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In this paper we study the regularity properties of solutions of a single conser-
vation law. We prove that if the flux function f{-) is smooth and totally nonlinear
in the sense that /”(-) vanishes at isolated points only, and if the initial data w,(-)
are bounded and measurable, then f'(u(-, ¢)) is in the class of functions of locally
bounded variation for all t>0. © 1986 Academic Press, Inc.

1. INTRODUCTION

In this paper we will study the regularity properties of solutions of a
single conservation law

u,+ f(u), =0, >0, —o0 <x< oo,

(1.1)

u(x, 0) =uy(x), —00 <X <00,

We assume that f(-) is smooth and totally nonlinear in the sense that
f”(-) vanishes at isolated points only. The initial data u,(-) are bounded
and measurable.

It is well known that, in general, the initial value problem for (1.1) does
not have global smooth solutions even if the initial data u,(-) are smooth.
Hence we look for weak solutions: a weak solution of (1.1) is a bounded
and measurable function u such that for any C* function g: Rx R —> R
with compact support

[ et gy dxde+ [ ulx) g(x,0)dx=0,  (12)

where R* = {tre R:1>0}.
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79
0022-0396/86 $3.00

Copyright © 1986 by Academic Press, Inc.

505/61/1-6 All rights of reproduction in any form reserved.



80 KUO-SHUNG CHENG

In general, (1.1) does not have a unique weak solution. In order to single
out a unique physical solution of (1.1), one requires that u: Rx R* - R
satisfies an additional condition called entropy condition. One of the for-
mulations is as follows: Let u be piecewise smooth. Then across a discon-
tinuity line x = x(¢), the solution u satisfies the Rankine—Hugoniot condition
(R-H) and the entropy condition (E) [14]

xX'(=0(u_,u,), (R-H)

o(u_,u,)<a(u_,u) for all u’s between u_ and u (E)

where u, =u(x(t)+0,¢), u_=u(x(t)—0,¢), and o(u,, u,) is the shock
speed defined by

=f(u1)—f(u2).

Uy —u

o(uy, u,) (1.3)

In the case f(-) is strictly convex (or concave), Lax [12] discovers an
explicit solution for (1.1). Using an explicit representation of solutions
similar to Lax’s, Oleinik [13] studies the structure of solutions of (1.1) and
shows that solutions are continuous except on the union of an at most
countable set of Lipschitz continuous curves (shocks). Dafermos [8], using
a different approach, can also establish the above results. In the case f(-) is
uniformly strictly convex (f"(-)=¢>0), Lax [12] establishes that u(-, ¢) is
in the class of functions of locally bounded variation in the sense of Tonelli
and Cesari (space BV) for bounded and measurable initial data ug(-).

When we remove the convexity condition on f(-), we still have existence
and uniqueness theorems (Kruzkov [11]). But we know little about the
structure of solutions for (1.1). Furthermore, the solutions for (1.1) are
much more complicated for nonconvex f{(-). See, for example, Ballou [1],
Cheng [2, 3], Conlon [7], and Greenberg and Tong [9]. The result of
Lax [12] mentioned above naturally leads one to conjecture that it still
holds even f”(-) changes sign. If this conjecture were true, then mem-
bership in the space BV would provide maximal information on the struc-
ture of solutions of (1.1). Unfortunately, Cheng [4] gives two examples to
show that the space BV is not enough for hyperbolic conservation laws. In
these two examples, although u(-, t) does not belong to the space BV,
f'(u(-, 1)) does belong to the space BV. Thus it is hopefully true that
f'(u(-, 1)) belongs to the space BV for all ¢+ > 0 for nonconvex f{-).

Recently, Cheng [6] proved that f'(u(-, ¢)) belongs to BV for all >0 in
a special case where /() vanishes at a single point only and changes sign
there. In this paper we shall give a compiete proof of the above results for a
function f with exactly two zero points of f”(u). But we already can see
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that our proof can be generalized to cover the case for general totally non-
linear f.

We organize this paper as follows. In Section 2 we give the definition of
generalized solutions of (1.1) and write down the existence and uniqueness
theorems of Kruzkov [11]. In Section 3, we collect some well-known
results for convex f which we need. In Section 4, we give the results for the
case where f”(+) vanishes at a single point only and changes sign there.
This is not only for the sake of completeness of this paper but also for the
need and better understanding of Section 5. In Section 5 we give detailed
information for the case where f”(-) vanishes at exactly two points and
changes sign there. Finally, we give some remarks in Section 6 to discuss
the case of totally nonlinear f.

2. GENERALIZED SOLUTIONS

Following Kruzkov [11], we let
Hr={(x,1) —o0<x<00,0<t<T}.

We assume that f(#) is a smooth function in —oo <u< o0 and uy(*) is a
bounded and measurable function in — 00 < x < c0.
DeFNITION 2.1. A bounded measurable function u(x,¢) is called a

generalized solution of problem (1.1) in the band 7, if:

(1) for any constant k and any smooth function g(x, ¢) >0 which has
compact support strictly contained inside the interior of /7., the following
inequality holds:

JI, e, 0=k g+ sign(uz, ) — KA, 0) = f0)] g} dx dr>0;
T
(2.1)

(2) there exists a set Ec [0, T] of measure zero such that for
te[0, T]—E the function wu(x,t) is defined almost everywhere in
— 0 <x< o0, and for any N

N
lim f lu(x, 1) — up(x)| dx =0. (2.2)
t—0 —N

te[0,T]—E

We have

THEOREM 2.2 (Kruzkov). Let the functions u(x,t) and v(x,t) be



82 KUO-SHUNG CHENG

generalized solutions of problem (1.1) with initial functions uy(x) and vy(x),
respectively, where |u(x, t)] < M and |v(x, t)| < M almost everywhere in IT ;.
Then for almost all te [0, Ty]

b—-Vt b
[t )= vt 0] de <[ uglx) = valx)] d, (23)
a+ Vi a
where —oo <a<b<oo, V=max{|f(u):|ul<M}, and Ty=min{T,
(b—a)2V}.
Hence we have the uniqueness of generalized solutions of (1.1).
THEOREM 2.3 (Kruzkov). The generalized solution of problem (1.1) in the
band I, is unique.
We need also the following ordering principle.
THEOREM 2.4 (Kruzkov). Let the functions u(x,t) and v(x,t) be the
generalized solutions of (1.1) with initial functions ug(x) and vy(x), respec-

tively. Let ug(x)<vo(x) almost everywhere in (— oo, ). Then u(x, t) <
v(x, t) almost everywhere in Il .

For the existence part of (1.1), we have

THEOREM 2.5 (Kruzkov). Let |uy(x)| < M and u®(x, t) be the solution of
the following problem:

u,+ f(u),=su,,, t>0, —o0 <x <o,

b b
lim Jf u(x, t)dxzj ug(x)dx  forall —co<a<b< .
>0+ Jg a

Then u®(x, t) converges as ¢ >0+ almost everywhere in Il to a function
u(x, t) which is a generalized solution of (1.1) and |u(x, t)] < M.

THEOREM 2.6 (Kruzkov). A generalized solution of (1.1) exists.

3. THE CasE f"(u)=0
3.1. Construction of Solutions
Following Lax [12], we assume that f satisfies:

(i) f(u) is a smooth function on — o0 <u < o0;
(i1) f"(u)>=0 for all # and f"(u)=0 at isolated points only;
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(iii) f(u)—> oo as |u| - oc;
(iv) f(u)/lul = oo as |u] - .

We define the conjugate function g(s) by the relation

g(s)=mflx{us—f(u)}. (3.1)

It is easy to see that g also satisfies (i)-(iv). Let u,(-) be a measurable
function and — o0 <a < uy(x)<b < oo for almost all xe(—oo, ). Let

Al s )=t (S22 4 [t (2)

G(x,t)= min F(x, t; y). (3.3)

—w<y<w

We have

THEOREM 3.1 (Lax). (1) For given t>0, with the exception of a coun-
table set of values of x, the function F(x, t; y) assumes its minimum at a
single point which we denote by y(x, 1).

(2) For all those (x, t) which y,(x, 1) is defined, let
X — yo(x’ t))

t)y=b
= (2
where b(*) is the inverse function of f'(-), that is, b(f'(u)) = u. Then u(x, t)
is a generalized solution of (1.1) with a <u(x, t)< b almost everywhere.

(3) G(x, t) is a Lipschitz continuous function in {(x, t): — 0 <x < o,
0<t<oo} and

0G(x, 1)/0x = u(x, ) (3.4)
0G(x, 1)/dt = —f(u(x, 1)). (3.5)

For our purposes we need another method of construction of u(x, t). Let f
satisfy: f"(u)=0 for ue[a, b] and f"(u)=0 at isolated points only. Let
uo(*) be a measurable function with — oo <a<u(x)<b<oo almost
everywhere and let G(x, t) be

Glx,1)= min_ {t(uf’(u) —flu) + f:*”“" uo(n) dn}. (3.6)

asusx
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From the above results of Lax, we have

THEOREM 3.2. (1) The G(x,t) in (3.6) is a Lipschitz continuous
function.

(2) For given t >0, with the exception of a countable set of values of
x, 6G(x, t)/0x and 0G(x, t)/0t exist.

(3) Let u(x, t)=0G(x, t)/0x when the latter exists. Then u(x,t) is a
generalized solution of (1.1).

(4) 0G(x, t)/ot= —f(u(x, 1)).

Proof. Let f(u) be a smooth extension of /'to (— o0, o0) and 7 satisfies
the assumptions (i)}-(iv) indicated in the beginning of this subsection. Let g
be the conjugate function of f. Then from Theorem 3.1, we have

. L x— y
_ min {tg (—t y> + fo uo(n) dn}

. (x— ¥
= min {tg (__y) +j Ug(n) dn}
x—fbr<y<sx—[ay ! 0

x—f’(u)t

I

min {tg(f'(u))+j

asus<bh 0

o) dn}

I

. x— f(u)
min {660+ [ uatn) i
b 0

asu<

Thus the G(x, ) in (3.6) is the same G(x, ) in (3.3). This completes the
proof. Q.E.D.

Remark. 1f f"(u) <0, then we use min in (3.1) and max in (3.3).

3.2. Properties of Solutions

From the results of Hopf [10], Lax [12], Oleinik [13], and Dafermos
[8] we have

THEOREM 3.3. The generalized solution u(x,t) of Theorem 3.2 has the
Sfollowing properties:

(1) u(x, t) is continuous on {(x,t): —0 <x<00,0<1<00} except
on I, which is the union of an at most countable set of Lipschitz continuous
curves.

(2} u(x+0,t) exists for all t>0 and for all x and

S (w(x—0, )= f'(u(x +0, 1)).
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(3) For a fixed point (x,, ty), 1> 0,

u(x’ t) = u('xoi()’ tO)

for all (x,t)eL*, where
= {(x, 1) x=x0— [ (Ul £ 0, ))(to— 1), 0<1 <15},
(4) If uy(') is piecewise monotone, then u(-,t) is also piecewise
monotone.
3.3. Estimates of Total Variation of f'(u(-, T)) on [a, b]

The following results are well known (see, for example, Dafermos [8]).

THEOREM 3.4. If u(x,t) is a generalized solution of (1.1), then for
—w0<x<y<o and t>0,

Sy £0, 1) —f"(u(x£0, 1))
y—Xx

<;. (3.7)

In particular, the increasing (and consequently also the total) variation of
f'(u(-, 1)) is locally bounded on (— o0, o0).

We give another estimate of the total variation of f”(u(-, ¢)). Although
the following estimate is not sharper than (3.7), the method used to obtain
this result can be generalized to the nonconvex case.

THEOREM 3.5. If u(x, t) is a generalized solution of (1.1), then there exist
constants C, and C, depending only on f and the bound M of u(x, t), such
that for all —ov <a<b< oo and T>0,

C,(b—
Ve, T T b <2 (38)

where V7 (f'(u(-, T)); [a, b]) is the increasing variation of f'(u(-, T)) on
[a,b].

Proof. Let a<c<d<b and f'(u(-, T)) be increasing in the interval
(c, d). From (¢, T) and (d, T) we draw two backward characteristics L, and
L ,, respectively, where

L.={(x,t):x=c—f(ulc+0, )(T—1),0<t<T},
Ly={(x,1): x=d— f"(u(d—0, T)(T—1),0< 1< T).
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From Theorem 3.3,
co=c—f(ulc+0, T)T<d—f'(u(d—-0,T)) T=d,. (39)

Now let 4, be the area of the region bounded by lines L., L,, t=0 and
t=T. Then

Atear= || {Ld= S (wd=0, T)(T=1)]
— Le—f(ule +0, TH(T— 1))} di
= [ {(do—co) + L/ wld =0, 7))~ £ (ulc +0, )] 1}

=(dy—co) T+AT*[f"(u(d~0, T))— f'(u(c +0, T))]. (3.10)

From (3.9) and (3.10) we have
[f'(u(d—0, T))— f'(u(c+0, T))] sz—A]%. (3.11)
Since f'(u(-, T)) decreases across shocks, we have
V([ (u(-, T)); [a,0]) = (;1) Lf"(u(d—0, T)) = f'(u(c +0, T))],

where the sum is over all disjoint open intervals (¢, d) < [a, b] such that
f'(u(+, T)) is increasing on (c, d). This sum is at most a countable sum.
Using (3.11) we have

2
Ve e, D) [a, b)) < Y Apear- (3.12)
(e.d)

Now let ¥V=max{|f'(u)|: |u| <M}, we have

Y Apn<Tb—a)+ VT2 (3.13)
(c.d)

Thus we have
2
V(' (u(-, T)); [a, b])S—T—2 {T(b—a)+ VT*}

_ C1(b'—a)+

- C, (3.14)

where C, =2 and C,=2V. This compietes the proof of Theorem 3.5.
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4, THE CASE f"(u) VANISHES AT A SINGLE POINT ONLY
AND CHANGES SIGN THERE
4.1. Construction of Solution for Piecewise Monotone Initial Data
Without loss of generality we assume that

(i) f(0)=0,

(ii)) f"(u)<O0 for u<0, f"(0)=0, and f"(u) >0 for u>0,

(iii) f(u)=f"(0)u+ Ku* for |u| small, where K is a positive constant
and k>3 is an odd integer.

Now assume that u,(-) is piecewise monotone and bounded by M. We
can construct a generalized solution of (1.1). Details of the construction
method can be found in Cheng [5]. For our purposes and for the sake of
completeness, we shall outline the construction method in the following.

Let 1 <0 be given. We define #* >0 to be the unique number which
satisfies

S n*)=Lfn*) = f(m) )/ (n* —n). (4.1)

Similarly, let >0 be given. We define 5, <0 to be the unique number
which satisfies

S ) =0 () =)/ (nye—n). (4.2)

DEFINITION 4.1. Let x(-):(q,b)—> R be a shock of the generalized
solution of (1.1), that is, u(x(¢)}+0, ) #u(x(t)—0, ¢t) for all re(a, b) and
x(+) is Lipschitz continuous in (a, b). We call this shock

(i) a type-I shock if
S (u(x(t) =0, 1)) > x'(1) > f'(u(x(1) + 0, 1))
for almost all t€ (g, b).
(ii) a type-II shock if
S (u(x(6) =0, 1)) > x'(1) = f"(u(x(1) + 0, 1))

for almost all t e (a, b).

For the convenience of the reader, we give some examples of these
shocks. Consider first the case

u(x, )=u, for x<ot,
t=0
=u, for x> oat,

505'6171-7
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where o= (f(u,)— f(u,))/(u,—u,) and u, <0, u,<u,<uf. It is easy to see
that u is a generalized solution and

fu) <o < f'(w)

Hence x =0t is a type-1 shock.

Now consider the initial data uy(x). uy(x) is negative and monotonically
decreasing in (—oc,0] and wuy(x)=u,>0 for x>0. We assume that
uy(0 —0)=u, and u, = (u,)*. We shall briefly describe how to construct the
generalized solution for this initial data. First of all, since wug(x) is
monotonically decreasing in (— o0, 0], is negative, and /" (u) <0 for u <0,
we have f’(u,(x)) is monotonically increasing in (— oo, 0]. For given y <0,
we draw every possible line from (y, 0) with speed v between f”(uy(y —0))
and f'(ug(y + 0)). Along the line with speed v we assign u= h,(v), where A,
is the inverse function of /" in (— o0, 0]. It is easy to see that these lines can
be extended to = oo without intersections and cover a region {(x,?):
x<f'(u;)1,0<t<oo}=D.Ttis also easy to see that the u defined above is
a locally Lipschitz continuous function on D. Now consider another
function u* defined on D,

u*(x, t)=(u{x, t))* for all (x, t)e D.

Consider the ordinary differential equation
dx(t) _ flu(x(2), 1)) — f(u*(x(2), 1))
i~ u(x(1), 1) — u*(x(1), 1)
x(0)=0.

=f"(u*(x(1), 1))

It is easy to see that there is a unique solution x=x(¢) such that
(x(t), t)e D for all 0<t< oo. Furthermore x'(f) is Lipschitz continuous
with x”(2) < 0. Now at every point of (x(z), t), we draw a line L, with speed
f'(u*(x(¢), t)) in the positive time direction. These lines L, will cover a fan-
like region H without intersection with each other, where

H={(x, 1k x(t)<x<f'(u,)t,0<t<w0}.

Now let #(x, t) be defined by

a(x', y=u(x',t') if  x'<x(t),
=u*(x(t), 1) if (x,t)eL,cH,
=u, if ()t <x.

It is easy to see that u(x, t) is a generalized solution of (1.1) and x = x(t) is
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a type-II shock. For detailed construction we refer to Ballou [1] and
Cheng [5].

We first consider the case that the initial data uy(-) are piecewise
monotone and uy(x) <0 for x <0 and uy(x) =0 for x> 0. We define

ui(x) =min(max){uy(x), 0} for i=1(2), (4.3)

Fix = @—fa)+ [ b =12 @4

and
G,(x, t)=max F(x, t; u), (4.5)
u<s0
G,(x, t)=min F,(x, t; u). (4.6)
uz0

Now G(x,t), i=1,2, are Lipschitz continuous functions. Hence the
equation

Gi(x, t)=Gy(x, t) (4.7)

determines a Lipschitz continuous curve x = y(¢). It is easy to see that
oG , oG
—— (1), )Y () +—= (y(2), 1)
Ox ot

0 0
=22 (600, 7 ()+ S 600, 0) 48)

ox

We let G(x, t)=G(x, t) if x<y(¢) and G(x, t)=G,(x, t) if x> y(¢). Then
G(x,t) is a Lipschitz continuous function. Using Theorem 3.2 and
Eq. (4.8), it is easy to see that u(x, t)=0G(x, t)/0x is a weak solution of
(1.1) in the sense of (1.2). But u(x, t) is not necessarily a generalized
solution of (1.1) in the sense of Definition 2.1. The reason is that u(x, 7)
may be discontinuous across the curve y(z). In that case, (4.8) assures us
that this discontinuity line y(¢) satisfies the Rankine-Hugoniot condition
(R-H). But y(¢) may not satisfy the entropy condition (E). In Cheng [5],
we give a detailed method to modify y(¢) in order to obtain a generalized
solution in the sense of Definition 2.1. We write the result into the follow-
ing theorem.

THEOREM 4.2. Let uy(-) be bounded and piecewise monotone and
ug(x) <0 for x<0 and uy(x)=0 for x>0. Then we can construct a
Lipschitz continuous function G(x, t) and a curve x = y(t), such that u(x, t) =
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0G(x, t)/0x is a generalized solution of (1.1} and u(x, t)<0 for x<y(t),
u(x, 1) =0 for x >y(t). Furthermore, if {7(t): a<t<b} is a discontinuity line
of u(x, t), then it satisfies the entropy condition (E) and it is a type-1 shock
or type-11 shock {Definition 4.1).

Now assume that u,(-) is bounded and piecewise monotone. Then there
exist y, < y, < *++ < yy, such that uy(x)e(—o0,0] for xe(y,, y;,,) if i is
even and wug(x)e [0, ) for xe(y;, y;.,) if i 1s odd. We already set
yo= —o0 and y,,,=o0 for convenience in the above expression. Of
course it is equally possible that uy(x) e [0, o) for xe (y,, v;, ) if i is even.
But we consider only the first case. To construct the solution, we first use
Theorem 4.2 to comstruct a G,(x, ¢} for the initial data u}*(x), where
ub?(x) = up(x) for x < y, and u}?*(x) =0 for y, < x. Now let u3(x)=u,(x) for
y,<x <y, and u3(x) =0 otherwise. Define

Py )= )= f) + | () dy (49)
and
Gi(x, t)= ma())( Fi(x, t; u). (4.10)

Now set Gy(x, 1)=G(x, 1)+ {22 uo(y) dy to determine a Lipschitz con-
tinuous curve x=7y,(z) with y,(0)= y,, modifying y,(¢) if y,(¢) does not
satisfy the entropy condition (E). Thus we can find a Lipschitz continuous
G 535(x, 1) such that u;,;(x, 1) =0G 2(x, t)/0x is a generalized solution for
(1.1) with initial data u!®(x), where wu{?(x)=uy(x) for x<y, and
ul®(x)=0 otherwise. Repeating this process, we finally can construct
G(x,)=G ... vy (X, 1) such that 0G(x, t)/dx=u(x, t) is the unique
generalized solution of (1.1).

4.2. Properties of Solutions for Piecewise Monotone Initial Data

From the construction method of subsection 4.1, we have

THEOREM 4.3. Assume that [ satisfies assumptions (i)-(iil) at the begin-
ning of subsection 4.1 and uy(- ) is bounded and piecewise monotone. Then the
generalized solution of (1.1), u(x, t), has the following properties:

(i) Regions {{x, t): u(x,1)>0} are separated from regions {(x,1):
u(x, 1) <0} by a finite number of Lipschitz continuous curves which are
genuine characteristics, type-1 shocks, or type-11 shocks.

(i) u(x+0, 1) exists for all >0 and for all xe (— o0, ©) and

Su(x=0,)) = f(u(x+0, 1))
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(iii) u(x, t) is continuous except on the union of an at most countable
set of Lipschitz continuous curves.

(iv) For every fixed (z,t) with 1>0, there exists a backward
generalized characteristic which is the union of a finite number of genuine
characteristics, that is, there exist a nonnegative integer n, times ty, t5,.., t,,
0<t, <" <t,<T, Ug, Uy, Up, ABd Xo(1), X ((1),..., X, (1) sSUCh that

(@) xu(t)=z+f"(u,)t— 1, St<T, Xe(1)=Xp 4 (L 1) +
St~ [k+1) L<t<tess k 0, Ly (n—1);

(b) ulx ()£ 0, )=u(x,(1), ) =uy for 1, <t <ty y, k=0, 1,..,n;

() u,=u(z—0,1)and u,, k=0, 1,.., (n—1), satisfy

S 1) = fluy)

f(uk+1)= Uy 1 — U
that is, using (4.1) and (4.2)
Up o =Uf or uk+1=(uk)*;

(d) there is a type-ll shock passing through (x,(t.),t,) for each
k=1, 2., n with shock speed f'(u,).

Proof. Parts (i), (ii), (iii) are easy consequences of the construction
method. To prove (iv), consider (z,7) fixed with t>0. If u(z+0,17)=
u(z—0, 7), then u is continuous at (z, ) and there exists a genuine charac-
teristic (backward) passing through (z,t) with speed f'(u(z, t)). This
backward genuine characteristic can terminate only at the line =0 or at a
type-II shock x =y(¢). If it terminates at the line =0, then we are done. If
it terminates at a type-II shock x=1y(s) at ¢' <1, then u(y(¢')+0,¢)=
u(z, 7) and (u(y(t')—0,¢')*=u(z,7) or (u(y(¢')—0,1)),=u(z, v). Now
from (y(¢'),t') we draw a backward genuine characteristic with speed
S'(u(y(t')—0, t')). Continuing this process, taking into consideration the
piecewise monotonicity of uy(-), we prove (iv). If u(z+0,17)#u(z—0, 1)
and the shock passing through (z, 7) is a type-I shock, then we can draw
two backward genuine characteristics from (z, t) with speeds f'(u(z+0, 7))
and f'(u(z—0, 1)), respectively. If u(z+0, t)#u(z—0, ) and the shock
passing through (z,7) is a type-II shock, then we can draw only a
backward characteristic from (z, ) with speed f'(u(z—0, t)). This com-
pletes the proof of this theorem. Q.E.D.

Of these properties, the last one is the most important one. We shall call
this backward generalized characteristic Cy(z, 7). It is easy to see that
Cy(z, 7) is not uniquely determined by (z, 7) in general. But Cy(z, 1) and
Co(z', ) never intersect each other except at t =0 for z #z".
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4.3. Estimates of Total Variation of f'(u(-, t))

Now assume that uy(-) is piecewise monotone and |uy(x)| <M for
almost all xe(—oo,0). Let u(x,7) be the generalized solution
corresponding to the initial data u,(-). We have the following fundamental
theorem.

THEOREM 4.4. There exist constants C, and C, depending only on f and
M, such that for all —o0 <a<b<w and T>0,

b—
Ve, T T <S8 sy, (4.11)
where V*(g(-); La, b]) is the increasing variation of function g on [a, b].

To prove this theorem we need some lemmas.

Lemma 4.5, If x(-):(ty, t;) = R is a type-11 shock for u(x, t), then
(i) U@)=u(x(2)—0,1) exists for te(t,,t;) and f'(U(1)) is a
monotone decreasing function,
(i) w(x()+0, )= (u(x(t) =0, 1))* or (u(x(t)—0,1)),,

S (u(x(t) =0, 1)) — f'(u(x(t) +0, 1))
u(x(1)— 0, £) — u(x(£) + 0, 1)

= f'(u(x(1) + 0, 1)),

(iv) x'(t) is Lipschitz continuous on (t,, t,) and x"(t) <0.

(iil) x'(t)=

Proof. This is a basic property for type-II shock. For a detailed proof,
see Ballou [1]. We omit it. QED.

LEMMA 4.6. Let z(*): [t;,t,]1—= R be a type-ll shock for u(x,t). Let
(y, 1) be the intersection point of tangent lines of z(t) from points (z(t,), t,)
and (z(1,), t,), where t, <t,. Then there exists a constant 6 >0 depending
only on f and M, such that

(1,—1) =41, — 1)) (4.12)
for all 0 < (t,—1,)< 0.
Proof. The number y and 7 satisfy the following equations:

y=z(t)+2'(t)(t—1y),
y=z(t2)+ 2 (x)(r — 1).
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Hence we have

=Z(12)_Z(11)+Z/(11) t—2' () b
z'(¢)—2'(,)

if z'(t)#2(1,)

A simple calculation gives us

ty—t ()t — 1) = (2(15) —2(1,)) _
t—t,  (Z(t) =2 (1))t — 1) =F, 1)

From Lemma 4.5, we have
z"(1)<0.
Thus F(¢,, t;)>0 for all 1,>1,. Now

lim F(ty, 1,)=14

n-t+

uniformly in ¢,. Hence we can choose J > 0, depending only on f and M,
sufficiently small such that

F(t,, 1) 23

for all (¢, — t,) < 4. This completes the proof of Lemma 4.6. Q.ED.

LemMA 4.7. Let {u;} | and {v;}> | be two sequences which satisfy:
(1) u; and v; have the same sign, i=0, 1, 2,...,
(i) |uol <M, lvg| < M,
(i) wuy = )* or u; = (U)g> Vig1= (v)* or v, = (Ui)* Sor all
i=0,1,2,... Let
L )= f )
T fi(u)—=f(v,)

(4.13)

Then

lim 4,=(1+8)%*"" (4.14)

n—

where k is the k in assumption (iii) of the function f and § >0 is a constant
depending only on k.

Proof. From assumption (iii} of the function f, if ¢ is sufficiently small,
we can approximate the function f by f/(0) u + Ku* for |u| < &, where K is a
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positive constant and k >3 is an odd integer. Now let n <0 and || <& be
given. n* satisfies

o)=L =s00)

S 7 n (4.15)
Or approximately
Ry = = (m*Y () 2+ () (4.16)
Let (n*/n)=p and (4.16) becomes
(k~1)p*~1—pk=2_ ... _1=0. (4.17)

Dividing the obvious factor (p — 1) we have

Glp)=(k—1)p* 24+ (k—=2)p* 3+ - +204+1=0.  (4.18)

It is easy to see that G(p)<G(—1)= —(k—1)/2<0 for all p< —1 and
G(p)=G(—14)>0for all p> —1. Hence the only real root p, of G(p) =0 is
between —1 and —4. Now for n> N and N sufficiently large we have
lu,| <€ and |v,| <& Thus for n = N

) =f,(un—l)_f,(vn71): (u, )= (0, )"
" f’(un)—f,(un) ~(p0un71)k71_(p00n~l)kml

o8

1 k-1
lim 1,,:(-) . (4.19)

n—w Po

Hence

This completes the proof. Q.E.D.

LEMMA 4.8. Assume that f'(u(-, T)) is increasing in the interval [c, d].
Let Cy(c, T) and C\(d, T) be two generalized backward characteristics from
(c+0,T) and (d—0, T). Assume that (d—c) is sufficiently small so that
Cylc, T) consists of xo(t), x,(¢),..., x,(t) and C.(d, T) consists of yo(t),
Y1)y (1), where x(t) is defined between T, <t< T, with speed f'(u;)
and y[t) is defined between 1, <t<t,,, with speed f'(v;), i=0,1,2,.., n
Here for convenience we let To=1t,=0and T,,,=t,,,=T. Furthermore



CONSERVATION LAWS 95

assume that (d— c) is sufficiently small such that there is a type-1l shock
2,(t) passing through points (y(t.), t,) and (x,(T}), T,) and

te2Te 1, k=121, (4.20)
0<T—1,<8, k=1,2,.n, (4.21)

where 0 is the & in Lemma 4.6. Then there exists a constant C depending only
on f and M, such that

OSf’(v,,)—f’(u,,)S%A(c, d,T), (4.22)

where A(c, d; T) is the area of region bounded by Cy(c, T), Co(d, T), t=0
and t=T.

Proof. We extend x,(t) (below T,) to intersect y.(¢) at time ¢;. Let 4,
be the area of triangle bounded by the following three lines:

(1) x=c+f' ()t —T), t< T},
{(x, t):x=d+f(o)t=T), t<T}, (4.23)
{(x, 1):t=T},

A4, k=1,2,.,(n—1), be the area of triangle bounded by the three lines
{Co):ix=x  (Tp s )+ ()t =Ty ), 1< Ty},
HEA TS (Y B M O (B A £ A (4.24)

{(x, 1) t=1t,,,},

and 4, be the area of region bounded by the lines
{00 0 x=x,(T) + f'(uo)(t = T), t < Ty},
{0 x=y,(6) + [ (vt — 11), 1< 11},
{(x,t): t=1,},
{(x,£):1=0}.

(4.25)

It is easy to see that

An = %(f’(vn) _f,(un))(T_ t::)za (426)
A, =5 0) =)t = 1) k=12, (n—1) (427)
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and
Ao=3(S"(vo) = f'(up))(11)* + (¥6(0) — xo(0)) 1,.
From the concavity of z,(-) (Lemma 4.5),

A(C,d; T)>A0+A1+ +An

(4.28)

(4.29)

Let to=1t,, 1=t —tirfor k=1,2,..,(n—1) and t,=(T—t,) and

A =f’(kal)—f,(uk—l)
)

From (4.21) and Lemma 4.6, we have

k=1,2,..,n

Tk?:l‘(tk+1—tk), k=1,2,..., (n—l)

and
T2 (T —1,).
Now
A+ 4, o+ 4o Z2 A 0) = () T+
+3(f"(v9) — ['(uo)) 3.
Hence

24,44, 1+ - +4,)

(4.30)

(4.31)

(4.32)

(4.33)

(o) =S ) S

Let
B(A,5ees A1 Tpyeens To)

=Ti+ln1371+lnin711i-2+ +/1,,l{,,_1"'/111'(2)-

From (4.31), (4.32) we have
T+ T, 4+ +1o2T/4
Hence we have

B(A, 5y A1 Tpaes Tg)

—l+ln'1n4115—2+ +A‘nin—l'”xlt(2).

(4.34)

(4.35)

(4.36)

(4.37)
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Now we take

1 1
C=32 max max|l4+—+ " +——m—| (4.38)
\1:0 5% n ln An)'nfl“.lo

where the max, in (4.38) exists from Lemma 4.7.
Combining (4.29), (4.34), (4.37), and (4.38), we have

0< (/' (8,) = f'(u,)) <5 Ale, & 7). (439)

This completes the proof of this lemma. QED.
Now we are in a position to prove Theorem 4.4.

Proof of Theorem 4.4. Assume that f”'(u(-, T)) is monotonically increas-
ing in the interval (c, d)< [a, b]. If necessary we can divide (c, d) into
small intervals. Hence we can assume that Cy(c, T) and C,(d, T) are of the
type in Lemma 4.8. Across a discontinuity f'(u(-, T)) is decreasing. Hence
from Lemma 4.8, we have

VA, 1) [a, b)) =} [f'(u(d—0, T))— f'(u(c+0, T))]

(e.d)

< % ( Y Alc, d; T)), (4.40)

(¢.d)

where the sum ¥ in (4.40) is summing over all disjoint small open intervals
(c, d) such that f'(u(-, T)) is increasing in (c, d). This sum is at most a
countable sum.

As in the proof of Theorem 3.5, we have

S Alc,d; T)ST(b—a)+ VT?, (4.41)
(c,d)

where V' =max{| f'(u)|: |u| < M}. Combining (4.40) and (4.41) we finally
have

Ci(b—a)

Vrf (G 1) La D) S —

+C,, (4.42)

where C, = C and C,=CV. This completes the proof of Theorem 4.4.
Q.ED.

Now we can state our main results.
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THEOREM 4.9. Assume that uy(x) is a measurable function satisfying
lug(x)| < M. Let u(x, t) be the generalized solution of (1.1) with these initial
data. Then

(i) forall —o<a<b<w and T>0,

V(- T), [ b]) sﬁ(—”TZ“—M C,. (4.43)

where C, and C, are two constants depending only on f and M, in particular
for all t>0 f'(u(-, 1)) e BV.

(ii) w(x+0,1) exists for all xe(—o0, «©) and all t>0.

(iii) The set {(x, t): u(-, t) is discontinuous at x} is a countable set for
every t>0.

In order to prove these main results, we need more lemmas.

LEMMA 4.10. If u(x,t) is a generalized solution of (1.1) satisfying
|u(x, t)] < M, then there exists a constant C depending only on f and M, such
that for all —0 <a<b< oo, t;>1t,>0,

§51 1" (ulx, 1)) = f'(ulx, 1,))| dx < C |1, ~ 1, - total
variation of f'(u(-,t) between (a—V(i,—1t,)) and
b+ V(t,— 1)) (4.44)

Proof. This is an easy consequence of the proof of Theorem 4.4. We
omit the details.

LEMMA 4.11. Let u(x,t) be a generalized solution of (1.1) satisfying
lu(x, t)| < M with piecewise monotone initial data uy(x). If for a given t >0,
(1) u(-, t) is continuous on the interval [c, d], (2) f'(u(-, t)) is monotonically
increasing on [c¢,d], and (3) u(d—0,t)=14, u(c+0,t)=70 are fixed num-
bers, then there exists a constant  depending only on f, M, u, and v, such
that

(d—c)= pt. (4.45)

Proof. 1If the backward characteristics drawing from (c+0,¢) and
(d—0, t) with speed f'(7) and f'(i7), respectively, terminate at ¢ =0, then

d—f'a)tzc—f'(v)t (4.46)

Hence we can choose f=f'(#)— f'(#). So, in general, there are type-II
shocks crossing the two generalized backward characteristics Cy(c, ¢) and
Cy(d, t). Assume that the number of type-II shocks crossing these two
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characteristics is #. From Theorem 4.3(iv) and |u(x, t)] < M, we know that
n is bounded by N which is a constant depending only on f, M, &, and 7.
Using the notations of Theorem 4.3(iv), we have

d=do+ ["(uo) t, + [, =)+ - + ()t —1,),  (447)
c=co+ W) Ti+ [ (0 (T =T+ - +f(v)(t—T,), (448)

where u,, =it and v, =7. Since u# and 7 are fixed, ¥, and v,, k=0, 1, 2,..., n,
are also fixed. The variable ¢, can vary from O to a time < t. T, is a con-
tinuous function of ¢,. ¢, can vary from ¢} to 14, ¢¥ is a continuous function
of 1,. Continuing this processes, we know that T, is a continuous function
of t,, ty, t, for k=1,2,.,n and

t,’:,ISIkSI‘Z, k= 1,2,..., H, (449)

where 1§ =0 and ¢}_, is a continuous function of ¢,,..,#,_; for k>2.
Actually, r# is the number corresponding to
Ty=Ty = =T,=t (4.50)

and tf_, is the number corresponding to 7, =T, ,. Hence from (4.47),
(4.48), and the fact that dy— ¢, =0 we have

d=a)z[f'(uo) t,+ - + [ (u)t—1,)]1—=[f'(vy) T
+ -+ =T =H(ty, tyy L)) (4.51)

But from the above consideration we know that H is a positive continuous
function on a compact set. Hence H has a positive minimum. Now
Eq. (1.1) is invariant under the dilation x — ax, ¢ — at for o >0. Thus we
have a factor ¢ in (4.45). We can choose f¢=min, c, min H(¢,,.., t,). Of
course, there may be some type-II shocks which cross Cy(c, ) but not
Cpld, t). These cases are similar to the case we just discussed. We omit the
details. This completes the proof. Q.ED.

LEMMA 4.12. Let u(x,t) be a generalized solution of (1.1) satisfying
|u(x, 1)] < M with piecewise monotone initial data ug(x). If for a given t >0,
d>c, u(c+0,t)=u, and u(d+0,t)=u, are two different fixed numbers
such that u, at left cannot be connected to u, at right to form a shock satisfy-
ing (E), then there exists a constant y depending only on f, M, u,, and u,,
such that

(d—c)zyt. (4.52)

Proof. Without loss of generality, we assume that u#, <0 and u,>0.
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Since uy(x) is piecewise monotone, f'(u(-, t)) is also piecewise monotone.
Because u; cannot be connected to u, to form a shock satisfying the
entropy condition (E), there must be increasing variation of f'(u(-, t)) in
the interval (¢, d). From the entropy condition, this increasing variation of
f'(u(-, t)) in (c, d) is at least

L' (0) = f"(u)]+ Lf (up) — f1(v*)],

where U,<v<u, and U¥ =u,. Using Lemma 4.11, we can obtain (4.52).
This completes the proof. Q.E.D.

Now we are in a position to prove Theorem 4.9.

Proof of Theorem 4.9. Assume that uy(x) is bounded by M. We can find
a sequence of piecewise monotone functions {2} which are also bounded
by M, such that for all —oo <a<b< oo,

lim jb ui(x) dx = j ” uolx) dx. (4.53)

a

Now for the given uf(x) we can construct a generalized solution u"(x, t)
of (1.1) with initial data u}(x). u"(x, ¢) is also bounded by M. Furthermore
from Theorem 4.4, the total variation of f'(u"(x, t)) on [a, b] is bounded
for 1> 0, that is,

Cl(b—a)

- +C,, (4.54)

V(f'(u(, ) [a, 0]) <

where C, and C, are constants depending only on f and M. Using Helly’s
theorem and Lemma 4.10, we can find a subsequence of {u"(x, 1)}, also
denoted by {u"(x, r)}, such that f'(u"(x, t)) converges almost everywhere
on {(x,1):1/N<St<N, —-N<x<N} as n— . Using diagonal process,
we can find another subsequence of {u"(x, t)}, also denoted by {u"(x, 1)},
such that f’(u"(x, t)) converges almost everywhere in >0 to a bounded
measurable function g(x, t). From (4.54) it is easy to see that

Vig(-, 1); La, b])<gb{—”—)+ C, (4.55)

for all —oo <a<b< o and t>0. Thus for a given ¢>0, g(-, t) is con-
tinuous except on a countable set. We claim that u"(x, ¢) also converges for
those x at which g(-, ¢) is continuous. Suppose that g(-, ¢) is continuous at
xo. If g(xo,t)=,"(0), then f'(u"(x,, 1))~ f'(0) as n— co. Hence from
assumption (iii) of f,

Kk(u"(xo, 1)) "' >0, as n— oo,
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or
u'(xg, 1) >0, as n-— 0.
Now assume that g(x,, 1) # f'(0). Let 4, <0 and u, > 0 be such that

f(uy) = f"(uy) = glxo, 1). (4.56)

Choose & < smin{ —u,, u,} sufficiently small such that, if
[u"(c+0,1)—u,|<e and [ (d+0, t) —u,| <e,
we have
|d—c| =nt>0, (4.57)

where 7 is a number depending only on f, M, and ¢ Equation (4.57) is
possible from Lemmas 4.11 and 4.12. Now since g(-, ¢) is continuous at x,,
we can find a number &, 0 < ¢ < in¢, such that

|g(x, 1) — glxo, 1) <6 (4.58)
for all |x — x,| < &, where
(5=min{| Sulp , Lf/(u)~ [ ()l sulp L' () = f"(u2)l . (4.59)
u—u| <e lu—wl <e/2

In the interval (xo—¢&, xo+¢&), f'(u"(x, t)) converges everywhere. Hence
there exists a measurable set E < (xq— &, xq+ &) with measure m(E) < ¢
such that f'(u"(x, t)) converges uniformly for all xe(xq—¢, x5+ &)—E.
Thus there exists a number N sufficiently large such that

| f (" (x, 1)) — g(x, 1)] <6 (4.60)

for all n= N and all xe (xq—¢&, xo+&)— E. Now assume that u”(x,, t)
does not converge. Since f(u"(x,, t)) converges to g(x,, t), there exists a
subsequence of #"(x,, t), denoted by u™(x,, ¢), such that

u"(x0, 1) > u, for iodd (4.61)
and
u"(xg, 1) > u, for ieven. (4.62)

Using (4.57), (4.58), (4.59), (4.60), (4.61), and (4.62) we have for n,= N,
xE(xO"'i, x0+6)——E,

|[u™(x, ) —u,| <eg for iodd (4.63)
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and
[u"(x, ) —u,| <& for ieven. (4.64)

Hence for n,,n,> N, i odd, j even,

J |u™(x, t)— u™(x, t)] dx
(xo—&,x0+¢)

>j |u"(x, t) — u"(x, 1)] dx
(xo— & x0+&¢)—E

= 2. (4.65)
But from Theorem 2.2 and (4.53) we have

xo+ & xo+ &+ Ve
|77 e, -t 1)) ax< | () — ()| dx
x0—¢ xp—¢— Vi
-0 as i, j— oo. (4.66)

Thus we have a contradiction. This proves that u"(x,, t) converges.
Hence we prove that u”"(x, t) converges almost everywhere to a function
ii(x, t) and g(x, ty=f'(éi(x, t)). It is easy to see that #(x, ) is a generalized
solution of (1.1) with initial value uy(-). From Theorem 2.3, u(x, ¢) and
i(x, t) are equal almost everywhere. Hence we prove (i). Parts (ii) and (iii)

are easy consequences of the above proof. This completes the proof.
Q.ED.

From Theorem 4.9, we have the following compactness results. The
strictly convex counterpart was obtained by Lax in [12].

THEOREM 4.13.  Let {uf} be a sequence of bounded measurable functions
with uniform bound M, which converges to u, in the sense

tim | uge) de= | uglx) dx (4.67)

a

forall —oo <a<b<oo. Let u*(x, t) be the generalized solution of (1.1) with
initial data uf(x) and let u(x,t) be the generalized solution of (1.1)
corresponding to the initial data uy(x). Then the sequence u" converges
almost everywhere to u.

Proof. From the results and the proof of Theorem 4.9, we know that
Lemmas 4.11 and 4.12 are still valid for general bounded and measurable
initial data. Again, using the same arguments as in the proof of
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Theorem 4.9, we can find a subsequence {u™} of {«"} such that u™ con-
verges to u almost everywhere. If the whole sequence {u"} does not con-
verge to u almost everywhere, then we can find an ¢>0, a set E with
positive measure in (— o0, 00) x (0, 00), and a subsequence {u"} of {u"},
such that

[u(x, t)—u(x, 1)) =¢

for all (x, t) e E. But from the subsequence {u"f}, using the same arguments
as above, we can find another subsequence {u"} of {#™} such that «" con-
verges to u almost everywhere. This is a contradiction. This completes the
proof of this theorem. Q.E.D.

5. THE CASE WHEN f”(u) VANISHES AND CHANGES SIGN
AT ExAcCTLY TWO POINTS

5.1. Construction of Solutions for Piecewise Monotone Initial Data

We assume that f”(u) has exactly two zero points a; and a,. For
definiteness, we assume that

(A): f"(u)<0 for u>a, and u<a,
f(u)>0 for a,<u<a,,
flay+m=fla)+[f(a)n+Kin™, |yl small,
flay+n)=flay) + f'(ay) n— K0, 17| small,
where K, and K, are two positive constants and &, and k, are two odd

integers which are greater than three.
In order to consider the most complete case, we also assume that

(B): lim f(u)= lim f(u)= —oc0.
We need some properties of f.

LEMMA 5.1.  Assume that f satisfies assumptions (A) and (B). Then there
exist b, and b, such that

J1by) — f(bs)

by ===

=/f'(b2) (5.1)

where b, < a, and a, <b,. Furthermore, b, and b, are uniquely determined.

505/61:1-8
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Proof. Let
S= {cSal 3d > a,, such that f'(¢) <f—)—f(—) f’(d)}.
Since f'is convex on a,, a,, it is easy to see that
, )

Fa) <L gy (52)
Hence a, € S. Now let 4, =inf S. From assumption (B), we know that b, is

finite. Let {c,}>_, be a sequence of S such that
lim ¢, =b,. (5.3)

Let {d,}>_,, d Za, for n=1,2,., be a sequence corresponding to the
sequence {c,}>., satisfying

fen) —fld,)

A

< f'(d,), n=1,2,.. (5.4)
From assumption (B), {d,},_, is a bounded sequence. Hence, by passing
to a subsequence if necessary, we can assume that

lim d,=5,. (5.5)

We shall prove that

_Sb)—1(&2)

f(by)= b, b, =/f"(by). (5.6)

Assume that

. S(b1)—f(by)
f(b1)<—T_Tz—'—'. (5.7)

Then from the assumption (A), there exists a sufficiently small ¢ >0, such
that

fby—e)—f(b,)

S )< by —e) <=

_fb)=f(by)

b b, <f(by). (58)
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This contradicts the definition &, =inf S. Hence

b)—f(b
17— U2
Now assume that
f——(b;)_i(b2)<f’(b2). (5.10)
17— Y2
Then there exists a sufficiently small ¢ <0, such that
_ fby)— f(by) _f(b1)— f(by+¢)
f(b‘)\ b, — b, by—(by+e)
<f'(bs+e)<f(by). (5.11)
But in this case there still exists a sufficiently small 6 > 0, such that
Jb,—0)—flby+¢)
’ ! b _
F(b) < S by =) <=
SACTY R B (5.12)

by—(by+e)

This means that (b, — &) e S, which is a contradiction to b, =inf S. Thus

b)—f(b '
-

It is not difficult to see that b, and b, are uniquely determined. This
completes the proof of this lemma. Q.ED.

LEMMA 5.2, For by <u<a,, there exists unique u*, u* > a,, such that
1 1 q 1

Ju) — f(u*)

u—u*

Sf'(u)= < Sf(u*). (5.14)

Proof. The line passing through (u, f(u«)) with slope f'(#) must intersect
the graph of f at exactly two points (u*, f(u*)) and (i*, f(i*)), where
a, <u* <b, and u* > b,. It is easy to see that

f(u) f(u*) fu)— flu*)

</ and TEZI

> f(a*).

This completes the proof of this lemma. Q.ED.
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LEMMA 5.3. For a,<u<b,, there exists unique u,, u, <a,, such that

f() f(*

Uy

Suy) < = f'(u). (5.15)

Proof. The proof is similar to that of Lemma 5.2. We omitit.  Q.E.D.

LEMMA 54. For a,<u<a,, there exist unique u, and u* such that
u, <a, and u* >a,, and

Sluy) —f(w)

Uy, —u

f(u f( *)

S(uy)> =f'(u)= > f'(u*). (5.16)

Proof. The proof is also similar to that of Lemma 5.2. We omit it.
Q.ED.

We need some definitions.

DerFINITION 5.5. Let x(-):(a,6)—> R be a shock of a generalized
solution u(x, ¢) of (1.1), that is, u(x(¢) + 0, t) # u(x(¢) — 0, ¢) for all te(a, b)
and x(-) is Lipschitz continuous on (a, b). We call this shock

(i) a type-I shock, if
S(u(x(r) =0, 1)) > x'(1) > f(u(x(1) + 0, 1))

for almost all t€ (a, b).
(ii) a type-lI-L shock, if

S (u(x(1) =0, 1)) > x'(1) = f"(u(x(2) + 0, 1))

for almost all te(a, b) and f'(u(x(t)—0,t)) is a monotone decreasing
function of ¢.

(iii) a type-II-R shock, if
S 'u(x(t) =0, 1))=x"(2)> f'(u(x(1) + 0, 1))

for almost all te(a, b) and f'(u(x(£)+0, 1)) is a monotone increasing
function of ¢.

(iv) a type-III-L shock, if
S (u(x(2) =0, 1)) > x'(t) = f(u(x(1) + 0, 1))

for almost all re(a, b) and f'(u(x(£)—0, ¢)) is a monotone increasing
function of ¢.
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(v) a type-1II-R shock, if

S (u(x(1) =0, 1)) = x'(£) > f"(u(x(1) + 0, 1))

for almost all te(a, b) and f'(u(x(¢t)+0, t)) is a monotone decreasing
function of ¢.

(vi) a type-IV shock, if
S'u(x(2) +0, 1)) =x'"(1) = f(u(x(1) =0, 1))
for all 1€ (a, b).
We give some examples of these shocks.

ExaMPLE 5.6. Let uy(x)=u, for x<0 and uy(x)=u, for x>0, where
b, <u,<u,<b,. Then the function u defined by

u(x, t)=u, if x<ot,
(5.17)

=u, if x>ot,

is a generalized solution of (1.1) with these initial data, where o = (f(u,) —
Sf(u,))/(u,—u,) and x(t)=at is a type-I shock.

Proof. 1t is easy to see that u is a weak solution. From the definition of
b, and b,, we easily obtain that

f(u)—f(u,)<f(u/)-f(u,)<f(u1)—f(u)

u—u, u—u, u;—u

(5.18)

for all ue [u,, u,]. Hence u satisfies the entropy condition E and u is a
generalized solution of (1.1). Taking the limits ¥ - u, and u — u, in (5.18),
we obtain

f’(ua)sﬁl—%:—iwsf’(u,). (5.19)

Since b, <u,<u,< b,, we have

S) = fw) _

u—u,

Su)< S(w).

Thus x(t) = ot is a type-I shock. Q.ED.

For type-II-L shock (type-II-R shock is similar), there is already an
example in Section 4. So we give a type-III-L shock in the following exam-
ple.
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ExamPLE 5.7. Let uy(-) be monotonically increasing for x<0,
a,<ug(x)< b, for x<0, and uy(x)=u, for x>0, where b, <u,<a, and
(u,)* = ug(0—0) (recall the definition for (u,)* in Lemma 5.2). We shall
briefly describe the construction process of the generalized solution of (1.1)
with these initial data.

Let u,(x, t) be the generalized solution of (1.1) with the initial data

ug(x),
ug(x) =uy(x) if x<0,
=da, lf x>0.
Since ug(x)e [a,, b,], u,(x, ) can be obtained from the method in Sec-

tion 3. We can divide the x — ¢ half plane ¢ >0 into three regions D,, D,,
and D;,

D= {(x, t): x<y(1),0< 1},

Dy={(x, ):y(t)<x < f'{ay) 1,0<1},

Dy={(x,1): f(a)) t<x,0<1t},
where (1) is a type-I shock. u,(-,f) is monotonically increasing in
(—o0,y(8)), uy(x, )=hs(x/t) for (x,t)eD,, and u(x,t)=a, for

(x, t)e D,, where h5 is the inverse function of f” restricted in [a,, c0). Now
consider u,(x, t) which is defined in D, by

(us(x, 1))* =u,(x, 1), (x,)e D,.

Let x = x(1) be a Lipschitz continuous curve satisfying

ﬁlﬁd(t’_)sz(uz(x(t), 1)) for almost all ¢ (0, o),
x(0)=0.

It is easy to see that x(z) is a concave Lipschitz continuous curve in D, and
dx(t)/dt is monotonically decreasing. From every point of (x(1), ¢), we draw
all lines L,(v) with speed v between x'(z +0) and x'(r—0) in the positive
time direction. It is easy to see that all these lines L,(v) cover a fan-like
region H without intersection with each other, where

H={(x,t):x(t')y<x' <f'(u)t,0<1'}.
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Let u(x, 1) be defined by
ulx', )=u(x', t") if x' <x(t),
=h,(v) if (x',t)eL,(v)cH, (5.20)
if f'(u,)t <x,

= u’
where h, is the inverse function of f” restricted in (— oo, a,]. Now the
function u defined in (5.20) is a generalized solution of (1.1) and x = x(z) is

a type-1II-L shock.

ExaMpLE 5.8. Let uy(-) be a monotonically decreasing function in
(— o0, 00) with ug(0+0)=5b, and u,(0—0)=b,. For every y <0, we draw
all lines L, (v) from (y,0) with speed v between f'(uo(y—0)) and
f(uo(y +0)). Along the line L (v) we assign u = h;(v). For every y >0, we
draw all lines L (v) from (y,0) with speed between f'(uo(y—0)) and
Sf'(uo(y +0)). Along this line L (v) we assign u=h,(v). Here 4, and h, are
inverse functions of f” restricted in regions (— o0, a,] and (a,, ), respec-
tively. It is easy to see that these lines L (v) cover the upper x —¢ plane
except the line x = ot, where o= (f(b,)— f(b,))/(b,—b,). The function u
defined by the above arguments is continuous except on line x =ot. It is
easy to see that this v is a generalized solution for (1.1) and x=o¢¢ is a
type-IV shock.

For piecewise monotone and bounded initial data u,(-), we shall briefly
describe the method of construction of the generalized solution for (1.1).
For details we refer to Cheng [5]. For convenience we let ¢,= —o0 and
a;= .

Assume that uy(-) is bounded and piecewise monotone. Furthermore

ug(x)e(—o0,a,] for x<0
and

ug(x)elay, ) for x>0. (5.21)

First we use the construction method of Section4 to construct the
generalized solution of (1.1) with the initial data

folx) = up(x) if x<0, (5:22)
=a, if x>0. '

We obtain a G(x, ) which is Lipschitz continuous and 0G(x, 1)/0x = ii(x, 1)
is a generalized solution with initial data (5.22). It is easy to see that # may
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contain type-I1I-L shocks and type-I shocks only. Now consider the initial
data

ul(xy=a, if x<0, (5:23)
=uyx) if x>0. '

We can obtain a Lipschitz continuous G®(x, ¢) such that 0G*(x, t)/0x =
u®(x, t) is a generalized solution of (1.1) with initial data (5.23). Now let

G(x, 1)=GR(x, 1) (5.24)
to determine a curve x =y(t), y(0)=0. Let G(x, t) be
G(x, 1)=G(x, 1) if x<y(t),
=GR(x, t) if x>y(2).

Then 6G(x, t)/dx=u(x, t) is a weak solution of (1.1) in the sense of (1.2).
#(x, t) is not a generalized solution of (1.1) in general. This is because
x=y(t) need not satisfy the entropy condition (E). We can introduce
type-II-R shocks to modify y(¢). Finally, we can obtain a G(x, t) such that
0G(x, 1)/0x =u(x, t) is the generalized solution of (1.1) with the correct
initial data uy(-) of (5.21). We note that the generalized solution u(x, ¢)
may contain only type-1, type-II-R, and type-II-L shocks.

Now consider the following initial data (bounded and piecewise
monotone):

us(x)ela,, © if x<0,
ofx) € [a,, o) (5.25)
uy(x)e(—oo,a,] if x>0.

First, as in the above case, we use the construction method of Section 4 to
construct the generalized solution of (1.1) with the initial data

fo(x)=ug(x if x<0,
o(x) =uo(x) (5.26)
=a, if x>0.

We obtain a Lipschitz continuous function G(x, t) such that 0G(x, t)/0x =
fi(x, t) is a generalized solution of (1.1) with initial data (5.26). Now con-
sider the initial data
ul{x)=a if x<O,
0(x) t (5.27)
=uy(x) if x>0

Using the method in Section 3, we can obtain a G*®(x, t) such that



CONSERVATION LAWS 111

0G®(x, t)/ox =u®(x, t) is a generalized solution of (1.1) with initial data
(5.27). Now we let

G(x, 1)=GR(x, 1)

to determine a curve x=y(¢) and to modify it if it does not satisfy the
entropy condition (E). Finally, we obtain a G(x, t) such that éG(x, t)/0x =
u(x, t) is a generalized solution of (1.1) with initial data (5.25). We have to
stress here that u(x, ¢) may contain type-IIlI shocks now.

For more general bounded and piecewise monotone initial data, we refer
to Cheng [5] for details of construction of generalized solution.

5.2. Properties of Solutions for Piecewise Monotone Initial Data

From the construction of generalized solutions for (1.1) we have

THEOREM 5.9. Let f(-) satisfy the assumptions (A) and (B) and uy(-) be
piecewise monotone. Let u(x, t) be the generalized solution of (1.1) with these
initial data. Then

(i) Regions {(x, 1) u(x,t)e(—o0,a,]}, {(x,1):u(x, t)e[a,,a,]},
and {(x, t): u(x, t)€ [a,, o0)} are separated by Lipschitz continuous curves
which are genuine characteristics, type-1 shocks, type-11-L shocks, type-11-R
shocks, type-111-L shocks, type-111-R shocks, or type-IV shocks.

(i) u(-, 1) is piecewise monotone, especially u(x +0, 1) =u exists for
all t>0, for xe(—o0, ), and

Py S ),
S0 =Sl ) flu) =)
U—u_ U, —u._

Sor all w's between u and u , .

(iii) u(x, t) is continuous except on the union of an at most countable
set of Lipschitz continuous curves (shocks).

Proof. These are easy consequences of the construction method. We
omit the details. Q.ED.
THEOREM 5.10. Let u(x, t) be the solution in Theorem 5.9. Then

(i) If x(-):(a,b)—> R is a type-1I-R shock, then x'(-) is Lipschitz
continuous, x"(t) =0 for almost all te(a, b), and

u(x(£)+0, 1) = (u(x(t) -0, 1)),
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or

u(x(t)+0, t) = (u(x(t)—0, 1))*.

(i) If x(-): (a, b)~ R is a type-1I-L shock, then x'(-) is Lipschitz
continuous, x"(t) <0 for almost all te(a, b), and

u(x(H)—0, t)= (u(x()+0, 1)),
or

u(x(t)—0, t)= (u(x(t)+0, 1))*

(i) If x(): (a, b)Y~ R is a type-11-L shock, then x(-) is Lipschitz
continuous, x'(t) is a decreasing function of t. Furthermore, for fixed
t0 € (a’ b)a

xX'(te+0)= lim f'(u(x(2)+0, 1)),

xX'(tg—0)= lm f'(u(x(2)+0, 1)),

-
b2 2 u(x(to) —0’ tO) >da,,
a, >u(x(ty)+0,t,)=b,,

lim w(x(e)—0, )= ( im u(x(t)+0, 1))*,

1=+
and

lim w(x()—0, t)=( lim u(x(t)+0, £))*.

1t > 19—

(iv) If x(-):(a, b) > R is a type-1II-R shock, then x(-) is Lipschitz
continuous, x'(t) is an increasing function of t. Furthermore, for fixed
tO € (a’ b)a

X'(to+0)= lim f'(u(x(t)—0,1)),

x'(tg~0)= lim f'(u(x(r)—0,t)),

by <u(x(t)+0, ty) <ay,
a, <u(x(ty) — 0, t) < by,

lim u(x(¢)+0,¢)=(lim u(x(t)—0,1)),,

t— o+
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and

lim w(x(z)+0,¢)=(lim u(x(t)-0,1)),.

r—ip~ t— -

Proof. (i) From the definition of type-II-R shock, we have
S (u(x(r) =0, 1)) =x"(1)> f'(u(x(1) +0, 1)) (5.28)

for almost all € (a, b) and f'(u(x(¢}+ 0, ¢)) is monotone increasing. From
conditions (R-H) and (E) of Section 1, we have

x,(z)_f(u(x(t) 40, 1)) — fu(x(t) =0, t))
T u(x()+0, 1) —u(x(t)—0,1)

flux(£) +0, 1)) = flu(x(1) =0, 1)) _ f(u) = f(u(x(£) =0, 1))
u(x()+0, ) —u(x(1)—0,1) u—u(x(1)—0,1)

(5.29)

(5.30)

for all u’s between u(x(z)+0, ¢) and u(x(¢)—0, ¢). From (5.28) and (5.29),
we have

u(x(t)+0, 1) = (u(x(1) -0, 1)), (5.31)
if u(x(7)+0,t)e[a,, ay] and
u(x(£)+0, 1) = (u(x(t)—0, 1))* (5.32)

if u(x(t)+0, t)e [a,, ). Furthermore, since f'(u(x(z) + 0, ¢)) is monotone
increasing, u(x(¢)+0, t) is Lipschitz continuous. From (5.31) and (5.32),
we can regard u(x(¢t)—0,¢) as a differentiable function of u(x(z)+0, ¢).
Hence from (5.29), x'(¢) is a Lipschitz continuous function and

(1) = d [f(u(x(t)+0, 1)) — f(u(x(1) -0, ,))]
T dux(n+0,0) L u(x(1)+ 0, )~ ulx()—0,7)
(Au(x(1)+0, 1)
e

For either case (5.31) or (5.32), it is easy to see that x"(¢+)>0 and x"(¢)=0
only if du{x(1)+0,1)/dt=0. This proves (i). Case (ii) can be similarly
proved.

Cases (iii) and (iv) can also be similarly proved. The only difference is
that u(x(z)—0, t) can be discontinuous in case (jii) and u(x(z) + 0, ¢) can be
discontinuous in case (iv). See also Example 5.7 to get a feeling of type-III
shocks. This completes the proof. Q.E.D.
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THEOREM 5.11. Let u(x, t) be the generalized solution in Theorem 5.9. If
f'(u(-, to)) is monotonically decreasing or is a constant in the interval (a, b),
then

Li={(x, )i x=a+f'(u(a+0, ta))(t — t,), 0 <t <to)}
and
Ly={(x,t): x=b+f(u(b—0, tx))t—t,), 0 <t <1y}
are two genuine characteristics, that is,
ux+0,t)=u(x—0,t)=u(a+0,t,) foral(x,t)eL,
and
u(x+0,)=u(x—0,t)=u(b—0,ty)  forall(x,t)eL,.

Proof. From our construction of solution u(x,t), each type-II or
type-III shock generates a fan with monotonically increasing f'(u(-, t)).
Hence the backward genuine characteristics from (a+0, ;) and (A—0, ¢,)
cannot terminate at a type-11 or type-III shock. Obviously they also cannot
terminate to a type-I or type-IV shock (entropy condition (E})). Hence they
must extend to ¢ =0. This completes the proof. Q.E.D.

THEOREM 5.12. Let u(x, t) be the generalized solution in Theorem 5.9.
Let (x4, tg) be a point with t,> 0. If u(x,—0, ty)=b, and u(xy,+0, t,) =b,,
then u(x—0,t)=>b, and u(x+0, t)=b, for all (x, t)e L, where

L={(x,t): x=x0+ (b )1 —1,),0<t <1y}

Proof. Tt is obvious that the backward genuine characteristics from
(xo—0,t,) and (x,+0, t,) are the line L. This line L is a type-IV shock
which cannot terminate to any type-II or type-III shock. This completes
the proof. Q.E.D.

THEOREM 5.13. Let u(x, t) be the generalized solution in Theorem 5.9. If
S (u(-, ty)) is increasing in the interval (xy, x,), then f'(u(-, t)) is continuous
in (x, x,), where ty>0. Furthermore, if there is no type-1V shock passing
through the line segment {(x,t,): X, <X<X,}, then u(-, ;) is also con-
tinuous in (x,, x,) and

{u(x, to): x, <x<xy} = (—o0,a,] or [a;,a,] or [a,, o). (5.33)

Proof. Assume that f'(u(-, t,) has a jump discontinuity at xq € (x,, x,),
then since f'(u(-, t,)) is increasing in (x,, x,), we have f'(u(x,~—0, t,)) <
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f'(u(xo+0, ty)), which contradicts Theorem 5.9(ii). Hence f'(u(-, ty)) is
continuous in (x,, x,). Now assume that u(-,t,) is discontinuous at
Xo€(xy, x;), then f'(u(xq—0,ty))=/f"(u(xy+0,t;)). But in this case,
S'(u(xo—0, 15)) = (f(u(xo +0, 25)) — f(u(xo =0, £0))/(u(xo + 0, 16) —

u(xy—0, t;)). Hence from Lemma 5.1, entropy condition (E), and the
assumptions (A) and (B) of f, we have wu(xy—0,7,)=5b, and
u(xo+0, t,)=b,. From Theorem 5.12, there is a type-IV shock passing
through (x,, t,). Thus if there is no type-IV shock passing through the
segment (x,, x,), then u(-, t,) is also continuous on (x,, x,). Finally, (5.33)
is an easy consequence of the continuity of u(-, ¢,) and the monotonicity of
f'(u(-, ty)). This completes the proof. Q.E.D.

THEOREM 5.14. Let u(x, t) be the generalized solution in Theorem 5.9.
Let (x4, T) be a point in Rx R* with T>0. Then there exists a backward
generalized characteristic from (xo, T) which is the union of a finite number
of genuine characteristics, that is, there exist a nonnegative integer n, times
Los Eigus by O o<t < oo <1, KT, Ug, Uy sy Uy, and xo(2), x,(2),..., x,(1),
such that

(@) x,()=xo+f'(u,)t—T) for t,<t<T,
Xe() =X o it ) H )=t ) for 1, <t<t, .,
k=0,1,.,(rn—1)
(b) ulx (1) £0,1)=uy for t,<t<t,,,, k=0,1,.,n

(¢) wu,=u(xy+0,T)or u,=u(xq—0, T) and u, = (u,, ;)* or
e =(ty 1)y, k=0,1,2,., (n—1).

(d) There is a type-lI-R of type-1I-L shock z,(t) passing through
(x(t0), t) for each k=1, 2,..., n, with shock speed

zi(t) = 1 (uy).

(e) Ifuge(a,,a,), then t,=0.

() If uye(—0, a,), then ty can be greater than zero. In that case,
either there is a type-111-L shock passing through (xq(ty), o) or (x¢(2y), to) is
an interaction point of two shocks.

(g) If uye(ay, w), then ty, can be greater than zero. In that case,
either there is a type-111-R shock passing through (x(ty), to) or (xo(to), to) is
an interaction point of two shocks.

Proof. If u(x,+0,t)=u(xq—0,T), we draw a genuine backward
characteristic from (x,, 7)) with speed f'(u(x,+0,t)). This backward
characteristic can be extended to =0 or must terminate to a type-II or a
type-III shock or terminate at points of shock interactions. If it extends to
t=0, then we are done. If it terminates at a type-IlI shock or at points of
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shock interactions, then we are also done. If it terminates to a type-II
shock, we can again draw another backward genuine characteristic from
the point of termination. Continuing this process, we can find all these
genuine characteristics. Now if u,€ (ay, a,), t,>0, then there must be a
type-II shock passing through (xq(¢,), f,). We can draw still another
backward genuine characteristic. Hence f#,=0. The only mechanism to
generate new genuine characteristics in the positive time direction besides
type-II and type-III shocks is the interactions of different types of shocks.
Thus (f) and (g) are proved. If u(x, + 0, t) # u(x, — 0, ¢), then we may draw
two backward genuine characteristics from (x,, 7) with speed
f(u(xy+0, T)) and f'(u(x,— 0, T)). The conclusion is the same. This com-
pletes the proof. Q.E.D.

We call this generalized backward characteristic C,(x,, 7). In general,
Cy(xg, T) is not uniquely determined by (xq, T). Cy(xy, T) and Cy(pqy, T)
cannot intersect each other except at end point, if x,# y,.

5.3. Estimates of Total Variation of f'(u(:, T))

Now assume that uy(-) is piecewise monotone and |uy(x)| <M for
almost all xe(— o0, c0). Let u(x, t) be the generalized solution of (1.1)
corresponding to these initial data. We still have the fundamental theorem.

THEOREM S5.15. There exist constants C, and C, depending only on f and
M, such that for all —o0 <a<b< o and T>0,

V-, TY); [ b])sﬁl(_bg—“h .. (534)

To prove this theorem we need some lemmas. We wish to point out that
Lemma 4.6 is still valid for type-II-L and type-II-R shocks. Lemma 4.7 is
also valid except that & depends on k, and k, of assumption (A).
Lemma 4.8 has to be modified.

LEMMA 5.16. Assume that f'(u(-, T)) is increasing in the interval [c, d].
Let Cy{c, T) and C(d, T) be two generalized backward characteristics from
(c+0,T) and (d—0, T), respectively. Assume that (d—c) is sufficiently
small so that Cy(c, T) consists of xo(t)s.., x,(t} and Cy(d, T) consists of
Yo(t)y ¥1(2)ye., y,(1), where x(t} is defined between T, <t< T, with speed
f'(u;) and y(t) is defined between t;<t<1t,, , with speed f'(v;), i=0,1,
2,..,n. Assume that to=Ty=0. Furthermore assume that (d—c) is suf-
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Sficiently small such that there is a type-11-L shock or type-11-R shock z g(1)
passing through points (y,(t), t,) and (x(T}), T,) and

lt,—~T| <6, k=1,2,,n,

Tkztk—l’ thTk—li k=1,2,...,n,

where § is the constant in Lemma 4.6 which is still valid in this f. Then there
exists a constant C depending only on f and M, such that

0/ (0,)~ /() <5 Ale. & T), (539)

where A(c,d; T) is the area of region bounded by C,(c, T) and Cy(d, T),
t=0and t=T.

Proof. The proof is similar to the proof of Lemma 4.7 or the proof of
the following Lemma, Lemma 5.17. Since we will give a complete proof for
Lemma 5.17, we just omit the proof of this one. Q.E.D.

LEMMA 5.17.  The same assumptions as in Lemma 5.16 except that t,>0
and Ty>0. Assume that (d—c) is sufficiently small such that there is a
type-111-L shock or a type-11I-R shock passing through (xo(Ty), To) and
(¥olto), to). We extend Cy(c, T) and Cy(y, T) to t=0 by lines

X () =xo(To)+ S (u_ )t —=Tp), 0<1<T,

Yy o12)= yolte) + f(v_ )t —t0), 0<t<ty,
where
u_ = (up)* or u%1=(u0)*
vy =(vo)* or v_1=(0g)y-

Then the conclusion of Lemma 5.16 in (5.35) is still valid except now
A(c, d; T) is the area of the region bounded by Cy(c, T), Cp(d, T), x_,(t),
yu(t), t=0and t=T.

Proof. From the properties of type-IIl shock, Theorem 5.10, it is easy
to see that f'(u_,)> f'(v_,). It is to be noted that x_,(¢) and y_,(¢) need
not be true backward genuine characteristics from points (xo(7,), T,,) and
(¥olto), t0). But A(c, d; T) and A(c', d'; T) do not have any overlapping if
(¢, d) and (¢, d') do not overlap. Now if z,(¢) is a type-II-L shock, then
T, > t,. We extend x,(z) backward to intersect y,(¢) at time t;. If z,(¢) is a
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type-1I-R shock, then ¢, > T,. We extend y.(¢) backward to intersect x,(¢)
at time T. It is easy to see that

Ad,+4, + - +do+4_ <A, d;T), (5.36)

where 4, is the area of triangle bounded by the three lines
() x=c+ f )= T) 1< T},
{(x’ :x=d+f(w)t—T),t< T}’

{(x, 1) t=T,c<x<d},

A,, k=1,..,(n—1), is the area of triangle bounded by the three lines
{06 x =X o (( Ty )+ ()t =Ty )y 1< Tii1 ),
{Ca ) x =y (s ) FH L OIE— e )y 1< i )
{(x, t): t=min{t,, \, Tpy1}}s
4, is the area of region bounded by the lines
{G )i x=x,(T))+ f(ue)t —T)), t< T},
{0 0 x=y,(t) + ' (o)t —t1), 1< 11},
{(x,1): t=min{s,, T }},
{(x, t): t=max{t,, Ty} },
and 4 _, is the area of triangle bounded by the lines
{(x, 1) x=50+ f(u_ t—70), 1 <710},
{(x,1): x=50+ f(v_)(t—10), t <70},
{(x,2): t=0}.
Here
to=max{Ty, 1o}
and
So=Xo(To) or Yo(Tg)-
Thus we have

4, =3f"W,) — f wINT —1,)* (5.37)
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or
4,=4f"(v,) = f W NT—T,)>, (537y
Ak‘_‘%(f’(vk)—f,(uk))[min{Tk+l’ Lert)— Ak (5.38)
or
A=Y (0 = fuNmin{T,,\, i1} — T k=12, (n=1),
(5.38)
Ao = 3 (v9) — f(uo))[min{ Ty, t,} — 701 (5.39)
and
4, =3f"(u_)—flv_)) . (5.40)
Let

[min{Tk+latk+l}_'t;c] or [min{TkH:tk+1}'“T;c]=Tk+1,

k=2,..,(n-1)
T, =(T—t,) ot (T-T,)
and
1y =min{Ty, ¢, } — 0.
Let
A =f,(vn—l)'—fl(un—l)
" )~ ()
A =f,(vn~2)—f,(unA2)
T W)= ()
1 =f(Uo)—f'(uo)
! ()= f(uy)
and
Ao_f’(ufl)-f’(vq) (5.41)

o) =)
Then from the assumption |¢, — T;| <& and Lemma 4.6, we have

To+ T+ +Tn+1?%T-

505:61/1-9



120 KUO-SHUNG CHENG

Furthermore, from Lemma 4.7, we have

m A,=(1+8)9" " or (148,) " (5.42)

n-— oo

From (5.36)-(5.41), we have

24(c, d; T)
B(Ag, Agses A3 Tos Tisens Tus1)

0< f'(v,) = f"(u,) < (5.43)

where

B(Ag, Aqsees Aps Tas Trsees Tuat)
=t A TEt o A A, AT

2 1 1 —1
>(2) [ 14—+ ——— | . :
><D |: +'1n+ +A’n/1n—l'”j'0:| (544)

From (5.42), the sum in (5.44) is bounded for all n. Now take

1 1
C= l+—+ - e . .
32 \:;rllg%m:lx[ +in+ +/1n/1 10] (5.45)

P
lvo

We have from (5.43), (5.44), and (5.45)
C
0<f (W) = f(uy) Sz Ale, &, T).

This completes the proof of this lemma. Q.E.D.

Remark. 1f ty=Ty>0, xo(Ty)= yo(ty), and there is no type-IIl shock
passing through (x4(T,), Tp), from the construction method, we know that
(xo(Ty), Ty) is a point of interaction of two shocks. In this case, if #_, and
v_,; are both belonging to [a,, ) or (—o0, a,] (actually, [a,, b,] or
[b,, a;]), then we can still extend C,(c, T) and Cy(d, T) by x_,(¢) and
y_4(¢). It is easy to see that the above lemma still holds. The point
(xo(T,), T,) can be regarded as a limiting type-III shock.

LEMMA 5.18. Let u(c+0, T)=u,, w(d+0, T)=u,, d>c, and Cy(c, T)
and C(d, T) are two backward genuine characteristics, that is,

Cole, T)={(x, t): x=c+ f'(u)(t—T),0<t<T},
Cold, T)={(x, 1): x=d+ f'(uz)(t —T),0<t < T}.
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Assume that u, € [by, a,] and u, € [a,, b,]; then there exists a constant B
depending only on f and M, such that

(d—c)=pT.

Proof. From the assumptions, it is easy to see that

co=c—f'u)) T<d—f'(u;) T=d,. (5.46)
Let
i(x, t)=1u, if x<co+f(u)t,
=u(x, 1) if co+ flu))t<x<dy+f'(uy)t,
=u, if do+f'(uy) t<x

Then it is easy to see that #(x, ¢) is a generalized solution of (1.1) in the
strip 7,. Now assume that O€ (a,, a,). Consider the generalized solution
u,,(x, t) corresponding to the initial data u,(x, 0),
U, (x,0)=u, if x<eg,

=-M=m if cp<x<dy,

=U, if dy<ux
This solution u,(x,t) can be easily constructed. We just write down
explicitly u,,(x, t). For details of construction, see Cheng [5] and Ballou

[1].

We have for 0 <z<¢,

Up(x, 1) =1,y if x<x(r),
=h((x—colt)  if x(r) <x<xy(2),
=m if x,(1) < x < x4(8),
=hy{(x—do)t) if x3(2) <x < x4l1),
=u, if x4(t)<x,

where
x(t)=co+ f/(uy) 1,

X (t)=co+ f'(m) L,
f('ﬁ)—f(m)t

xs(’)=do+—ﬁ1—_-m—‘ (M), =m),

x4(t)=do+ﬂ‘zf);f(”_2),
Uy — Uy

((@)* =u,),
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and 1, is the time when x,(z) and x,(r) meet, that is,

Co+f'(m)t1=do+&"~7)':'f(_m‘)t1-
m-—m

For t,<t<t,,

Up(Xx, t)=u, if  x<x(1),
=hy((x—co)/t) if x,(1) <x<xs(t),
=F(x, t) if xs(1) < x<xs(1),
= h,y((x — dp)/t) if x;(0) < x <x4(1),
=u, if x,(1)<x,

where x4(z) is a type-II-L shock satisfying

dxs(t) ., [~ (xst)—c
%=f (h1<—§—t—-“9>>, Lt

xs(t1) = x5(t)) = x3(t)

and
(R (52) = (=)
x5(1,) =x,(17).
For t,<1t,

Up(x, t)=u, if  x<x4(t),
=F(x,t) if xg(1) <x<x5(1),
=hy((x—dp)/t) if x3(1)<x <x4(t),
=u, if  x,(2)<x,

where

~

xe(ty=x1(t;)+ f'(@,)(t — 12), (f)y = uy.

Now comparing the initial data of the two generalized solutions u,,(x, )
and #(x, t), we have

U,.(x, 0) <ii(x, 0)
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for all xe(— oo, o). Hence from the ordering principle, Theorem 2.4, we
have for all (x, t)en,

u,(x, t)y<a(x, 1) (5.47)
Hence from the explicit solution u,,{(x, t), and (5.47), we have
t,>T. (5.48)

Now from our construction of solution u,,(x, t), or from the invariance
property of (1.1) under similarity transformation x — ax, ¢ — at, there is a
constant f§ depending only on f and M, such that

0= p>o0. (5.49)

From our assumptions of f, we also have

S}y <f'(b1)=1"(by) < f'(u3). (5.50)
Combining (5.46), (5.48), (5.49), and (5.50), we obtain
(d—c)=(do—co)+ (f'(ux) = f'(u,)) T
=P+ (f'(w)) = (0,)) T
> fpT.
This completes the proof of Lemma 5.18. Q.E.D.

LeMMA 5.19. Let (c, t) be an interaction point of shocks {u,, u,} and
{t,,,u,} and (d, T) be also a interaction point of shocks {i,, i, and
{i1,,, u,}, where c <d and t > 0. Assume that

(i) wu,u€ (521 a,],
(11) Uy ﬁme(aZ’ bZ]a
(lll) U, are[bhal)’

or

(l)/ U, ale(a27b2]9
(ll), Uy, i‘—me(bZ’ a1]7
(lll), U, ﬁre(al’gl]’
where (b)), =b, and (B,)* = b,. Then there exists a constant § depending
only on f and M, such that

(d—c)=BT.
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Remark. We say that shock {u,, u,,} interacts shock {u,,, u,} at (¢, T).
We mean that there are two shocks x(z), y(¢) satisfying

(i) x(T)=p(T)=c,
(i) x(t)<y(t) for t<T,

(i) lim u(x()=0, 1)=u,
t—-T-0

lim w(x(r)+0,0)= Lim u(y(t)—0,)=u,,
T—0 t—»T—-0

t>T—

lim . u(y(t)+0,t)=u,.

t—>T—

Proof of Lemma 5.19. We only consider the first case. The second case
can be similarly treated. From our construction, we can draw a genuine
characteristic L, from 4 with speed f'(i1,,), that is,

Ly={(x, t): x=d+ f'(@,)t—=T),0<t<T} (5.51)

is a generalized backward characteristic from (d, T). Let
A= {xy:u(x, T)e (—o0, a,]forall xe (¢, x4) }. (5.52)

Set sup A =e. From our construction method, we can draw a genuine
characteristic L, from (e, T) with speed f’(u(e—0, 1)),

Lo={(x,t)x=e+f'(u(e—0,T))t—T),0<t<T}
If ue—0, T)e[b,, a,), then from Lemma 5.18, we have
(d—c)=(d—e)=pT. (5.53)

If u(e—0,T)¢[b,,a,), then u(e—0,T)<b,. From our construction
method, we can find a point (', T), ¢ <e’ <e, such that u(e’ +0, T)=b, or
u(e' —0, T)=b,. It is easy to see that we can draw a genuine backward
characteristic L, from (e, T) with speed f'(b,). That is,

L.={(x,t):x=e+f(b)(t—T),0<t<T}. (5.54)
Again, using Lemma 5.18, we have
(d—c)=z(d—¢€')zBT.
This completes the proof. Q.E.D.

Now we are in a position to prove Theorem 5.15.
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Proof of Theorem 5.15. Let —co<a<b<oo be fixed. Assume that
f'(u(-, T)) is monotonically increasing in the interval (¢, d)c[a,b]. If
necessary we can divide (c, d) into small intervals. Hence we can assume
that Cy{c, T) and C,(d, T) are of the type in Lemma 5.16 and Lemma 5.17.
There are several cases that we have to consider.

Case A. ty=T,=0. Lemma 5.16 can be applied.

Case B. t,>0, Ty>0, Ty #t,. There must be a type-III shock passing
through (x¢(7%), Ty) and (yy(t), to). Lemma 5.17 can be applied.

Case C. t,=T,>0. In this case, (xo(Ty), To)= (yolto), t;) is an
interaction point of two shocks {u,, v,,} and {u,, u,}. But either u,, u,, €
[a,, b,] or u,,, u,€[b,,a,]. As remarked after the proof of Lemma 5.17,
Lemma 5.17 can be applied.

Case D. t,=T,>0. In this case, (xo(7Ty), To)=(yolto), o) 15 an
interaction point of two shocks {u,, u,,} and {u,,, u,}. But u,e(a,, a,) or
u,€(a,, a).

Let
= {(c, d) = (a, b): f'(u(-T)) is increasing in (¢, d), (d—¢)
is sufficiently small, and (c, d)’s are disjoint },

I = {(c, d)el: (¢, d)e Case A, Case B, or Case C,
(¢, d)e Case D with t,= T, < T2},

HI={(c,d)el: (c,d)eCase D with t, =T, > T/2}.

Now across a discontinuity of f'(u(-, T)), f'(u(-, T')) is decreasing. Hence
we have

VA (u(-, T)); [a, b])
Y [f'(wd—0,T))—f(u(c+0, T))]

(c.d)el

<Z+'Z)UWM0TDfHHﬂﬂH (5.55)

(c,d)ell (¢,d)elll
Now we can apply Lemmas 5.16 and 5.17 to the sum (c, d) eIl but from
t=T/2 to t="T. This gives us

Y [f(u(d—=0,T))— f'(uc+0,1))]

(c.dyell

C[r ?
g'T_Z[E (b—a)+ V(%) ] (5.56)
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For the sum (c, d)elll, we first note that we can combine those (¢, d)’s
such that they have the same termination point. Hence we can assume that
for (¢, dys in III, they have different termination points. From Lemmas
5.18 and 5.19, we know that the total number of (¢, d)’s in III is bounded

- (210 6)

gT

It is also easy to see that for (c,d)elll, [ f'(u(d—0,1))— f'(u(c+0, T))]
is bounded by

(5.57)

max{[f"(b,)— f'(62)], [f'(61) = f"(b2)]} (5.58)

where b, € [b;,a,], b, € [a,, b,], ((52)*)* =b,, and ((51)*)* =b,.
Combining (5.55), (5.56), (5.57), and (5.58) we finally have (5.34). This
completes the proof of Theorem 5.15. Q.ED.

Finally, we point out that Theorems 4.9 and 4.13 with the f satisfying
assumptions (A) and (B) are still valid. The proofs are similar to those of
Theorems 4.9 and 4.13. We omit all the statements and details of proofs.

6. DISCUSSION

For general totally nonlinear f, the solutions can be much more com-
plicated. But from our analysis, we can see that Theorems 4.9 and 4.13 are
still valid.
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