
PHYSICAL REVIEW C VOLUME 30, NUMBER 4 OCTOBER 1984
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Effective interacting boson approximation Hamiltonians are used to describe the energy spectra of
even-even nuclei for N =88 and %=90 isotones. For each N, a single effective interacting boson
approximation Hamiltonian reproduced energy levels very well. A unified E2 transition operator is
searched to reproduce the observed B(E2) values. The quadrupole moments of the first 2+ level
and the two-proton separation energy in each case are calculated. Satisfactory agreements are ob-
tained.

I. INTRODUCTION

The interacting boson approximation (IBA), initially in-
troduced by Arima and Iachello, ' has been rather suc-
cessful in describing the collective properties of several
medium and heavy nuclei. In the first approximation,
only pairs with angular momentum L =0 (called s boson)
and L =2 (called d boson) are considered. This model
has associated with it an inherent group structure. In
spite of its simplicity, it is capable of providing a beauti-
ful theoretical explanation of the observed spectra exhibit-
ed by many nuclei.

In recent years, several systematic studies ' of even-
even nuclei have been performed within the framework of
the IBA model. A phenomenological analysis' for even
Sm isotopes used a mass dependent boson Hamiltonian
and a unified effective charge to reproduce the low-lying
spectra and the intra-ground band 8 (E2) behavior of the
chain of even Sm isotopes. On the contrary, Castanos
et al. ' showed the possibility of providing accurate fits
to the low-lying spectra of series of even-even heavy iso-
topes without any explicit boson number dependence in
the Hamiltonian. A more recent work' found that it

would seem to be unlikely to obtain a unified Hamiltonian
as well as a unified E2 transition operator in passing
from the SU(5) limit to the SU(3) limit, at least within the
IBA-I model, where one does not distinguish neutron bo-
sons from proton bosons. Since all of these previous
works are performed for a series of isotopes, it is interest-
ing to see what the result is of a study of a series of iso-
tones.

The purpose of this work is twofold. First we want to
present systematic calculations of the N =88 and 90 iso-
tones within the framework of the IBA model. Second,
and most importantly, we want to investigate whether it is
possible to have a unified Hamiltonian and an E2 transi-
tion operator for the isotones which have spectra inter-
mediate between the SU(5) limit and the SU(3) limit.

II. THE MODEL

For both the N =88 and N =90 isotone series, the
closed shell at Z =50 and %=82 is taken to be inert.
Extra core nucleons are treated as active bosons. The
two-body effective Hamiltonians between bosons can have
at least two forms':

II=6@($ 's)+ed(dt d)+ Q —,(2L + I )'"cL [[dt&(dt]'~'X [d )&d]' 'I'
L =0,2,4

U I[dt&&dt]' '&&[d&&sg' '+[dt&&st]' '~[d&&d]' 'I' '
21/2

+ (
U I [dtxdt](o)/ [g /gg(&)+[st/g't](&)X [d )(d](&)I(&)

+u, [dI&t&s ]"t'X[d&&s]"'J' '+ —,'uoI[st)&st]' '&&[s)&s]"'J' ', (2.1)
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TABLE I. Parameters of the IBA Hamiltonian, in MeV.

1V =88
X=90

0.239
0.077

Cp

—0.161
0.025

C2

0.107
—0.040

C4

0.061
0.062

Qp

0.0
0.0

0.039
0.086

0.002
—0.077

—0.063
—0.122

where

+03(T3 T3)+a4(Tg. T4) (2.2)

nd ——(dt d),
P= —,

' (d.d) ——,
' (s.s),

I.=v 10[d'xd]'",
Q=[dtxs+stxd]' ' ——,

' v 7[dtxd]'~',

T, =[d'xd]'",
r, =[d'xd]"'.

where e, and e~ are the single-boson energies, and cl, UL,
and uLdescribe the two-boson interaction. Also,

H =E 'nd+ao(P .P)+a i(L.L)+a2(Q Q)

A least squares search for the nine parameters in Eq.
(2.1) and one for the six parameters in Eq. (2.2) are carried
out to fit the observed energy spectra. All levels with reli-
able spin assignments are included up to the point that the
first level with an uncertain spin assignment appears. A
total of 68 levels for N =88 isotones and 85 levels for
3V =90 isotones are included in the actual calculations.

In fitting the energy spectra of N =88 isotones, we first
determine the six parameters of H' that best reproduce
the ground state (g.s.) band excitations. This set is in turn
used as an initial set for fitting all the energy levels. The
overall rms deviation for the final fit is 116 keV with
the following parameters (in MeV): e"=0.21079,
Qo= —0.00263 Q~ =0.00441 62=0.00323, a3 ——0.04534,
and a4 ——0.02304. We also search for the nine parameters
of H that can fit the energy spectra of N =88 isotones.
The rms deviation of the final best fit is 106 keV. The
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FIG. 1. Experimental and calculated energy spectra for isotones ' Ba„' Ce, ' Nd, "Sm, and ' Gd.
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same procedure is also carried out for N =90 isotones.
The overall rms deviation for 85 levels is 147 keV for H'
and 103 keV for H.

Table I lists the parameters obtained in the final search.
Since we are concerned with excitations only, the effect of
e, can be absorbed in Ed T.herefore we list the single bo-
son energy difference E=Ed —6& instead. The parameter
uo is kept at zero because it can be absorbed into the pa-
rameters e and cz. Besides, our calculation also shows
that the result is rather insensitive to uo. Thus we are left
with seven parameters in reality. The single boson energy
e for N =88 isotones is three times larger than that for
N =90 isotones. This is because the energies of the first
2+ states of N =88 isotones are almost three times higher
than those of N =90 isotones. Since the single boson en-

ergy plays an important role in fitting the energy spectra,
this great difference in E makes the other interaction pa-
rameters differ quite a bit for the two series.

III. ENERGY SPECTRA

Eight even-even isotones with 144 & 3 & 158 and
148&2 &160 are considered for N=88 and N=90,

respectively. We present the results calculated with the
Hamiltonian H for both series of isotones.

A. The 1V =88 isotones

Figure 1 shows the comparison of the experimental and
calculated spectra for lighter mass N =88 isotones. Lev-
els with spin values enclosed in parentheses are not in-
cluded in the least squares fit. In general, the fit is quite
good. The worst fit is the first excited 0+ level at 917
keV of the ' Nd nucleus which yields a discrepancy of
292 keV. For the nucleus ' Sm the asymmetric rotor
model with a different nonaxial parameter (y) has been
employed to explain known individual B(E2) values and
the low lying energy level. Our calculated levels in the
g.s. band agree well with the observed ones, especially the
low lying states with spins 2, 4, and 6. Since we have in-
cluded more high spin states in the calculation, our results
seem to be more reasonable. The excellent agreement of
the high spin states in ' Gd is also very impressive. The
low-lying levels of ' Gd show many similarities to those
of theisotone' Sm. Almosteverylevelwithanassigned
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FIG. 2. Experimental and calculated energy spectra for isotones ' Dy, ' Er, and ' Yb.
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in the N =88 isotone series, the wave functions are more
dispersive for heavier isotones. For levels with the same
spin the wave functions are more concentrated for higher
excitation energy levels, except for small spins like 0, 2,
and 3, for which the higher the excitation, the more
dispersive the wave function.

spin and parity has a partner in ' Sm with an excitation
energy differing less than 100—150 keV from that in
152Gd

Figure 2 lists the calculated levels and their experimen-
tal values for the other three heavier N =88 isotones.
The levels of ' Dy have been studied before ' using the

Nd(' C,xn, y) reaction. Our theoretical predictions for
the energy spectra of ' Dy are consistent with the previ-
ously proposed level scheme. For the ' Er nucleus, the
predictions for energy levels in the g.s., P, and y bands are
in good agreement with the observed ones. A second side
band with odd spin and even parity states up to 21+ in the
nuclei ' Er has been observed previously. ' However,
our calculations (not shown in the figure) cannot repro-
duce these levels reasonably. Earlier works have been
performed to predict the energy levels of ' Er by particle
rotor models. ' These calculations reproduced the g.s.
band well, however, very poor agreement was obtained for
the states with odd spin and even parity.

The wave functions for N =88 isotones show some
regularities. In general, for any nucleus, the wave func-
tions are more dispersive for smaller spin states, and the
wave functions for odd spin states are more concentrated
than those for even spin states. For a particular spin state

B. The N =90 isotones

Figure 3 shows the comparison of the experimental
spectra and their theoretical counterparts for lighter
N =90 isotones. In general, the fitting is quite good, ex-
cept the 3i+ state of the ' Sm nucleus, which is 291 keV
lower than the observed one. The level structure of ' Sm
has been studied with various spectroscopic techniques
using the (a,2ny) reaction. Rotational bands were identi-
fied up to spin 14. These high spin states are reproduced
quite well. Van Isacker et al. ' presented an extended
version of the IBA model to the even-even Gd isotopes.
Besides s and d bosons, they also considered s', d', and g
bosons as elementary building blocks. Even though they
included these complicated refinements, their theoretical
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FIG. 3. Experimental and calculated energy spectra for isotones '448a, '4sCe, '~ Nd, '52sm, and '~4Gd.
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FIG. 4. Experimental and calculated energy spectra for isotones "6Dy, "sEr, and ' Yb.

predictions for the energy levels of the ground, P, and y
bands in ' Gd are almost as good as ours. However, the
second excited E =0+ band and the L =4+ band can
be explained i.n their calculation as arising from the cou-
pling of an s' boson and a g boson.

Figure 4 presents the calculated levels and their experi-
mental counterparts for three other heavier isotones with
N =90. In general, the fitting is consistent with the ob-
served values. High spin states of ' Dy have been identi-
fied by the inverse reaction Mg(' Xe,4n)' Dy. A
super band up to spin 30 and a P band up to spin 26 are
identified. In our model, we have only 12 valence bosons
which can pair to a maximum total spin of 24. For the

Er nucleus, the energy levels are also identified up to
spin 32. We have 13 active bosons for the ' Er nucleus,
which can pair to a maximum spin of only 26. In spite of
the simplification of our model, we are able to predict the
energy spectra with spins up to 26. To inake a full
description of the energy spectra for ' Dy and ' Er, one
has to include the core excitation or higher angular
momentum bosons (e.g., g bosons) in the IBA model.

The wave functions for N =90 isotones are more

dispersive than those for N =88 isotones. Most of the
levels in N =90 isotones possess dominant components
with an intensity of roughly 60%. In general, for levels
with the same spin value, the wave functions are more
dispersive for the levels with lower excitation energies.

IV. E2 transitions and quadrupole moments

In order to investigate how the Hamiltonian reflects
other physical properties of the nuclear system, we em-
ploy the wave functions obtained from the diagonalization
of H to calculate the E2 transitions and quadrupole mo-
ments of 2i+ states.

To be consistent with the analysis of energies, we have
used the more general E2 operator:

T( )=a(dts+std)' '+P(dtd)(

The quadrupole moments for the L+ state are defined as

Q + = [16m.j5(2L + 1)]'~ (LL 20
) LL)(L

~ ~

T' '~ ~L) .
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For 1.=2, we have A. For N =88 isotones

32m

175

1/2
In order to match the experimental 8(E2) values, we

first searched for the suitable values of a which can best
reproduce the observed 8(E2) values within the ground
band. It is found that the values of a for each nucleus

TABLE II. 8(E2) values (in e b ) and their branching ratios in lV =88 nuclei.

Nucleus J;—+Jf Expt.
8(E2) values in e b
This work Previous works

144Ba

146Ce

148Nd

Sm

Gd

154Dy

156Er

'Reference 30.
Reference 31.

'Reference 32.
Reference 33.

'Reference 20.
Reference 34.
Reference 42.

"Reference 35.
'Reference 36.
'Reference 37.

21 ~0]

21~01

21—+01

21—+01

41—+21
41—+22
22~01
23—+01
22 +21
23 +21

22~01/21
22~41/2
31—+21/41
42~21/4
42—+31/22
31~22/21

21—+01
21—+02
41~21
41~22
61—+41
22~21
22~0
22~02
22~02/21
22—+01/21
42~22/41
62~42/61

22~01/21
42—+22/41
62—+42/61

41~21
61~41

0 314'

0 157'

0.258"

0.274'
0 53'
0.0106'
0.0036'
0.0088'
0.27'
0.0387'
0.084'
0.5'
0.29'
0.05'
37'

24+5'

O.33'
0.17+0.04'
0.64'
O.O96'
O.95'
O.077'
O.OO14'

O.21'
( 1.6'

0.021'
6.0+1.5'

4.4+4.8'

0.015'
5.1+0.5'

14+2'

0.33j
0.53'
1.031

0.20

0.24

0.29

0.34
0.54
0.0104
0.006
0.0004
0.54
0.002
0.011
0.015
0.09
0.023
0.10

32.15

0.40
0.072
0.65
0.011
0.79
0.64
0.0072
0.024
0.04
0.011
1.11
2.11

0.011
1.11
2.16

0.52
0.86
1.23

0.454'

0 341'

0.275'
0.51'
0.139'
0.02'
0.02'
0.181'
0.024'
0.11'
0.43'
1 09'
0 056
0.53'
4.34'

0.33~

0.625~

0.62~

0.06g

0.76g

0.164~

0.026g

0.21g

0.33j
0.66'
0.99'

0.41"
0.73
0.18
0.008
0.015
O. 12'
0.029d

0.068d

O.85'
0.54'
0.0054
2.13'

16,8'

0 33"
0 74"
0.69"

O.OO6"

0 009"
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vary from a minimum value of 0.117 for ' Ce to a max-
imum value of 0.184 for ' Ba if we keep the ratio
Pla= —1.323 as used by Scholten et al. ' We adopt an
average value of a=0. 145 for all isotones and vary P to
calculate the B(E2) values including the intra-ground
band and those for cross band transitions. Table II lists
the B(E2) values and their branching ratios for N =88
isotones using a=0. 145 and P= —0.15; Previous calcu-
lations are also included for comparison. In general, our
predictions are quite good in comparison with the ob-
served and other theoretical values, especially for the tran-

sition within the ground band. For the cross band transi-
tions the agreement is also satisfactory.

We also calculated the quadrupole moments for 2i+
states. Only two pieces of experimental data '3 are avail-
able. Our predicted values of Q + yield —0.41 eb for
' sNd and —0.43 eh for ' Sm nuclei, which are much
smaller than the observed values of —1.36 e b and —1.31
e b, respectively. This has to do with the fact that the two
parameters a and P in the quadrupole operator are deter-
mined from fitting the intra-ground band and cross band
B(E2) transitions. Also we have used a unified Hamil-

TABLE III. B(E2) values (in e b ) in % =90 nuclei.

Nucleus

146Ba

148Ce

150Nd

'"Sm

J;—+Jf

21~01

21~01

21~01

21~01
41~21
61—+41
81—+61

Expt.

0.277'

0.445'

053

0.67'
1.017'
1.2d

1.39d

B(E2) values in e 1
This work

0.43

0.52

0.63

0.75
1.00
0.97
0.83

Previous works

0.506'

0.578'

0.673'
0.98'
1 193'
1 373'

154Gd 21—+01
41~21
61~4,

O.773'
1.178

0.87
1.18
1.17

O.773'
O. 11O'

O. 119'

156Dy

4z~2z
6z~4z
8z~6z
10z~8
12z~10z
14z~12z
161—+141

3.798
1.29"
1.42"
1.49"
1.53"
1.56"
1.58"
0 34"

1.01
0.75
1.07
1.01
0.81
0.56
0.27
0.39

158Er

'Reference 30.
bReference 39.
'Reference 32.

'Reference 41.
Reference 18.

~Reference 42.
"Reference 43.
'Reference 37.
'Reference 44.

21~01
41~21
61~41
81—+61
101~81
121—+101
141—+121
161—+141
181~161

0.55'
0.87'
1 14
1.16'
1.12+0.51

& 0.9'-

0.77+0. 18
1.35+0.48j

& 0.6'

1.16
1.59
1.63
1.53
1.35
1.12
0.87
0.61
0.35

0.55'
1.10'
1.65'
2.20'
1.20+0.561

0.8+0.19
1.4+0.35j

& 0.$



30 STRUCTURES OF N =88 AND N =90 ISOTONES IN THE. . . 1307

TABLE IV. Quadrupo1e moments Q + (in eb) for N=90
isotones.

Nucleus Expt.

Q+ in eb
Theo.

Previous workThis work

'"Nd
'"Sm
154G.d

'Reference 45.
Reference 46.

'Reference 47.

—2.0'
—1.67
—1.82'

—1.72
—1.95
—2.19

—1.475'
—1.693b

tonian and E2 operator in the calculation. This is dif-
ferent from the previous calculation, ' where a mass-
dependent interaction is used. A better Q + value can be

obtained by using some larger values of a and p, which of
course will change the results of B(E2).

binding energies, it is more convenient to investigate the
two proton separation energies, which are related to the
binding energies by

S2~ E—~—(Z,N) E—ii(Z —2,N);
the binding energy for a fixed neutron number can be
written as

Eti(Z, N)=E"+A N +B ,'N (—N~ 1)+—Eo(N ),
where N is the number of proton bosons in the valence
shell. The constant E",and A and B are characteris-
tic for each major shell, and Eo is the contribution to the
binding energy due to deformation. Using the above
equations, we calculated the separation energies with

=24.58 MeV and B = —2.05 MeV for N =88 iso-
tones, and 2~=36.76 MeV and B = —2. 1 MeV for
N =90 isotones. Table V lists comparisons of the experi-
mental and calculated separation energies for two protons.
The agreement is excellent.

B. For N =90 isotones

The same procedures have also been applied to the
N =90 isotones. The value of a and of P which can best
reproduce the observed B(E2) values for transitions
within ground and within p bands is 0.226 and —0.240,
respectively. Table III lists the calculated and observed
B(E2) values; other theoretical values are also included
for comparison. We have also calculated the transitions
between different bands; the result is not as satisfactory as
in the case within the same band.

Table IV lists the quadrupole moments for the first 2+
states in the nuclei ' Nd, ' Sm, and ' Gd. The mono-
pole and quadrupole charge distributions of '5 Gd were
investigated recently by muonic atom K and L x-ray
measurements. Our theoretical prediction for Q + of

Gd is in reasonable agreement with that observation.

V. Two-proton separation energy

We have also calculated other properties of the isotone
chains discussed above. Rather than directly discuss the

VI. DISCUSSION AND CONCI. USIONS

In this paper we report effective Hamiltonian IBA cal-
culations for two series of isotones with N =SS and
N =90, respectively. We find that accurate fits to the en-

ergy spectra can be obtained by using an effective Hamil-
tonian without any explicit boson number dependence in
its parameters. Castanos et al. ' have also obtained a sin-
gle effective. IBA Hamiltonian that can accurately repro-
duce the spectra of a whole series of isotopes. Table VI
lists the renormalized parameters e and c~ given by

1e=e uo(N —1)+— u2(N —1),
5

2
CI =CI +Qp — ~ Q2v'5

The columns labeled IBA contain the parameters from the
calculation of Castanos et al. The columns labeled IBM
contain the parameters projected from the IBM calcula-
tion '3 of the Sm isotopes. The parameters e and c2 are
similar, but our c4 is smaller. Our result for co is more

TABLE V. Two-proton separation energies for X =88 (A =24.58 MeV, 8 = —2.05 MeV) and for
N =90 ( A =36.76 MeV, 8 = —2. 11 MeV).

N =88
144B

146Ce

148Nd

'"Sm
152~d
154Dy
156Er
158~

S2(N ) (MeV)
Theo.

20.46
18.40
16.34
14.24
12.23
10.)8
8.13
6.07

Expt.

20.56
18.22
16.23
14.22
12.23
10.27
8.12
5.86

148Ce

150Nd

'"Sm
1540.d
156Dy
1s8Er
' Yb

Sq(N ) (MeV)
Theo.

19.80
17.68
15.55
13.43
11.32
9.06
7.06

Expt.

19.S3
17.45
15.66
13.52
11.40
9.08
7.10
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TABLE VI. The renormalized parameters e and cL (in MeV) for ' Sm and ' Gd.

Cp C2 C4

This
work IBA IBM

This
work IBA

This This
IBM work IBA IBM work IBA IBM

Sm 0.360 0.345 0.380 —0.196 —0.156 - 0.38 0.072 0.128 0.110 0.026 0.076 0.068
Gd 0.360 0.353 —0.196 —0.160 0.072 0.052 0.026 0.069

attractive than that of IBM. This discrepancy can be
traced to the fact that our IBA fits include more high-
spin levels up to I=16, whereas in IBM calculations only
levels up to I=8 are included. From an earlier least-
squares fit to the Sm isotopes, which only include spins
up to 4+, Castanos et al. have found that the only signifi-
cant change due to high-spin states occurs for co. ' Our
result agrees with their conclusion.

Our calculations show that the energy spectra in
N =88 isotones can be reproduced almost equally well
with either the Hamiltonian H or H'. lt seems to be in
contrast to a previous work, in which the energy spectra
of samarium isotopes can be reproduced well only with
Hamiltonian H. These two results are not contradictory,
since for Sm isotopes, the chain of nuclei is passing from
the SU(5) limit (the lighter isotopes) to the SU(3) limit
(the heavier isotopes). This is very different from the
N =88 isotones, in which all nuclei lie in a region inter-

mediate between the SU(5) and the SU(3) limit. Figure 5
presents low lying levels of g.s. bands for N =88 and
Z =62 nuclei. The level structures for the g.s. band in
N =88 isotones are almost independent of the boson num-
bers. On the contrary, the energies of levels with the same
spin in Z =62 isotopes decrease drastically with increas-
ing mass and become almost constant for heavier isotopes.

We have also calculated E2 transitions for our nuclear
system. For N =88 isotones, it is found that a unified
E2 operator not only can reproduce the transitions within
the ground band, but also reasonably describes the transi-
tions for cross bands. In N =90 isotones, a unified E2
operator is obtained within the ground and P bands. This
is also in contrast to the previous work for Sm isotopes, '

in which a restricted quadrupole operator is used and the
value of a is found to be mass dependent. Again, this has
to do with the fact of variation of nuclear structure within
isotones as discussed in the preceding paragraph.

4 0- 4 0 ~

3.C

N=88

3.0

2. 0
S
Z

1.0

0.0

~ 8
prr

r

4
+

r
~4'

r
4'

+~444- -4 ~ 4
4

~-- -~ ——4---
1

I I I

7 8 9 10 11 12 13

Boson number

2.0
Qi
K

Q

Z=62

4+$ ~

1 l
l

l
\

~8

6+

I I

6 7 8 9 10 11 12 13

Boson number

FIG. 5. .Low-lying level structures of the ground-state band for N =88 and Z =62 nuclei.
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