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equation)fr# £ = 4% ;' (momentum equation)4 %] & (2.1)5% fr(2.2)5% #7
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X
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a_u+ua_u+va_u+l@:v a_u+a_u (223)
o ox oy pox oxtiioy’

2 2
Ny 1op_ oV oV (2.2b)
ot ox oy poy o oy

P uBE Ve E G xE Yy 2o 2 ik R (velocity) ~ p & Gr HR 4
(pressure) ~ p & 48 % & (density) ~ v & /i 88 2_ ZkF 7% He(viscosity) °

E%“—PI"F z\ ’\:«3,.

B x=02 = BEa pF

u(0,y,t)=0 (2.3)

v(0,y,1) =0 (2.4)



T x=12 % kEa PF

u(l,y,t)=0 (2.5)
v(L,y,t) =0 (2.6)

B Yy=0FFT B G pE

u(x,0,t)=U (2.7)
vV(x,0,t)=0 (2.8)

Fy=1F 1 ko pF

u(x,L,t)=0 (2.9)
v(x,L,t)=0 (2.10)

A AL e E 2V BER S

u(x,y,0)=0 (2.11)
V(X,y,0)=0 (2.12)
FEEMNRASHE TTuSvE p o LFEQDFNEQR2):N 0 F o T

SRE AN X MR R F A BETE FE o B Q1)
Q2): B A FRIMARA B BN > T LY FE

2 2 /l[ﬁ fi e %ﬁl-ﬂlj R‘_t,\ —i %J ﬁi
Q2.1 22):;8 ¥ s B 5 it AR S B> A7 3% (stream  function
equation) £ jf & 1@ ﬁi%l = #% ;% (vorticity transport equation) #T %8 = 2_ B3

AR 4T A
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o (2.13)
2 2
-%§+u%%+v%§:u{2;?+i;?J (2.14)
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U:E (2.15)
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Q=%—% 2.17)
T A& FF S BT AR
f:% (2.18)
fz% (2.19)
H:%- (2.20)
w=% 2.21)
W=% (2.22)
ﬁ:%: (2.23)
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PRIXF EF At L A VRPN R EI I a7 250 o
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B @ e o Bk &R F # 0% i (no-split condition) 2 iR T 0 iR
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F Xx=02 % ko pF

w(0,y,t)=0 (2.27)
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=0

x=0

0
wwn:§

B Yy=0FF T B P

w(x,0,t)=0
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(2.30)

2.31)

(2.32)

(2.33)

(2.34)

(2.35)
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(2.37)
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w(x,y,0)=0

Q(x,y,0)=0

(2.39)

(2.40)
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FE(Q2.26): T o BP0 (225)5% 5 TR A AB5Y > At ka3 fg st
(poission equation)2. 3] i » ¥ »4 I * ¢ & X & iE 7 e (226)7 5 A
A BN EET S 4258 (convection-diffusion equation) ] i& 0 A
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+U—+V + 3.1
ot ox oy ox* oy’ G-

HP v 0=0Q uvsit R > xysedsRAE t:zPFFEE e=1R, °

3.1 4~ 3|3 xF* Lz

7 L2472 (finite analytic'method)£.d @ %12 < F M F = H
(C.J. Chen)*t 1980 # #% ! » Sig# 3=t 5 it 4 & 7 £ » 4o Chen et
al. (1981) ~ Chen and Chen (1984) ~ Chen et al. (1987) ~ Aksoy and Chen
(1992) ~ Chen et al. (1995) - # e+ 3 *UZ & ;2 (finite difference method)
g 3 % # s @i B (Taylor series expansion)m 3T » 11 % 3 U & /&
(finite element method)i# * P & & $c(interpolation function)®® g £ &
#c(weighting function) » 3 *Lf% 4572 1 * & 3% f% 47 % (local analytic
solution) L 4c 1413 £25% o FURATiE Bl B INfRIT IR Bl 4
"G % % 2 T (unconditionally stable)z #cig > % > T B3 p b
/% (automatically upwinding)2_ # s
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&

L
-
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i F 2 A= 45 0% 2 (initial condition)? i# & i% i* (boundary condition) >
* o 3 % B (method of separation variable) » {8 & 3Rf247f% 5 ¥ -

A 5 VL a2 > A BPER HcA I8 (time derivative) £ 4 (S 4R 5
ii(source term) > £ fiF B IRFEATIE o b A A R T B IR IE
R e E L ERIU -
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A
W
|t
A
(\L
s
L
W.
u'ﬂ “l*l

T R a7 % o 8 jz X FH R & F "UfE47 i (hybrid finite analytic
method) e k@ » ¥>v - M Z2 = R EE 0 NEE U FRFEEFFR 2
ZRE L enfEiTfE > Arrgngl R g g ERgTE e

R EF iR EY > F LR ML LT F R AS
$c & 7 (numerical diffusion)e- Tsai and Chen (1995)3% ! pF F 4 &£ ]+
(time-weighting factor) » 1/ ¢T3 PERF e 8 2. A & o 8 % PFERFE £ 7]
+ ¥ G R D BB AT e ak BE 3097 Bl i3 ¢ (predictor-corrector)

BEARY fH BB AR X W iAo V- fEr
A A A2 BBz 259 2 84 Lu et al. (1990) ~ Lu and Shi
(1990) ~ Lu and Chen (1992) ~ Yang and L1 (1992) % #73& J12_ < &” &
3 'L f# 45 i (alternating direction scheme of hybrid finite analytic
method) » f]* — &R & F *LfE47:2 > % & < F 'E 3% 2 (alternating
direction implicit method)(Peaceman and Rachford, 1995) » 14 3 4v p fF
o R o b o Lioet al. (1992) @ * i =+ #1#% 3 (Laplace
transform) > I & #* 3t - ﬁ’&@;ﬂﬁjl’pﬂﬁgﬁ FAERE > AR d vk R g
W R YA MY ¥ O e R i 2 (transposable boundary
condition)z. f¥ & » 12 2 k f & > 27riE 3% (Inverse Laplace transform)z*

AR TR A G TS ME - AR ALE P SR AT
A 2| e 1T 5 L2472 (fractional-step finite analytic method)(Tsai et

al., 2005)R] £ * &5 P2 2 &Y 5 fR4TfEcn- g UiReE o e
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& % | (fractional steps)(Yanenko, 1971 ~ Tsai et al., 2001 ~ Tsai et al.,
2002) » 12T L R L G CUfRATE AITPE R AT 00 RS AE o 10T P A L3
T3 Wjzfr:2 -

e > 3}7%"’” = fR N T

o0 oD 0D

—+tU—=¢

32
ot OX ox? (3.2)

;\.F‘ 7ul7';35F shﬁ._—_‘.Fﬁ E&Fﬁ7\‘l"§£°
BRI E A E ke BB o bef] 30 F o AP hEZREF
[fo 5 PR IR » ¥ #(3.2)58 M1 5

0D ob 9’D

2A& BE: pve (3.3)
P A=u/28] 0 B=1/gl e
(I E NN ERE Rt I W
D(x,0) = ag (&> —1) + by X + ¢ (3.4)
d(-h,t)=a, +b,t (3.5)
®d(h,t) =a; +b:t (3.6)

A AU AA I 2 2 G R £fR(33) itk Ak L 2 R
(3.4)5* 3 (3.6)5% ¥ cnithdica, ~ b ~c ~a, ~h, ~a &b T A
FE R B &R L o

YL(x=0,y=0) & » o RIF R4 RS0 BY TV R E A F 8z

O L HARAT B2 NN AT S 0 4rB 3

12



n-1

q)in = chq)in_1 +C|ch)in+1 +Cswq)in:l1 +Ce @y, +C3Cq)inil (37)

;¢ 5 A#C,. ~C ~Cy ~Cye & C. % h~7~ A B2 J#i(Chen and

Chen, 1982) » & *égr= o

BN ¥ - HH s

A®" =B O (3.8)
Ho

A =—Cyc @i +@; =Cec @, (3.9)

B,®; =Cgy @i, +Csc®; +Csc D, (3-10)

;¢ 5 A B, & 3 (F ]+ (operator) ©
AR A RN WA B AR e A RS B

34258 0 AT 4T ol

2

%% u%?:gzj’ 3.11)
2

%‘D v%‘)#aay? (3.12)

e (3.8)5% #3118 21 (3.12)58 A w4 % —  UfRAFE 0 L F x>

Py B 3.2 B AB R AN T AT S
* n-1
A®D;, =B, (3.13)

A®], =B, d; (3.14)

y o L)
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AD;, =-Cuc®, ;+D;; —C @

i+1,]

Bxq)i,j CSW +CSCCD +CSE(D|+11 (315)
Ay chcDu 1 CD i,j _CECq)i,j+l
B,®;; =Cqy®;;, +Csc®;; +Cec @, ., (3.16)

AN O | S N - - 1 (3.15)3 ;i v mﬂﬂtcwc ~C ~Cyy ‘CSEL;;? Cq?
T3P h=x,-x > Azuirjj/zgin,j'f';i? le/gir,lj F 0 (3.16)5° ¢ ik
ﬁiCWC YCpgo v Cgy ~Ce 8 & CscﬂT F(3.7)x i ¥ h= Yia =Y > A= VIJ/ZEn "

B =1/5i'jj F17 o

32 REF VLA LR

Crank-Nicholson = F#¥ + & A 722 Crnak-Nicholson Galerkin 7
WA Z2 4 A2y JEPT ALY 020 B AN 2 eE
E o BEAR A fAlcE ) ‘”K"Eﬁ?ﬁgﬁx‘? FEAABERT  BERT 2
A F] A 2 ¢ 5% (modified equation) 2. % = F# B & 3E (third-order
derivative term) » % &_i% I 3% #7# B~ 5947 #3% X 77 (leading error term)

HEIER A R BB % 0 F 2 BEcPEP A G it E R
%o%ﬁgﬁ@uﬁ%’m?@ﬁi%ﬁﬁﬁé%o

Tsai et al. (2002) # ! #- Crank-Nicholson = f§ ¢ & % & % &8
Crnak-Nicholson Galerkin 7 "R~ %72 Sd L RifFirMiE S EiEm
WREEFAZL 22 o2 REF VAL o T HPIR GG VLA
I

f1#* Crank-Nicholson = F& ¢ + % & % #{3.2);" 4t #
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[—%—%)(D{‘_l +(1+5)D! +[: 2)‘1).”+1 —(Z ZJCD“ 1 —(1=-s)D"
(3.17)

2 2 3
oo, ,9® aq’+ h—(2+c) —+0[h*]=0 (3.18)

ot OX ox? 12

F1* Crnak-Nicholson Galerkin 3 *3 =~ % /% #+3.2);% g4 it ¥

GV R e B
(3.19)

2 2 3
LT ST D T (3.20)
ot OX OX 12
flr | Es > 2 %= A3 0 #+(3.20)5% x(2+¢?) B (3.18)
Fixcrts o BIRE F R PASEEEF WS AR

2 2 2
L, ¢ s o + %—C—-i-s O + JE b D7
6 12 4 2 3 6 6 2 4 2
2 2
— l+c_+£+§ (I)i”__ll_ E—C——s (I)in_1 (321)
6 12 4 2 3 6
2
(1,¢ e spm_g
6 12 4 2

(2152 B 1 %
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ob oD 8261)

ot OX 8x

+u—(1—

(3.22)

(3.22)5% #(3.18)5% % (3.20)5% chL B £2(322)5% = gif 1§ ¥ =
FHA AT R BERT L L R FRGEL T
A(3.22) 3+ (3. 18)N » 2 (3.22) N chw i B b (3.18) 7% s o4
BREERE  E A AL EAGIDNNEGIN L AL FEF S
R R P F R R o
REF UL L2 ¥ & 22 (Yanenko,1971) 8 % 3= #— 2 df
RN 25 AR 1L LR E U CRVEEE S G S PR
L e SRS B mP RN 2R3 & L ABRFIREG T

A TB21)5N £z

3.3 Cubic-spline p & 454437

Massau (1889)% & Ry =2 R jfE > N L pFF @ £ 0 B
Lot 1o Frdis o AR LB B ENER AT 2. 13 B 4o Vardy (1977)
v % Wiggert and Sundquist (1977)&* »> ¢ P £ £/ 2 3+ & » Lai
(1986,1988,1994) &, * # 2 >t % E n2 35 » Yang et. al. (1992)
Jor PRI R o

FHEd o pFES N E B 2 R - Dobbins {r Bella (1968)
il pdEE o AL L2 BEFL o L RPN
%  Holly and Preissmann (1977)F] * 44 e & # } 4F = =t (Hermite
cubic)p ¥ > H I - B [FZ PN EEMEE O TR Y- RE -
AT 2N EE A 4238 % % - Yang v Wang(1988):c 2 HP
B > s PR E 5 #(Courant number) % -] *% 1 2_*24] - Yang et.
al.(1991a » 1991b)% Yang and Chiu (1993)F] * p= ¥ 2 {$ (reachback)$:
7o B HPF 22 R » T RE Y 30— 4 - AP inHics &
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P PRI E o

d > HP 2102 7 R gt L2y B PR 2 flcs = 4250 > g 3t
5 £ 3 #v o Schohl and Holly (1991) R #-4%{4;% fe & cubic-spline p 4& >
BALCS MFBHE 12 » ¥ - B 2l > B %2 MRy
HP #F 4.2 4p 17 - Karpik and Crockett (1997)~cubic-spline p #& % (Gerald
fe Wheatley > 1999) ~ Stefanovic and Stefan (2001)#- CS 4272 > &£ -
#2023 o Tsai et al. (2004):& - # # CS
BHEPIEBNZEE o NP CSPEEME o

B3R L A AN heT

DO o*d o°d

_ 323
ot o T o) (3.23a)
e EFEER
y e __V (3.23b)

;4¢ > D/Dt=0/ot+ud/ox+vo/oy % i 4+ # #c(material derivative) °
> B 4F(3.23a) 7 1 (3.23b) 50 d A iREBEIA A L R R BEq(4r B 3.3

7% ) 18

2 2
[lrdo =" 8 ©,00 )dt (3.24a)
I g A
t, t,
Xq =X = judt A '[vdt (3.24b)
to ) to,

% $25% ) (3.242)5% 21(3.24b)50 7 % 5
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2 2.5 |1 24| 2 [
X X~ |, oy oy |,
At At
X, =X = (U, +u,)7 A (2 +vl)7 (3.25Db)

s

7Y OO AT ENEERFETRY 0 AqBh2 FREREKE O T
“IAPERERREY > Algz BREEE - d (325077 2 F D Ak

pbig

(X,y) > 3P u BV EEIER > A E AUy TR AN
Zofcacs koo ¥ RAREE(x,y) T F GHEEE AR > FM O E
FEE @ * CS pPIEERE om ENLFRJI* ¢ & £ 437 07 (central
difference approximation).f-f#:e
b Rfzo i cAeB 34 gm0y A KiFabR P2 NBOE
BREAREE A S Y L0 X Yy o B PR R B (x,y) 2 @
B A x 2w b2 B AR (KLY eV (XL y)) 0 = S CS g
E (e ) RAF o B I ARBE (X, Y,), s (X, Yy) TR A B o LY
fl*abs e KEzZ 0 FRLEFy > * - 2 CSP4EE - &
AFENQ o REFEAJY y I a LA F xS e MR B
TELEFAR I 2ZMBPAIFEORE > &MY o, AT JEE R 2

%% > Ruan (1997) ~ de Boor (1992) ~ Press et al.(1986)
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¥ ). i X /n‘- ’}:ﬁ—*ﬁbb ﬁ;i
R F LA G A BTG CUETE R S UL A F 8 CS
NEEESIERERAE it Uil A S B SRR D A 18 R O | Uk U £
F B B i ROV HERE F o
4.1 pEcie 3 20
BRNFRZEETAAAIMENRaE T T 4oB 410 T EG
L BBE R RFET e 1 XYM LAY SUN G g xg Yo

2ZFREER MR -

411 A B 15 1URT 2

1% 2 2] RfEd72 0 deB )N (3:12)50 » 7 R RIS A2
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Consistency
Applying any two level numerical schemes to (3.2), one may obtain the

following discretization equations

a,®") +a,®M +a,®"" +a,®0" +a®@) =b®! , +b,d]  +0b,®d! +b,®],, +b,D]

i+1 i+2 i+1 i+2

f+(3.1)

and

@) +¢, @M + ¢, @M + ¢, @ +c, @) =d, @], +d, !, +d,® +d, D], +d;D]

i+1 + i+2

"+(3.2)

where a, +a, +a, +a, +a,=C_+Cytey+C, +c, =1 . The @' represents

the value of® at grid point"i for time level t=(n+1)At andAt is the
time step. The terms o' @™ oM o, and® can be expanded in

Taylor series as

n+kl_wi g i im n 1 = — 3¢
(Di+jl - mZ:O m!(k1At ot + JIAX é’X) (Di kl ) = 10,1 '1(33)

where Axis the grid size. Substitution of *#(3.3) into *$(3.1) and *#

(3.2) yields
q)t = Alq)x + Azq)tt + A3thx + A4q)xx + Asq)ttt + A()thtx + AVq)txx + Asq)xxx oo Kf‘]’(34)
and

@, =B®, + B, Dy + By®y + B,®, + BsDy + BDyy + B, Dy + By +- - K{T(:}S)
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where the superscript n and the subscript i for o are eliminated. The
terms A ~A, and B,~B;, are functions of a -as, b,-b; and ¢, -cs, d, -d;,
respectively. For example A, and A can be expressed as

Az=_TAt(al+a3+a3+a4+a5)=_7At

+(3.6)

A =Ax(2a, +a, —a, —2a;) "+(3.7)

As far as the accuracy is concerned, both A andB are equal to—u. In
addition, because of the consistency, the terms A ~A;and B,~B;, except
A,and B,, are all equal to zeros when At and Ax approach to zero.

However, A,and B, satisfy thefollowing condition

A =B/'=¢ "$(3.8)

where ¢1is the diffusion coefficient. Now; taking the linear combination

of *#(3.1) and *#(3.2) ase *#(3.1)+ s *+(3.2), one obtains

(om, + ﬂcl)q)unjzl + (0, + ﬂcz)q)injll +(ca; + ﬂc3)®ir1+1 +(ca, + ﬂc4)q)in++1l +(cas + ﬂCS)CD.”LI

= (ab, + Ad))D, + (ab, + Bd,)D | + (al, + Ad;)D] + (ab, + )P, + (abs + fds)D],,

i+1

"+(3.9)
where o and pare constants. Similarly, substitution of Taylor series
expansion *i#(3.3) into *#(3.9) yields

1
o+

O, =-ud, + ﬂ[(aAz + [B,)D, + (oA, + B, +(cA, + fB,)D,,

(A + Bs) Dy (A + Bs) Dy + (A + B;) Dy + (oA + B D ]+
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+(3.10)

One can clearly see from *#(3.10) that *4(3.9) is also consistent with the

dispersion equation (3.2).

The Modified Equation
By eliminating pure and cross time derivatives with repeatedly
differentiating *#(3.4) and *#(3.5), the modified equation corresponding

to *F(3.4) and *#(3.5) can, respectively, be expressed as
O, =-ud,+E,0, +ED,, +- "+(3.11)
and
O, =-Uud, FFO, +FE®,  + - "$(3.12)

where
E,=U’A, —UA +A,

E, =—2u°A7 +3u’A A, —2UuA A, —UA” + AJA, —U°A +U’A —UA, + A, F7H(3.13)
and

F, =u’B, —uB, +B,

F, =-2u°B,” +3u’B,B, —2uB,B, —~uB,” + B,B, —u’B, +U’B, —uB, + B, *i(3.14)

Similarly, the modified equation corresponding to *#(3.10) is

G G
O, =-ub, +—2DO +—3
a+pf a+pf

D+ (3.15)

XX
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where

G, :Uz(aAz +/B,) —U(aA; + fB;) + (@A, + B,)

1
a+pf

—2u(aA, + BB,)(aA, + fB,) —U(aA, +:BB3)2 +(aA; + fB;)(aA, + B,)]

G, =

[—2U3(OZA2 +:BBz)2 +3U2(0£A2 + fB,)(aA; + B;)

—U3(0£A5 +ﬂBs)+u2(aA6 +/By) —U(aA, + B;) + (ah; + fBy)
—U(aA, + fB;) + (oA + [By) Kf‘J-(316)

It is obvious that G,,E,, and F, satisfy
G, =aE, + fF, %+(3.17)

In addition, if A,,B,, A,, and B,satisfy the following conditions

A =B, +(3.18)
and

A, = B, "+(3.19)
one can obtain

G, =aE, + fF, "$(3.20)

In other words, *#(3.15) can be rewritten as

(a+P)®, =-u(a+ PO, +(aE, + fF,)D, +(aE, + fF)DP, +- FiF(3.21)

XXX

It is necessary to point out that the condition *+(3.18) is always satisfied
due to *#(3.6). Equation *#(3.19) is a sufficient condition for *#(3.20).
Although the above derivation is only up to the third-order derivative, the

higher-order derivative can also be executed in the same manner.
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*t 42 ~ Cubic-spline p &=

2ﬁﬁ%§@_f§—f§_x|4@%§£f§_ S PR bt B B
R E Y, B P BEIEG L Z SN SlkdeT
D, (X)=A(X=X) +B,(Xx—x)>+D,(x-x)+E;
|() A.( |)- |( |) |( |) i 311(41)
xe[x, %, ], i=12...,M~1

SEPESE TRHEDS > B8

@,(x)=f, i=12,....M -1, @, (x,)=o, "t(4.2a)
q)i(xi+1)=q)i+l(xi+l) I = 1’25""M -2 KI/<J'(4'2b)
@ (x,)=0,(x.,) i=12...M-2 Fit(4.2¢)
q)'i' (Xi+1 ) = q)yi'H (Xi+1) I = 1925'- L M i 2 l‘T‘J’(‘I‘Zd)
A2 & E AR R 2 R - PR - E

B R (4.2)58 o (4.1)58 ¢ 2@k B A ~ B~ D, 2 %2 E;(Gerald

4v Wheatley > 1999)% % 7+

Ai _ Si+1 — Si
6h. *+(4.3a)
) #(4.3b)
Di _ q)i+lhi_q)i _ 2hisi '|6'hisi+1 l%1‘(430)
- 4 (4.3d)

P =X, =% ° S % 77 EtkBEx2 = fF F#ciE TS =di(x) £ S,

i A
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hi—lsi—l + 2(hi—l + hi )SI + hiSi+1 h h xﬁ,(4 4)
. il .

:6[®i+1 -, _q)i _q)iI]

1=23,---,M -1
GICXORC L2 ) A 3 SERC I S ERR A )
# (endpoint condition) - % 4% * natural cubic-spline( p ?X cubic-spline) -

WS, =08S, =0 T WERXRI B2 - FFEECE L E BG4 T

* T &
_2(h1 + hz) hz 17 Sz ] (D}hjbz - d>2h—ld>1
hz Z(hz + h3) h3 83 (Dz‘h_(b3 - qJ}h_q)2
h3 2(h3 + h4) h4 84 =6 q’5h*®4 _ ‘D4h_(b3
L hM—Z Z(hM72 + hM—l )_ _SM—I_ cl)Mh’q)Mfl _ cl)M;*q)wpz
H(4.5)

(4.5 & = 4t & 45*L (Tridiagonal systems) @ ¥ #2835 & iF & 2
(Thomas algorithm) F % o 48 5 *F(4.1) 3% ¥ (4.3)5% % *F(4.5)58 » T+

B 2 M B0 8

(%) =AX —-X) +B (X' =x)*+D;(x, —x)+E Fit(4.6)
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