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ABSTRACT

The thesis presents a study on,Lamb waves excited by the interdigital transducers
deposited on piezoelectric ceramic plates: in thickness mode and thickness shear mode.
The Lamb wave response in frequency .and time domains are evaluated numerically.
Based on the approach provided-by Engan<(1969) on electric field from a surface wave
interdigital transducer with small piezoelectric coupling assumption, the electric field
induced by the interdigital transducer on piezoelectric plates is solved and expressed in a
series with the coefficients containing Legendre functions. The approximate electric
potential on surface is employed as the continuous boundary conditions to evaluate the
Lamb wave response generated in the piezoelectric plates. Computation of the frequency
response of Lamb waves from interdigital transducer is carried out through a one-
dimensional wave number integration using a modified Clenshaw-Curits numerical scheme.
The time domain responses are calculated from frequency responses through the inverse
fast Fourier transform. The S, mode excited by interdigital transducer has response as
large as the A, mode in piezoelectric plate of thickness mode. It is seldom found in the
plate excited by time-variation of surface traction. The Lamb wave responses due to

different numbers and widths of surface interdigital transducers are also investigated.
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1.1

1880
(Pierre Curie and Jacques Curie)
1916 (sonar)

(structural health monitoring, SHM)

(inter-digital
transducer, IDT)

1-1

(thickness mode) (thickness shear mode) 1-1
P



1.2

1916 Lamb [1] (isotropic)

Synge [2] 1957 (anisotropic)

Nayfeh  Chimenti [3] 1989
(orthotropic) (transversely isotropic)
(cubic)
(decoupled)
1980 1990

Joshi  White [4] 1969

(pitch) IDT
Engan [5]
(Legendre)
[4-5] (dual series)
Parton et al [6] 1994 (dual integral)

(normalized)

(stress intensity factor)



1991  Jin  Joshi [7-8]

Sun et al [10]

X-cut 128°Y-X cut
(Green’s function)
Rose et al [9] 1998

(electromechanical coupling factor)

2003  Jinetal [11]

(normal mode expansion)

(wavenumber integral)

(spline)
Clenshaw-Curits

Clenshaw-Curits

Fourier transform, FFT)

1.3

IDT (host plate)
IDT
IDT
(reciprocal theorem)
exp(ikx)
Dravinski  Mossessian [12] 1988
Clenshaw-Curits Gauss

(improper integration)
1992 Lih  Mal [13]

(fast

(short circuit)



(open circuit)




Engan [5]

2.1

[14]

(reverse piezoelectric effect)

[14] X

(ZnO)

2.2

_E _
Tij _Cijlekl ekijEk

_ N
D, =e,S, +&,E,

1

(direct piezoelectric effect)

2-1

(LiNbOy) (PZT)

(piezoelectric constitutive equations) [16]

(2.1)

(2.2)



T; Skl

y

(stiffness constants)

(dielectric constants)

(electric displacement)

u;

1
Sy = E (uk,l + “z,k)

E _ ~E _ ~E
Czjkl = Cjikl = Cijlk

c. =Cs

ijkl Klij
\Voigt

p,q=1~3 T,->T,

E S

E S
Ciw €y &

(piezoelectric stress constants)

(electric field) D,
Vim C/m?®

(electric potential) ¢

(),

(tensor)“'E:. D,

1

(strain energy density)

E E

(2.3)

(2.4)

(2.5)
(2.6)
2.7)
(2.8)

(2.9a)

(2.9b)

k=

k=l q=4~6

S/d - Sq



25, — 5, 21 18 6

[17] (2.1)
2.2)
_ E
T, =CES, —eE (2.10)
D, =e,S, +¢,E, (2.11)
(2.10) (2.11) 9x9
L Cﬁ ClEZ Clg Cli C1E5 lea —€y; T€y —€3 Si
T, ClEz sz Cfa C2E4 Cfs Czbga —€p T€p —€3p S
I Cis Cp Cy Cy Ci Ci —ey —ey —ey||Ss (2 12)
T, C]fl Ci C3E4 C4€1 Cﬁ; C4Ee —€y Ty —ey Sy
Iy o= les Cfs C3E5 Cfs CsEs CS% —e5 —e€p —exp 155
Ty Cl% Cz‘% Cs‘% Cfe CSEG the €5 —€x —ep ||Se
D, €1 €p €3 €y €5 €5 81S1 81S2 8133 E,
D, €y €y € €y €l €5 81S2 ng 853 E,
D, | €31 €3 €33 €. €35 g Sfa 853 853 11Es
- - 6x6
3x3 (transpose matrix)
3x6  6x3
PZT PZT
PZT (polarization) P Z
2-2(a) .
CE ¢t ct 0 0 0 0 0 -—ey]
Cf; Clbi Cé 0 0 0 0 0 —ey
Cli Cli Cé 0 0 0 0 0 — ey,
0 0 0 Cﬁ 0 0 0 —e 0
p ) (2.13)
0 0 0 0o ¢, O € 0 0
0 0 0 0 0 Cé% 0 0 0
0 0 0 0 e 0 afl 0 0
0 0 0 e 0 0 0 SlSl 0
(e ey ey O 0 0 0 0 €3 |




2-2(b)

Cy C5 Ci 0 0 0 -e,
C1E3 Clb; Clg 0 0 0 €3
C, Cc) c: 0 0 0 -e
0 0 0 c. 0 0 O
0o 0 0 0 cC, 0 ©
0O 0 0 0 0 cC, O
633 eSl eSl 0 0 O 8;3;3
0 0 0 0 0 e O
0 0 0 0 ¢ 0 O
A
2
2.3
L al (Osa<1)
(9ap)
(thickness mode)
+V, 2-3(a) I.
(thickness shear mode) 2-3(b)
Engan [5]
mechanical coupling)
(2.11)
B.
(homogeneous)

PZT - -
0 0|
0 0
0 0
0 0
0 -es (2.14)
€15
0 0
g, O
0 e |

PZT-5A [15]

h N
x, €[-LI12,L12] x5€[0,Ah]
l.
VO

A. (electro-

X7 X7



D =¢’E, (2.15)

(electrostatic equation)

D, =0 (2.16)
mzd),n +¢ 4 =0 (2.17)
m’ :851/853( ) m’ :853/851( ) 2-4
() E x =0,

(i) x =+L/2 E=0

- ( )
(il)  xy=h, {q) 0
Dy =0 ( )
(V) x. -0 D;=0, |x|<Ll=a)/2 (2.18)
U E =0, L(-a)/2<|x|<Ll2
|x1|<L(1—a)/2 L(l—a)/2<|x1|<L/2
E, =0
2.3.1
(time harmonic factor) e ™
(separation of variables)
0(xy,x3,2) = X(Xl)Z(Xs)e_iw (2.19)
(2.19)

(2.17)



1d*°X 1 d°Z
v .2 T 7 =0
X dx; m°Z dx

X(x)  Z(x3) X X3
(arbitrary constants)

1d°X _ g
X dx! *
1 d°Z
2 2 =—k;
m°Z dx;
KK (2.21)
kZ+k?=0
k? =—k? =k’
S X (x) 2 Z(xg)
X(x1)
Xy +kX=0

Z 5 —m*hiZ =0
X(x,)
X(x,) = A4, cos(k,x,) + A, sin(k,x,)
X, (x,) =~k A, sin(k,x,) + k, A, cos(k,x,)
(1) X 1(x) x =0
X (xL/2)=k,A,cos(k,L/2)=0

k,#0 k,

1

cos(k,L/2)=0

10

(2.20)

(2.20)

(2.20)

(2.21a)

(2.21b)

(2.22)

(2.23)

(2.21) (2.23)

(2.24a)

(2.24b)

(2.25a)
(2.25b)
(ii)

(2.26)



_ 2n+mn

k, 7

Z(x3)

Z(x,) = B, cosh(mk,x,) + B, sinh(mk, x,)
(iii)

Z(h) = B, cosh(mk,h) + B, sinh(mk,h) =0

(2.29)  (2.28)

Z(x3) = By sinh[mk, (h— x,)]
B, =—B, [cosh(mk,h)

(2.25)-(2.30)

(2.27)

(2.28)

(2.29)

(2.30)

Oy, x5,8) = i L G, sin{wxl}sinh{M (h - xs)} e (2.31)
n=0 1(2n +1) L L
G, =A4,B,(2n+)n/L X (iv)

ZGnsin[(szrl)nx1 cosh{mh}:o, x| <(@-a)Ll2
n=0 L B L

n=0 L L

(Legendre) [18] x,>0

F(E)i P, (cos0)cos(n + l) V=
2 n=0 2

2

Y2 (cosv—cos®) V2, 0<v<0
0, O<v<m

(2.32) (2.33)

(2n+1)mn h

G, sinh[
L

} = BP, [cos (1 - a)]

11

(2.322a)

iGn cos[(zn +hr X, sinh{wh} =0, (L-a)Ll2<|x|<L/2  (2.32b)

(2.33)

(2.34)



B 0<x,<L@-a)l2

do(x,,x,) = 887(I)dxl + §7¢dx3 =—E,dx, — Edx, (2.35)
(iv) 0<x,<L(l-a)l2 E,
L(l-a)/2
O(L(L—a)/2,0)—$(0,0) =— j E,(x,,0)dx, =V, 12 (2.36)
0
(2.31) (2.36)
2 n(2i+1) G, sinh{(zn +Ll)mn h}sin[(zn ;1)75 (- a)} =V,/2 (2.37)

(complementary complete elliptic integral of the

first kind) K'(k,) K(k,) [18]

Pn (Z) _ (Zn)l {Z” _ I’l(l’l—l) Zn—2 3 n(n—l)(n—Z)(n—B) Zn—4 _+“} (238)

2" (n!)? 2(2n-1) 2:4(2n-1)(2n—-3)
K(sin,) = ni{%} sin[(4m +1)a] (2.39)
m=0 m!

(Ejmzlé..(hm_lj:r@ ) (2.40)

[18]

K'(k;) = K (k3) = K(y1-k3) (2.41)

z=c0s(2a) a=mn(l-a)l2 (2.38) (2.39) (2.41)

12



2 p K2 -1)sin{“(2”+1)(1‘“)} _ K'(k,) (2.42)

n=0 (271 +1) 2
(2.42) (2.34)  (2.37)
BLRk) _y 12 (2.43)
271
k, =cos[n(l—a)/2] (2.43) B (2.34)
G =" G (2.44)
L g, )sinh[(zn +Ll)””° h}
(2.31) (2.44)
E,(x,x5,8) = —i G, COS{(Zn +hr xl}sinh{M (h— x3)} e (2.45a)
n=0 L
E;(x;,X5,0) = iMGn sin{(zn +hm xl} cosh{(zn i Dmn (h— x3)} e (2.45b)
n=0 L
[9] (9ap) IDT
a=0.5
>0, ~6(L/20)
n=0 <€, = 10*3 (246)
&(L12,0)
(L/2,0)
2-5 40
2-6 V12
n 2-7

2-8 2-9

13



2-9

2-10
G, G,
2.3.2
x, €[-L12,L12] x; €[0,A]
m=(eqle,)"” x x, X(x)  Z(xs) (2.25a)
(2.283)  x,=h (iv)
Z(x;) = B, cosh[mk, (h— x;)] (2.47)

B, =—-B, Isinh(mk,h)

Oy, x5,2) = i#Gn sin[Mxl}cosh{M (h —x3)}e""’” (2.48)
n=0 1(2n +1) L L

(iv) (2.32) (dual series)

iGn sin {(2’7 +r xl}sinh{(zn +mz h} =0, |x|<Ll-a)/2 (2.49a)
n=0 L L

iGn cos{(zn ) xl}cosh{(zn +L)mr h} =0, Ll-a)l2<|x|<L/i2  (2.49D)
n=0 L L

Gl’l

N R A ¢

n

(2n+1)mn P
L

(2.50)
L K'(k,) cosh[ }



E (x,x5,0)==)_G, cos{

n=0

(2n+1)n xl} Cosh{(zn +Dmn e xg)} i
L

L

n=0

Ey(ryx5.0) = Y mG, sin{(zn Dz xl}sinh{M (h —xg)}eiw
L

2-11 2-12
40

2-14(a)

30

(2-45) (2-51)
x,=xL12+tnL

(@)

I
o

X3

x, =0

(d)

() 0<x,<h
x,=tn L E,=0
El

2-9 2-12

xel-L12,L12]
h=1lmm L=1mm N=19

(”1

L

2-13 G

2-14

(Gibbs phenomenon)
2-15

40

:0,1,2...)
E =0 (b)E,
x;=0

x, =xnL

iy

19 (

15

(2.51a)

(2.51b)



xle[A,B]
B 2-16  2-17
x, €[-9.5,9.5]

Joshi ~ White [4]
(2.31) (2.48)
2-18
A=2L=2(mm) k =m(1/mm)

16



3.1

X, X, o0lox, =0
( ) ( )
3-1 (short circuit) (open
circuit)
3.1.1
PZT
[16] X
(time harmonic factor) e ™
u, (%, X5,1) = A L i=1 3 (3.13)
(I)(x]_ ’ -x3 ’ l) = A4e[(k"1+9’CB_(*’t) = Z’t4 (xl ’ x3 ’ t)
(3.1b)
k¢ X, X, (wave number) k=ws, ¢=om A4
1 (O}
T, , +pF, = pi, (3.2)
D,, =0 (3.3)
pF, (body force)

17



(31)  (3.2-(33) 4 A A4,
(Christoffel equations)

2¢=0 (3-4)

[ = a8y +a,m” -1
[s = (a3 + ag)sim
[y = (bis +by)sm
Tgq = dyys; +azM° —1
Iy = 15512 +b33n2

r,= _dllslz - d33112

s, =1lc s, 7 (slowness)  x,  x, c
apq:cpq/p bpq:epq/p dquSpq/p
(3.4)

Iy Ty Ty
Iy Ty Ig)=0 (3.5)
L, Ty Ty

N

(3.5) n’
Bn®+Bn*+B,n*+B,=0 (3.6)

B, ~ B, C
Im(n,)>0 /=123 (P o PO o
X3 (down-going waves) X3
(up-going waves) (3.4) A5 A
A; C

18



(3.4)

[y = dgsy +a,m’ -1
3 = (a3 +a4)sm
[y =bgsy +bygn’

Ty = a8y +a;m° —1
Iy = (b15 + b31)sm
[y = —dgs; —dyn’

n
C
3.1.2
h
(3.1)
uy (xy, x3,1) = zplj J [COS(Q x3) isin(g;, xs)] ) (3.7)
1
y 50, 0) = 37 p3, T [oos(c ) £ i) e (3.8)
__1
uy (xy,x5,1) = ZP4, j [COS(G X3) T isin(g; x3)] Hy—ot) (3.9)
Jj=1
+ +¢, —g 3-2
(symmetric waves extensional waves)
(anti-symmetric waves flexural waves)
(3.7)~(3.9)

19



1)

i (ko —wt)

3
u, = Z pijj COSG,X,e
=)

i(kxy—wt)

3
—_— o + 1
U, = zZpsij SING . x,e
=
i(kx;—ot)

3
u, =iy, p;,B,sing x.e
=)

(@)

3
. + H i(kxy—oot)
u, =i E py;D;sing x,e™
j=1

3
Uy = Y py, D, C0SG x e
j=1

3
u, = ijij COSG ,X,e
=1

B =C'+C; D, =C'-C;

[16]
(1) TS Te=0
(2) Ty=T, =Dy =0
3) T,=T,
¢=0
D, =0
By ~B; Dy~ D
0,B,=0
Qi/'Dj =0
0;B,=0
0,D, =
0, 0,
0;

20

on

on

on

on

i(kxy—ot)

i(kx—ot)

Xy =1hl2
Xy =1hl2
Xy =1hl2

(3.10)
(3.12)

(3.12)

(3.13a)
(3.13b)
(3.14a)

(3.14b)

0,



detQ=detQ=0

detQ* = detQ" =0

(3.7)-(3.9)
0,C; =0
(_jf E; 5;
detQ=0
(3.15) (3.16) (3.18) ¢
Uy Ug (3.10)  (3.11)
(1) 2)
3 3 - . kx
Uy = Zp:{ij Ccos gjxgei(kﬂ—wl) T iszij sin ij3€'( 1—0t)
~ =
3-3 3-4
3-3
3.2
2-3

21

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

3-4



xe[-L12L,12]

X, X, 0/ox, =0
u, (x,,x,,1) _1 TLT (k,x,) e dk _1 Tft (k) e e dk (3.20)
i\ 730 27_[:_001‘ 13 271:_601' '
i=1 3 4 i=4 k ¢ (wave vector)
X, X 3.1.1
(1)
X3 = Zps T5=T3 =02 u, =0(x,,2;)
]_15 2173 =0- u, =$(k,ZO) (321&)
X, =2y, I,=T,=u, =0
T,=T,=u, =0 (3.21b)
(2)
X3 = Zy Is=T=0 u,=¢(x,z)
]_15 2173 =0 u, =$(k,20) (322&)
X, =2, I.=T,=D;=0
T,=T,=D,=0 (3.22b)
(3.20) (2.16) (3.2) (3.3) u, (k) ~u, (k)
(3.4)
(3.20)

22



3 . )
Z{pl;c;elg_/(xs Z0) }ez(kxl—wt) dk

Jj=1

1 T - v ig;(z1-x3)
u,.(xl,xg,t):%j +pijcjeg]

C =Cre™™
J J

Ty .
Clor) =7 1=[0n 0,]E 2|1
1y X3) = =
3 3 21 22 0 E— C_
Z’74
621 622 E* 3x3 621 622
(2.10)
_eiQ1(X3—Zo) 0 0
Et = 0 e’ ta70) 0
0 0 ei§3(x3_zo)
_eigl(zlf&) 0 0
E = 0 Pl 0
O 0 eig3(21—x3)
c={c: ¢ c}
(3.21)
0
0
{621 szE} c _ 6(1"20)
QuE Qp ||C 0
0
0
ei€1(21—zo) 0 0
E = 0 e’ (a0 0
0 0 eigg(zl—Zo)

23

(3.23)

- _ - 7ig/zl
¢, =Ce

(3.24)

(3.23)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)



CE~Cf = Ak, x3)

(3.28)

: ALamb (0)! k) (330)
(3.28)
(3.28) (poles) (3.30)
(3.23)
T -
_ E* O
t(k,x5) = YE :[Q21 QZZ]{O E}{C} (3.31)
DS
Q, Q, E* 3x3 (3.31)
Qn Qp (323 (24) (3.22)
0
0
& GueC') ffea o
QuE Qp ||C 0
0
0
C ~C; (3.23)
w(kox) (k)
N=19
u,(k,0)  u,(k,0) 3-5
(singularity) 3-6
3-6

3-5

24



3-6 3-5

0 2MHz
3-5 10(1/mm)
2MHz 10(1/mm)
3-7
u, (k,0) k=0
u,(k,0)
u,(k,0) u,(k,0) 3-8
2 MHz  10(1/mm)
3-9 3-10
u,(k,0)y k=0 u, (k,0)
3-11 3-12
3-11 3-12
4 A, S, 4 .S, 3-6 39 k-0 4,
c>0 S, c £ =(ke)I(2m) k
Cs, > Cy, fSo>fA0 Cs, > Cy, f51>fA1 k—0
f c—> 0 3-11 3-12 4 S
3-13
( )
C )

3-14

25
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4.1

4.1.1
i 2-18 L=1lmm IDT m (1/mm)
k=2nl\ A=2L 3-6 3-9
A, 0.8240 MHz
0.6533 MHz 4-1 0.75-0.85MHz
il 4-2 N=19
4-1 4-2
(Lamb poles) 3-6 3-9
So AO k="olc SO AO
So A,
n (1/mm) 4-1()  k~05
(1/mm) 3-6
A
4.1.2
1(x,,x;,0) = [g(k,x,,0)e™dk =1, +1, (4.1)
g(k,x;) uy (k,x;) g (k,x;)

(oscillation)

27



(pole)

k.
I.(x,,x,,0) = jg(k, x,,0) e " dk
0

I, (x,,x;,0) = Ig_(k,xs,m) e dk
k.

IT
X1
X1
g(k,x,, w)
Lih  Mal [13]
I,(x,,0) = | g, (ko)e™dk
(4.4)
g, (k,o)
2
g, (ko)=Y F k"
m=0
F, m=0,1,2
o O
o, +o, Oo,—0
k= 5 2 + 22 LE=A + A&
(4.4)

1) = [2, (G oK e de

28

4-3

k=0 (4.1)

(4.2)

(4.3)

(4.1)

(4.4)

(4.6)

(4.7)



2. (ho)=g,(E0) K=d4e* X=dux

JCOR WA (48)
fo L f, &(ko) 4-4(a)
£--101 k=a,, (o, +a,)/2 0,

g (a,0)=fi-fit/=8 (4.99)
7 (0, +0,)/2.0) = f, = g, (4.9b)
g, (0,,0)=fo+fi+ [, =g, (4.9¢)
fo=8, (4.10a)
= (2,-g)/2 (4.10b)
f,=(g:+g)2-g, (4.10c)
@.7)

I.(x,0) = KZZ;) s (4.11)

1

I, =[g"e™ dt

2sin X
0 = X ]

I 1, =11, —2cosX]§ I =1, +i%11

4-4(b)

29



2
(n) _ (n+1)
J, Z‘{Jm

‘ J(;) < gerror
(4.12) J
4.1.3
o
N=19
x, =3L,) €

(4.12)
Serror
(field point)
g ( 1/mm)
€
€
4-5
6 (
us

=107 (1/mm) &£=10"(1/mm)

e=10""(1/mm)
(2/mm)

4-5

e=10"(1/mm)

085 115 1.6 MHz

e=10"°
£=10"(1/mm)
2 MHz
1 mm
k=mn (1/mm) 3-6

30



k=mn (1/mm)

4.2

4.2.1

fi0)= %{1_ COS[M}}

4-7 t, =10ps
1.214 s
4.2.2
(4.13)
(IFFT)
2MHz

(time interval)

0.06068us  0.07653us 2048

085 1.15 1.6 MHz

4-5
us
3-9
Ay, So A
(Hanning function)
f,<t<ty+1 (4.13)
1=1.214us
1.531 us
(FFT)
(convolution)
(window function) dc

(sampling time)
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S !J\ 3 :
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S S
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Phase velocity (mm/us)  Phase velocity (mm/us)
number of

electrodes mm/ s from simulation from dispersion curves
A Sy A S
N=19 Thickness mode 1.58 2.25 1.65 2.33
Thickness shear 1.62 NA 1.31 2.72
_ Thickness mode 1.56 2.25 1.65 2.33
- Thickness shear 1.53 2.81 1.31 2.72

NA Not Available
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