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Performance Analyses of Cartesian Product Files and
Random Files

C. C. CHANG, M. W. DU, MEMBER, IEEE, AND R. C. T. LEE

Abstract-In this paper, we shall derive two formulas for the aver- TABLE I
age number of buckets to be examined over all possible partial m'atch A BAD FILE STRUCTURE
queries for Cartesian product files and random files, respectively. The
superiority of the Cartesian product file is established. A new multi- Bucket 1 Bucket 2 Bucket 3 Bucket 4
key file, called a partition file, is introduced. It is shown that both

a ab acaCartesian product files and random files are special cases of partition (ba,a) (b,b) (b,d) (b,ad)
files. (c,c) (c,d) (c,a) (c,b)

(d,d) (d,a) (d,b) (d,c)

Index Terms-Cartesian product files, partial match queries, parti-
tion files, random files. (a)

I. INTRODUCTION Queries Buckets to be examined

N THIS PAPER, we are concerned with some problem of (a,*) 1, 2, 3, 4
Idesigning optimal for partial ~~~~~ ~~~(b,*) 1, 2, 3, 4designing optimal multiattribute file systems for partial (c,*) 1, 2, 3, 4

match queries [1]-[4], [6]-[11]. By a multiattribute file (d,*) 1, 2, 3, 4
system, we mean a file system whose records are characterized (*,b) 1, 2, 3, 4

(*,C) 1, 2, 3, 4by more than one attribute. By partial match queries, we mean (*, d) 1, 2, 3, 4
queries of the following form: retrieve all records where Ai, = - -b-
ail,,A4. = a.2 ,- Aij = aij and ii* i2 ii -- ij. b

In this paper, we shall limit ourselves to the case where
all possible records are present. Note that every record is TABLE II
characterized by N-attributes A1, A2, A3, , AN. Let the A GOOD FILE STRUCTURE
domain of attribute Ai be denoted as Di. Thus the set of all -
possible records is D1 X D2 X ... X DN. In the rest of this Bucket 1 Bucket 2 Bucket 3 Bucket 4
paper, whenever we discuss the partial match problem, we (a,a) (a,c) (c,a) (c,c)
shall assume that every possible record in this set D1 X D2 X (a,b) (a,d) (c,b) (c,d)2 X ~~(b,a) (b,c) (d,a) (d,c)
X DN is present. (b,b) (b,d) (d,b) (d,d)
We shall assume that every file is divided into buckets. The

problem of multiattribute file design can be explained by (a)
considering the two file systems shown in Tables I and II, Queries Buckets to be examined
respectively.

In both tables, a query (a, *) denotes a query retrieving (a,*) 1, 2
(b,*) 1, 2records with the first attribute equal to a and the second (c,*) 3, 4

attribute with any value. Similarly, for a 3-attribute file sys- (d,*) 1, 3
tem, a query denoted -as (*, b, c) denotes a query retrieving all (*,b) 1, 3

(*,C) 2 , 4
records with A2 = b andA 3 = c and A1 can be of any value. (*,d) 2, 4
The reader can see that the average number of buckets to be
examined, over all possible queries, is two for the file in (b)
Table II and four for that in Table I.

Thus the problem of multiattribute file system design for that the average number of buckets to be examined, over all
partial match queries is as follows: given a set of multiattribute possible partial match queries, is minimized.
records, arrange the records into theNB buckets in such a way In [12], it was pointed out that the multiattribute file

system design problem as stated above is an NP-complete
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the string homomorphism hashing (SHH for short) method.
Rothnie and Lozano [11] suggested the multikey hashing d x
(MKH for short) method. Liou and Yao [9] suggested the c x x x x x

multidimensional directory (MDD for short) method. Lee
and Tseng [7] suggested the multikey sorting (MKS for short)
method. Aho and Ullman [1] explored the problem of design- a x x x x x

ing optimal multiattribute file systems whose probabilities of a b c d e
an attribute being specified are not equal. Fig. 1. A Cartesian product file.

In [8], it was proved that all of those file designing meth-
ods exhibit one common property: records in one bucket
are similar to one another. In [8], it was also pointed out that, d 3 x (D x x

under certain conditions, the file systems designed by using
the SHH, MKH, and MDD methods are all Cartesian product c x x x x D
files. The file system explored by Aho and Ullman [1] is also b x 0 x x x

a Cartesian product file. Moreover, [3] proposed a new hash a x x 0 0 x

scheme which can be used to produce any arbitrary Cartesian
product file. The Cartesian product files are defined as follows. a b c d

Definition: Let there be N attributes A 1, A2, , AN. Let Fig. 2. A random file.
the domain of Ai be Di. Let each domain Di be divided into
mi subdomains Di1, Di2, , Dimi. A Cartesian product file are selected totally randomly. These kinds of files are called
is a file in which the records in each bucket are of the form random files.
D15s X D2S2 X ... X DNSN. In this paper, we shall investigate the performance of

Example 2.1: Let D1 = {a, b, c, d} = D2. Let D1 1 = {a, Cartesian product files and the performance of random files.
b} = D2 1. Let D1 2 = {c, d} = D22. Then the following file We shall derive formulas relating to the performances of these
is a Cartesian product file: files. We shall then show that Cartesian product files always

perform better than random files. Finally, a general model for
Bucket 1: D1 1 X D2 1 = {(a, a), (a, b), (b, a), (b, b)} multikey files is shown. Both Cartesian product files and ran-

Bucket 2: DI 1 X D22 = {(a, c), (a, d), (b, c), (b, d)}
dom files can be seen as special cases of this general model.

III. THE PERFORMANCE OF CARTESIAN PRODUCT
Bucket 3: D12 X D21 = {(C, a), (c, b), (d, a), (d, b)} FILES AND RANDOM FILES

Bucket 4: D1 2 X D22 = {(c, c), (c, d), (d, c), (d, d)}. Let us assume that our records are characterized by N
attributes A1, A2, ---, AN and the domain ofAi is Di. Let the

The reader can see that the above file system is exactly the number of elements in Di be denoted as di. Then the number
same file system shown in Table II. of records NR is equal to djd2 .. dN. Let NB denote the

Example 2.2: Let D1 = {a, b, c, d, e} and D2 = {a, b, c, number of buckets. Then the bucket size BZ is equal to NR/
d}. Let D11 = {a, b, c}, D12 = {d, e}, D21 = {a, b}, and NB. We shall assume that BZ is an integer. Let ANBCD and
D22 = {c, d}. Then the following file system is a Cartesian ANBR denote the expected number of buckets being accessed
product file system: over all possible partial match queries in a Cartesian product

file and a random file, respectively.
Bucket 1: D1 1 X D2 1 = {(a, a), (a, b), (b, a), (b, b), If a file is a Cartesian product file, for every bucket, records

(c, a), (c, b)} in this bucket are of the form ofD1s1 X D2S2 X * X DNSN
where D1s1 is a subset of D . Let the domain size of D1si be

Bucket 2: D1 1 X D22 = {(a, c), (a, d), (b, c), (b, d), denoted as z;. To simplify our discussion, we shall assume that
z1 is the same for every bucket. Note that this is not the case

(c, c), (c,d )} for the file shown in Example 2.2. In this case, z1 = 3 for

Bucket3: D12 XD21 ={(d,a),(d,b),(e,a),(e,b)} Bucket 1 and z1 = 2 for Bucket 3. It is much too compli-
cated for our discussion.

Bucket 4: D1 2 X D22 = {(d, c), (d, d), (e, c), (e, d)}- For a Cartesian product file, we now ask: what is the num-
ber of queries which need to examine a bucket in the file?

Note that in this case, the number of records in Bucket 1 (Note that this answer is true for every bucket in a Cartesian
is not the same as that in Bucket 3. product file.) The answer is as follows.

The concept of Cartesian product file can also be explained 1) There are z1 ± Z2 ± -*- ± ZN partial match queries which
from the geometry point of view. The file system of Example involve exactly one attribute.
2.2 is now depicted in Fig. 1. We may say that the records in 2) There are z1z2 ± z1z3 ± ±- ZN- 1ZN partial match
each bucket are highly correlated to one another. queries which involve exactly two attributes.

Consider Fig. 2. In this case, we have randomly selected six 3) There are z1z2 *-ZN- 1 ± + Z2Z3 ZN partial match
records and put them into Bucket 1. Buckets 2, 3, and 4 will queries which involve exactlyN-1 attributes.
be constructed likewise. In other words, records in each bucket Totally, for each bucket in a Cartesian product file, the
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total number of partial match queries which need to examine Example 3.1:. Consider the case where d, = 4, d2 = 2,
this bucket is d3 = 3, z1 = 2, Z2=1, and Z3 = 3.

In this case, the number of buckets (NB) is (dld2d3)/
Zi + Z2 +±" + ZN (ZlZ2Z3) = (4 X 2 X 3)/(2 X 1 X 3) = 4 and the number of

queries (NQ) is d, + d2 + d3 + d1d2 + d1d3 + d2d3. There-
±ZlZ2±+ZlZ3+ *--±+ZN-lIZN fore,

NB
+...2'''ZN_l + ' +Z2z3 ''ZN- ANBcp = (ZI +±Z2 + Z3 +ZIZ2 + Z1Z3 + Z2Z3)+ZlZ2 ZNl±"±.. +Z2Z3 "ZN. ANC NQ

In other words, the number of queries which need to ex- 4
amine this bucket is 4 + 2 + 3 + 4 X 2 + 4 X 3 + 2 X 3

N-1
N ZilZi2 ...Zi* (2 + 1 + 3 + 2 X 1 + 2 X 3 + 1 X 3)

j1 {l i2.j}{Z 1,Z2,XN} 4
i2<i2< <ij =- X 17= 1.943.

35
Hence, for all possible queries, the total number of buckets to
be examined is In the following, we shall derive the formula for ANBR.

N- I
Let us consider a special partial match query Ai = ai, where

NB* t vz z z 0ai E Di. There are did2 diIdi+I dN records satisfying~Zi1Z 2 tj the condition Ai = as. Since each record is randomly assigned
i=I {zilRZi2 ...zijl-{z I ,z2

...

,ZN}/ to a bucket, the probability that a bucket contains no record
il<i2<... <i. to be searched for this query is CNR-d1d2 di- di+.

Therefore, dN, BZ)/C(NR, BZ), where C(M, N) denotes the number ofN
combinations out ofM objects. In other words, the probability

ANBCp NB( Zil i2 . Z
(3.1) that a bucket needs to be examined by this particular partial

NQ\ ~ {i,1,iIezz..N/match query is

il <i2 < "-<ij I1-C(NR-d 1d2 ... di-1di+ 1 .. dN, BZ)!C(NR, BZ).
where NQ is the total number of partial match queries. The expected number of buckets which need to be ex-

The total number of partial match queries can be found as
follows. amined by this partial match query isNB(1-C(NR-dld2

1) There are d1 ± d2 + ±+ dN partial match queries di- di+ I dN, BZ)/C(NR, BZ)). Note that for all ai E- Di,whicheinvole arexactly one attribut all partial match queries Ai = a; produce the same result:which involve exactly one attribute.
2) There are d1d2 + d1d3 + + dN_ 1dN partial match

queries which involve exactly two attributes. ANBR = the expected number of buckets
3) There are d1d2 - dN_1 + ±--+ d2d3 ... dN partial all partial

match queries which involve exactly N - 1 attributes. match queries
Let {di,, di2, , d1,} be a subset with j elements chosen to be accessed for a partial match query/the total

from {dl, d2, *j-, dN}. In general, there are number of different partial match queries

2; did12 d.. /

{dil ,d i2,-*,dij}JEdl,d2, ,dN} Hence
il <i2< .<ij

partial match queries which involve exactly j attributes. The ANBR = ( z the expected number of buckets
total number of queries all partial

match queries
=di±d2±"±dN ~~~~~~~~~~~~tobe accessed for a partial match query/N)).

+±did2 +dd3±+*-±+dN-IdN/

Let TNB1 be the total number of buckets to be accessed
± d1d2 dN_ ± ± d2d3 dN over all partial match queries with j attributes being specified.

N-i

z E~~d11d12 *-dij 1)TNBi,=d'' NB*i(1-(N
il < 2 <--<i

=NQ. -d1d2 --d1_ d1+1 --dN,BZ)/C(NR,BZ))
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2) TNB2 = ddidj -1d
{di,djl}&{d1 ,d2,.--,dN} (NBINQ) NQ

a E{(NR/d11 12 ...d

*NB(1-C(NR-dld. d11di,I... {did *d--d.}C{dl 2d2,dN}
il < i2 < ... < ij

* dj11d+I. dN,BZ)/C(NR,BZ))

*C(NR-dildi2 ..di, BZ)/C(NR, BZ)))
3) TNBN I Therefore,

= d2d3 dN * NB( -C(NR -d1, BZ)/C(NR, BZ)) /
ANBR = (NB/NQ) NQ-(NR/C(NR, BZ))

+ d1d3 dN *NB(l -C(NR-d2, BZ)/C(NR, BZ))

N-1

+ *; E Ildildi2 ..dij - QNR -di,di2..
+ djd2 .. dNlI NB(1-C(NR-dN, BZ)!

dij ,BZ))).

C(NR, BZ))
Hence, given dl, d2, , dN, and NB, we can calculate

In general. ANBR immediately, where NR = dld2 dN and BZ =
NR/NB.

TNBj =di Idi2 dij NB (1 -C(NR -NR/dildi2 Example 3.2: Consider the same case of Example 3.1,
where di = 4, d2 = 2, d3 = 3, and NB = 4. We have NR =

*d ,BZ)/C(NR,BZ)){di d 2. di.} dId2d3 = 4 X 2 X 3 = 24 and BZ =NR/NB= 24/4 = 6.
i2)

NQ=dl +d2 +d3 +d1d2 +dId3 +d2d3 =35
(E{d, Id2,--.,dN}i, < i2 < ...< ij

ANBR = (NB/NQ) * (NQ - (NR/C(NR , BZ)) * ((lId,)
and

*C(NR-d1, BZ) + (l /d2) C(NR-d 2, BZ)
N-i + (lBNd3)* C(NR -d3, BZ) + (I /d2d3)

B1= C(NR -d2d3, BZ) + (1/d, d3)

/N-1 C(NR-d, d3, BZ) + (l/d1d2)
=(NB/NQ) ( ddi, C(NR-d I d2, BZ)))

j= 1 {dil ,di2 ,---,dij}E{dj1,d2,s-- ,dN}
< i2< ...< ij =(4/3 5)(35-(24/C(24, 6)) - ((1/4)

* C(24- 4, 6) + (1/2)* C(24-2,6)
*di2 ... dij(l-C(NR -NR/di,di2 ...dij,BZ)± + (1/3)* C(24 - 3, 6) + (1/(2 X 3)). C(24 - 6.6)

+ (1/(4 X 3))* C(24- 12,6) + (1/(4 X 2))
C(NR, BZ))) (3.2) C(24-8,6)))

Also, (4/35)X (35-3.087)= (4/35)X 31.913

/ N-i = 127.652/35 = 3.6472.
ANBR =(NB/NQ)(NQ!-(z 2di di2 d*- i

\\X ~~~~~~~Compare the results of Examples 3.1 and 3.2. We have
dN}ANBcp <ANBR in the same case .

{dil,dg2,dij}E {d , d2,E dy}Now we are interested in whether the value of ANBcp
is always less than that of ANBR. The following theorem

i1 < i2<-<ij ~~~~~shows that it is indeed the case.
\\ ~~Theorem 3.1. Let there be N attributes where the domain

*C(NR-NR/di1di2 ...dBZ)/C(NR,BZ) )) of each attribute is d1. Let the number of buckets beNB. Let
X 1/ ~~~~theCartesian product file partition each Di into mi subdo-
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mains. That is, di = mizi. Then ANBcp < ANBR if mi > 2 Since the partition file concept is quite similar to the ran-
and zi > 2 for all i = 1, 2, , N. (The proof of this theorem dom file concept, it is not difficult to use the reasoning proc-
is quite long and can be found in the Appendix.) ess used in the later part of Section 3 to derive a formula for

The condition mi > 2 and zi > 2 for all i = 1, 2,-*, N is the average number of buckets to be examined over all pos-
sufficient, but not necessary. Consider the following case: sible partial match queries in a partition file.

d, = 2, Let there be N attributes and let di = mizi for all i = 1,
2, - N. Let NP denote the total number of partitions. Let

d2 = 4, NPPB denote the number of partitions per bucket. Let NQ
denote the number of queries. Let NB denote the number of

d3 = buckets. Let ANBP denote the average number of buckets to

NB =4 be examined of this partition file over all possible partial match
queries. Thus,

BZ = dld2d3/NB = (2 * 4 * 4)/4 = 8. ( N- 1

NQ = d, + d2 + d3 + dld2 + dld3 + d2d3 ANBP = (1/NQ) *. Zdjldi2 dii * NBNQ=di ±2 +3 ± d2 + d3 ±2d3
= 2 + 4 + 4 + 8 + 8 + 16 {di,, di2, , dijld} {dl, d2, , dN}
= 42. {mi4,d12, , Mlj E {mI, M2, MN}

Let z1 = 2, Z2 = 2, and Z3 = 2. This means that ml-1,
M2 = 2 and M3 = 2. In this case, ANBcp and ANBR can be il < i2 < 1<i
found to be 1.71 and 2.70, respectively. Thus, ANBCp < (1-(C(NP-(NP/r1 i.) NPPB)/
ANBR. But the above condition is not satisfied.

Note that the cases of mi = 1 or zi = 1 are rather unusual \
cases. For instance, if zi = 1 for all i, the Cartesian product C(NP, (4.1)
file reduces to a random file. We are working on a new proof
which we hope will cover the cases of mi = 1 or zi = 1. where NP = m 1 M2 ... mN and NPPB = NP/NB.

Let us derive the formulas for random files and Cartesian
IV. THE PARTITION FILE-A GENERAL MODEL FOR BOTH poutfls epciey

CARTESIAN PRODUCT FILES AND RANDOM FILES
In the previous section, we introduced the concept of Random Files: For random files, zi = 1 and mi=di for al) ~~~~~~I= 1, 2, * - N. In this case, NP = m1m2 *-my = d1d2 *

Cartesian product files and that of random files. These two dN = NR (the total number of possible records) andNPPB =
concepts seem to be entirely different ones. In fact, the RN = BZ(the bucket size). Thusr
formulas concerning with these two concepts bear no resem-
blance to each other at all. ANBR = (1/NQ)

In this section, we shall introduce a new file structure called
the partition file. This file is interesting because it can be (N1l
shown that Cartesian product files and random files are special I y di,di2
cases of this partition file. j- I {dil,di2 ---djj}E{d1,d2---,dN}

In the partition file, we shall assume that the entire set of il<i2< ij
did2 -- dN records are divided into partitions. The partitions d1* NB* (1 -(C(NR -(NR/d1*- dij), BZ)/
are constructed as follows: let di = mizi for all i = 1, 2, --,N. - 1
That is, each domain Dj is divided into mj subdivisions Dkil, C(NR, BZ)))
Dki2,D Dkim and each partition corresponds to a D1sl X /
D2S2 X ... X DNSN. In this file, each partition will be ran- which is exactly the same as (3.2).
domly assigned to a bucket which means that records within Cartesian Product Files: For Cartesian product files,NPPB =
one partition will stay together; a partition will not be split 1. We therefore have
when it is assigned to a bucket. We shall assume here that this
size of a partition is not larger than the bucket size. ANBCP

Consider the following two extreme cases. 1 /N- I

Case]1: In this case, z1 = 1 for all i. Since z1 = l, each parti- =-W t 21c11id2 -d..*NB
tion contains only one record. Obviously, the partition file T =
thus constructed is a random file because each record will be {d. , d12, , di } E {d1 , d2, , dN}
randomly assigned to buckets.a

Case 2: In this case, the partition size is equal to the bucket {m11, min2, . in1] e {ml, in2, , inN]
size. This implies that once a partition is assigned to a bucket,
no other partition can occupy this bucket any more. In other 1i < i2 <"**<li
words, partitions and buckets have a one-to-one correspond-
ence. A partition file thus constructed is obviously aCartesian (1-(C(NP- (NP/m11m12 min), 1)/C(NP, 1))))
product file.I
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/N-1 of random files. Although we have to impose the restriction at
-\T t dildi2 dii *NB this moment that each domain must be divided into at leastNQ i= d1 two subdivisions and each domain must contain more than one
{d. , d2, , d1.} E {d1 , d2, *, dN} element, this theorem is still significant because those restric-~di1 Idi2 diji Ez {dl I d2, dNI

tions are quite natural ones. We are working on a new proof
{mi1, mi2, , mij} E {mI,IM2, , MN} which we believe will take care of the special cases.

We have also proposed a new file structure called parti-ill<i2< "< ij tion file which is shown to be a general model for both Cartes-
ian product files and random files. That is, both Cartesian

(1 -(NP(l -(l/miImi2 Mij))INP)) product files and random files are special cases of partition
files. This model projects new insights into multiattribute file

1 /N- l \ design and we believe that some new and interesting result
=- (2 Edild2 .dii * NBmimi2...mij) will be obtained by investigating and studying this new model.
NQ \i= 12

APPENDIX
{d i2,dz2 S v}E{dl,d2, ,dN} PROOF OF THEOREM 3.1
{mi, mi2, , mij}E{m1,m2, ,mN} Lemmna 1: Let r > 2 and s > 2, where both r and s are posi-

tive integers. Then

NB N-12r- I

NQ(; Zili2 r-.Z 1

NQ <1 -<l

NB (N-I(1_ rs - 1

{Zi2,Zi2, , Zij} E {Z1, Z2, ,ZN}
Proof: We shall prove this inequality by induction.

Let

which is exactly the same as (3.1). 1 \2r-1 / 3
The fact that random files and Cartesian product files are r=2, - ) = ( ---

special cases of partition files is intriguing. It 'is our feeling rs / 2s/
that the superiority of Cartesian product files can be estab-
lished by considering (4.1) directly. and

V. CONCLUSIONS r-1 1

In this paper, we have established the superiority of Cartes- rs- 1 2s - 1
ian product files by proving a theorem showing that the per-
fomance of Cartesian product files is always better than that Therefore,

I i\ / l \3 2s-2 8s3+6s-12s2-1

12s-1) 1 2s; 2s-1 8s3

16s4-16s3-(I 6s4 + 12s2 -24s3-2s-8s3-6s + 12s2 + 1)
(2s- ),8s3

16s3-24s2 ± 8s-1

(2Ss-l1) 8s3

8s(2s2-3S + 1)-1
(2s-1)- 8s3

8s(2s-1)(s- 1)-i , fralS>2
(2s-l)* 8s3
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Hence In the following, we shall show that

1 2r-1 r-l k
g1--") s<1- ' forr=2ands>2. 1-
rs ~~rs - 1 (k+ l)s- 1

(k '1-) ____\2 / k \
Suppose r = k. The inequality still holds. > (k+l)s k1-) * l-
That is, (k+ l)s-l (k+ l)s \(k+l)s-l

/ \2k- k- ((ki) -\' l2
(1---) <1-- for somek> 2 (1) kX(k± l)s -k/(k l)s
\ks/ ks - 1

(k+ l)s-k-1 (k + l)s-k (k+ l)s-1 2

andalls.2. (k+l)s-l (k+l)s- \ (k+l)s /
Consider the case r = k + 1 and s > 2:

(k+ I)s-k-1I (k + 1)s-k /(k+l)s- 02

(11)2r- = (1 )2k+1 (k + 1)s- I (k + I)s - (k + 1)s /
rs (k +l1)s1 /

2k+ 1 (((k + )s-k)- I)-((k + I)s-k)
(k±l)s-l 2ks' (k+l1)s-12 1 (+lsk

where (k+ l)s (k+ I)s-1

sk+ls>2. (((k±l)s )) ) 1

So *( (k +1 Is-)s. (k +1)s-(k+l)s-1 )2I
So

1S2 -_1_(k+_ l)s-l_\
((k± l)S)2

(l(kI )2k+1=(i,2k-1.(1,2. .((±lk s1 1

(kl)-12(k +1s-I\(k+ I)s / \ks / ks' /( = a+ 1)s -k)*-k ) i

From (1), we have I (2(k+ l)2S2 +k-(2k+l)(k+l)s

/ 1 \2k-1 k-1 (k±+l)s-l \ (k + 1)2S2

\ ks' ks' -1 1 ( (2k+ l)(k±+l)s_1
(k+ I)s- I (k +1)2S2

Therefore,
I= (2k±+1)

(i )k+1 (k1)I (k+lI)s-lI (k±l)s/

(k(/ I)s ) (ks'- I ks')Cnie k+lsConsider

(ks'-k 1
1- )2k±l I

ks'-lI ks( ( l)s

((k±1)s-k\ (- 1 \
/ \ (kls Sinces>2,

(k+1)s-1( (kk+()s±

(k"k > ((k± l)s-k%\ (1- 1\I2 Hence

\ (k±l)s-1/ \~(k±1l)s-1]/ (k+±1)s/ (l1N2r-1 r- 1
1- § < 1- holds, whenr=k+l1.

then 'l- < -

1- k (1 1 \\2k+1 Thlerefore,

(k+±1)s- 1 \(k±+l)s// 1\2- r1
1-_ <1- forallr.2 ands.2.

is trivial. \ rs/ rs-l
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This is the proof. Q.E.D. A"=AB *(AB-1) (AB-A + 1) (ab + ab-a--a)
Lemma 2: Let A = ada and B = bb, where a, a, b, and

b are all positive integers and are all greater than 1. Then -(AB-ab)(AB-ab-1) (AB-ab-A ± 1)
a(C(AB, A)(b- 1)-C(AB-ab, A)b) + a(C(AB, A)-(b-*-b-(AB-ab)(AB-ab-1)(AB-ab-A ± 1)
1)-C(AB- ib_,A)-b)> 0

Proof: Let ab =AB(AB-1) (AB-A +l)(ab+ ab-a--a)

A=d(C(AB, A) * (b-1)-C(AB-ab, A) * b) -AB(ab-1)(AB-ab-1) (AB-ab-A + 1)

i~~~~~~-AB(ab-I1)(AB-ab-1) ..(AB-aib-A + 1)
+ a(C(AB, A) * (b-1)-C(AB-ab, A) * b) l

-AB - ((AB- 1)*.. (AB-A + 1) (ab+ab-a-a)
A = C(AB, A)(ab + ab -a--a) -(AB-ab-1) (AB-ab-A + 1) * (ab-1)

-C(AB-ab, A iib-C(AB-ab, A)ab -(AB-ab-l) ..(AB-ab - A + 1) * (ab-1))

(AB)! - -AB* A"'
- ~~(db±+ab-ad-a)
(AB -A)!A! and

(AB-ab)! (AB-ab)! b A"' =(AB-1)(AB-2) (AB-A + 1)(ab +±ab-a-a)
- * ab~~~ib- _*ab
(AB-ab -A)!A! (AB-ab A)! A! -(AB-ab-l)(AB-ab-A±l)(ab-1)

1__- -~~~~~~-(AB-ab-- 1) (AB-ab-A + 1) * a-1

(AB-A)!A!(AB-ab-A)!(AB-ab-A)!
* ((AB)! *(AB-ab-A)! *(AB-ab-A)! Now our problem is to show that A"' is always positive.

* (b + ab-a--a)-((AB-ab)! * (AB-A)! Take

*(AB-ab-A)!ab+(AB-ab)!(AB-A)! (AB-ab-1)(AB-ab-2)= (ABabA+1)<1
(AB-ab-A)! - ab)) (AB-1)(AB-2) (AB-A+1)

1
and

(AB-A)!A!(AB-ab-A)!(AB-ab-A)! (AB-ab-1)(AB-ab-2) (AB-ab-A + 1) < 1
(AB-1)(AB-2) (AB-A + 1)

where
So

A' = (AB)!(AB - ab -A)!(AB - ab-A)!(ab + ab -a-a)
A"' =(AB-1)(AB-2) (AB-A + 1)(ab+ ab-a-a)

-((AB-ab)!(AB-A)!(AB-ab-A)!ab
- -~~~~~~~~~~~~-(ab- 1)o(AB-1)(AB-2) ..(AB-A + 1)

+ (AB-ab)! * (AB-A)!(AB-ab-A)!ab)
-(ab-1),B(AB-1)(AB-2) (AB-A + 1)

=(AB)!(AB-ab-A)!(AB-bA)!
=(AB-1)(AB-2) (AB-A + 1) * ((ab + ab

(ab+±ab-a-a)-((AB-A)!(AB-ab -A)! -a-a)-a(ab-1)-,(ab-1))

(AB-ab-A + 1) *ab+(AB-ab)(AB-abb-1)
where

~(AB-ab-A±+1) *ab)) rl=(ab±+ab-a-a)-a(ab-1)-l(ab-1)

= (AB-A(ABAB-ab-A)!(AB-ab-A)! =((ab-l +)(1-a)±(ab- 1)±+(1-a))
* ~~~~~~~~~~~~~~~(AB1(AB-1)).. (AB-A + 1)*(abaaa(b1-(b1

b-(AB-ab)(AB-ab- 1) ~(AB-ab-A + 1) I <1-(a-l1)/(ab- 1)andi,B< 1 -(a-l1)/(ab- 1)simul-
taneously, then r1 is positive and so is A\"'.

* ab)-=(AB-A)!(AB-ab -A)!(AB-adb -A)!- A", Now our problem is again to examine the inequality as
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following: These imply that 7r is positive and so are A"', A", A' and
a-1 a-i A Q.E.D

a<K 1-= and: < 1- Theorem 3.1. Let there be N attributes where the domain
Since ab-1 ab- size of each attribute is di. Let the number of buckets be NB.

(AB-ab - 1)(AB -ab -2) ..(AB-ab-A + 1) Let the Cartesian product file partition each di into mi sub-
divisions. That is, di = miz Then ANBcp < ANBR if mi >G4B-l)~~1AB-2Y"~~AB-A±1) ~2 andzi>2 for alli=1, 2, *,N.

AB-ab AB-ab AB-ab Proof:
K ... I

AB AB AB N
ANBR= NQ -(NR/C(NR, BZ))

)ab(A-1 1 )A-1 NQ

AB) = a-b- Ta* Z (11djdi2 dii)=k.~~~~~~~~~~~~~=
(AB-ab-1)(AB-ab-2) (AB-ab-A + 1)

(AB-1)(AB-2) (AB-A + 1) {dil, d2 '',di} E {dl, d2, ,dN}

AB-ab AB-ab AB-ab i <i2< <ij
AB AB AB * C(NR-di di2 di BZ)

ana a b adb ; w hvA- 2a.nA- i a oN =1I

and-and

/~ ~-1 A1 / 1\a1 Ahei

Because ~~~~~~~~~NBN-1

AB ab N /N1 )

and*l,di2,,d {z1ii}E,Z2, ,ZN}

p<(1-) ii<i2 <'-'.<ij.

and where

A-1 2aa-1 where

< ~~~~~~~NR=dld2*...dN,BZ=ZiZ2..ZN,NB NR/BZ

ab ab 2N VQtN/(RB)

andBecause N- I

I<A1- 1 NQ S(di di2..dij)

<~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

and {di., d dij} ,d2,dl , d}

< 2- - l<i <..< i
ab--I < 1-__.

we<(h1)ve Let 6 = ANBR - ANBcp. We want to show that > 0:

wehave ab NB
an < . NRNRCdI d NR, BZ))

and (N- I

21\2a-1 a-i

ab)ab Siz z)

Byema-1, {dil,,di2, diij {dl, d2, d-,N}

ab-1 a__ ii<i2<...<i

a-i a-i

<1- N(a)2- ab -1
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where N- 1

6 =t z z ~~~~~~~~~~ZilZi2...
NQ

NR ziI{ZjliZi2,-,zij}&{zI,z2,-X,zN}
(C(NR, BZ) {miI mi2 .,In'i,rj=mI} m 2 ..mN}il <i2<---<ij

{=dil,di2 diij}&{d1,d2 ,dN} ,di 2
...

di, zj(mi I mi2/.. M

))
il<i2<*-*< ij

Z1Z2 ...ZNmIm2 -'mN
*C(NR-di di2 dBZ))) C(z1Z2 zNmIm2 mN,Zl Z2, ZN)

/N-1

Fa I;ZilZi2 ... Z j=~~~Zj~Z2,Zi}eZlZ2..ZN
Letd=z1* 1 ZZ fZilfZi2l , ij fzilI'zi2 "zij}C{z )z2 szN}-

1=-i C( 2{m il 'm i2 - -m ijNZ m1Zm .. mN1
il<i2< * <i

{ZI,Z2 j}ZN{il<i2 <'-'.<Zij.

Letdiziemi.~~.t
{mi1,mi ,,}{N} mmZi2 .zjMiIMi2 Mij

/N-1 * C(z1z2 ' ZNml m2 ZN))

ya=tE ZiIZi2 ... Zij.. NiZ2..Zj
j- 1 {Zi, szi2 s---'zij,E { z 1 ,z2 z ,ZN1

{m il smi mijl`: {m I m2 mN}m ilm i2 Mij, Z lZ 2 ..ZN ))

Z1Z2 ... ZNmlm2 ..'M ZlZ2 'ZNmlm2 m"'N* m in) - 6-i 51 2 1/ C(z1z2 .ZNMilM2 .MN,ZlZ2 .ZN) C(ZlZ2 . ZNmlM2 ' MN,ZIZ2 ZN)

N-1~~~~~~~~~~~~~~~~~~~~~/- /(ZIZ2 ..ZNM1M2 ..

MN, Z1Z2 ..ZN)

(a1 z t =1 ZIZ2 'ZNMM2 ZN)
j-1 zil,z i2sz ij}EE{z 1 ,z2 " zNl
f ,m il<"'i2<C *

m2,',N
{Zil I Zi2, ,.. Zijl C- {Z1, Z2, -., ZN}
{Zi1,Zi2, ",z.} e{z1,z2, ,ZN}N

ilmi2< ... < i<

* C(Z1z2 --ZMinlin2 *-- T
*ziI'zi2*-z ij(m1in2MI*,- ,M- 1)

* ZiZi2 ZijMilMi2 zIz2 ZN)) -C(ziz2 <ZNi< 2 ' mN-Zi1Zi2

N-(%1 ' mjZI2 '- ZN)/Zi1Zi2 Zi1in1in2 in3)

Z1Z2 * ZJinm1m2 inNmN

E{Z1,Z2,"*,ZN}i2<i2 <"<lij C(zlz2"zNmlm2"inN,zlz2..zN)
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where Similarly,
1 b(il,b2,---,ij) =milmi2 *"-mi

ZiZ2 ... ZNm mm2m.m2N

(N-1 iJ,__j
(C(z1z2 Mil mi2 ..m.

j- I ~{Zij1zi2 ,zij}E{z l,Z2, - ,ZN} M ii+ Imij+2 MiN
1 mil ,mjj&iJE{m 1im2,"',mN}

i<<< and B=mIm2 m.. T.
Then, 6"' can be rewritten as the following:

*ZNml1m2 *mN, Zi1Z2 ZN)Zi1Zi2 *Zj1 -
N-1

* (ml mi2 ... -1) 6"= la(il J2,...j,)(C(AB, A)(b(i,1,2,..J,i) 1)

-C(z1Z2 " ZNm1m2 "'MmN-ZilZi2 ... Zijmi1mi2
-C(AB- a(il J2,-,Jj) * b(il'J2, ,ijj),A)

Mmip Z 1 Z2 ** . ZN) *Zij+ I Zij+ 2 ..ZiN

MiilMj\ ..*MN b(il J2,,Jij)).

/ms)) Since

=~ ~~6"
ZIZ2 ZNmlm2 mN a(il J2 -J,1)(C(AB, A) (b(i1,i2X, ,ij) - 1)

and -C(AB-a(j1,J2,, ij) b(i1J2, ,ij)' A)
N-1

(((C(ZIZ2 *.. b(i, J2 'i))
j=1 {Zi1,i2,***,Zij}j{Z1,Z2,-,ZN}

{mi1,m2, ,mj}E{m1,m2,,mN} and

il<i2<-<ij-

* ZNmlm2 nMN, Z1Z2 'ZN)Zi,Zi2 ze.} a(.. ,2 ...,j1)(C(AB, A) (b(i1 ,i2, ,ij)-1)

*(milmi2 mi- 1))-C(zI Z2 .ZNMIM2 mN...MN 02,-i)

Zij+IZij+2 ZiNMii+ii1M+2 MiN,ZIZ2 ZN) *b(i1j2 ... ij))

*zilzi .z.mZin"Mli m...MZi1 12 Zi; mi 1i2 mii) in 6"' appears in pair, if we can prove that the value of

N-1

az (ZilZi2 .. a(il1J2,--J,i)
i=I z i 1,z i2) "z iI!E-{ z ,,N (C(AB, A)(b(jl,J2,- jj)-1-(Bai i,,j

{mil ,mi2,,mij}E{m 1im2, "',mN}
il <i2< ..<ij *b(jl,J2, ....,ij),A) * b(jl,J2, _,ij)) + a(j1j,i,__,)

* zij)(C(z I Z2 ...ZNNIrM2 mN, Z1Z2 ' ZN) * (C(AB,A) *(b(i,i2,.,i1)-1)
* (Mil Mi2 m-M1) - C(AB - a(11 ,j2 ,...,11)b(1,J2 ,-Jj)' A).
-C(Z1Z2 ..ZNMlIM2 nMN-Ziq+ ZiZ+2

b(lji2,-i,) is always positive, then we can conclude 6"'>
*-ZiNMij+ 1Mi+ 2

...

MiN, Z1Z2
... ZN) *MilMi2

..

mj.M .__

By Lemma 2,since A = a-a and B = bb, (a, -, b, b EN
Ltand a, a, b, b > 1) imply a(C(AB, A)- (b-1)_-aC(AB-

a(sl , - = ab, A)-b) + a(C(AB, A)-(b - 1) - C(AB -ab, A)b >

and Note that

a(i, ,i2,...,i) = Z* Z = Zij1 1Zj1+2 ZIN. a(l,2, i) a(i ,i2,.-.,qj), b(i1,1,2,..,i1), bq1, ,2,.-.,i1) EN

Let and they are all greater than 1. Let

A-Z1Z2*-ZN A = a(i1 i2 ,***,i1) *a(11 ,2^ sij)
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and C. C. Chang was born in Taiwan, Republic of
China, in 1954. He received the B.S. degree in

B = b(i,l2 ,ij) * b. ,2 ) applied mathematics and the M.S. degree in
I (-1)'i012-) computer science from the National Tsing Hua

University, Hsinchu, Taiwan, in 1977 and 1979,
We have respectively, and the Ph.D. degree in computer

engineering from the National Chiao-Tung Uni-
versity, Hsinchu, Taiwan, in 1982.

a(,l ,2,...,i)(C(AB, A) * (b(,02 ,'iJi) -1) He is presently an Associate Professor of the
Institute of Computer Engineering, National

-C(AB - a ij) b("l A) i dtb Chiao-Tung University. His main research inter-
li2~*,-Jj) b(21 ' ' A ests mclude database management system design, computer performance

1 'I,i2,.,l/)) 1a ip - (C(AB, A)
evaluation, and algorithm design.

b(, ,i2, i)) + a(l ,i;)*(C(ADr. Chang is a member of Phi Tau Phi.

* 000l,2,-.,I - 1)- QAB-a(i1,i2, -,ij
* b(il ,42,..., i), A) * b01 ,2, --Jij) ) > °-

M. W. Du (S'70-M'72) received the B.S.E.E.

Hence 8"' >0 and so are 8", 6',and 8. We have the proof. degree from the National Taiwan University in
1966 and the Ph.D. degree from The Johns Hop-

Q.E.D kins University, Baltimore, MD, in 1972.
He is currently the Director of the Institute of
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