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摘要 

 

 

 

 

這篇文章目的在於提出較無爭議之化學物混合之效用的分解。我們提

出此分解之母體主效用及交互作用。在常態分配之假設下我們計算這

些作用並且以表格呈列，我們也進一步介紹統計估計方法，並模擬分

析其估計效果。 
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SUMMARY 

 

 

 

 

 

 

 

This paper propose new but unambiguous systematic decompositions of 

the effect of covariates on a response variable into main effect and 

interaction effects. The population type main effects and interaction 

effects under the normal distribution are formulated. These effects under 

some examples of distributional parameter settings are computed and 

presented. Then, this settings make the study of main effects and 

interactions available through classical statistical inferences techniques. 
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A Re�visit of

Assessment of Interactions in Chemical Mixtures

SUMMARY

This paper propose new but unambiguous systematic decompositions of the

e�ect of covariates on a response variable into main e�ect and interaction

e�ects� The population type main e�ects and interaction e�ects under the

normal distribution are formulated� These e�ects under some examples of

distributional parameter settings are computed and presented� Then� this

settings make the study of main e�ects and interactions available through

classical statistical inferences techniques�

Key words� ANOVA� antogonistic e�ect� grand mean� interaction� linear

regression� main e�ect� synergistic e�ect�

�� Introduction

In biological sciences� it often needs to verify if several covariates �factors

or characteristics� measured from the subjects are risk factors for a caues of

disease �cancer� or death� For examples� Ponce� et al� �	

�� investigated if

maternal age �categorized as � 	
� 	
� 	�� 
� �� � � years�� maternal

race�ethnicity �African American� White� Hispanic� other races� and some

others are risk factors for preterm birth and Ki�ey et al� �	

�� studied if

smoking �current smoking and past smoking�� alcohol use �light� moderate

and heavy� are some others casuses of retinal venular carliber� The obser�

vations of a covariate are generally classi�ed into intervals �categories� that

aims not only for detection if presence of this covariate forms a risk factor

for the cause but also �nd support for cumulative lifetime exposure to risk

factor such as smoking would cause more chance of disease or death�

The toxicological research has long been devoted to assess the risk with

exposure to single chemicals in the environment� However� organisms are

rarely environmentally exposed to single chemicals in isolation� More typ�

ically� exposures occur to multiple chemicals simultaneously� It has long

understood that the behavior of one chemical in the body is a�ected by

Typeset by AMS�TEX
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other chemicals� Recently most researches in the literature have been in�

vestigated on the important area of toxicology of mixed chemicals� One

very important study in chemical mixtures is the detection for existence of

interactions and characterization of an interaction being synergistic or an�

tagonistic e�ect� It is important for this study since one may overestimate

or underestimate the true risk�

There are several approaches for studying the chemical interactions� The

most common technique in analysis of toxicologic interactions is by classify�

ing the chemicals into interval levels and verifying it through the analysis of

variance �ANOVA�� This technique can detect the existence of interactions�

however� there is no description of the interaction to be given� The isobolo�

graphic method has a long history but is recently popular as an alternative

method for the study of chemical interactions� Berenbaum ������ de�ned

the interaction index through �xed ratio ray designs to detect if the chemical

mixture is additive� synergistic or antagonistic� However� this techniques of

isobole require experimental iterations to obtain the doses of the studying

chemicals that will cause the same magnitude of e�ect which is not only

labor extensive and require a large number of animal experiments but is not

applicable in real data analysis� For references of various interaction de�

tecting techniques and discussions� see Rider and LeBlane �	

��� Ei�Masri�

Reardon and Yang ������� Charles et� al� �	

	� and Mumtaz et al� �������

A systematic investigation of mixed chemicals in the environment or

workplace is highly desired while the isobolographic method is not appli�

cable for this practical investigation of interaction characterization� It is

interesting to see if we can develop an ANOVA like model deserving the

bene�t of providing valuable insights into the detection of interactions be�

ing synergistic or antagonistic that is done by the isobolographic method�

In Section 	� we state the fundamental framework of a grouping ANOVA

model for one response variable and several chemical variables that states

new concepts of main e�ects and interactions� In Section � we introduce the

parameter type main e�ects and interactions where results are computed and

discussed when speci�cations of normal distribution are given� In Section



�

�� we perform a simulation study for parametric estimation of these e�ects�

The simulated results indicate that the proposed estimating method is quite

promissing� In Section �� the proofs are provided�

�� Decomposition of Total E�ect Into Covariate Contributions

Let Y be the e�ect of exposure to two chemicalsX� andX� where random

variables Y � X� and X� have a joint distribution with mean � and covariance

matrix � as

� �

�
��y
��
��

�
A and � �

�
� ��y ��y ��y
�y� ��� ���
�y� ��� ���

�
A � �	���

A key in statistical analysis for toxic e�ects of a mixture is the formulation

of combined e�ects as linear function of main e�ects and interactions� Let

A� � �
� a��� A� � �a�� a��� ���� Am � �am����� and B� � �
� b��� B� �

�b�� b��� ���� B� � �b������ be respectively� the interval types partitions of

the spaces of X� and X� where ai�s and bj �s are two known increasing

sequences� The conditional mean of y on rectangular level Aj�Bg is denoted

by �jg � E�Y j
�
X�

X�

�
� Aj � Bg�� By de�ning the group variable Yjg �

Y jX� � Aj � X� � Bg� the error variables as �jg � Yjg � �jg� the e�ect

variable Y in each rectangular level Aj�Bg may be represented in a location

model as

B� B� � � � B�

A� Y�� � ��� � ��� Y�� � ��� � ��� � � � Y�� � ��� � ���

A� Y�� � ��� � ��� Y�� � ��� � ��� � � � Y�� � ��� � ���
���

���
���

���
���

Am Ym� � �m� � �m� Ym� � �m� � �m�i � � � Ym� � �m� � �m�

�	�	�

The two way classical ANOVA technique applying on this interval group�

ing problem is assuming the following ANOVA model

Yjg � �� �j � �g � 	jg � �jg� j � �� ����m� g � �� ���� 
 �	��

with restrictions
Pm

j�� �j �
P�

g�� �g �
Pm

j�� 	jg �
P�

g�� 	jg � 
� Ap�

plying this classical ANOVA method for toxicological study can only detect
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the existence of interactions but can not tell us if they are synergistic or

antagonistic due to these restrictions when they exist�

The central to the problems in interaction study is that the statistical

modeling does not involve the joint distributions of e�ect variable and chem�

ical variables so that relative contributions of chemicals can not accurately

de�ned� The population mean �y is a combination of mean of non�polluted

Y and polluted Y � The population mean of a non�polluted subject Y may

be formulated as

��x � E�Y jX � 
��

De�nition ���� Let A�� ���� Am be the interval levels� Suppose that there

are constants � and b such that the conditional mean �j � E�Y jX � Aj�

may be written as �j � �� bE�X � �xjX � Aj�� We call �x � �� ��x the

X contributed grand mean and �j � bE�X��xjX � Aj� the X contributed

main e�ect� We also call � the grand mean�

The main e�ect measures the contribution of covariate X� on the mean of

e�ect variable Y � With the established main e�ect formulations� the e�ect

variables at levels may be formulated as

A� A� � � � Am

y� � �� �� � �� y� � �� �� � �� � � � ym � �� �m � �m

�	���

These one way ANOVA � like models are not identical to the classical one

way ANOVA models since their main e�ects are not restricted to have zero

sums�

Now� suppose that there are two chemicals �covariates� that contribute

the e�ect variable Y � We denote �x��j and �x��g as the main e�ects� respec�

tively� for chemical variable X� at level Aj and for variable X� at level Bg�

The population mean of non�polluted e�ect is ��x�x� � E�Y jX� � 
� X� �

�� The conditional mean �jg � E�Y jX� � Aj � X� � Bg� quanti�es the

e�ect of exposure to chemicals X� and X� at level Aj �Bg� No interaction

intuitively represents the fact that �jg is the sum of � with two individual

main e�ects�
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De�nition ���� Suppose that there is constant � and vector b such that

the the group mean �jg � E�Y jX� � Aj � X� � Bg� may be written as

�jg � �� �com�jg with �com�jg � b�
�
E�X� � ��jX� � Aj� X� � Bg�
E�X� � ��jX� � Aj� X� � Bg�

�
�

�a� We call �x�x� � �� ��x�x� the �X�� X�� contributed grand mean and �

the grand mean in this model�

�b� We say that �com�jg the �j� g��th combined e�ect and there is no inter�

action if the level Aj �Bg combined e�ect can be written as

�com�jg � �x��j � �x��g� for all j and g� �	���

The interaction of exposure to these two chemicals at level Aj � Bg is

de�ned as the e�ect excceeding the no�interaction conditional mean�

De�nition ���� �a� The interaction at level Aj �Bg is de�ned as

�jg � �com�jg � ��x��j � �x��g�� �	���

�b� If �jg  
� we say that there is synergistic e�ect and� if �jg � 
� we say

that there is antagonistic e�ect at level Aj � Bg�

With the above settings� the e�ect variable in interval level Aj � Bg of

�	�	� may be formulated into an ANOVA like model in the following�

yjg � �� �x��j � �x��g � �jg � �jg� �	���

This re�ects the aggregate contribution of two covariates X� and X� being

�x��x���x��j��x��g��jg� Hence the group mean �jg may not be completely

contributed by X� and X� at level Aj � Bg unless ���x��x� � 
� We say

that a two way ANOVA model is additive if �jg � 
 for all j� g�s� This

formulation of interactions does not make any restriction on the main e�ect

and interaction parameters so that it is appropriate for making inferences

of synergistic or antagonistic e�ect based on this model� This conceptual

development of main e�ects and interactions in this section is for general

study� In the next section� we restrict on the normal distribution for explicit

formulation of these characteristics�
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�� Main E�ect and Interaction Formulation Under Normal Dis�

tribution

Consider that we have a subject that is exposed to chemical variable X

and the exposed e�ect variable Y and X are jointly normal with distribution

�
Y
X

�
� N��

�
�y
�x

�
�

�
��y �xy
�yx ��x

�
��

We �rst display formulations of un�polluted e�ect and main e�ect�

Theorem ���� With normality assumption� we have un�polluted e�ect as

��x � �y � �yx�yp
	�����x

�x
�
e
� ��x

���x � �x �
�yx�yp
	�����x

�x
�
e
� ��x

���x

and main e�ects as

�� �
�yx�yp

	����a���x
�x

�� ����x
�x

��
�e�

�

�
���x
�x

�� � e�
�

�
�
a���x
�x

�� �

���

�j �
�yx�yp

�����
aj��x

�x
���� aj����x

�x
��
fe� �

�
�
aj����x

�x
�� � e�

�

�
�
aj��x

�x
��g

� j � 	� ����m� � ����

���

�m � �
�yx�yp

	���� ��am����x
�x

��
e�

�

�
�
am����x

�x
��

where �yx �
�yx
�y�x

is the correlation coe�cient between Y and X and � is

the distribution function of the standard normal distribution�

In Table �� we set up several parameter values to display the un�polluted

e�ect�

Table �� Un�polluted e�ects ��x and �x



	

�y� � 
�	 �y� � 
�� �y� � 
�� �y� � 
��
�y � ���

�x � � �
�����

�
�

� �

���


���


� �

��	
��
��

� �

��	�
���

�

��	 �
����

��

� �

��	�

����

� �

���
�����

� �
�
�
��
�����

�

�y � 	

�x � � �
�����

�
�

� �
���


���


� �

��	
��
��

� �

��	�
���

�

��	 �
����

��

� �
��	�

����

� �

����
�����

� �

����
�����

�

��� �
����	

���

� �
��		�

����

� �

���
����

� �

�	��
�����

�

��� �
�����

���

� �
���	�

����

� �

���	
����

� �

�
		
�����

�

�y � 

�x � � �
	����

�
�

� �
	��


���


� �
���	
��
��

� �
���	�
���

�

��	 �
	���

��

� �
	�	�

����

� �
�����
�����

� �
�����
�����

�

��� �
	���	

���

� �
	�		�

����

� �
����
����

� �
��	��
�����

�

��� �
	����

���

� �
	��	�

����

� �
����	
����

� �
��
		
�����

�

	 �
	��	�

����

� �
	�
��

����

� �
���
�����

� �

����
	���

�

	�� �
	���

����

� �
�����
���	�

� �
��
	�
�����

� �

���

	���


�

We have several comments for the results in Table ��

�a� The quantity ��x measures the e�ect on Y not polluted with chemical

X� This e�ect� for �xed �y� decreases when �x increases� For �xed �x� this

e�ect increases in �y�

�b� The quantity �x measures the constant e�ect contributed by variable

X� The un�polluted e�ect� for �xed �y� increases in �x� For �xed �x� this

un�polluted e�ect is a constant in �y�

We compute the main e�ects and display the results in Table 	�

Table �� Main e�ects






�� �� ��
�x � �

�yx � 
�	 �
�
�� 
��� 
�



�� �
�
�� 
�	� 
��



�� �
���� 
���� ��
��

�� �
�	�� 
���� ����

�x � ���
�yx � 
�	 �
�
�� 
��� 
�




�� �
���� 
�	� 
��



�� �
�	� 
���� ��
��

�� �
��� 
���� ����

�x � 	
�yx � 
�	 �
�
�� 
��� 
�




�� �
���	 
�	� 
��



�� �
�� 
���� ��
��

�� �
�� 
���� ����

The main e�ects ���� are negative for lower level are negative and are

negative for bigger levels ��� and ���� This shows that main e�ects positive

or negative is not only relying on covariance between Y and X but also

relying on low or high levels� This shows that this setting makes the main

e�ects independently determined by the relationship between variables Y

and X� This property is not allowed in the classical ANOVA model that

can only detect if the main e�ects exist�

Assume that the subject is exposed to chemical variables X� and X�

and the exposed e�ect variable Y and X� and X� are jointly normal with

distribution �
� Y
X�

X�

�
A � N��

�
� �y
��
��

�
A �

�
� ��y ��y ��y
�y� ��� ���
�y� ��� ���

�
A��

It is known that the conditional mean of Y given X� � x�� X� � x� is

�yjx�x� ��y � ��y�� �y��

�
��� ���
��� ���

���
�

�
x�
x�

�
�
�
��
��

�
�

��y � ��y�� �y��

�
��� ���
��� ���

��� �
��
��

�

� ��y�� �y��

�
��� ���
��� ���

��� �
x�
x�

�



�

When X� and X� are uncorrelated� the conditional mean then is

�yjx�x� � �y � �y�
���

�� � �y�
���

�� �
�y�
���

x� �
�y�
���

x��

We now state the results for some types of e�ects de�ned earlier in the

following theorem�

Theorem ���� Suppose that the normality assumption is true�

�a� The �j� g�th group mean may be decomposed as �jg � �� �com�jg with

� � �y � ��y�� �y��

�
��� ���
��� ���

��� �
��
��

�

and

�com�jg � ��y�� �y��

�
��� ���
��� ���

��� �
E�X�jX� � Aj � X� � Bg�
E�X�jX� � Aj � X� � Bg�

�
�

�b� The un�polluted e�ect for two chemicals is

��x�x� � �y � ��y�� �y��

�
��� ���
��� ���

���
�

�
E�X�jX� � 
� X� � 
�� ��
E�X�jX� � 
� X� � 
�� ��

�
�

�c� The �x�� x���contributed grand mean is

���y�� �y��
�
��� ���
��� ���

���
�

�
E�X�jX� � 
� X� � 
�
E�X�jX� � 
� X� � 
�

�
�

�d� The level Aj �Bg interactions is

�jg � ��y�� �y��

�
��� ���
��� ���

��� �
E�X�jX� � Aj� X� � Bg�
E�X�jX� � Aj� X� � Bg�

�
���x��j��x��g�

where main e�ects �x��j and �x��g are� respectively� de�ned in the form of

���� for variables X� and X��

The mixture of chemical variables X� and X� contributes to toxicity Y

through the common mechanism of the sum of individual e�ects and the

interaction e�ect� However� the interaction is not contributed from any

product term between conditional means of X� and X��



��

Let us give an example for explanation of interactions where we con�

sider a three dimensional normal distribution for Y�X�� X� with mean and

covariance matrix as

� �

�
��y

�
�

�
A and � �

�
� � �y� �y�
��y � ���
��y ��� �

�
A � ��	�

The interval levels are determined with a� � F��x�
�	��� a� � F��x�

����� and

b� � F��x�
�	��� b� � F��x�

������ In Tables  and �� we display the true

interactions for these inetrval levels�

Table �� Unpolluted e�ect

�y� � 
�	
�y� � 
��

�y� � 
�
�y� � 
��

�y� � 
��
�y� � 
��

��� � 
�
�y � ��	 
�
� 
�� �
����
�y � ��� 
��
 
��� �
����
�y � ��� 
���� 
���
 �
�	��
�y � 	�
 
���� ���� 
�
	
��� � �
�
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Table 	� Unpolluted e�ect
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It is seen that the un�polluted e�ect ��x�x� may be negative� This happens

because the assumption of a joint continuous distribution�
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In the next� we display the interaction e�ects�

Table 
� Interaction e�ects for �y� � 
�	 and �y� � 
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There are comments for the results displayed in Table ��

�a� The interactions are antagonistic when � is positive values and synergistic

when � is negative values� and it is an additive model when � is zero�

�b� There is monotone property for the interactions with

�ij � �i	�j and �ij � �ij	��

This is interesting� Unfortunately� we are not available to provide theoretical

proof�

�c� The interaction e�ect to be positive or negative is not solely dependent

on the sign of correlation coe�cient between X� and X��

We here state a second type of interaction e�ect�

De�nition ���� By de�ning ��jg � E�Y jX� � Aj � X� � Bg� and ��jg �



��

E�Y jX� � Aj� X� � Bg� ��� � 
�� The type II interaction is de�ned as

�jg � ��jg � ��jg� for all j and g�

We display the computed results of this setting of interaction in Table ��

Table �� Type II interaction e�ects for with �y� � �y� � 
��
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Again� this type of interaction e�ect may be positive or negative for any

sign of correlation coe�cient between X� and X��

	� Statistical Inferences for Interactions

With speci�cations of main e�ects and interactions� it is then interest�

ing to introduce techniques of statistical inferences for them when they

are practically unknown� In this section� we will perform a simulation

to verify the e�ciencies of one parametric estimation of the main e�ect

and interaction� We set the levels as a� � F��x�
�	��� a� � F��x�

�����

and b� � F��x�
�	��� b� � F��x�

������ We assume that we have observa�



��

tions

�
� y�
x��
x��

�
A � ����

�
� yn
x�n
x�n

�
A� Let the sample means and sample variances

for Y�X�� X� be respectively denoted as �Y � �X�� �X� and S�y � S
�
� � S

�
� � Also�

we denote the sample correlation coe�cients for fY�X�g and fY�X�g be

respectively denoted as ry� and ry�� Some statistics are de�ned below�

 a� �  F��� �	���  a� �  F��� ������ b� �  F��� �	��� b� �  F��� ������

 A� � �
�  a���  A� � � a��  a���  A� � � a�����

 B� � �
� b���  B� � � b�� b���  B� � � b�����

 �X��� �
 	y�Syp

	���� 
a�� �X�

S�
�� ��� �X�

S�
��
�e�

�

�
��� �X�

S�
�� � e�

�

�
�
�a��

�X�

S�
�� �

 �X��� �
 	y�Syp

	���� 
a�� �X�

S�
�� �� 
a�� �X�

S�
��
�e�

�

�
�
�a��

�X�

S�
�� � e�

�

�
�
�a��

�X�

S�
�� �

 �X��� �
 	y�Syp

	���� �� 
a�� �X�

S�
��
e�

�

�
�
�a��

�X�

S�
��

 �jg � �Sy�� Sy��

�
S�� S��
S�� S��

����
 ��jg
 ��jg

�
� � �X��j �  �X��g�

with  ��jg �

Pn
i��X�iI�X�i � Aj� X�i � Bg�Pn
i�� I�X�i � Aj � X�i � Bg�

�  ��jg �

Pn
i��X�iI�X�i � Aj � X�i � Bg�Pn
i�� I�X�i � Aj� X�i � Bg�

MSE�s for main e�ect MSEj �
�

�

� 




�������X
i��

� �ji � �j�
��

MSE�s for interactions MSEjg �
�

�

� 




�������X
i��

� �jgi � �jg�
��

In the simulation studies in this section� the replication numbers are all

�

� 


�s� With sample sizes n � 
 and �
 and designs of parameters

��y� �y�� �y��� we display the average of simulated main e�ects and their

MSE�s corresponding variables X� and X� in Table ��

Table �� Performance of main e�ects and their corresponding MSE�s
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From the MSE�s results in Table �� it is seen that the estimation of main

e�ect through the above parametric estimation is e�cient since the MSE�s

are reasonably small� We also see that the MSE�s for n � �
 are relatively

smaller than those for n � 
� This shows that increasing the sample size

may reduce the errors in estimation of main e�ects�

For sample sizes n � 
 and �
� we also perform the simulation of esti�

mating the interactions and the simulated results are displayed in Table �

and ��

Table � Interaction e�ects and their MSE�s ���� � 
�� n � 
�
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Table �� Interaction e�ects and their MSE�s ���� � 
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We have several comments for the results in Tables � and ��

�a� Most MSE�s are low enough showing that the estimators are quite e��



��

cient in predicting the unknown interactions� However� there are few �for

examples� 
��
� when n � 
 and 
�	 when n � �
 for ��� with de�

sign ���	� 
�	� 
���� with relatively larger MSE�s� This is due to small sizes

of samples falling in these cells� This also indicates that level settings is

important�

�b� Comparison of the MSE�s for cases of n � 
 and �
� we see that

increasing the sampel size can reduce the MSE�s for estimation of unknown

interactions�


� Appendix

We denote that the conditional pdf of y given X� � Aj is

fyjAj �y� �
Z
Aj

fyjx��y�
�

P �X� � Aj�
fx��x��dx�

�
�

P �X� � Aj�

Z
Aj

f�y� x��dx��

and the conditional pdf of y given Aj � Bg is

fyjAj�Bg �y� �
Z
Aj�Bg

fyjx��x��y�
�

P �

�
X�

X�

�
� Aj � Bg�

fx�x��x�� x��dx�dx�

�
�

P �

�
X�

X�

�
� Aj � Bg�

Z
Aj�Bg

fy�x��x��y� x�� x��dx�dx��

since �

P �

�
X�

X�

�
�Aj�Bg�

fx��x��x�� x�� is the truncated pdf of X� and X� on

Aj �Bg�

Proof of Theorem ���� From the well known property E�yjx� � �y �
�yx�y
�x

�x � �x� where x is a given value� we have conditional mean of Y at
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A�

�� �

Z �

��
yfyjA�

�y�dy

�

Z �

��
y

�

P �
 � X � a��

Z a�

�

f�y� x�dxdy

�
�

P �
 � X � a��

Z a�

�

�

Z �

��
yf�yjx�dy�fx�x�dx

�
�

P �
 � X � a��

Z a�

�

��y �
�yx�y
�x

�x� �x��fx�x�dx

� �y �
�

P �
 � X � a��

�yx�y
�x

�

Z a�

�

xfx�x�dx� �xP �
 � X � a���
�����

� �y �
�yx�yp

	����a���x
�x

�� ����x
�x

��
�e�

�

�
���x
�x

�� � e�
�

�
�
a���x
�x

�� �

from the fact that
R a�
�� xfx�x�dx � �xP �X � a�� � �xp

��
e�

�

�
�
a���x
�x

�� � For�

mulation ����� states the linear function of conditional mean E�XjX � A���

The other �j �s may be derived analogously and are skipped� �

Proof of Theorem ���� The conditional mean of Y given the intercal

Aj �Bg can be derived as follows�

�jg �

Z �

��
yfyjAj�Bg �y�dy

�

Z �

��
y

�

P �

�
X�

X�

�
� Aj � Bg�

Z
Bg

Z
Aj

f�y� x�� x��dx�dx�dy

�
�

P �

�
X�

X�

�
� Aj � Bg�

Z
Bg

Z
Aj

�

Z �

��
yf�yjx�� x��dy�fx��x��x�� x��dx�dx�

�
�

P �

�
X�

X�

�
� Aj � Bg�

Z
Bg

Z
Aj

��y � ��y�� �y��

�
��� ���
��� ���

���
�

�
x�
x�

�
�
�
��
��

�
��

fx��x��x�� x��dx�dx�

� �y � ��y�� �y��

�
��� ���
��� ���

����
E�X�jX� � Aj � X� � Bg�� ��
E�X�jX� � Aj � X� � Bg�� ��

�
�

The result of �a� is straight forward and the result of �b� is induced from

�	���� with �a� and the above conditional mean� �



�


Proof of Theorem ��	� Assuming that X� and X� are uncorrelated� they

are independent in this normal case and the formula is derived from the

followings�

�jg � �y �
�

P �X� � Aj�P �X� � Bg�
��y�� �y��

�
��� 


 ���

��� � R
Aj

R
Bg

x�f��x��f��x��dx�dx�R
Aj

R
Bg

x�f��x��f��x��dx�dx�

�

� ��y�� �y��

�
��� 
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