for the explicit schemes and take
∆t = min(sα)∆α for the implicit schemes. However, when the implicit schemes are used,
the magnitude of the error decreases only first order. In Table 4.5, we present a stability
test for our explicit scheme and our implicit scheme when sb is equal to 103, 104, 105 and
µ1 = µ2 = 1. In this case, the computational cost of our implicit scheme is large, i.e., ∆t
is small.
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Figure 4.1: The interfacial dynamics of the time evolution for a = 0.5, b = 0.7, sb =

10, µ1 = µ2 = 1, and M = 128. Dotted line: the explicit scheme; Dashed line: the implicit
scheme.

Table 4.1: The mesh refinement results for the velocity (Uh,Vh) and the relative error of
the enclosed area Ah for the explicit scheme at T = 0.1.

M ‖U512 − Uh‖∞ order ‖V512 − Vh‖∞ order |A0 − Ah|/A0 order
64 5.77e-4 - 6.66e-4 - 1.61e-3 -

128 1.38e-4 2.06 1.61e-4 2.05 4.04e-4 2.00
256 2.77e-5 2.32 3.23e-5 2.31 1.01e-4 2.00
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Table 4.2: The mesh refinement results for the velocity (Uh,Vh) and the relative error of
the enclosed area Ah for the implicit scheme at T = 0.1.

M ‖U512 − Uh‖∞ order ‖V512 − Vh‖∞ order |A0 − Ah|/A0 order
64 3.00e-3 - 5.15e-3 - 1.69e-3 -

128 1.41e-3 1.09 2.32e-3 1.15 4.42e-4 1.93
256 4.90e-4 1.53 7.89e-4 1.55 1.19e-4 1.89
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Figure 4.2: The interfacial dynamics of the time evolution for a = 0.5, b = 0.7, sb =

10, µ1 = 1, µ2 = 10, and M = 128. Dotted line: the explicit scheme; Dashed line: the
implicit scheme.
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Table 4.3: The mesh refinement results for the velocity (Uh,Vh) and the relative error of
the enclosed area Ah for the explicit scheme at T = 0.1.

M ‖U512 − Uh‖∞ order ‖V512 − Vh‖∞ order |A0 − Ah|/A0 order
64 4.58e-5 - 7.57e-5 - 1.62e-3 -

128 1.06e-5 2.11 1.80e-5 2.07 4.04e-4 2.00
256 2.10e-6 2.34 3.61e-6 2.32 1.01e-4 2.00

Table 4.4: The mesh refinement results for the velocity (Uh,Vh) and the relative error of
the enclosed area Ah for the implicit scheme at T = 0.1.

M ‖U512 − Uh‖∞ order ‖V512 − Vh‖∞ order |A0 − Ah|/A0 order
64 1.11e-4 - 1.85e-4 - 1.61e-3 -

128 4.92e-5 1.17 7.79e-5 1.25 4.03e-4 2.00
256 1.66e-5 1.56 2.57e-5 1.60 1.01e-4 1.99

Table 4.5: The stability test for our explicit scheme and our implicit scheme when sb is
equal to 103, 104, 105 and µ1 = µ2 = 1 for M = 128.

sb 103 104 105

∆texp 6.02e-6 2.41e-7 6.02e-8
∆timp 3.93e-3 4.91e-4 4.91e-6

4.2 Vesicle in Shear flow
In this subsection, the initial shape in the subsection 4.1 is used to simulate the motion

of a vesicle and we also presented two test cases. In the first case, we consider that
a vesicle suspended in a simple shear flow with the shear rate γ is equal to 1. If the
interior and the exterior of the vesicle are filled with the same fluid, the vesicle undergoes
a tank-treading motion at its equilibrium configuration. Here we choose the viscosity
µ1 = µ2 = 1 and take ∆t = min(sα)∆α. In Fig. 4.3, we simulate a tank-treading motion
of a vesicle in a simple shear flow. The convergence test for the velocity (Uh,Vh) and the
surface tension σh is shown in Table 4.6. The reduced area V is defined as 4πA0

(L0)2 , where
A0 is the initial enclosed area and L0 is the initial arclength. The inclination angle θ/π
and the tank-treading frequency F = 2π∫

Γ
1

u·τds
versus the reduced area V with different shear

rate γ are shown in Fig. 4.4. As we can see, the inclination angle is independent of the
shear rate, but the tank-treading frequency is dependent. In Fig. 4.5, we plot the relative
error of the enclosed area Ah and the arclength Lh for time evolution. For the second
test case, we also consider an inextensible vesicle suspended in a simple shear flow, but
the viscosity of the interior fluid is different with the viscosity of the exterior fluid. The
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initial shape of the interface is an ellipse with horizontal semi-axis a = 0.5 and vertical
semi-axis b = 0.7. We choose the shear rate γ is equal to 1 and the viscosity λ is equal
to 3 (µ1 = 1, µ2 = 3), and take ∆t = min(sα)∆α. In Fig. 4.6, we simulate a tank-treading
motion of a vesicle, and the convergence for the velocity (Uh,Vh) and the surface tension
σh is shown in Table 4.7. In Fig. 4.7, we plot the relative error of the enclosed area
Ah and the arclength Lh for time evolution. Next, we replace the viscosity ratio λ = 3
(µ1 = 1, µ2 = 3) with λ = 10 (µ1 = 1, µ2 = 10), then the vesicle undergoes a tumbling
motion at its equilibrium configuration. In Fig. 4.8, we simulate a tumbling motion of a
vesicle in a simple shear flow with the shear rate γ is equal to 1. The convergence test
for the velocity (Uh,Vh) and the surface tension σh is shown in Table 4.8. In Fig. 4.9, we
plot the relative error of the enclosed area Ah and the arclength Lh for time evolution. The
boundary of the numerical results between the tank-treading motion (lower part) and the
tumbling motion (upper part) is shown in Fig. 4.10.

time = 0 time = 1 time = 2 time = 4

time = 6 time = 8 time = 10 time = 12

Figure 4.3: A tank-treading motion of an inextensible vesicle under a simple shear flow
with the shear rate γ = 1 for M = 128.
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Table 4.6: The mesh refinement results for the velocity (Uh,Vh) and the surface tension
σh at T = 0.1.

M ‖U512 − Uh‖∞ order ‖V512 − Vh‖∞ order ‖σ512 − σh‖∞ order
64 1.60e-2 - 1.80e-2 - 2.52e-1 -

128 6.74e-3 1.24 7.45e-3 1.28 1.07e-1 1.24
256 2.23e-3 1.60 2.43e-3 1.62 3.54e-2 1.59
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Figure 4.4: The inclination angle θ/π and the tank-treading frequency F = 2π∫
Γ

1
u·τds

versus
the reduced area V with different shear γ for M = 128; Left: the x-axis is the reduced area
V and the y-axis is the inclination angle θ/π; Right: the x-axis is the reduced area V and
the y-axis is the tank-treading frequency F = 2π∫

Γ
1

u·τds
.
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Figure 4.5: The relative error of the enclosed area Ah and the arclength Lh for M = 128;
Left: the x-axis is the time step and the y-axis is the the relative error of enclosed area
|A0 − Ah|/A0; Right: the x-axis is the time step and the y-axis is the relative error of
arclength |L0 − Lh|/L0.
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Figure 4.6: A tank-treading motion of an inextensible vesicle under a simple shear flow
with the shear rate γ = 1 for M = 128.
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Table 4.7: The mesh refinement results for the velocity (Uh,Vh) and the surface tension
σh at T = 0.1.

M ‖U512 − Uh‖∞ order ‖V512 − Vh‖∞ order ‖σ512 − σh‖∞ order
64 4.76e-3 - 9.71e-3 - 1.94e-1 -

128 2.22e-3 1.10 4.03e-3 1.27 8.22e-2 1.23
256 7.72e-4 1.53 1.32e-3 1.61 2.73e-2 1.59
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Figure 4.7: The relative error of the enclosed area Ah and the arclength Lh for M = 128;
Left: the x-axis is the time step and the y-axis is the the relative error of enclosed area
|A0 − Ah|/A0; Right: the x-axis is the time step and the y-axis is the relative error of
arclength |L0 − Lh|/L0.
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time = 6 time = 8 time = 10 time = 12

Figure 4.8: A tumbling motion of an inextensible vesicle under a simple shear flow with
the shear rate γ = 1 for M = 128.

Table 4.8: The mesh refinement results for the velocity (Uh,Vh) and the surface tension
σh at T = 0.1.

M ‖U512 − Uh‖∞ order ‖V512 − Vh‖∞ order ‖σ512 − σh‖∞ order
64 2.72e-4 - 3.95e-4 - 7.86e-2 -

128 1.07e-4 1.38 1.63e-4 1.28 3.32e-2 1.24
256 3.42e-5 1.65 5.33e-5 1.61 1.10e-2 1.59
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Figure 4.9: The relative error of the enclosed area Ah and the arclength Lh for M = 128;
Left: the x-axis is the time step and the y-axis is the the relative error of enclosed area
|A0 − Ah|/A0; Right: the x-axis is the time step and the y-axis is the relative error of
arclength |L0 − Lh|/L0.
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Figure 4.10: The boundary between the tank-treading motion (lower part) and the tum-
bling motion (upper part); Solid line: the tumbling motion; Dotted line: the tank-treading
motion; The x-axis is the reduced area V; The y-axis is the viscosity ratio λ.

5 Conclusion and future work
In this thesis, we study the boundary integral method for two dimensional incompress-

ible Stokes flows, and analyze the singularity in the integral equations and split it into a
smooth part and a singular part. The former can be treated by the trapezoidal rule and
the later is cured by quadrature form with specific weights. To simulate the dynamics
of an elastic interface, two numerical schemes are proposed, one is the explicit scheme
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which a force in previous time step is equipped, the other is implicit so that a tension-like
unknown is solved together with interfacial velocity. n numerical experiments, we first
apply the method to an elliptic elastic material in a quiescent flow, and give a second-order
convergence to the circular steady state. The second application is a vesicle suspended in
a simple shear flow. A series of numerical studies about the tank-treading motion and the
tumbling motion for a vesicle match previous works well.

Our long-term goal is to simulate the motion of multiple vesicles [13] and the dy-
namics of a compound vesicle [12]. In integral equation based methods, computing the
interaction forces between the vesicles tends to be the dominant part of the computational
cost at every time step. Simulating the dynamics of large number of interacting vesicles
will be challenging. On the other hand, the transition from tank-treading to tumbling can
occur in the absence of any viscosity mismatch for a compound vesicle. Moveover, a
vesicle can swing if the enclosed particle is nonspherical. Accurate tracking the moving
interface will require additional work.
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