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1. INTRODUCTION

In this paper we investigate the existence of a solution of a so-called
resonance problem, that is, for an equation of the type

Au=F(x,u) in 0, (1.1)

where the linear (differential) operator A4 is self-adjoint with a nontrivial
kernel on L,(2) and the nonlinear map F(x, &) satisfies some growth
conditions for large values of |&|. The starting of the problem is the well-
known paper of Landesman and Lazer [1|. They assume that F(x,¢) =
S(x)+ h(x) with ()~ f(+00) as £— +oo and f(—o0) < f(&) < f(+0),
and are able to prove necessary and sufficient conditions for (1.1) to be
solvable. Since then, many works have been done on the programs. We refer
to the extensive bibliographies of the paper by Brézis and Nirenberg [2| and
the survey paper by Fucik |3].

This paper is stimulated by the work of Amann and Mancini |4]. In [4],
they present a very general existence theorem for the case where the
nonlinearity “does not cross an eigenvalue,” that is, F satisfies

F(x,é)<z_5 or /—1+5<F(x,é)

¢ ¢

for all large values of |&|, where J >0 and A1 <A are two consecutive
eigenvalues of 4. In this paper, we assume F satisfies

F(x,§)
¢

i< <32 (1.2)

1< <A, (1.3)
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the case could be regarded as the most general case, where nonlinearity does
not cross eigenvalues. As in [4], we study (1.1) by the perturbation method,
but different from [4], we consider the following perturbed equation of (1.1)

Au=F[x,u) in 0, (1.4)

where F(x, &) =nF(x,&) + neé, n=(0—¢€)/(d +€),e>0,and 6 =1 — A.

In Section 2 we recall an abstract existence theorem of a nonresonance
problem established by Amann and Mancini (4] by using the well-known
existence theorem for coercive pseudomonotone mappings.

In Section 3 we obtain some a priori estimates of the projections of
solutions u, of (1.4) on ker(4—A), ker(4—1), and {ker(4 —1)@
ker(4 —2)}*. These estimates enable us to prove that either u/llu;ll -
¢ € ker(d — 1) or w;/||u;|| » w € ker(4 — 1) if lu;]| - oo as j— co. Then, the
existence theorems of a nonresonance problem are immediate by standard
proof.

In Section 4 we consider the resonance case. We decompose F into two
parts which are easier to handle. The approach results from De Figueiredo
[5] and is simplified by Amann and Mancini [4]. By the estimates obtained
in Section 3, we are able to obtain an existence theorem which generalizes
most of the known results, where the nonlinearity does not cross eigenvalues.

2. NOTATION AND PRELIMINARIES

In this section, we recall a perturbation lemma and an existence theorem
of a nonresonance problem given by Amann and Mancini [4].
Throughout the paper we denote by H a real Hilbert space and by

A: DA)cH-H

a self-adjoint linear operator with dense domain D(4) and closed range
R(A). Let N(A) be the kernel of 4. Then R(4) = N(4)*, which implies that

A~Vi=[A|DA) NN ]~ N(4) - N(4)*

is a continuous linear operator. We always assume that 4 7' is compact.
From these hypotheses, the spectrum o(4) of 4 is a pure point spectrum.
More precisely, every 4 € a(4) — {0} is an eigenvalue of finite multiplicity,
and g(4) — {0} has no finite cluster point. Hence g(4) is countable and can

be enumerated in the following way:

e KA <A <A =0 <Ay <

409/393/2-19
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Clearly, A, € 6(4) iff A is not invertible. In this case, 4, is an eigenvalue of
finite or infinite multiplicity. In the case A, € o(4)— {0}, we denote N, =
ker(4 — A;1) as finite dimensional. We note that the number of positive or
negative eigenvalues can be infinite, finite, or zero.

Recall that a nonlinear operator is called bounded if it maps bounded
sets into bounded sets. A map M: H - H is called monotone if

Mu)—M@), u—v)>20 for all wu,v€ H.

We shall state two existence theorems given in [4] to the nonlinear
operator equation

Au = B(u), (2.1)

where we assume that B: H— H is continuous and bounded.
We first recall a perturbation lemma which is essentially well known and a
complete proof is given in [4].

LEMMA 1.  Suppose that either

(i) N is finite dimensional, or
(i) B or —B is monotone.

Moreover, suppose that there exist a bounded map g: H— H and a null
sequence (g;) in R such that

(@) for every jEN, there exists a u,€ D(A) such that Au;,=
B(u)) + ¢; g(u;), and
®)
sup ||| < co. (22)

JEN
Then Eq. (2.1) is solvable.

By applying Lemma 1 and a well-known existence theorem for coercive
pseudomonotone mappings (in the sense of Browder and Hess [6]), Amann
and Mancini [4] prove the following existence theorem in the case that the
nonlinearity “lies between two consecutive eigenvalues.”

LEMMA 2. Suppose that there exist two consecutive eigenvalues A<lof
A and positive constants y,, and y < (A — 1)/2 such that
A+

Bu) — | <yllull+ 7,
2
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Jor all u € H. Moreover, let a := sign(A + 1) and suppose that either

(i) N is finite dimensional, or
(ii) aB is monotone.

Then Eq. (2.1) is solvable.

3. THE NONRESONANCE CASE

Throughout the remainder of the paper, we work on H = L,(£2), where 2
is a finite measure space with measure m. Moreover, we suppose that

B(u)(x) := F(x, u(x)) for aa x€4,

where F: 2 X R — R is a Carathédory function, that is, F(x, £) is continuous
in £€ R for a.a. x € 2 and measurable in x € 2 for every (€ R.

Amann and Mancini [4] give a sufficient condition (N) for F, which
guarantees that B satisfies the hypotheses of Lemma 2 and so resonance is
excluded.

(N) There exist two consecutive eigenvalues A <2 of A4 and numbers
6 >0 and o, p > 0 such that

0 F(x’ é)

A+ i <1-6 for €| >p and aa. xEQ,

and

|F(x, &) <o |&] + alx) forall £€ER and aa x€Q,

where a € L,(£2).
To the situation where resonance may occur, they impose the following
hypotheses:

H) F(x, &) =AE+ f(x, &) for some A, Ea(4), where A, #0 if
dim N = o0, and info(4) < 4, <supo(4), and
H,) ) ¥xO>—c()]d - dx),
() 10O < (Apsy—Ar— ) |E| + folx) for a.a. x € 2 and all
ER,

where f;, ¢, d € L,(£2) are nonnegative functions, and ¢ > 0.
In the case dim N < oo, the perturbed equation

Au = B(u) + eu (3.1)

has a solution u, if 0 < & < &, :=d/2. To ensure the existence of a priori
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bounds on u, and so Au = B(u) is solvable, they impose a Landesman-Lazer
type condition
(H,) (i) Jo(fi9" —/_9)>0forall g€ N,— {0},

where £, (x) := lim inf, ,, . f(x, &) and f; (x) == lim sup,, , . f(x, ¢), and
¢ :=max{¢(x),0} for aa. xEN and ¢ =¢* —¢. The dual set of
hypotheses (H, ) has the form

H) () &x<elx)|E]+dx),

() |fO<@A—A_, =) &+ filx) for aa. xE N2 and
¢ER, and

(i) [o(fr 9" —f_¢7)<0forall §€N,— {0},

and the corresponding perturbed equation is
Au=B(u) —¢cu (3.1

with 0 < ¢ < g, =6/2.
In the case dimN = oo, to ensure a¢B is monotone, a :=sign(k), they
impose some kind of monotone conditions on f, namely, either

M) () a(f(x, &) — f(x,m)/(E—n)+4,) >0 for a.a. x € 2 and all
E#n, or

(ii) there exists a number ¢ > 0 such that

S, &) — fx, 1)
a ( =7 +4

k>>o foraa. x€ andall &=

Then (2.1) is solvable if any one of the following sets of conditions is
satisfied:

(1) (M(i)), a=1and (H,);

(2) (M(i)), a=—1 and (H_); or

(3) (M(ii)) and either (H,), or (H_).

In this paper, we relax the restrictions (H, (ii)) and (H_(ii)) by assuming
the following hypotheses:

(H-1) & x, &) > —c(x)|&| — d(x),
H-2) /06O <Ay — A&+ fiolx) for a.a. x€ R and all £ER,
where f;, ¢, d € L,(£2) are nonnegative.

Condition (H-2) allows that the nonlinearity “can touch but not cross two
eigenvalues” and then causes some difficulties to find solutions u, of (3.1) or
(3.1’) and to obtain a priori bounds on them. Instead of investigating the
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perturbed equation (3.1) or (3.1’) of (2.1), we consider the perturbed
equations

Au=Au+ nf(u) + neu, (3.2)

where n=(0 —¢)/(d+¢), >0, d=4,,, —4, and f(u)(x) :=f(x, u(x)) for
aa. x € .
We first prove the following existence theorem of solution for (3.2).

LEMMA 3. Let hypotheses (H), (H-1), and (H-2) be satisfied. Then there
exists £, > 0 such that (3.2) has a solution u, for all 0 < ¢ < g, if dim N < oo
or dim N = o0 and (M(i)) holds.

Proof. We note that (H-1) and (H-2) imply that
—f[100) < f(x, &) < U+ f1(x) foraa. x€ and &£2>0,(3.3)
and

O — fi(x) < fx, &) L fi(x) foraa. x€02 and ¢<0,(34)

where f, € L,(Q2) is nonnegative (for example, f, =6+ f,+c+d).
Conversely, (3.3) and (3.4) imply (H-1) and (H-2) with ¢=f|, d=0, and
h=rh.

Let F.(x, &) = A, & + nf(x, &) + ne. Then (3.3) and (3.4) imply

F(x, &) — (“'—H

Ay
c‘ **'——ne)|¢|+fl(x).

If dim N = oo,
| a(F,(x, &) — F,(x, O)E )

e—otal g fBO=IEO
=¢-0’a i ¢ n8§

>@E-0%af(l—m A +ne} by (M()).
Ifa=1,then A, >0, a{(1 —=n) A, +ne} >0. If a=—1, then 4, <4,,,<0

€

a{(1 = 1) Ay + e} = 5 (=(hy s + 4) + 6} 20,
Hence aB,(u), B,(u)(x):=F,(x,u(x)), is monotone. Therefore, Lemma 3
follows from Lemma 2.

In the remainder of the paper, we always assume that hypotheses (H),
(H-1), and (H-2) are satisfied. If dim N = oo, we also assume 4,,, # 0 and
(M(i)) holds.
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Before we can derive a priori bounds on solutions u, of (3.2), we need the
following estimates:

LEmMMA 4. sup,_, . €lu,ll < oo, where u, is a solution of (3.2).

Proof. By decomposing u into u = v + z with v € N, and z € Ny N\ D(A),
(3.2) takes the form

Lz =nf(u) + neu, (3.5)

where L:=A4 — 4,1
Recall that for every u € D(4),

ILull® > o(Lu, u); (3.6)

for the proof see [4].
Then, following a device of Brézis and Nirenberg (2], (H-1) implies

SCO=1CO+clél+d|—clé|—d
2[¢HSC, Ol = 2¢ ¢ — 2d.
Moreover, (H-2) implies
SO 27O =07 Sl S Ol = 2¢|¢| — 24.
Therefore

1S < flull + 7, (3.7)

and
(f@),u) >3~ F@* —y(lull + 1), (3.8)

for all u€ H, where y is a generic constant, independent of ¢ but not
necessarily the same in different formulas. Hence

|Lz||* > d(Lz, z) = 6(Lz, u)
= on(f(u), u) + one ||ul*
2l f@lI* + one [|ull® — y(lul + 1).
On the other hand,
ILz[> < (| S@N? + 20 [[ull |l S@)) + n7e® u]® (3.9)

Therefore

Yllull + 1) 2 n(—m) SN — 2n%e | ull 1S + ne(d — ne) ||u]*.
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By dividing the last inequality by ¢ |u|, we have
v/ellull + v/e |ull?

> 2/ + D LS@IPNull® = 20 | L@/l + (6 — 7e).
Suppose that there exists a sequence (u;) in D(4) such that

& llu;ll - and g,-¢e >0 as jo oo
and

Lu;=n;f(u;) + n;;/(u;).

Let a=Iliminf;, || f(u)|/lu;ll. If a= oo, a contradiction is obvious. If
a < oo, then

0> {la=08) + (@+e)}>0,

o+e¢’

a contradiction. Lemma 4 is proved.
We further decompose u into

U=v+w+y,

where v EN,, WE N, ,and y € (N ® N, )" N D(4).
We note that for all y € (N, ® N, ) N D(A),

ILy|* > B(Ly, ¥), (3.10)

where f:=14,,,—4,. In fact, let P; be the orthogonal projection of H onto
eigenspace N;, N, =ker(4 — A,I). Then for all y € (N, ® N, , ,)* N D(4)

ILylP = > =4 1Py)’

A

Jrkk41

> Z (%—M)zllPJ-J’HZ

iok+2

2 (Aerr—4) 2 (lj—lk)“PijZ
Jnk+2

> —4) L Y Q= IPyIP+ XY Q=2 1Pyl
Jok+2 i<k

= Ags2— 40 Z ('11'_)‘/<)||Pj)"u2
J#*k.k+1

= Ay — ALy, ).
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Since for all wE N, , |,
Lw=(A -4, )w+ @A, —A)w= ow,
(3.5) takes the form
Ly + éw = nf(u) + neu. (3.11)

The following estimates play a crucial role in deriving a priori bounds on
solutions u, of (3.2).

LEMMA 5. If u is a solution of (3.11), then

Ly < y(lull? + 1), (3.12)

and
£ @) = owll < y(lull'* + 1), (3.13)

where y is a generic constant, independent of ¢.
Proof. By (3.10) and (3.11), we have
ILYI? > B(Ly, ¥) = Bn(f(w), u) + Bne [|u])* — B3 || wl*.

Furthermore, by (3.7), (3.8), and Lemma 4, we obtain

ILyN? > Bo L G)I* — Bo [1wll* — y(lull + 1).
On the other hand, by (3.7), (3.11), and Lemma 4,

1Ly < n? LFEI* + 2% ull [LF@l + n?e? [ull? — 6% [ wil?

<NfG@? = 0% wll® + p(lul + 1)

Therefore
1AGI — &% Iwll® <y(lull + 1).

Hence
ILy|I* < y(lull + 1).

Finally, (3.13) follows from the last estimate and Lemma 4.
Now suppose that (2.2) is false. Then there exist a null sequence (g;) in
(0, &,] and a sequence (u;) in D(A) such that

luj »o0  as j— oo,

and
Ly; + ow; = n,f(u;) + n;6;u;, (3.14)
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where u;=v;+ w; + y; with v,EN,, w,EN,,,, and y,E (N, ® N, ,)* N
D(4).
We note that there exists a constant ¢ > 0 such that

Lyl > ey (3.15)

for all y € (N, @ Ny, )" M D(A). Since dim N, < co and dim N, < o0, we
can assume (by passing to an appropriate subsequence if necessary) that

uifllwil = vl + willwll + i/l wl
—9+VENON,,, — {0},
and that
ufllul| >4 +w  almost everwhere in Q. (3.16)

Moreover, we can prove that the limit does not mix in N, @ N, ,, that is,
either ¢ =0 or w =0, if the following condition (E) is satisfied:

(E) For all ¢4€N,—{0} and wyEN,  —{0}, m{xe|
(x) w(x) # 0} > 0.

LEMMA 6. Let condition (E) be satisfied. If |u;|—» oo as j— oo, then
either
uifllujll - ¢ € N, — {0},
or
wllu;l - v € N,y — {0}
Proof. Let v;/||\u;|| =¢; and w/||u;|| = y;. Then, (3.13) implies
tim { | @)llu;ll — Sy, |* = 0. (3.17)
JPX0 J0
Suppose that y = 0, we shall prove ¢ = 0.
We first prove that
(w>0]=[y>0,y+¢>0] and [y<O0]=[y<0,y+4<0]

where [ >0]={xEQ|y(x)>0}, [w>0, y+¢>0]={xE2]|y(x)>0,
and w(x) + ¢(x) > 0}. Since

[w>0l=[y>0,w+¢>0]U[y>0,y+9<0]
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Suppose that m|y > 0, w + ¢ < 0] > 0. By using Egoroff’s theorem, there
exist a subset 2’ of [y > 0, v + ¢ < 0] with m(2’') > 0, and numbers N > 0
and y > O such that for all j > N and a.a. x& ',

w/Nwll <2 and  yix) >y

If u,(x) >0, by (3.3),
Sy (x) = S w G/l > 8y — du()/Nusll — [Nl

0y/2 — £ )/l

\\/\\/

and if u(x) <0, by (3.4),
Sy (x) — (%, u N/l > oy — [r(x)/ |l

for all j > N and a.a. x € 22'. Hence

lim 16y, — S@/lul1* > m(Q')(6y/2)* > O,

Jo® iy 50,6+0<0)

which contradicts (3.17). Similarly, we can prove |y <O0]=]|y <0,
v+ 6 <0] by (3.3) and (3.4).

We next prove that condition (E) implies that g =0 if m{y > 0,4 <0]=0
and m{y <0, ¢ >0]=0. In fact,

JQ we = ye + 74

[¢>0] [e<0]

+f v,
[6>0,0>0] [e<0,0<0])

if mly>0,9<0]=0and m|y >0, ¢ <0]=0. Hence
[ w>0
Q

if (E) holds and ¢ + 0, which contradicts [, y¢ = 0.
Now suppose . that ¢+#0. Then mly >0, ¢<0]>0 or mly <0,
¢ >0] > 0. Assume m[y >0, ¢ <0] > 0. Since

[y>0,4<0]lc|y>0]=[y>0,y+¢>0],

by (3.16) and by using Egoroff’s theorem, there exist a subset 2/ of [y > 0,
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¢ < 0] with m(£2') > 0, and numbers N > 0 and y > O such that for all j > N
and a.a. x € 2,

w(x)>0  and  gyx)<—y.
By (3.3),

SO w0/l |l — Sy (x)
< 0¢,(x) + fi)/w;ll < =y + £/ sl

for all j > N and a.a. x € 2'. Hence
tim [ | fw)lg) - dw,* > m(@)@)* >0,
I ® Je>0]

which contradicts (3.17).

Similarly, if m{w <0, ¢ > 0] >0, by (3.4), it leads to a contradiction to
(3.17).

Hence, if w # 0, then ¢ = 0. Lemma 6 is proved.

In application, condition (E) should not cause severe restriction. In the
remainder of the paper, we always assume that condition (E) holds.
Let

Sfx,9)

and h,(x) :==lim sup .
{-+ é

Sx,9)
¢

[ (x):= lzining

We can now prove an existence theorem where resonance is excluded, by
only considering the limiting functions /, and &, .

THEOREM 1. Let hypotheses (H), (H-1), (H-2), and (E) be satisfied. If

J 0o + U9 >0 and | [G—k)w P+[0—k)w >0
for all § € N, — {0} and w € N, — {0}, then (2.1) is solvable.

Proof. Suppose that [ju,|| » co as j— co. Then it leads to a contradiction
as follows: By Lemma 6, either u;/|u]|->9¢€ N, —{0} or wu/lluj-
14 € Nk+1 - {0} *

If u/||u;|| - ¢ € N, — {0}, by (3.13),

fim {17 @I/l =0
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On the other hand, by applying Fatou’s lemma,
Lim | £ uplI*/ll;]* >J lim inf |/ (x, u,(0))|*/l|;]?
Jo Q J-®

= lim inf f(x, “_i(x))l/” uj||2

le>0] /=&

+ j lim inf £ (x, u;(x)) /)| u;]*
[e<0] /=X

a contradiction.
If u/|lu;|| » w € Ny, — {0}, by (3.13),

lim ||/}l — w1 = 0.

Again, by applying Fatou’s lemma,
Jim {1/ G)/llujll — ow,lI*

> [ timinf | Gl — 0w,
fex>0] Jo®
+ jl | i inf L 06)) ) = B P

> lim inf (6 — f(x, u,(x))/u/(x))* ¥*(x)

[¢>0] /2o

+ lim inf (6 — f(x, u;(x))/ux))* w’(x)

fw<o] Jo©
>[ (G=k)y P +I@—k )y >0,

a contradiction.
Hence sup, .., [ #.[| < o, the theorem follows from Lemma 1.

COROLLARY. Suppose that constants do not being to N.@® N, — {0}
Then (2.1) is solvable if
(i) m|l,=0]=00rm|l_=0]=0, and
(i) mlk, =6]=0o0r mk_=48]=0.
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Theorem 1 generalizes the result of Amann and Mancini [4] in the case
where F satisfies condition (N).

Let f,(x):=liminf,_  f(x,&) and f,(x):=limsup,. . f(x,¢&).
Moreover, let

h(x, f) = 66 _f(x7 é);
and let 4, and /4, be defined as above.
To prove the existence theorem for (2.1) by considering the limiting
functions f, , we need the following estimates which complement Lemma 5.

LEmMMA 7. Suppose that |\u;|| - oo as j— co. Then

(i) ifuj”uj”_’¢ENk_ {0}, then “Wj” <))”uj”l/2’ and
(i) Fu/llull-weEN,,, — {0} then ”U;” < V”ujHI/za

where  w,=v;+w;+y, with v,EN,, WwEN, , and y€E
(N @ Ny 1) M D(A).

Proof. (1) If u;/||u;|— ¢ € N,— {0}, and suppose that
sgpliW,-II/Ilujll”2 = oo.
By (3.12), we can assume (by passing to an appropriate subsequence if
necessary) that
willwill = ¥ € Ny — {0} and Ly,/|lw;ll -0,

and that the convergences are almost everywhere in £.
Divided (3.14) by ||w;||, by Lemma 4, for a.a. x € 2,

im e, o))yl = lim Sy}, = 6i).
On the other hand, by (3.3) and (3.4), for a.a. x € 2,
lim inf /(x, ux)) g(x)/llwll > O
Hence
#(x)y(x) >0 for a.a. x€Q,

a contradiction [, ¢ = 0 if (E) holds.
Condition (ii) can be proved by a similar argument.

THEOREM 2. Let hypotheses (H), (H- 1) (H-2), and (E) be satisfied. If

[o(fi 6" —F ¢7)=c0 and [o(h,y* —h y~)=oo for all g€ N, — {0}
and y € N, — |0}, then (2.1) is solvable.



588 SONG-SUN LIN

Proof. Suppose that [u;|| - 0o as j— co. We may assume that for a.a.
x€QRandjEN

L, 00)/ w1 < ()
with an appropriate f, € L,(2). If u/||u;|| > ¢ € N, — {0}, then

sup (f(uy), u/||u;ll) < 0

by Lemmas 4, 5, and 7. On the other hand, for a.a. x€ 2
) S0, w0014, 3 =) L ol g | — de) |
> —c(x) f5(x) — dx)/ .
By applying Fatou’s lemma,

lim inf (/). 2/ > | tim inf () /e, (0

>Jn(f_+¢*—ff.¢‘)=oo-

a contradiction.
If uj/“uj“ - Y E N, — {0}, then

sup (Ou; — fu;), uifllu;l)) < oo.
J
A similar argument leads to a contradiction
J (h,w* —h_y )= oo.
Q

The theorem is proved.

We remark that Theorem 2 generalizes Theorem 1.

4. THE RESONANCE CASE

We are now in a position to study the resonance problem in the case
Jo(fsd¢" —F 67 )<w or [,(h,w* —h_w )< co. We shall decompose
the function f into two parts, which are easier to handle. The approach relies
on a device of De Figueiredo [5] and simplified by Amann and Mancini [4].

We first recall some notation and statements in [4, Appendix, (iii)].



SEMILINEAR DIFFERENTIAL EQUATIONS

We note that Eq. (3.2) can be written as
Lu = nf(u) + neu,
or
Mu = n(f(u) — du) — ey,
where L=A — A Jand M=A4 — 4,1, and
NLu|*>d6(Lu,u)  and | Mu|)* > —6(Mu, u)

for all u € D(A), (see |4, (A.1)]).
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(4.1)

(4.2)

4.3)

If u; are solutions of (4.1) and |u,|| » co as j— co. Then, by Lemma 6,
either u;/||u;|| —» ¢ € N, — {0} or w;/||u;|| » w € N, , — {0}. Equation (4.1) is
used in the former case and (4.2) in the latter. Let G(x, &) = f(x, &) and
a' =1 if (4.1) is used, and G(x, &)= f(x,¢)— ¢ and o’ =—1 if (4.2) is

used. We also remark that (3.3) and (3.4) imply that

(H-1") &(f(x, &) — 68) < f1(x) €],
(H-2)  |f(x, &) — 6 < 6[¢] + fi(x).

For every fixed r > 0, we define functions
£ QX {L|EI>1}-R
by

gAr("é):G("é)’ if 521 and a’G(-,é)Qr,

=a'r, if &>1 and a'G(-, &) >,
=G(-,¢), if {K—1 and a'G(, &>,
=—a'r, if ¢<—1 and a'G(-, &)< -,

and G,: 2 X R—-R by

Gr('a é):G(’ 6)— g"r(" é)’ for |él > 19
=¢[G(, D — &, D], for 0<ELL
=é[G(9 _1)_gAr(s —1)]’ for —1 <é<09

and let g, =G —G,.
Then G, and g, are Carathédory functions, and

a’tG,(-, & >0 for all € R,

4.4)
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Moreover,

i~
e
“n
—

SUE) “ gr(" u())” < Vr < 00,
ueH

where constant y, depends only on 7, (see [4, (A.17)]).
We shall prove the following estimate on (a’g,(u), u), which is bounded
above by assuming [4, (H, (ii)) or (H_(ii))|.

LEMMA 8. For every fixed r > 0,
(@’g,(u), w) < C(I|G@ + 1)

Sor all solution u of (4.1) (and (4.2)), where C, depends only on r.
Proof. Since

(a'g(u), u)=(a'G(u), u) — (a'G (u), u),
we shall give an upper bound on (a’G(u),u) and a lower bound on
(a'G (u), u).
It is easy to verify that
|G (x, O < O[E] + 2 (x)
for all € R and a.a. x € 2. By (4.4),

@Gy w)= | |G, (w) |l

> (1/0) | G —y |G ()
for all ¥ € H. Since

1G@)I* =Gu) — g, )|’
2| Ga)* — 211G || gl + Il g, ()l*
2| G)I* — 27, G|
and
Gl + || &)

G, @)l <
<Gl + v,

|

|

by (4.5). Hence
(@' G (u). u) > (1/8) | G)* — CH| G| + 1),

where constant C, depends only on y, and so on r.
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We next give an upper bound on (a'G(u), u). If a’ =1, by (4.1),

(a'G(u), u) = (f(u), u)
= (Lu, u) —ne|lull” + (1 — n)(f(u), u)
S /) I Lull* + (A =) ull |f @)
<A/ NF@I* + vl el + 1)
by (4.3), (3.9), and Lemma 4. Similarly, if ' = —1, by (4.2),
(¢'G(u), u) = —(f(u) — 6u, u)
—(Mu, u) — e |lull* — (1 — n)(f(u) — du, u)
< 1/8) [IMull* + (1 —m) ||ull Il £ () — Sul|
< /O S@) = dull® + y(If () — Sull + 1).

Hence, in both cases, we have
(@'G(u), u) < (1/0) | G@)II* + y(| G|l + 1).
Therefore,

(a'g, (), u) < C(| Gu)]| + 1),

where constant C, depends only on r.

THEOREM 3. Let hypotheses (H), (H-1), (H-2), (E), and
H3) [o(fi9* =7 ¢7)>0and [(h,v* —h_y )>0

591

Jor all € N, — {0} and w € N, , — {0}, be satisfied. Then (2.1) is solvable.

Proof.  Suppose that ||u;]|—» co as j— co. It is easy to see that
IG@I < y(luyll'? + 1.
In fact, if u/|u,]| > ¢ € N, — {0},
1A < y(lul V2 + 1),
and, if w/|u,]| > w € Ny, — {0},
1/ () = Ol < 1| (y) — dwyll + &Il + S 1|

<yl + 1)

409/93/2-20
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by Lemmas S and 7. By Lemma 8,

lim inf (a’g,(u)). 1| < 0.

Moreover, by the construction of g, and by assuming |u;(x)|/||4;]| < f(x) for
aa. x€RQ, all jEN, and an appropriate f, € L,(R2), a’u; g (u;)/||u,l| is
bounded below by an integrable function, see |4] for details. Therefore, by
applying Fatou’s lemma,

liminf a’g(u;) u;/|lu;|| <O.
Q Jox o
By letting r » oo and using B. Levi’s theorem, we have

Jg(f_+¢*—f4¢‘)<o if =1,
and

f (h-+'//+“];_|//—)<0 if o =-—1,

Q

which contradict (H-3). The theorem is proved.

We remark that the results obtained in this paper can be applied to
semilinear elliptic boundary value problems as in |2, 4, 5| and semilinear
wave equations as in [2, 4].
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