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Performance Analyses of Cartesian Product Files and
Random Files

C. C. CHANG, M. W. DU, MEMBER, IEEE, AND R. C. T. LEE

Abstract—In this paper, we shall derive two formulas for the aver-
age number of buckets to be examined over all possible partial match
queries for Cartesian product files and random files, respectively. The
superiority of the Cartesian product file is established. A new multi-
key file, called a partition file, is introduced. It is shown that both
Cartesian product files and random files are special cases of partition
files.

Index Terms—Cartesian product files, partial match queries, parti-
tion files, random files.

1. INTRODUCTION

N THIS PAPER, we are concerned with some problem of

designing optimal multiattribute file systems for partial
match queries [1]-[4], [6]-[11]. By a multiattribute file
system, we mean a file system whose records are characterized
by more than one attribute. By partial match queries, we mean
queries of the following form: retrieve all records where 4;; =
a;, »Ai2 =aijy, "',Aij = ai]- and 11;/: i2 F o FE l]

In this paper, we shall limit ourselves to the case where
all possible records are present. Note that every record is
characterized by N-attributes 4, 45, A3, =, Ay. Let the
domain of attribute 4; be denoted as D;. Thus the set of all
possible records is Dy X Dy X = X Dp. In the rest of this
paper, whenever we discuss the partial match problem, we
shall assume that every possible record in this set D; X Dy X
=+ X Dy is present.

We shall assume that every file is divided into buckets. The
problem of multiattribute file design can be explained by
considering the two file systems shown in Tables I and II,
respectively.

In both tables, a query (a, %) denotes a query retrieving
records with the first attribute equal to a and the second
attribute with any value. Similarly, for a 3-attribute file sys-
tem, a query denoted as (*, b, ¢) denotes a query retrieving all
records with A, = b and A3 = ¢ and 4 can be of any value.
The reader can see that the average number of buckets to be
examined, over all possible queries, is two for the file in
Table II and four for that in Table I.

Thus the problem of multiattribute file system design for
partial match queries is as follows: given a set of multiattribute
records, arrange the records into the VB buckets in such a way
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TABLE I
A BAD FILE STRUCTURE
Bucket 1 Bucket 2 Bucket 3 Bucket 4
(a,a) (a,b) (a,c) (a,d)
(b,b) (b,c) (b,d) (b,a)
(c,c) (c,d) (c,a) (c,b)
(d,d) (d,a) (d,b) (d,c)
(a)
Queries Buckets to be examined
(a,*) 1, 2,3, 4
(b, *) 1, 2, 3,4
(c,*) 1, 2,3, 4
(d,*) 1, 2,3, 4
(*,a) 1, 2, 3, 4
(*,b) 1, 2, 3, 4
(*,c) 1, 2, 3, 4
(*,d) 1, 2,3, 4
(b)
TABLE I
A GOOD FILE STRUCTURE
Bucket 1 Bucket 2 Bucket 3 Bucket 4
(a,a) (a,c) (c,a) (c,c)
(a,b) (a,d) (c,b) (c,qd)
(b,a) (b,c) (d,a) (d,c)
(b,b) (b,d) (d,b) (d,d)
()
Queries Buckets to be examined
(a,*) 1, 2
(b, *) 1, 2
(c,*) 3, 4
(d,*) 3, 4
(*,a) 1, 3
(*,b) 1, 3
(*,c) 2, 4
(*,d) 2, 4

(b)

that the average number of buckets to be examined, over all
possible partial match queries, is minimized.

In [12], it was pointed out that the multiattribute file
system design problem as stated above is an NP-complete
problem [5]. Thus it must be considered as a very difficult
problem. However, as shown in [8], in certain restricted case,
we may still have good file systems for partial match queries.

II. CARTESIAN ProDpUCT FILES AND RANDOM FILES

Multiattribute file system design for partial match queries
has been considered by many authors. Rivest [10] suggested
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the string homomorphism hashing (SHH for short) method.
Rothnie and Lozano [11] suggested the multikey hashing
(MKH for short) method. Liou and Yao [9] suggested the
multidimensional directory (MDD for short) method. Lee
and Tseng [7] suggested the multikey sorting (MKS for short)
method. Aho and Ullman [1] explored the problem of design-
ing optimal multiattribute file systems whose probabilities of
an attribute being specified are not equal.

In [8], it was proved that all of those file designing meth-
ods exhibit one common property: records in one bucket
are similar to one another. In [8], it was also pointed out that,
under certain conditions, the file systems designed by using
the SHH, MKH, and MDD methods are all Cartesian product
files. The file system explored by Aho and Ullman [1] is also
a Cartesian product file. Moreover, [3] proposed a new hash
scheme which can be used to produce any arbitrary Cartesian
product file. The Cartesian product files are defined as follows.

Definition: Let there be N attributes 4, A,, -, Ay. Let
the domain of A; be D;. Let each domain D; be divided into
m; subdomains Dyy, Dy, ***, Djy ;- A Cartesian product file
is a file in which the records in each bucket are of the form
DlS] X D2S2 X e X DNSN'

Example 2.1: Let D; = {a, b, c,d} = D,. Let D;; = {a,
b} = D,,. Let Dy, = {c, d} = D,;. Then the following file
is a Cartesian product file:

Bucket 1: Dy, X Dy; ={(a, ), (a.b), (b,a), (b, b)}
Bucket 2: Dy; X Dys ={(a, ¢).(a,d), (b, c), (b,d)}
Bucket 3: D, X Dy ={(c.a), (¢, b). (d. ), (d, b)}
Bucket4: D;, X D,y ={(c, ¢), (c,d), d, ¢), (d, d)}.

The reader can see that the above file system is exactly the
same file system shown in Table 1.

Example 2.2: Let D; = {a, b, ¢, d, e} and D, = {a, b, c,
d}. Let Dy, = {a, b, ¢}, Dy, = {d, e}, Dy; = {a, b}, and
D,, = {c, d}. Then the following file system is a Cartesian
product file system:

Bucket 1: Dy; X Dy; = {(a,4), (a, b), (b,4), (b, b),
(¢, a),(c,b)}

Bucket2: Dy; X Dyy ={(a, ¢), (@, d), (b, ¢), (b,d),
(c.0), (c,d)}

Bucket 3: Dj, X Dyy =1{(d,q),(d, b),(e.a), (e, b)}
Bucket 4: D;, X Dy, ={(d,¢),(d,d), (e, c), (e,d)}.

Note that in this case, the number of records in Bucket 1
is not the same as that in Bucket 3.

The concept of Cartesian product file can also be explained
from the geometry point of view. The file system of Example
2.2 is now depicted in Fig. 1. We may say that the records in
each bucket are highly correlated to one another.

Consider Fig. 2. In this case, we have randomly selected six
records and put them into Bucket 1. Buckets 2, 3, and 4 will
be constructed likewise. In other words, records in each bucket
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d x x X x x
c X X X X X
b X x X x X
a X X x x X
a b c d e

Fig. 1. A Cartesian product file.

b x ® X X X

a x X @ ® X
a b c d e
Fig. 2. A random file.

are selected totally randomly. These kinds of files are called
random files.

In this paper, we shall investigate the performance of
Cartesian product files and the performance of random files.
We shall derive formulas relating to the performances of these
files. We shall then show that Cartesian product files always
perform better than random files. Finally, a general model for
multikey files is shown. Both Cartesian product files and ran-
dom files can be seen as special cases of this general model.

III. THE PERFORMANCE OF CARTESIAN ProDUCT
FiLES AND RANDOM FILES

Let us assume that our records are characterized by N
attributes 41, 4,, -, Ay and the domain of 4; is D;. Let the
number of elements in D; be denoted as d;. Then the number
of records NR is equal to dyd, ** dy. Let NB denote the
number of buckets. Then the bucket size BZ is equal to NR/
NB. We shall assume that BZ is an integer. Let ANB,, and
ANBp denote the expected number of buckets being accessed
over all possible partial match queries in a Cartesian product
file and a random file, respectively.

If a file is a Cartesian product file, for every bucket, records
in this bucket are of the form of Dyg; X Dpg, X ** X Dygy
where Djg; is a subset of D;. Let the domain size of Dys; be
denoted as z;. To simplify our discussion, we shall assume that
zj is the same for every bucket. Note that this is not the case
for the file shown in Example 2.2. In this case, z; = 3 for
Bucket 1 and z; = 2 for Bucket 3. It is much too compli-
cated for our discussion.

For a Cartesian product file, we now ask: what is the num-
ber of queries which need to examine a bucket in the file?
(Note that this answer is true for every bucket in a Cartesian
product file.) The answer is as follows.

1) There are z; + z, + - + zy partial match queries which
involve exactly one attribute.

2) There are z,z, + zy23 + - + zy_zy partial match
queries which involve exactly two attributes.

3) There are 242, *zpy_ 1 + = + 2523 - 2y partial match
queries which involve exactly N — 1 attributes.

Totally, for each bucket in a Cartesian product file, the
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total number of partial match queries which need to examine
this bucket is

zy vz + o tzy
tzyzy tzyzzt oty gz
+...

202y v zy_q + o F 225 2z

In other words, the number of queries which need to ex-

amine this bucket is
N-1
2 \Ezilzfz'"zif
F=v {zipipzfe{z 1222 ]
ip<ip<-<ij
Hence, for all possible queries, the total number of buckets to
be examined is

N-1
j=1 {z,-l,zi2,"~z,~j}6{zl,22,...,ZN}

i1 <ip<-<ij.

Therefore,

NB N—1
ANBep = < > PIETRIRE > (3.1)
Q j=1 {Zil’zi2’mzij}e{zl’22»‘“’ZN}

iy <ig<-<ij

where NQ is the total number of partial match queries.

The total number of partial match queries can be found as
follows.

1) There are d; + d, + - + dp partial match queries
which involve exactly one attribute.

2) There are dd, + dd3 + - + dy_ dy partial match
queries which involve exactly two attributes.

3) There are dyd, - dy_; + - + dads - dy partial
match queries which involve exactly NV — 1 attributes.

Let {d;;, d;,, ", dij} be a subset with j elements chosen
from {d,, d5, -, dy}. In general, there are

E_dildi2 " dy
{dil ,diz,"',d,’i}eidl ydz,""dN}
iy <ip<--<ij

partial match queries which involve exactly j attributes. The
total number of queries

=d; +dy +~+dy

+d1d2 +dld3 + - +dN~1dN

+ d1d2 e dN—l + e+ d2d3 dN

4 ~Edi1di2 dt/
=t {didiydiie{dydy, e dy )
i1<ip<-<ij

=NQ.

Example 3.1: Consider the case where dy = 4,d, = 2,
d3=3,zy=2,zy=1,andz3 = 3.

In this case, the number of buckets (NB) is (d,d,d3)/
(z12223) = (4 X 2 X 3)/(2 X 1 X 3) = 4 and the number of
queries (VQ) is dy + d, + d3 +dyd, +dd;3 +d,ds. There-
fore,

NB
ANBcp =]V_Q(Zl +Z2 +Z3+2122 +le3 +Z2Z3)

4
C442+3+4X2+4X3+2X3

cQR+1+3+2X1+2X3+1X3)
4
=—X 17=1.943.

35

In the following, we shall derive the formula for ANBp .

Let us consider a special partial match query 4; = a;, where
a; € D;. There are dydy * d;_1diyq  dy records satisfying
the condition 4; = a;. Since each record is randomly assigned
to a bucket, the probability that a bucket contains no record
to be searched for this query is CQVR — dd, * d;_1divq
dy, BZ)/C(NR, BZ), where C(M, N) denotes the number of N
combinations out of M objects. In other words, the probability
that a bucket needs to be examined by this particular partial

* match query is

| — CVNR —ddy  d;_1ds, - dy, BZ)/C(NR, BZ).

The expected number of buckets which need to be ex-
amined by this partial match query is NB(1 — C(VR —dd,
d;i_1diry  dy, BZ)/C(NR, BZ)). Note that for all ¢; € D;,
all partial match queries 4; = a; produce the same result:

Z

all partial
match queries

ANBpR = ( the expected number of buckets

to be accessed for a partial match query/the total

number of different partial match queries ) .

Hence

2

all partial
match queries

ANBg = < the expected number of buckets

to be accessed for a partial match query/NQ> .

Let TNB; be the total number of buckets to be accessed
over all partial match queries with j attributes being specified.

2

d,-e{dl,d2,~-~,dN}

1) TNB, = d;* NB+ (1 — C(NR

—dydy " d;_ydjvy ~dy, BZ)/C(NR, BZ))
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z did,
{didjle{d.dy,an}
i<j

2) TNB, =

*NB(1—CWNR—dydy " d;_ydjsy
" dj—1djs1 " dy, BZ)/C(NR, BZ))
3) TNBy
=d,d; ~ dy » NB(1 — C(NR —d, BZ)/C(NR, BZ))
+d,d; - dy * NB(1 — C(NR —d,, BZ)/C(NR, BZ))
e
+d,d, ~dy_, * NB(1— C(NR —dy, BZ)/
C(NR, BZ)).
In general,
TNB; = 2d; d;, ~ d;, * NB * (1— C(NR — NR/d; d;,

Lb]

*dy;, BZ)/CVR, BZ)){d;,, d

i dy)

e{dladZ) .“>dN}i1 <12 < .“<i].

and
N-1
ANBg = 2 TNB,;/NQ
j=1
N—1
- (NB/NQ)< > ) diy
=1 {dilydi2a""dij}€{d1’d2’m’dN}
i1<i2<'“<i]'
*dj, = di(1 = C(VR — NR/dy d;, * d, BZ)|
C(NR,BZ ))> (3.2)
Also,
N-1
ANBR — (NB/NQ) QVQ——< E Zdildiz "'dij
j=1
{dila diz’ ...,dij} e{d13d2, "',dN}
il <i2<"<i]

* C(NR — NR/d; d;, ~ dy, BZ)/C(NR,BZ)))
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N-1
= (NB/NQ) <NQ - < 2 SOVRdy,dy, +dy)

=1

{d;.d;

in> B dl]} E {dl 5 d25 Y dN}

* C(NR —dildiZ
Therefore,

~dy;, BZ)/C(NR, BZ)>>.
ANBg = (NB/NQ)(NQ — (NR/C(NR, BZ))

N-1
. ( 2 = ld;d;, “dy + CNR —d;,dy, -
j=1

sya0))

Hence, given d;, d,, -, dy and NB, we can calculate
ANBr immediately, where NR = d,d, * dy and BZ =
NR/NB.

Example 3.2: Consider the same case of Example 3.1,
where dy = 4,d, = 2,d3 = 3, and NB = 4. We have NR =
dydyd; =4 X 2 X 3 =24 and BZ = NR/NB = 24/4 = 6.
NQ=d1 +d2 +d3 +d1d2 +d1d3 +d2d3 = 35.

ANBg = (NB/NQ) + (NQ — (NR/C(NR, BZ)) - ((1/d,)

* C(NR —d,,BZ)+ (1/dy) - C(NR —d,, BZ)
+(1/d3) « C(NR —d3, BZ) + (1/d,d3)
* C(NR —d,d3,BZ) + (1/d,d3)
* C(NR —dd3,BZ) + (1/d,d,)
- C(VNR — d, d,, BZ)))
= (4/35)(35 — (24/C(24, 6)) - ((1/4)
*((24—4,6)+(1/2)- C24—2,6)
+(1/3)« C(24—3,6) + (1/(2 X 3)) - C(24 — 6.6)
+(1/(4 X 3)) - C(24—12,6) + (1/(4 X 2))
+ ((24—8,6)))
= (4/35) X (35— 3.087) = (4/35) X 31.913
=127.652/35 = 3.6472.

Compare the results of Examples 3.1 and 3.2. We have
ANBcp < ANBpg in the same case.

Now we are interested in whether the value of ANBcp
is always less than that of ANBgr. The following theorem
shows that it is indeed the case.

Theorem 3.1: Let there be /V attributes where the domain

of each attribute is d;. Let the number of buckets be NVB. Let
the Cartesian product file partition each D; into m; subdo-
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mains. That is, d; = m;z;. Then ANBcp < ANBg if m; = 2 Since the partition file concept is quite similar to the ran-
and z; > 2 for all i = 1, 2, -, N. (The proof of this theorem dom file concept, it is not difficult to use the reasoning proc-

is quite long and can be found in the Appendix.) ess used in the later part of Section 3 to derive a formula for

The condition m; > 2 and z; > 2 for all i = 1, 2, -, N is the average number of buckets to be examined over all pos-
sufficient, but not necessary. Consider the following case: sible partial match queries in a partition file.

d, =2, Let there be N attributes and let d; = myz; foralli =1,

2, -+, N. Let NP denote the total number of partitions. Let

d, =4, NPPB denote the number of partitions per bucket. Let NQ

denote the number of queries. Let NB denote the number of

dy =4, buckets. Let ANBp denote the average number of buckets to

NB =4 be examined of this partition file over all possible partial match
’ queries. Thus,

BZ =ddyd;/NB=(2+4-4)/4=38.

N-1
ANBp = (1/NQ) - d; d;, = d; + NB
NQ =dy +d, +d3+did, +dyds +d,d; or (1O <,§{ R

=2+4+4+8+8+16 {diladi2;“'adij}e{dladZ)“',dN}
=42. {milvmiza."ami]'}e{ml’mZ"”»mN}
Let z; = 2,2z, = 2, and z3 = 2. This means that m; =1, o )
my = 2 and m3 = 2. In this case, ANBcp and ANBg can be iy <ip <<

found to be 1.71 and 2.70, respectively. Thus, ANBcp <

(1 — (C(NP — (NP/m;, - m;.), NPPB
ANBpg . But the above condition is not satisfied. (-« (NE/miy i) y

Note that the cases of m; = 1 or z; = 1 are rather unusual
cases. For instance, if z; = 1 for all i, the Cartesian product C(NP, NFP. B)))> (4.1)
file reduces to a random file. We are working on a new proof
which we hope will cover the cases of m; =1 orz; = 1. where NP = mm, * my and NPPB = NP/NB.

Let us derive the formulas for random files and Cartesian

IV. THE PArTITION FILE—A GENERAL MODEL FOR BOTH product files, respectively.

CARTESIAN PropucT FILES AND RANDOM FILES

) . . Random Files: For random files, z; = 1 and m; = d; for all
In the previous section, we introduced the concept of

i=1,2,, N In this case, NP = mym, - my =dd,

Cartesian product files anq that gf random files. These two dy = NR (the total number of possible records) and NPPB =
concepts seem to be entirely different ones. In fact, the yp /NB = BZ (the bucket size). Thus

formulas concerning with these two concepts bear no resem-

blance to each other at all. ANBr = (1/NQ)

In this section, we shall introduce a new file structure called N
the partition file. This file is interesting because it can be . !
shown that Cartesian product files and random files are special “ diydiy
cases of this partition file. =1 {diy.dy ’“:dij.}e{dl =‘f’2"":dN}

In the partition file, we shall assume that the entire set of A<ip<<ij
dqd,  dpy records are divided into partitions. The partitions « d. +NB-(1—(C(NR — (NR/d d

.. . s d BZ

are constructed as follows: let d; = m;z; foralli=1,2, - N. 7 (1= (NR/d, 'J)’ Y
That is, each domain D is divi_dfad into m; subdivisions Dy, , C(NR, BZ)))
Dy, **, Dy, . and each partition corresponds to a Dyg; X

Dys, X =+ X Dygp- In this file, each partition will be ran-  which is exactly the same as (3.2).
domly assigned to a bucket which means that records within Cartesian Product Files: For Cartesian product files, NPPB =
one partition will stay together; a partition will not be split 1. We therefore have
when it is assigned to a bucket. We shall assume here that this
size of a partition is not larger than the bucket size. ANBcp
Consider the following two extreme cases. N-1
Case 1: In this case, z; = 1 for all i. Since z; = 1, each parti- = —< 2 2d; d;, -~-d,~l. «NB
tion contains only one record. Obviously, the partition file NO\ j=1
thus constructed is a random file because each record will be

randomly assigned to buckets. iy iy, dyh €1dy, dy, o, di}

Case 2: In this case, the partition size is equal to the bucket {m;y,myy, -, mi,-} E{my,my, -, my}
size. This implies that once a partition is assigned to a bucket,
no other partition can occupy this bucket any more. In other i <ip < <j
words, partitions and buckets have a one-to-one correspond-
ence. A partition file thus constructed is obviously a Cartesian -(1—(CwP— (]\/P/mi1 my, - mi’,), 1)/C(NP, 1)))>
product file.



CHANG et al.: CARTESIAN PRODUCT FILES AND RANDOM FILES

93
of random files. Although we have to impose the restriction at
— 2 2d;,d;, di; * NB this moment that each domain must be divided into at least
=1 two subdivisions and each domain must contain more than one
{dll’ iy d;}YE{d,,dy, ~, dy} e'lement, th1§ theorem is still significant be'cause those restric-
tions are quite natural ones. We are working on a new proof
{m; ,my, = mp} €{my, my, ~ my} which we believe will take care of the special cases.
5] 2 j 1
o . We have also proposed a new file structure called parti-
Iy <ip << tion file which is shown to be a general model for both Cartes-
ian product files and random files. That is, both Cartesian
(1 —(PQ1 —(1/m,~1m,-2 m,~/.))/NP))> product files and random files are special cases of partition
files. This model projects new insights into multiattribute file
1 /Nt design and we believe that some new and interesting result
NQ < E Zd,laf,2 d’/ NB/m'l m; > will be obtained by investigating and studying this new model.
APPENDIX
{dyy. diy. d"i} €idy.dy, - dy} PROOF OF THEOREM 3.1
{m;  myy, mi,-} €{my,my. my} Lemma 1: Let r > 2 and s > 2, where both r and s are posi-
f<iy <<, tive integers. Then
NB <N2‘1 > 2r—1
- $z; 2z, 1 r—1
4 1742 Ui 1—— <1-— .
NOA =i < rs > rs—1

{Zi212i29”"Zi"}e{ZI)ZZ)'“’ZN} .
Proof: We shall prove this inequality by induction.
Let

which is exactly the same as (3.1). 1 \er-1 1\3
The fact that random files and Cartesian product files are =2, {1—— =11- —>

special cases of partition files is intriguing. It 'is our feeling s
that the superiority of Cartesian product files can be estab-
lished by considering (4.1) directly.

and

V. CONCLUSIONS r—1 1

1 —_ .
In this paper, we have established the superiority of Cartes- rs—1 25— 1
ian product files by proving a theorem showing that the per-

fomance of Cartesian product files is always better than that Therefore,

1 1\3  25—2 83+6s5—12s2—1
1— —(1—=] = —
2s—1 2s 2s—1 8s3

16s* — 1653 — (165* + 1252 — 2453 — 25 — 853 — 65 + 125> + 1)
- (2s— 1)+ 83

1653 — 2452 + 85— 1
B (2s—1)- 83

8s(2s2 — 35+ 1)— 1
(25— 1)- 83

_ 8s(2s— Ds—1)—1
B (2s—1) - 83

>0, foralls=2.
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Hence In the following, we shall show that
1\*! r-1o . k
I —— <1- orr=2ands=2. -
rs rs—1 k+1)s—1
k+1)s—k 1y k
Suppose 7 = k. The inequality still holds. terls—k ) <1 o I ————>
That is, (k+1)s—1 (k+ 1)s k+1)s—1

_ 2
| \akot . NGV >>
l1—— <1l— for some k =2 ) (k+1)s—1 (k+ 1)s
ks ks —
k+1s—k—1 (k+Ds—k (k+1)s—1>2
andall s >2 okt 1s—1 (k+Ds—1 \ (k+1s
Consider the caser =k + 1 and s = 2:
(k+1s—k—1 (k+Ds—k [(k+1s—1\?
1 \2r-1 1 2k+1 = - ) L+ 1
] —— =(1- k+1)s—1 k+1)—1 ( )s
rs (k+ 1)
=— k+1s—k)—1)—((k+ 1)s—k
_ <l——_1_>2k+1 - <((( =k —=1)—(( )
ks’
k+1)—1 1
(——L — | (k+ 1)s—k)
where (k+ 1)s (k + 1)s—
L k+1 1 (k+1s—1V ) - 1
§=——s>2. (k+ 1)s k+1)s—1
k+1)5)2 —((k+ 1)s—1)?
So B O (Gl it (e _1
((k+ 1)
1 2k+1 1 \2k-1 1\2
<1—————> =<1—~> <__> 1 K+ 15— k) 20+ 1s—1 )
+ ' ' = s —k)r ———5 —
(k+ 1)s ks ks G+ 1 « K+ 15
From (1), we have 1 ((k+1)2s2+k (2k+1)(k+1)s_9
LNRer (k+1s—1 (k + 1%
<1_,§> <= I L @k+ Dk
(k+1)s—1 (k+1)“
Therefore,
~ 1 . (2k+1)>
L \ak+ k1 1 \2 T+ s—1 (k + s
1— <f{1=———] - <1———,
(k+ l)s kS —1 ks COnSider
" 2
=<ks, k>- <1——1,> 2%+ 1
ks — 1 ks e+ 1)
k+1)s—k 1 2
=l— ) |1— Since s = 2,
k+ s —1 k + s
2k+1> 2k+1_ 2k + 1
Ifwe can show (+1)s  2k+1)  2k+2
L k N k+1)s—k 1 1 2 Hence
(k+ 1)s—1 (k+1)—1 (k+1)s 1 \2r—1t _
1——-) <l— holds, whenr==%k+ 1.
then s s—1
_wk__> 1 - 1 2 Therefore,
(k+1s—1 (k + s \erot B
<1———> <1-— forallr=2ands>2
is trivial. rs rs—1
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This is the proof. . QED.
_ Lemma 2: Let A = a-a and B = b+b, where a,d, b, and
b are all positive integers and are all greater than 1. Then
a(C(AB, A)*(b — 1) — C(AB — ab, A)*b) + a(C(AB, A)(b —
1)— C(AB—ab, A)-b) > 0.
Proof: Let

A= a(é(AB,A) «(b—1)—C(AB—ab,A)* b)
+a(C(AB,A)* (b — ‘1) —C(AB —EE,Aj - b)-
A= C(AB,A)(EE+ ab—a—a)
— C(AB—ab, AYab — C(AB — ab, A)ab

B! -
=__(AB-A)!A! (ab+ab—a—a)
(AB—ab)!

(AB — ab)! -
.~ (AB—ab—A)!+ A!

" (AB—ab— A)IA!
1
(AB—A)!AW(AB — ab — A)(AB — ab — A)!
« (AB)! * (AB —ab — A)! * (AB —ab — A)!

« (@b +ab—a—a)— ((AB—ab)! * (AB—A)!
. (AB —ab— A)'ab + (AB —ab)!(AB — A)!
* (AB —ab — A)! + ab))

1
= — c A
(AB — A)!AV(AB — ab — A)(AB — @b — A)!

’

where
A' = (AB)\(AB —ab —A)!(AB —ab — A)\(@b +ab—a—a)

— ((AB — ab)!(AB — A)\(AB —ab — A)'ab
+ (4B —ab)! - (AB— A)!(AB —ab — A)!ab)

= (AB)!(AB—ab — A)(AB —ab — A)!
- (@b +ab —a—a)-((AB—A)!(AB—ab —A)!
* (AB—ab — A)!((AB —ab) * (AB—ab — 1)
~~(AB—ab—A+1)ab+ (AB—abYAB —ab—1)
“(AB—ab—A + 1) + ab))

=(AB—A)/(AB —ab — A)(AB —ab — A4)!
*(A4B-(AB— 1)~ (AB—A+ 1)+ (@b +ab—a—a)
—(AB—ab)AB—ab— 1) (AB—ab—A + 1)
«ab—(AB—ab)AB—ab— 1) (AB—ab—A + 1)

* ab) = (AB — A)!(AB —ab — A)/(AB —ab — A)!+ A",

95
A"=AB-(AB—1)(AB—A+ 1)+ (@b +ab—a—a)
—(AB—abYAB—ab—1) - (AB—ab—A + 1)
«ab—(AB—abYAB—ab— 1) (AB—ab—A + 1)
«ab=ABAB—1) - (AB— A + 1) @b +ab —a —a)
—AB@b —1)AB—ab— 1) (AB—ab—A + 1)
—AB@b—1)AB—ab—1) - (AB—ab—A + 1)
=AB+((AB— 1)~ (AB—A+1)- (@b +ab—a—a)
—(AB—ab—1)(AB—ab—A+ 1)+ @ —1)
—(@B—ab—1)(AB—ab—A+ 1)+ (ab—1))
=AB- A"

and
A" =(AB—1)AB—2) (AB—A + 1)ab +ab—a —a)

—(@AB—ab—1)~ (AB—ab—A+ 1)+ (@ —1)
~AB—ab— 1)~ (AB—ab—A + 1)+ (ab—1).

Now our problem is to show that A" is always positive.
Take

_(AB—ab— 1)(4B—ab—2)~(AB—ab—A+1) <
T MB-1AB—2)(AB—A+1)

and

_(AB—ab— 1Y AB—ab—2)(AB—ab—A+1) <
B (AB—1)(AB—2) ~ (AB—A + 1) '

So
A" =(4B— l)(AB— 2) - (AB—A + 1)@b +ab—a—a)
—(&Z— (4B — 1)(AB—2) - (AB—A + 1)
— (ab—1)B(AB — 1)(AB—2) - (AB—A + 1)
=(AB—1)(AB—12)~ (AB—A+ 1)+ (@b +ab
—a—a)— of@b— 1) —pab — 1))
=(AB—1)AB—2)~(AB—A+ 1)1
where
n=(55+ab—2i—a)—oa@l_)—1)—ﬁ(ab- 1)
=@ —1)+0—a)+@—1)+(—a)
— (@b — 1) —pab — 1)
=(1—a)@ —1)+1—a)+ 1 —p)ab—1+(1—a).
Ifa<1—(z—1)/(@ —1)and <1 — (a — 1)/(ab — 1) simul-

nr

taneously, then 7 is positive and so is A"
Now our problem is again to examine the inequality as
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following:
a—1 a—1
o<l ——= and <1 — .
ab—1 ab—1
Since

_ (AB—ab—1)(AB—ab—2)~ (AB—ab—A+1)
a (AB—1)(AB—2) -~ (AB—A + 1)

<AB—ab AB—ab AB—ab
AB AB AB

ab)A—l < 1 >A—1
e 1—— = 1—_-—_— 5
AB ab

_(AB—ab—1)AB—ab—2)~ (AB—ab—A +1)
- (AB—1)AB—2) ~ (AB—A + 1)

<AB—55 AB—ab AB—ab
AB AB AB

EE A-1 1 A—-1
= 1—— = 1———
< AB < ab

anda,a,b,and b =2, we have 4 > 2z and 4 > 22. So

1\4-1 1 \2a-1
l——=— < (1l—=
ab ab

and
1 A-1 1 2a-1
1—— <({l1—— :
ab ab
Because
a< (1 —=
ab
and
1 A—-1
< (1 —— )
ab
we have
‘ 1 \2a-1
a<< <1—‘::>
ab
and
1 2a—1
< (l1——
g ( ab
By Lemma 1,
1\t a—1
1—= <l——=
ab ab—1
and
1\%! a—1
1—— <1—
ab ab—1
Hence,
a—1
o<l ——=
ab —1
and
p<1—2—1
ab—1

These imply that n is positive and so are A”’, A", A" and
A. QED

Theorem 3.1: Let there be N attributes where the domain
size of each attribute is d;. Let the number of buckets be VB.
Let the Cartesian product file partition each d; into m; sub-
divisions. That is, d; = m;z;. Then ANBcp < ANBg if m; >
2andz;=2foralli=1,2, -, N.

Proof:

ANBg = %Z(NQ — (NR/C(NR, BZ))

N-1
: <E 2(1/d;diy - di)
j=1
{dil’
il <i2 <'<i]
* CWR —d; d;, ~ d;., BZ )>>

di2a Y d},} € {dl ) d2 s T dN}

and
ANBep =7 < ,=21 S22, z,-].>,
{Zi1,2i2, "',Zil-} €{zy,25, 25}
il <i2 < '<1,
where

NR =dd, - dy,BZ =2z " zy,NB=NR/BZ
and

N-1
No= 2 2d;,d;, - dj,
=1

{dil 5 d12 5 d'/} € {dl > d2’ Ty dN}
iy <ipy < <.
Let 6 = ANBgr — ANBcp. We want to show that § > 0:

6—@<N— NR/C(NR, BZ
~ o \\VC— | (WR/CVR, BZ))

N-1
-(E 2(1/dsydy, - dy)
i=1

{dil s diz . dll} € {dl > d2 > dN}
iy <iy < <ij

* C(NR - dildi2 o d,},BZ)>>>

N-1
- 2 zzilziZ "’Z,‘I.
i=1

{zil’ziZ’ "‘)Zij} E{ZI’ZZa ‘“7ZN}

il <i2 <'<il
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N-—1

where

j=1 {zl.l’ziz"“’zl‘/‘}e{z17z2r”.92N}

NR
§'=NQ—| ———
¢ C(VR, BZ) {mil’mizr'"’mif}e{m1’m2,"'mN}
i1<ip<<i
N-1 1

" Zimy myy my— 1)

& 2

j=1 {diy diy d}E{d 1 dy dy ) dyydiy -~ d;;
i1<i2<...<ij
_ 2129 TrZymymy e my
* C(NR -dildiz "'dij’ BZ) Czyzy INT My M, 2124, Zy)
N-1
N-1 . 2 E

_ 2 EZilziz Zi,' {zil»Ziz, -.‘,Zi,‘} j=1 {zil’ziZ’m’zij}e{z1!22""’2N} B
{mil’mi2"-"”’i]‘}€{m1,m1,'~-,mN}

j=1
iy <ig<e<ij

6{21,22, "‘,ZN}il <lz < <i]
1

Zilzi2 zijmilmiz m,]

Let di =2Z;'m;.

’ N-1 *C2qzp  zymymy - My 2z, 2y
b= 2 E ZiyZiy " 2
j=1 {{zil’ziz""’zi]‘}}e{{21’22?"’72N}
MMy mi&{my,my, e my}
1 2 7 C W M. M
i1 <ipg<-<ij i1y ij» 2122 zy)

2129 "t ZNM My My

212y "rzymymy my 5’

smymg, my ) — -
C@yzy - zymymy = my, 2125 zpy) Cz1zy =~ zymymy = my, 212, * zy)

N1 (Qzyzy zymymy My, 212y = zy)

N-1 . >
. 2 E “~ Z1Zy "t ZNM Myt My
j=1 { {zil’zi2’zij}efz}{’227“"zN}
mil’miZ’“"mi]' S m]ymZy"'ymN}
il<i2<"'<i]’ {Zil’ZiZ’ ..'7Zii}€{zla227 Ty ZN}
: {miv My, mij} €{my,my, -, mpy}
ZpZjy v ZpMy My, MG,
1712 UK Wity t . . .
/ / iy <ip <<
.C(ZIZZ Zp MMy My
. zilzi2 "'Zi]. . (milm,-Z vee mi]."— 1)

tZigZip UM My My, 2125 7 Zy) —Czyzy zymymy My 2325 T 2 Mg My

N_1 My 212y "IN 21y Ziy U 2 My My
- E 2z ziy 2y | {2y Ziza"',zij}
=1
Z122 VT Zymgmy My .5

€{zy, 25, zyHy <ipy < < Czyzy wzymymy My, 212y zy)
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where
1

212y ZymyMy My
<N—l E
j=1 {zil,zi2,"',2ii}€{z1,22,"‘,21\1}

[riyam iy yelm mg. iy}
iy <ip <+ <ij

8” —

CINmyMy My, 212y 7 zN )iy Ziy 2

* (milmi2 mi]' - 1)
— 242y zNmyMy My T 2424, T ZiMy My,

wmy, 212 wzy) . Zie 1%y " By

S Mgy T M)

1 e
= )

212, " ZNM My My

and
N-1

> >
=t {zipziyezi}E{z122, 2N
{mil’miz’""mi]'}e{ml’m2y"')mN}
i1<i2<"'<i/'
CINMMy My, 202y "IN Y 2y 2y
s (miymyy my— 1)) = (2425 = zymymy = my
—Zii+1zij+2 ZiNmij+1mii+2 My, Z122 7 Zy)
. Zilzi2 e zij Y milmi2 eee mii

N-1
= E E (zilziz e
=1 {zigige iz )E{z1eg N )
{mil,mi2,"',mi].}€{m1,m2,'-~,mN}
iy <ip <<
2202122 = zymymy My, 2122 7 ZN)

s (miymiy my— 1)

“C(z1zy " zymymy " my — z,-j+ 1Zijen

ziNmij+1mij+2 miN’ Z12 ZN) * milmi2 o ml,)

Let
Biysig,eif) T Figip
and

_ 2123 "IN
Biy,ig, i) =~ ZieZien RN
Ziy%ip T 2

Let

A=1z,2, " zy.

(Azy22

((Czy2,
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Similarly,

= m,-lm,-z tm;.

b(ilin ’""ii) j

mimy = My

Doii i iy =
iy 0n i
(F15i2,7557) miy iy

= mil+lmii+2 .es miN'

and B= mym, = My

Then, 8" can be rewritten as the following:
N-1
8" = 2 Bag, iy ip(CAB, AXbGiy iy iy = 1)
j=1
_C(AB —_E(ll ’,2”11) . b(’1’12”l])’A)
* b(il ,i2,"',ij))'

Since
ll(il i ”,’)(C(AB, A) . (b(il o ’m’il') - 1)
_C(AB —E(iliny"', l]) . b(il,i2,"',i]‘)’A)

. b(il ’i2’"'xij))

and

E(il,iz,“',ii)(C(AB’A) : (E(ilyiz""”'i) —D
—C(AB"a(il,ig,"‘,ii)b(il,i2""’ii)’A)

' E(il ,i2,~--,i,-))

in 6" appears in pair, if we can prove that the value of
B(iy iy i)
(CAB, A)Yb(iy iy, iy — 1) = CAB =iy iy i
* biiy i, i A) biy g i) + 8y iy )
* (C(AB,A) * (b (iy,ig, iy — 1)
— CUAB = 8y iy by iz i A

mnr

17(,-1 02,70) is always positive, then we can conclude 8" >
. By Lemma 2, since 4 = a*a and B = b_'l_7, (a,a,b, bEN
and a, @, b, b > 1) imply a(C(AB, A) (b — 1) — C(4B —
ab, A)*b) + a(C(AB, A)*(b — 1) — C(AB — ab, A)*b) >
0. :
Note that

a(il ’i2’m’ii)’ a(il ,i2,"',ij)’ b(il Jig ’...’il.), b(il i ,"',i,-) eEN

and they are all greater than 1. Let

A = a3y g, i) By in i)
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and
B= biy,in,ip) * b(il,iz,'",i,-)'

We have

A4y g, i CAB, A) * By iy iy — 1)
—CAB— (i, 1y, i) * 5(,-1,,.2,...,,.].),/1)
* by iy eodp) 8y i o) * (CCAB, A)
* @iy igeip — D~ CAB— 0y gy ot
=B e l) b, iz )2 0.

Hence "' >0and soare 8", 8", and 8. We have the proof.
QED
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