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Abstract 

    

In recent years, single carrier frequency domain equalization (SC-FDE) has been widely 

considered in the research of wireless communications as an alternative to the orthogonal 

frequency division multiplexing. The symbol decision performance of SC-FDE relies on 

accurate channel estimation. Traditional channel estimation techniques for SC-FDE are 

based on the least-squares (LS) principle, which however does not take account of the sparse 

nature of wireless channels. In this thesis, we study compressive-sensing (CS) based sparse 

channel estimation for SC-FDE, in which the training system is described by a circulant 

matrix. We first characterize the probability that a random circulant matrix can satisfy the 

restricted isometry property (RIP). The result is seen to be tighter than existing solutions. By 

using the Dantizg selector for signal recovery, we propose a new optimal training pattern via 

minimization of the mutual incoherence (MI). Simulation results are used to illustrate the 

performance of the proposed scheme.  
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1 
 

        

    

1111.1.1.1.1        

(single carrier time domain equal- 

ization, SC-TDE) (single 

carrier frequency domain equalization, SC-FDE)

(orthogonal 

frequency division multiplexing, OFDM) [1]

(carrier frequency offsets, CFOs) (peak-to-average power 

ratio, PAPR)

(multiple input multiple output, MIMO) [2][3]

(ultra wideband, UWB) [4]  

 

[5]

(discrete fourier transform, DFT) (inverse d- 

iscrete fourier transform, IDFT)

(interblock interference, IBI)

(Guard interval)

(zero padding) (cyclic prefix, CP)



 

2 
 

 

 

    

[6] (sparse)

(compressive sensing, CS)

p∈x ℝ

1 2
[    ] p p

p
ψ ψ ψ ψ ×= ∈… ℝ x ψ  

 

1

                                             (1.1)
p

i i
i

β ψ ψβ
=

= ⇔ =∑x x  

 

1 2
[    ]T p

p
β β β β= ∈… ℝ S ( )p S−

S p≪ x ψ S

x (compressible) (stable measurement 

matrix) n pQ ×∈ ℝ n p< Q x (1.1)

Q (measurement vector) n∈y ℝ  

 

�                                            (1.2)Q Qψβ= =

Φ

y x  



 

3 
 

n pQψ ×Φ = ∈ ℝ y

β (1.1) x  

    (1.2)

y Φ β

y Φ

 

 

1111....2 2 2 2     

    

(Toeplitz matrix) (Gaussian random distribution)

(circulant 

matrix)

-
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1111....3 3 3 3  

    

(bounded ran- 

dom distribution)
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2.1

(inter-block interference, IBI)

2.1.1 2.1.2 

2.1.3

2.2

 

    

2.12.12.12.1        

    

 

    

 

 

2.12.12.12.1.1.1.1.1        
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2-1  

 

 

 

 

  

 

 

 

 

 

 

 

2-1  

 

2-1

 

     

 

 (i+1)-th data block 

i-th data block 

i-th data block 

(i+1)-th data block 

ISI and IBI 

i-th data block 

i-th data block 

(i+1)-th data block 

(i+1)-th data block 

CP CP 

CP CP 
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2-2  

 

2.1.22.1.22.1.22.1.2        

    

 

    

[7] 2-3 

 

 

 

 

 

2-3  

 

CP i-th data block 

CP 

CP 

CP 

CP CP 

i-th data block 

i-th data block 

(i+1)-th data 

(i+1)-th data 

(i+1)-th 

1st path 

2nd path 

3rd path 

ISI and IBI 

   data block pilot block pilot block 

CP 
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[ ]ns
⋮ ⋮

[ ]ny

z
 

2-4  

 

2-4 [ ] N Ln +∈s ℂ

[ ] Nn ∈d ℂ L∈p ℂ  

 

[ ] [ [ ], [ 1], , [ 1], [0], [1], , [ 1]]             (2.1)

[ ]

Tn d nN d nN d nN N p p p L

n

= + + − −s

d p

… …
����������������	���������������
 ���������	��������


 

 

[ ]ns

2[ ] N Ln +∈sɶ ℂ  

 

[ ] [ , [ ], ]                                        (2.2)Tn n=s p d pɶ  

 

L

L∈h ℂ 3N L+∈z ℂ (white Gaussian noise, WGN) 

[ ]nsɶ  
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[ ]nsɶ

h (linear convolution) z

[ ]nsɶ 2[ ] L Nn +∈y ℂ  

 

[0] [1]

[0]
[ 1] [0]

[0]
[ ] [1]

[ 1]

[ ]
[ 1] [ ]

[0] [ 1]
[2 1]

[ ] [ 1] [0]

p p

y
p L p

h
d nN p

y L

y L
d nN N d nN N L

p d nN N L
y L N

n p L p

 
 
 
  
   −  
  
  −   

=   
  

+ − + −  
  
 + − + 
 + − 

   
 
 −  

y

⋯

⋮ ⋱ ⋮

⋯
⋮

⋯

⋮ ⋱ ⋮

⋯
⋮

⋯

⋮ ⋱ ⋮�������	������


⋯

[1]
   (2.3)

[ 1]

h

h L

 
 
 
  + 
 
 −  

z

h

⋮

����	���


 

 

(2.3) [ ]ny L p

[ ]nd [ ]ny  

 

[0] [0] [ 1] [1] [0] [0]

[1] [1] [0] [2] [1] [1]

[ 1] [ 1] [0] [ 1] [ 1]

[̂ ]

y p p L p h z

y p p p h z

y L p L p h L z L

n

       −       
       
      = +      
      
      − − − −             

y P

⋯

⋯

⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮

⋯ ⋯
����	���
 �������������	������������


                 (2.4)
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[ ] [1]

[ ] [0] [ ]

[ 1] [ 1] [ ] [1] [ 1]

[0] [ 1]

[2 1] [ 1] [2 1

[ 1] [0][ ]

d nN p

y L h z L

y L d nN N d nN N L h z L

p d nN N L

y L N h L z L N

p L p
n

 
 
    
    
    + + − + − +    = +    + − +    
    + − − + −        

− 
 y

⋯

⋮ ⋱ ⋮

⋯

⋮ ⋯ ⋮ ⋮

⋮ ⋱ ⋮
�������	������


⋯
ɶ

]

                                                                                                            (2.5)

 
 
 
 
 
 
 
  

(2.4) (2.5) [ ]nd

h [ ]nsɶ

(circular convolution) (2.4) L L×∈P ℂ (2.5)

(2.4)

(discrete fourier transform, DFT)

 

    2-5 [ ]ny

[ ]ny L

L [̂ ] Ln ∈y ℂ [ ]ny L N+ [ ]nyɶ

L N+∈ ℂ [ ]nyɶ [ ]nd (2.4)

[ ]ny L

p [ ]ny L

[̂ ] Ln ∈y ℂ ˆ L∈h ℂ  

    ĥ [ ]nd  

(2.5)  

[0]

[ ] [ 1] [ 1] [ ]

[ 1] [ ] [ 2] [ 1] [ 1]
[ ]

0

[ 1] [ ] [2 1]

0

h

d nN p L d nN z L

d nN d nN d nN h L z L
n

p L d nN z L N

 
 
    − +     
    + + − +    = +    
    
    − + −        
 
 

y

z

⋯ ⋮

⋯
ɶ

⋮ ⋮ ⋱ ⋮ ⋮

⋯ ⋯ ⋮
�������	������
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0

[0] 0 [1] [ ]

[0]

[ 1] 0 [ 1]
     =

0 [ 1] 0 [0]

0

0 [0] [ 1]

[ ]

                    

h h d nN

h

h L d nN N

h L p

h p L

n

   
   
   
   
   − + −   

+   −   
   
   
   

−   
   

z

H s

⋯

⋮ ⋯ ⋮ ⋮

⋮ ⋯

⋯

⋮ ⋯ ⋮ ⋮

⋮ ⋯
�������������	������������
 �������	������


                                                                              (2.6)  

 

( ) ( )

0

L N L N+ × +∈H ℂ (2.6) [ ]nyɶ [ ]ns h N

L N+
F

1

L N

−

+
F  

 

2

( 1)

2 /( )

( 1) ( 1)

1 1 1

11
,            (2.7)

1

N L

j N L

L N

N L N L

w w
w e

N L

w w

π

+ −

− +
+

+ − + −

 
 
 
 

= = 
 +  
 
  

F

⋯

⋯

⋮ ⋮ ⋮ ⋮

⋯

 

 

2

( 1)

1 2 /( )

( 1) ( 1)

1 1 1

11
,            (2.8)

1

N L

j N L

L N

N L N L

w w
w e

N L

w w

π

+ −

− +
+

+ − + −

 
 
 
 

= = 
 +  
 
  

F

⋯

⋯

⋮ ⋮ ⋮ ⋮

⋯

 

 

2-5 [ ]nyɶ

[ ]ny [ ]ny L

ˆ[ ]ny L N+ [ ]nyɶ

[ ]nyɶ [ ]nyɶ  
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[ ]ny

⋮ ⋮ ⋮

⋯

[̂ ]ny

[ ]nyɶ ĥ

[̂ ]ns

2-5  

 

L N+
F (2.6)  

0
[ ] [ ]                                     (2.9)

L N L N L N
n n

+ + +
= +F y F H s F zɶ  

0
H

L N+
F

1
L N

−
+
F

 

0

1

0

[ ] [ ]

       = [ ]

       =                                         (2.10)

L N L N L N

L N L N L N L N

L N

n n

n

+ + +

−

+ + + +

+

= +

+

+

F y F H s F z

F H F F s F z

HS F z

ɶ

 

 

1

0

1

[1] 0 0

0 [ ]
                         (2.11)

0

0 0 [ ]

L N L N

N L

H

H w

H w

−

+ +

+ −

 
 
 
 = =  
 
 
  

H F H F

⋯

⋱ ⋮

⋮ ⋱ ⋱

⋯
 

[0]

[1]
[ ]                                          (2.12)

[ 1]

L N

S

S
n

S L N

+

 
 
 
 = =  
 
 + −  

S F s
⋮

 

( 1)[ ] [0] [1] [ 1]k k k LH w h h w h L w− − −= + + + −⋯
0
h



 

13 
 

0L N+
F h 1k + S [ ]ns [ ]

L N
n

+
F yɶ

(zero forcing equalization)

(2.10)
L N+
F z [ ]

L N
n

+
F yɶ

H S

H H
1−H

N L

ZF

+∈W ℂ 1−H  

 

1

1
0 0

[1]
1

0
{ [0], , [ 1]}             (2.13)[ ]

0

1
0 0

[ ]

ZF

N L

H

diag W W N L H w

H w + −

 
 
 
 
 
 
 = + − =
 
 
 
 
 
  

W

⋯

⋱ ⋮
…

⋮ ⋱ ⋱

⋯

 

 

ZF
W (2.10)  

[ ]                                       (2.14)
ZF L N ZF L N

n
+ +

= +W F y S W F zɶ  

0
L N+

=F z
�

 

[ ]                                                   (2.15)
ZF L N

n
+

=W F y Sɶ  

S
ZF
W

L N+
F z

L N+
F z

 

[ ]
ZF L N

n
+

W F yɶ

1

L N

−

+
F  
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1 1 1

1

[ ]

               = [ ]                                      (2.16)
L N ZF L N L N L N ZF L N

L N ZF L N

n

n

− − −

+ + + + +

−

+ +

= +

+

F W F y F S F W F z

s F W F z

ɶ
 

1

L N ZF L N

−

+ +
F W F z [ ]ns  

 

DFT IDFT⋮ ⋮⋮

[0]W

[ 1]W N L+ −

 

2-6  

 

2.2.2.2.1.31.31.31.3        

 

: 

(1)  

(2)  

(3)  

: 

(1)  

(2)  
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2.2.2.2.1.41.41.41.4        

(full rank)  

 

1ˆ ˆ( ) [ ]                                   (2.17)H H n−=h P P P y  

 

P ˆ[ ]ny (2.4) P

(2.17)  

 

1

1
0 0

[0]
1

0ˆ ˆ[ ]          (2.18)[1]
0

1
0 0

[ 1]

L L

P

nP

P L

−

 
 
 
 
 
 
 =
 
 
 
 
 

−  

h F F y

⋯

⋱ ⋮

⋮ ⋱ ⋱

⋯

 

 

 

[0] [0]

                               (2.19)

[ 1] [ 1]
L

P p

P L p L

   
   
   =   
   

− −      

F⋮ ⋮  

 

(2.17) (2.18)

 

 

 



 

16 
 

2.2.2.2.2222        

    

2.2.1 2.2.1 2.2.1 2.2.1     

    (underdetermined system)

 

 

                                          (2.20)β= Φ +y z  

 

n∈y ℂ
n p×Φ ∈ ℂ ( )n p≪

n∈z ℂ pβ ∈ ℂ

β S

S p

y β z 0
�

(2.20)

n p≪ β′ β ′= Φy Φ

( )N Φ (null space) ( )N Φ p∈r ℂ =y

( )βΦ + r p n− ( )H N= Φ

β+  

    

γ
κ
ℓ

1

( )
p

i
i

κ
κ

κ
γ γ

=

= ∑

z 0
�

 

 

(a)
2
ℓ  

    ( )H N β= Φ +

2
ℓ  
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2

ˆ argmin        subject to                             (2.21)β γ γ= Φ = y  

 

1ˆ ( )H Hβ −= Φ ΦΦ y
2
ℓ

S β̂  

 

(b)
0
ℓ  

2
ℓ

0
ℓ

0
ℓ

0
ℓ S S

β  

 

0

ˆ argmin        subject to                             (2.22)β γ γ= Φ = y  

 

[8] (2.22)

NP-complete
p

S

 
 
 

 

 

(c)
1
ℓ  

1
ℓ  

1

ˆ argmin        subject to                             (2.23)β γ γ= Φ = y  
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[9] (independent identical distributed, i.i.d.)

Φ y

log( / )n cS p S≥ (c )

(2.23) (convex optimization)

(linear program) 3( )O p

0
ℓ  

    S
2
ℓ S

1
ℓ S pℂ

S S (hyperpl 

ane) S 2-7

( )H N β= Φ + H

p β ( )N Φ p

Φ Φ H  

H
2
ℓ  

 

 

 

 

 

 

 

 

 

2-7  

pℂ  

•  
β  
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( S )

2-8 H
2
ℓ

H β̂  

β  

 

 

 

 

 

 

 

 

2-8 
2
ℓ  

2-9
1
ℓ

1
ℓ

H β

2
ℓ

1
ℓ

2
ℓ

 

    z z

ε +∈ ℝ (2.21)  

 

1 2

ˆ min        subject to                       (2.24)
pγ

β γ γ ε
∈

= Φ − ≤y
ℝ

 

 

z ε  

β  
•  

•  
β̂  

pℂ  

H  
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2-9 
1
ℓ  

ε z

2
ε≤z ε  

     (2.24) Dantzig 

selector method (DS)[11]  

 

( )
1

ˆ min        subject to                       (2.25)
p

H

γ

β γ γ λ
∞∈

= Φ −Φ ≤y
ℝ

 

 

Dantzig selector method Candes Tao ( )γ−Φy

Φ λ +∈ ℝ  

1
ℓ  

    

2.2.2 2.2.2 2.2.2 2.2.2     

    
1
ℓ

Φ  

 

H  
pℂ  

•  
β  

β̂  
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(restricted iso 

-metry property, RIP) (mutual incoherence property, MIP)

 

 

1. [12]: 

p∈c ℂ S
n p×Φ ∈ ℝ

(restricted isometry constant, RIC) ( )0,1
S
δ ∈

Φ  

 

( ) ( )
2

2

2

2

1 1                                 (2.26)
S S
δ δ

Φ
− ≤ ≤ +

c

c  

 

Φ RIP( ),
S

S δ  

 

S

c Φ
2

2
Φc

c
2

2
c

2

2
Φc

2

2
c ( )1

S
δ− ( )1

S
δ+

S
δ

Φ  

    Φ

Φ
1
ℓ
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 1. [13]: 

n p×Φ ∈ ℂ
S
δ  

(a) S
1 2 3
δ δ δ≤ ≤ ≤⋯ 

(b) 
S
δ  

2[ ],
max

   =sup ( ) ,                                 (2.27)
s

H

s S S
S p S s

H

T

δ
⊂ ≤

∈

= Φ Φ − Ι

Φ Φ − Ι
x

x x
 

   { }
2 0

, 1,p

s
T s= ∈ = ≤x x xℂ  

(c) , p∈u v ℂ supp supp ∩ = ∅u v supp supp s = +u v  

 

2 2
,                                 (2.28)

s
δΦ Φ ≤u v u v  

 

(2.26) c ′ ∈c

pℝ { }[ ] 0T t t= ≠c { }[ ] 0T t t′ ′= ≠c c ′c T

T ′ T S≤ T S ′≤ S S p′+ ≤

(restricted orthogonality constant) 
,S S
θ

′
 

 

, 2 2
,                                 (2.29)

S S
θ

′
′ ′Φ Φ ≤ ⋅c c c c  

 

 2. [14]: 

n p×Φ ∈ ℝ Φ

(coherence) u
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max ,                                    (2.30)
i ji j

u
≠

= Φ Φ   

 

Φ u

Φ ( )

1-

(1-coherence function)  

 

1 [ ] [ ]\{ }
    | |

( ) max max ,                                    (2.31)
i jp S N

S s

u s su
∈ ⊂

≤

= Φ Φ ≤
ℓ ℓ

 

 

1-

 

 

 2. [13]: 

(a) 
2

u δ=  

(b) 
1 [ ],| | 1 1
( ) max H

S SS N S s
u s

⊂ ≤ +
= Φ Φ − Ι  

(c)
 1

( 1) ( 1)
s

s u s uδ ≤ − ≤ −  

 

2.2.3 2.2.3 2.2.3 2.2.3     

    Φ

Φ

 

(a)  
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(2.20)  

 

                                          (2.32)β= Φy  

 

(2.32) [12] Φ
, ,2

1
S S S S S
δ θ θ+ + <

1
ℓ

(2.23) β [13]
2

1

3S
δ < (2.23)

β

[15]
1 1

1
2

S
u

  < +   
 

(2.23)  

 

(b)  

    (2.20)

 

 

 

2
ℓ : 

    z
2
ε≤z [16] Φ

3 4
3 2

S S
δ δ+ <

2
ℓ

1
ℓ (2.24)  

2

ˆ                                    (2.33)
S

Cβ β ε− ≤  
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S
C

4S
δ [17] <0.307

S
δ (2.21)

 

2

ˆ                                    (2.34)
0.307-

S

ε
β β

δ
− ≤  

[15]
1 1

1
2

S
u

  < +   

ε η≤ (2.24)
2

γ ηΦ − ≤y (2.21)

 

 

2

3(1 )ˆ ( + )                                   (2.35)
1 (2 1)

u

S u
β β η ε

+
− ≤ ⋅

− −
 

 

Dantzig selector method: 

    

(2.24) Dantzig selec 

-tor method (2.25) (2.25)  

 

(2.25) 2 log pλ σ= [11]

2(0, )N σ Φ
2 ,2

1
S S S
δ θ+ <

 

 

2
2 2

12

ˆ (2 log )                                  (2.36)C p Sβ β σ− ≤ ⋅ ⋅ ⋅  
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1 2 ,2
4 / (1 )

S S S
C δ θ= − + [17] z

H λ
∞

Φ ≤z  

Φ 0.307
S
δ < (2.25)  

 

2

ˆ                                  (2.37)
0.307

S

S
β β λ

δ
− ≤

−
 

 

Dantzig selector method

z
H ε

∞
Φ ≤z ε λ≤ [15]

1 1
1

2
S

u

  < +   

 

2

2ˆ ( + )                                   (2.38)
1 (2 1)

S

S u
β β λ ε− ≤ ⋅

− −
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3.13.13.13.1        

    

 

 

 1. L L×∈P ℂ HP P ( )TH H=P P P P  

 

Proof: 

( )THP P HP P HP P ( )H

ij
P P ( )H

ji
P P

1 ,i j L≤ ≤ 1p P  

P i
i
p 1p  

1
1                                                               (3.1)i

i
−=p J p  

n n×∈J ℝ  

0 0 1

1 0 0
                                                (3.2)

0 1 0

 
 
 =
 
 
 

J

⋯

⋱

⋮ ⋱ ⋱ ⋮
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( )

( ) ( )

( ) ( )

( )

1 1
1 1

2
1 1

1 1
1 1

                                                      (3.3)

H

ij

H
i j

Hi j

H i j

Hj i

H
j i

H

ji

− −

+ −

− −

=

=

=

=

=

=

P P

p p

J p J p

p J p

J p J p

p p

P P

 

 

 

2. L L×∈P ℂ P  

1,1

2,2

1, 1

1,2 1,

2,1 2,3

3,2

2, 1

1, 2 1

1,3 1, 1

2,

3,1

,

,1 ,

2,

1,1

2 2 ,1, ,

            

L

L

L

L

L L

L L L L

L L L

H

L L

L L

L

L

L L L

− −

−

−

−

−

− −

− − −

−

 
 
 
 
 
 = =  
 
 
 
 
  

=

G G

G

G

G G

G G

G

G

G G

G G

G

G

G G

G

G

G P P

G

G

⋯

⋱

⋱ ⋮

⋮ ⋱

⋱

⋯

⋱

⋱

⋱

⋱

□ □

⋱ □

⋱

⋱

△ △

△ △

△ ⋱□ ⋱

⋱

○ ⋯

○ ⋱

⋱ ⋮

⋮ ⋱⋱ △ □

□ ⋱ ⋱ △ ○

L L×
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□ □

△

△

ℂ

⋯ ○△
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(1)  

1,1 2,2 ,L L
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, , , ,

1 ,1 , ,1 ,
2

i i d j j L d k d k l L d l

L
d i k L d j l d

+ + − + + −
 = = =     ≤ ≤ ≤ ≤ − ≤ ≤    

G G G G

 

G
1

1
2

L −  +
 
 

 

 

: 

1,3 1,4

2,4 2,5

3,1 3,5

4,1 4,2

5,2

1,2 1,5

2,1 2,3

3,2 3,4

4,3 4,5

5,1

1,1

2,2

3,3

5,3

4,4

5,5,4 5

  ,  5L

 
 
 
 
 =  
 
 
 
  

 
 
 
 
 = = 
 
 
 
  

G G

G

G G

G G

G G

G

G G

G G

G G

GG

GG G

G G G G G

□ □

□ □

□ □

□

△ △

△ △

△ △

△ △

○

○

○

○□

○△ □ □ △

 

1d =  

i i k k

i k

j l+ +

 ≤ ≤= = = 
 ≤ ≤

G G G G
, 1 1,5 1, 5,1

1 , 4
,  

1 , 1
 

 

2d =  

, 2 , 3 2, 3,

1 , 3
,  

1 , 2i i i j k k l l

i k

j l+ + + +

 ≤ ≤= = = 
 ≤ ≤

G G G G  
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i
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1 1 1 2 1

2 1

1

                           (3.4)

H H H

L

H
H

H H

L L L

 
 
 
 

=  
 
 
 
  

p p p p p p

p p
P P

p p p p

⋯

⋱ ⋱ ⋮

⋮ ⋱ ⋱ ⋮

⋯ ⋯

 

P
HP P

HP P  2
1 2 1
H H

L
 
  
p p p p⋯  

w

h n n wLδ
∞

=−∞

   = −      ∑ h n 
   i

pɶ
i
p

i
pɶ

 

( )
( )1

                               (3.5)i i i

i i

f h n

f −

   = = ⊗    
 =

p p p

p p

ɶ

ɶ
 

2j ≥  

( ) ( )
( ) ( )

( ) ( )

( ) ( )
( ) ( )( )

( )

1 1
1 1

1 1
1

1 1
1

1 1
1 2

1 1
1 2

1 2

      

      

      

      

                                                   (3.6)

HH

j j

H

L L j

H

L j L

H

j

H

L j

H

L j

f f

f f

f f

f f

f f

− −

− −
+ −

− −
+ −

− −
−

− −

− −

− −
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=

=

=

=

=

p p p p

p p

p p

p p

p p

p p

ɶ ɶ

ɶ ɶ

ɶ ɶ

ɶ ɶ

ɶ ɶ

 

 

 1  

2 L j− −  

i
pɶ L  

2j ≥ ( )1 1 2

H H

j L j− −
=p p p p

1 2 1
H H

L
 
  
p p p p⋯  

HP P HP P

1 2 1
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1 2 1
H H

L
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3.[18] { }
1

[ ]
L

i
p i

=

2(0, )N σ [ ]p i

 

( )2 2 2 2

1

Pr [ ] 2 2 exp
L

i

p i k Lt t tσ σ σ
=

  − ≥ + ≤ −   
∑  

 

( )2 2 2

1

Pr [ ] 2 exp
L

i

p i k Lt tσ σ
=

  − ≤ − ≤ −   
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t 0 1t≤ ≤  

( )2 2 2

1

Pr [ ] 4 2 exp
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i

p i k Lt tσ σ
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   − ≥ ≤ −  
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4.[18] { }
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[ ]
L

i
p i

=
[ ]p i [ ]p i a≤  
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2
2 2

4
1

2
Pr [ ] 2 exp

L

i

t
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ka
σ
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       − ≥ ≤ −        
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=
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( )
2 2

2

1
Pr  does not satisfy RIP 2exp 4 exp

36 2 54

S S
L LL

S

δ δ     −     ≤ − + −           
P  

 

Proof: 

a)  

 

( ) ( )
2

2

1 1   ,   
H

H

S S
δ δ− ≤ ≤ + = ⇔

z Gz
G P P

z

 

( ) ( ) ( ) ( )min max2

2

1 1   

,  and ,                                                             (3.7)

                                      

H

T T T
S T T S

T

H

T T T
T S T

δ λ λ δ− ≤ ≤ ≤ ≤ +

= = ∀

z G z
G G

z

G P P
 

( )0 1
S
δ≤ ≤  

 

b) 

Gersgorin disks (3.7)  

,

,

1 ,  

,  ,                        (3.8)

,  0 and 0

i i d

o
i j

d o s d o

i

i j
S

δ

δ

δ δ δ δ δ

 − ≤ ∀ ≤ ∀
 + = ≥ ≥

G

G  

(3.7) P  

P Gersgorin disks P

P
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Pr upper bound of that  does not satisfy RIP

Pr upper bound of that  does not satisfy (3.8)≤
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( )
( )

Pr  does not satisfy RIP

Pr upper bound of that  does not satisfy (3.8)≤

P

P
 

P (3.8) P  
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3 G
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1

[ ]
L

i i
j

p j
=

= ∑G  

( )2

1

4
Pr [ ] 1 2 exp                                                 (3.9)

L

j

p j Lt t
L=
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2

16
d

L
t

δ
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( )
2
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Pr 1 2exp                                                  (3.10)

16
d

i i d

Lδ
δ
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1  

( )
2
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1
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16

L
d

i i d i i d
i

Lδ
δ δ

=

    ⇒ − ≥ = − ≥ ≤ −        
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[18] 6  

2

, 2
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o o
i j
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S S
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, 2
1 1,
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c) d)  

( )
2 2

2

1
Pr  does not satisfy RIP 2exp 4 exp          (3.14)

16 2 6

d o
L LL

S

δ δ     −     ≤ − + −           
P  

 

f) 

2

3d S
δ δ=

1

3o S
δ δ=  [18] (3.14)  

( )
2 2

2

1
Pr  does not satisfy RIP 2exp 4 exp          (3.15)

36 2 54

S S
L LL

S

δ δ     −     ≤ − + −           
P

 

 

g) 

(3.15) (3.15)

(3.15)   

2 2

2

1
2exp 4 exp 1                       (3.16)

36 2 54

S S
L LL

S
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22 32
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Gersgorin disks (3.19)  
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3.23.23.23.2        
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4.14.14.14.1     

    2.1 (2.4)

(2.4)  

 

[0] [0] [ 1] [1] [0] [0]

[1] [1] [0] [2] [1] [1]

[ 1] [ 1] [0] [ 1] [ 1]

y p p L p h z

y p p p h z

y L p L p h L z L

      −      
      
      = +      
      
     − − − −           

y P h

⋯

⋯

⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮

⋯ ⋯
����	���
 �������������	������������
 ����	���


            (4.1)








 
 

z

����	���
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2 2 2
2 ( 1)
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2 2 2 22
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4.34.34.34.3         

    

Dantzig selector method  
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4: 3  

 

4 3 [19] [19]

(discrete stochastic optimization, DSO)
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2(
m
p

m
pɶ ): 

if ( ) ( )
m m

g g<p pɶ  

1m m+
=p pɶ ; 

1u m= + ; 

 

else 

1m m+
=p p ; 

End if 

 

3( ): 

1m+
p P  

if   

P
m
q ; 

else 

   1
m
q m= + ; 

   
1m+

p [ 1]m +P ; 

end if 

[ 1] [ ] ( [ ] [ ]) / ( 1)
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m m q m m+ = + − +π π πr ; 

[ ] x
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m
q ∈ ℝr

m
q 1 0 

 

4( ): 

if [ 1, ] [ 1, ]m u m vπ π+ > +  
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1 1
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=p p ; 

  v u= ; 
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ˆ
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m
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end if 
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5:

 

 

    3 Dantzig selector method
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4-18 2S = 3
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