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Kun Trigram Symplectic Derivative Chaos Synchronization

by Partial Region Stability Theory

Student : Qi-Ren Huang Advisor : Zheng-Ming Ge

Abstract

The generalized synchronization is that there exists a functional relationship
between the states of the master and those of the slave. A new type of chaotic
synchronization, multiple chaotic symplectic derivative synchronization, is obtained
with the state variables of‘the original system and of anather different order system as
constituents of the functional relation of “partners”. Numerical simulations are
provided to verify the effectiveness of the proposed scheme.

In Chinese philosophy, Yin means negative, historical, or feminine principle while
Yang is positive, contemporary,.or masculine principle. Yin and Yang are two
fundamental opposites in Chinese philosophy, ‘and “Tai Ji”, the great one, is the
combination of Yin and Yang, which maybe the origin of Cosmos. The eight trigrams
is a part of Chinese philosophy, and they have their own direction, figure, and
representation. In this thesis,as examples,Kun trigram and Zhen trigram are studied.
Combining Kun trigram in upper place and Zhen trigram in lower place can get
Kun-Zhen hexagram. Kun-Zhen hexagram can be annotated by chaos and its

synchronization.
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Chapter 1

Introduction

Nonlinear dynamics has been extensively used in physics, mathematics,
engineers, economics and philosophy studying in the past few decades. Chaos theory
as a part of nonlinear dynamics has been widely used in various fields such as power
converters, weather prediction, information processing, population dynamics,
chemical reactions, biological systems, secure communications, etc [1-8]. Accepted
chaos theory pioneer is Lorenz [9]. He discovered chaos in a simple system of three
autonomous ordinary differential equations . to -« describe the simplified
Rayleigh-Benard problem:

In Chinese philesophy, Yin means negative, feminine or past, while Yang
means positive, masculine or present. Yinand Yang are two fundamental opposites in
Chinese philosophy [10].<In this research, - Chen-Lee system[5] is studied. There are
many articles in studying contemporary.Chen-Lee system for time 0 — +oco which is
called Yang Chen-Lee system, of which the chaos is called Yang chaos. Indeed we can
also study the historical Chen-Lee system for time 0 — —oco which is called Yin
Chen-Lee system of which the chaos is called Yin chaos. Furthermore, by Chinese
philosophy, Tai Ji chaos, i.e. Great One chaos, which consists of Yin chaos and Yang
chaos, of Chen-Lee system is studied.

Symplectic synchronization is defined as y = H(x,y,t), where X, y are the
state vectors of the “Partner A” and of the “Partner B”, respectively [11]. The final
desired state y of the “Partner B” not only depends upon the state of Partner A x but
also depends upon the the state of Partner B vy itself. Therefore the “ Partner B” is not
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a traditional pure slave obeying the “master” completely but plays a role to determine
the final desired state of the “slave” system.

Let

G(x.y.)=F(x.y.t) (1.1)
Since x and y are presented at both the right hand side and the left hand side of the
equality,it is called double symplectic synchronization where X,y are state vectors of
Partner A and Partner B,respectively,G(x,y,t) and F(x,y,t) are given vector functions of

X,y and time.

New strategy to achieve multiple symplectic derivative synchronization is
presented. Furthermore, by Chinese philosophy; Tai Ji chaos, i.e. Great One chaos,
which consists of Yin chaos and Yang-chaos. Finally,.combining Kun trigram in
upper place and Zhen trigram in lower place can get Kun-Zhen hexagram. Kun-Zhen

hexagram can bewannotated by chaos and its synchronization.



Chapter 2
Yin Chaos Yang Chaos and

Tai Ji Chaos of Chen-Lee Systems

2.1 Preliminary

Yin and Yang are two fundamental opposites in Chinese philosophy. Chaos of
contemporary Chen-Lee system, i.e. Yang chaos of Chen-Lee system, has been
investigated completely. In this research, chaos of historical Chen-Lee system, i.e. Yin
chaos of Chen-Lee system, is studied with comparison to that of Yang chaos by time
histories of states, phase portraits, bifurcation diagrams and Lyapunov exponents.
Furthermore, by Chinese philosophy, Tail Jichaos, i.e. Great One chaos, which

consists of Yin chaos and Yang chaos, of Chen-Lee system:is studied.

2.2Yang Chen-Lee system

Chen-Lee system for time interval 0. = +oo s called Yang Chen-Lee system:

() _ L ©xrD% )
dt
142 Oxa(e) + by @
dt
dx3(t)
T x1(t)x,(t)/3 + cx3(t)

Chaos of Yang Chen-Lee system appears when initial condition(X1o, X20, X30) =
(0.2, 0.2, 0.2) and Yang parameters a=3, b=-5 and c=-1.0. The behaviors of
corresponding Yang chaos are shown in Figs 2.1~2.3 by time histories, 2D and 3D

phase portraits.



2.3Yin Chen-Lee system
By replacing variable(x; (t), x5 (t), x3(t), t) with(x; (—t), x,(—t), x3(—t), —t) in
Eqg. (2.1) to study the past (t:0 — —oo) of the system, Yin Chen-Lee system is

described as follows:

dx,(— —dx,(—
(P =20 im0 +an (o)
dxz(_t) _ —dxl(—t) _
d(—t) - dt - xl(_t)X3(—t) + bxz(—t)
dx;(—=t)  —dx;(=t)  x;(=t)x,(~t)
\d(-t)  dt 3 + cxz(—t)

The simulation results are tabulated in Table 2.1.

Table 2.1. Dynamic behaviors of Yin Chen-Lee system for different signs of
parameters

a b c states

- + + Chaos and periodic

+ - + Approach to
infinite

+ + - Approach to
infinite

- - + Approach to
infinite

- + - Approach to
infinite

- - - Approach to
infinite

Table 1 shows dynamic behaviors of Yin Chen-Lee system for different signs of
parameters. It shows that chaos of Yin Chen-Lee system appears for initial
condition(X10, X20, X30) = (0.2, 0.2, 0.2) and parameters a=-3.0, b=5.0 and c=1.0 only.
The chaotic behaviors are shown in Figs 2.4~2.6 by time histories, 2D and 3D phase

portraits.

(2.2)



2.4 Further Simulation results

In order to learn the difference and similarity between Yang and Yin Chen-Lee
system, the bifurcation diagrams and Lyapunov exponents are also used. The

simulation results are shown in three cases:

Case 1: Paremeter a is varied and b, c are fixed. Bifurcation diagrams and Lyapunov

exponents are shown in Figs 2.7~2.10. The simulation results are compared from

Table 2.2 and Table2. 3.

Table 2.2. Dynamic behaviors of Yang chaos for parameter a

Range of parameter a Behaviors of chaos
0.00~0.03 Periodic trajectory
0.04~0.7 Chaos
0.71~1.29 Periodic trajectory
1.3~14 Chaos
1.41 Periodic trajectory
1.42~1.47 Chaos
1.48 Periodic trajectory
1.49~2.80 Chaos
2.81 Periodic trajectory
2.82~3.29 Chaos
3.3~44 Periodic trajectory




Table 2.3. Dynamic behaviors of Yin chaos for parameter a

Range of parameter a

Behaviors of chaos

0~-0.04 Periodic trajectory
-0.05~-0.7 Chaos
-0.71~-1.29 Periodic trajectory
-1.3~-2.79 Chaos
-2.81 Periodic trajectory
-2.82~-3.29 Chaos
-3.3~-4.4 Periodic trajectory

Table 2.2 and Table 2.3 show the dynamic behaviors of chaos and periodic motion
in varied ranges of parameter a and fixed parameters b, ¢ of Yang and Yin Chen-Lee
system. From these results, the Yin chaos and Yang chaos are different in many details.
For example, when -2.79<a<1.3 chaotic trajectories appear in Yin system while
chaos appears in Yang system when 2.82<a<3.29 Other differences can be
discovered in the Tables. These phenomena match with the jargon of Chinese

philosophy: Yin chaos and Yang chaos are “difference in same and same in

difference”.

Case 2: Paremeter b is varied and a, c are fixed. Bifurcation diagrams and Lyapunov
exponents are shown in Figs 2.11~2.14. From these results, the Yin chaos and Yang

chaos are similar as a whole. The simulation results are listed in Table2. 4 and

Table2. 5.




Table 2.4. Dynamic behaviors of Yang chaos for parameter b

Range of parameter b Behaviors of chaos
-4~-4.61 Periodic trajectory
-4.62~-8.9 Chaos
-8.91~-8.92 Periodic trajectory
-8.93~-9.1 Chaos
-9.11~-9.67 Periodic trajectory
-9.68~-10 Chaos

Table 2.5. Dynamic behaviors of Yin chaos for parameter b

Range of parameter b Behaviors of chaos

4~4.61 Periodic trajectory
4.62~9.09 Chaos

9.1~9.66 Periodic trajectory
9.67~10 Chaos

Table 2.4 and Table 2.5 show the dynamic behaviors of chaos and periodic motion
in varied ranges of parameter b and fixed parameters a, ¢ of Yang and Yin Chen-Lee
system. From them, the Yin chaos and Yang chaos are different in many details. For
example, when -4.62>b>-8.9 and -8.93>b>-9.1, Yang Chen-Lee system has chaotic
behaviors while chaos appears in Yin system when 4.62<b<9.09. Other differences

can be discovered in the Tables.



Case 3: Paremeter c is varied and a, b are fixed. Bifurcation diagrams and Lyapunov
exponents are shown in Fig. 2.15~2.18. The simulation results are listed in Table 2.6
and Table 2.7.

Table 2.6. Dynamic behaviors of Yang chaos for parameter ¢

Range of parameter c Behaviors of chaos
0.00~-0.02 Periodic trajectory
-0.03~-1.34 Chaos

-1.35~-2 Periodic trajectory

Table 2.7. Dynamic behaviors of Yin chaos for parameter.c

Range of parameter ¢ Behaviors of chaos
0.00~1.32 Chaos
1.33~2.00 Periadic trajectory

Observing the corresponding ‘ranges of Yin system, they seem nearly the

negative ranges of Yang Chen-Lee system.

2.5 Tai Ji Chen-Lee system

“Tai Ji” Chen-Lee system, i.e. “Great One” Chen-Lee system, consists of Yin and
Yang Chen-Lee system for time —oo toco. The jargon “Tai Ji”” in Chinese philosophy,

i.e. Yi classic, means the original chaotic substance which is the origin of the cosmos.
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The chaotic behaviors for time —oo to oo are shown in Figs 2.19~2.22 by time
histories, 2D and 3D phase portraits.

Bifurcation diagrams of chaotic Yang and Yin Chen-Lee system in Figs 2.7, 2.9,
Figs 2.11, 2.13 and Figs 2.15, 2.17 respectively, are nearly symmetrical as a whole.
Put them together, and reverse the time order of Yin chaos, the time histories and
phase portraits of Tai Ji Chen-Lee system are shown in Figs 2.19~2.21.

Obviously, they are not the same. The bifurcation diagrams of Yang, Yin and Tai

Ji Chen-Lee systems are shown in Figs 2.22~2.30.

time history

X
1 1 | L 1
0 -500 -1000 -1500 -2000 -2500 -3000
t
o
X
1 1 1 1 1
0 -500 -1000 -1500 -2000 -2500 -3000
t
far)
=

0 -500 -1000 -1500 -2000 -2500 -3000

Fig. 2.1 Time histories of Yang Chen-Lee chaos for Yang Chen-Lee system with
a=3.0, b=-5.0 ,c=-1.0 and t in seconds.
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P& phase portraits
25 T T T T T T

40

Fig. 2.2 Projections of Phase portraits.and Poincaré maps of Yang Chen-Lee
chaos with a=3.0, b=-5.0 and ¢=-1.0.

P& phase portraits

Fig.2.3 3D phase portrait of Yang Chen-Lee chaos with a=3.0, b=-5.0 and
c=-1.0.
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Fig.2.4 Time histories of Yin«Chen-Lee chaos for-Yin . Chen-Lee system with a=-3.0,
b=5.0 and c=1.0.
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f&phase portraits
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Fig. 2.5 Projections of phase portraits and Poincaré maps of Yin Chen-Lee chaos
with a=-3.0, b=5.0 and c=1.0.
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& phase portraits

Fig. 2.6 3D phase portrait.of Yin Chen-Lee system with a=-3.0, b=5.0 and c=1.0.
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Fig. 2.7 Bifurcation diagram of chaotic Yang Chen-Lee system with b=-5.0 and
c=-1.0.
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Fig. 2.8 Lyapunov exponents of chaotic Yang Chen-Lee system with b=-5.0 and

c=-1.0.
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Fig. 2.9 Bifurcation diagram of chaotic Yin Chen-Lee system with b=5.0 and

c=1.0.
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Fig. 2.10 Lyapunov exponents of chaotic Yin Chen-Lee system with b=5.0 and
c=1.0.

20 ’ w7 -

25 2 -
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Fig. 2.11 Bifurcation diagram of chaotic Yang Chen-Lee system with a=3.0 and
c=-1.0.
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Fig. 2.12 Lyapunov exponents of chaotic Yang Chen-Lee system with a=3.0 and
c=-1.0.

ool i . -
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4
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Fig. 2.13 Bifurcation diagram of chaotic Yin Chen-Lee system with a=-3.0 and
c=1.0.
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Fig. 2.14 Lyapunov exponents of chaotic Yin Chen-Lee system with a=-3.0 and
c=1.0.
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Fig. 2.15 Bifurcation diagram of chaotic Yang Chen-Lee system with a=3.0 and
b=-5.0.
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Fig. 2.16 Lyapunov exponents of chaotic Yang Chen-Lee system with a=3.0 and
b=-5.0.

20k ' .
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Fig. 2.17 Bifurcation diagram of chaotic Yin Chen-Lee system with a=-3.0 and
b=5.0.

21



Fig. 2.18 Lyapunov exponents of chaotic Yin Chen-Lee system with a=-3.0 and
b=5.0.
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Fig. 2.19 Time histories of Tai Ji Chen-Lee system.
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Fig. 2.21 3D phase portrait of Tai Ji Chen-Lee system.
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Fig. 2.22 Bifurcation diagra nof chaotic Yang ee system for varied parameter
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Fig. 2.23 Bifurcation diagram of chaotic Yin Chen-Lee system for varied

parameter a.
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Fig. 2.24 Bifurcation diagram-of chaotic Tai Ji Chen-Lee system for varied
parameter a.

20+ @ B : g .

30t . -

35 1 L
-10 -9 -8

o

Fig. 2.25 Bifurcation diagram of chaotic Yang Chen-Lee system for varied
parameter b.
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Fig. 2.26 Bifurcation diagram of chaotic Yin Chen-Lee system for varied
parameter b.

25 ¢ W X E

Fig. 2.27 Bifurcation diagram of chaotic Tai Ji Chen-Lee system for varied parameter
b.
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Fig. 2.29 Bifurcation diagram of chaotic Yin Chen-Lee system for varied parameter
C.

28



29



Chapter 3

Multiple Symplectic Derivative Synchronization of Double Ge-Ku -
Chen-Lee System with Other Different Systems by Partial
Region Stability Theory

3.1 Preliminary

In this research, a new type of synchronization, multiple symplectic derivative
synchronization is studied. The symplectic derivative synchronization and double
symplectic derivative synchronization are special cases of the multiple symplectic
derivative synchronization. There exists a functional relationship between the states
of the partners. Numerical simulations- -are provided to verify the effectiveness of the
proposed scheme.

3.2 Strategy of multiple symplectic derivative synchronization

There are two chaotic systems, partner system A and partner system B. The
partner A is given by

x = f(t,x) (3.1)
The partner B is given by

y=9(y) (3.2)

In order that the error dynamics becomes always positive, the origin of

y-coordinate system is translated by a constant positive vector .

Define e = G — F + K as the error state vector, where
G=Gxy, -, %y ,%y,,t) and F =F(x,y, -, %7y, ,%73,,t) are two
given functions, and K is positive constant vector to keep the error dynamics always
in first quadrant.

Then the error vector derivative is obtained:
30



é; =G; — F, —u; (3.3
where wu; is a component of the control input vectoru, i =1,2,:--,n.

The synchronization can be accomplished when t — oo, the limit of the error
vector e = [eq, ey, -+, e,]T approaches to zero:
lim_,e=0 (3.4)
3.3 Synchronization by partial region stability theory
Given

G(le’zv--wxayvz.; x, j}, Z,t)=

_X'4_ + xs _ X5+5x5+x; _3 ()56+x6)
_Gl_ X6 X4
Y6=3Y5~Y,
G2 YatYs — = = 39%
G3 Vet 2Ve=Y,
_ o 35
G4 Y3 ( 3 ) ( )
G5 Va — 2y,
. 5 2
L(7 6 Zg + Zy — 2y4 + 2y5 u 2y5
_Z4_ + ZS + Z6 —1 +j6 — 0.9242 —T‘Zz —TZ3 +Z.5_

F(X,Y,Z,....,%, 9,2, .5, %, Z....t) =

1 [ Va+ Vs +Ye=Ve |
F2| |Ze=Ys—¥s" e
F3 —Zs - Z4 + 3.9Z¢

F4 Z;l,+Z5 + 3.926 (36)
F5 YVatze+zs + 392

 F6 : Zy~Zs
F6 _Z2 - 29 + Z1 - Zz_

Six different chaotic systems are used as synchronization examples.

Consider a Double Ge-Ku-Chen-Lee system[13].
(X1 = X3
Xy = —fx; — x1(g(h — x,?) + kx3)
) 55.3 = —fx3 — x3(g(h — x3%) + lx;)
X4 = —X5Xg + 3X4
X5 = X4X¢ — 5X5 + X3
\X¢ = (1/3)x4x5 — X¢

Initial conditions x;(0) = 2,x,(0) = 2.4,x5(0) = 5,x,(0) = 0.2,x<(0) = 0.2

(3.7)

x6(0) = 0.2,where f=-0.5,9=-1.4,h=1.9,k=-4.5.
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The chaotic attractor of the Double Ge-Ku-Chen-Lee system is shown in
Figs. 3.1~3.3.
Combining a Sprott N[12] system and Sprott J[12] system by adding

—3y; term in the second equation of Sprott J system,Sprott N-J system

is obtained:
(V1 = —2Y;
Y2 = y1 +y3°
v =14y, —2y;3
§ 3.8
< 3.’4 = 2y (3:8)
Vs = —2Y5 + Y6 — 33

e = —Ya +¥s +¥s5°
Initial condition is y;(0) = 0.3,y,(0) = 0.3,y5(0) = 0.3,y,(0) = 0.3

y5(0) = 0.3,y,(0) = 0.3.
The chaotic attractor of the Sprott N=J-is.show in Figs. 3.4~3.6.
Combining Sprott'K[12] system and Sprott L[12] system by adding
rz,,rz; two terms insthe second equation of sprott L-system,Sprott K-L

system is obtained:

(Z1 = Z1Z5 — Z3

Zy =71 — Zy

Zz = 71 +0.323

Zy = z5 + 3.9z¢

zg = 0.9z,% — zs + 12, + 725
\Zg=1—2,

Initial condition is z;(0) =0.2,2z,(0) = 0.2,23(0) = 0.2,2,(0) = 0.2

(3.9)

z5(0) = 1,2z,(0) = 0.2 where r=0.041
The chaotic attractor of the Sprott K-L system is shown in Figs. 7~9.
Our goal is to achieve the multiple symplectic derivative synchronization.
Define error function as
e = G(X,Y,Z,.., X, Y, 2, .5, Y, Z.o t)-F(X, Y, 2,00, %, Y,y 12, .. %, Y, Z...,t) HK.

(3.10)
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where K=[15,10,30,10,20,15]7 keep the error dynamics always in first guardant.
Our goal is
lim,_, e; =lim;,(G; — F; + K;) =0, (i = 1,2,3,4,5,6) (3.11)

Thus we design the controller as

uly [ e~ 2V
u2 ez + X3
ez — 2
U= u3d| _ 3 Ve (3.12)

ud ey + 25+ 3.9z
ub es +y1 +y5°
ued L eg—1+2z,

The error dynamics becomes
ée=G-F—-u (3.13)
Using partial region stability theory we can choose aL.yapunov function in the
form of a positive definite function-in-first quadrant.
V(e) = e, +e,+es+e, tecte, > 0 (3.14)
By adding u ,we obtain
V) = —e; —e,—e;—e, —es —eg <0 (3.15)
which is a negative definite function in-first quadrant. The results are shown in Figs.

3.10~3.19.

3.4. Synchronization by traditional method
If the traditional Lyapunov function is used, it means that

V()= e?+e?+e2+ei+ei+e? (3.16)

Its time derivative is
33



V(e) =2(e1é; + e,6, + e363 + 48,4 + ecé: + egés) (3.17)
We want to find u in Eq.(3.13) such that
V)= —(e?+e2+e2+e?+ei+e?)<0

By traditional method, the controller is designed as

—ul- [ 0-561 - 2y6
u? 0.582 + Xy
0.5e; — 2
u = u3f _ €3 Ye (3.18)

u4 0.534 + Zyg + 3'9Z6
ub 0.565 + V1 + y32
Lu6- B 0.586 -1 + Zy

Introducing u into Eq.(3.13) wherei =1, 2, ---, 6, Eq.(3.17) becomes
V)= —(e? +e? +e?+ef+el+ed)
which is a negative definite function in all quadrants: Error states time histories are

shown in Figs. 3.20 ~ 3.23.

3.5 Comparison between new strategy and traditional method

From the previous sections, we know: that the.controllers:u of the new strategy
and of the traditional method are quite different. Tables and figures for comparing the
efficiency of convergence are given as follows: The superioty of new strategy is
obvious. The error states of new strategy are much smaller and decay more quickly

than that of traditional method.
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Table 3.1. Comparison between error data at 60.6~60.70 s after the action of

controllers.
€1

time New(10712) traditional(10~°)
60.60 0.9059 0.3960
60.61 0.8971 0.3940
60.62 0.8882 0.3920
60.63 0.8793 0.3901
60.64 0.8704 0.3881
60.65 0.8615 0.3862
60.66 0.8527 0.3843
60.67 0.8438 0.3824
60.68 0.8349 0.3805
60.69 0.8260 0.3786
60.70 0.8171 0.3767

Table3. 2. Comparison between error data at 60.6~60.70 s after the action of

controllers.
€2

time | New(10712%) traditional(107°)
60.60 0.2824 0.1245

60.61 0.2789 0.1239

60.62 0.2753 0.1233

60.63 0.2718 0.1227

60.64 0.2682 0.1220
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60.65 0.2647 0.1214
60.66 0.2629 0.1208
60.67 0.2611 0.1202
60.68 0.2593 0.1196
60.69 0.2576 0.1190
60.70 0.2558 0.1184

Table 3.3. Comparison between error data at 60.6~60.70 s after the action of

controllers.
€3

time | New(10711) traditional(10~%)
60.60 0.1272 0.5574
60.61 0.1258 0.5546
60.62 0.1243 0.5518
60.63 0.1233 0.5491
60.64 0.1222 0.5463
60.65 0.1211 0.5436
60.66 0.1201 0.5409
60.67 0.1190 0.5382
60.68 0.1180 0.5355
60.69 0.1169 0.5328
60.70 0.1158 0.5302
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Table 3.4. Comparison between error data at 60.6~60.70 s after the action of controllers.

€4
time New(10712) traditional(10~5)
60.60 0.7390 0.3227
60.61 0.7319 0.3211
60.62 0.7248 0.3195
60.63 0.7176 0.3179
60.64 0.7105 0.3163
60.65 0.7034 0.3148
60.66 0.6963 0.3132
60.67 0.6892 0.3116
60.68 0.6821 0.3101
60.69 0.6750 0.3085
60.70 0.6679 0.3070

Table 3.5. Comparison between error data at 60.6~60.70 s after the action of

controllers.
€s

time | New(10711) traditional(1075)
60.60 0.1304 0.5700

60.61 0.1290 0.5672

60.62 0.1275 0.5643

60.63 0.1261 0.5615

60.64 0.1247 0.5587
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60.65 0.1236 0.5559
60.66 0.1226 0.5532
60.67 0.1215 0.5504
60.68 0.1204 0.5477
60.69 0.1194 0.5449
60.70 0.1183 0.5422

Table 3.6. Comparison between error data at 60.6~60.70 s after the action of

controllers.
€6

time | New(10712) traditional(10~%)
60.60 0.9948 0.4366
60.61 0.9841 0.4344
60.62 0.9734 04323
60.63 0.9646 0.4301
60.64 0.9557 0.4280
60.65 0.9468 0.4258
60.66 0.9379 0.4237
60.67 0.9290 0.4216
60.68 0.9202 0.4195
60.69 0.9113 0.4174
60.70 0.9024 0.4153
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Fig.3.2 Time histories of the Double Ge-Ku-Chen-Lee system.
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Chapter 4

Multiple Symplectic Derivative Synchronization of
Chen-Lee System and Sprott N System with Variable

Time Scale by Partial Region Stability Theory

4.1 Preliminary

In this research, a new strategy to achieve multiple symplectic derivative
synchronization with variable time scale,-is-obtained with the state variables of the
original system and of another different order system as constituents of the functional

relation of “partners”.

4.2 Synchronization.by partial region stability theory
Given

G(X’yv"'axiy; ---x, y, ...,t,T):

G1 = x1)1
G, =2y, +y3 (4.1)
G3z = y1y3

F(lel'-wxay, x, y, ...,t, T)=

Fy = x5 + (—x2%3 + 3x1)(—2y,)
F, = ‘d%# 4.2)
F3 = =2y,y3 =¥,

Two different chaotic systems are used as synchronization examples.

Consider a Chen-Lee system[13].
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Xl = _xe3 + 3x1

XZ == X1X3 - 5x2 (43)
. 1
X3 =3 (x1x5) — x3

The chaotic attractor of Chen-Lee system is shown in Figs.4.1~4.3.

Consider a Sprott N system[12].

4y _ _

| dt o 2}’2

d
4%=3’1+3’32 (4.4)
d

f=1+J’2_ZJ’3

Initial conditions x;(0) = 5,x,(0) = 0.2,x3(0) = 0.2,y,(0) = 0.3,y,(0) = 0.3
y3(0) = 0.3. where 1 =t 4 sint. The chaotic attractor of Sprott N is shown in

Figs. 4.4~4.6.

Our goal is to achievethe multiple symplectic derivative synchronization with
variable time scale.
G(x,y,2,%,9,2,%9,%t,1) =F(xY,2,X,7,2 X, V,%€,T) (4.5)
The error state vector is
e =G(X,Y,Z,..., %, 9,2, .. %, V, Z...,t, T)-F(X,Y,Z,...,.X,V,Z, ... X, ¥, Z...,t, T)+K.
(4.6)
where K=[30,—130,20]7 such that error dynamics always exists in fourth quadrant
as shown in Figs. 4.7~4.9.
Our goal is
lim;_, e; =lim,(G; — F; + K;) =0, (i = 1,2,3) 4.7
A positive definite Lyapunov function in fourth octant is given as

V(e) = ej-epte; >0 (4.8)
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The error dynamics becomes
ée=6-F-u (4.9)
The controller u can be selected as
u1 gxle_x:g‘l'el
u= [uZI =| (8y; —4) +e2 (4.10)
u
3 (y1 +y5°) +e3
such that
V(E) - V(E) - —6’1 + 62 - e3 < O (411)
Error states versus time and time histories are shown in Figs. 4.10~4.12,where the

sign rule of the quadrants are shown as following in Table4.1 and Fig.4.13.

Table 4.1. The sign rule of eight quadrants

Quadrant Number. Sign Rule
I (+,+ +)

1 (= ++)

1 (=)

v (+—+)

V (++,-)

VI (= +,-)

Vil (==-)

Vil (+—-)

4.3 Synchronization by traditional method

If the traditional Lyapunov function is used, it means that

V() = e? +e? + e (4.12)
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Its time derivative is
V(e) =2(e1é; + eyé, + e3é3) (4.13)
We want to find u in Eg.(13) such that
VEe)= —(e?+e?+e?)<0 (4.14)
By traditional method, the controller is designed as
u1 %xle - X3 + 0581
u= [uZI =| (8y; —4) + 0.5e2
Us (3’1 + y32) + 0.5e3
(4.15)
Introduce u into Eq.(9) where i =1, 2, 3, Eq.(13) becomes
V(e)= —(e? +e? +e2)
which is a negative definite funetion in all quadrants. Error states time histories are

shown in Figs. 4.14~4.16.

4.4 Comparison between new strategy and traditional method

From the previous sections, we know that-the controllers u of the new strategy
and of the traditional method are different. Tables (‘Tables. 4.2~ 4.4) and figures (Fig.
4.17and Fig. 4.18) for comparing the efficiency of convergence are given as follows.
The superioty of new strategy is obvious. The error states of new strategy are much

smaller and decay more quickly than that of traditional method.
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Table 4.2. Comparison between error data at 99.6~99.70 s after the action of

controllers.
€1

time | new method(x 10713) traditional method(x 1079)
99.60 0.9237 0.4436
99.61 0.9237 0.4414
99.62 0.9237 0.4392
99.63 0.9237 0.4370
99.64 0.9237 0.4349
99.65 0.9237 0.4327
99.66 0.9237 0.4305
99.67 0.9237 0.4284
99.68 0.9237 0.4263
99.69 0.9237 0.4241
99.70 0.9237 0.4220

Table 4.3. Comparison between error data at 99.6~99.70 s after the action of

controllers.
€3
time | new method(x 10711) traditional method(x 10~8)
99.60 -0.1364 -0.2088
99.61 -0.1364 -0.2077
99.62 -0.1364 -0.2067
99.63 -0.1364 -0. 2057
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99.64 -0.1364 -0.2047
99.65 -0.1364 -0.2036
99.66 -0.1364 -0.2026
99.67 -0.1364 -0.2016
99.68 -0.1364 -0.2006
99.69 -0.1364 -0.1996
99.70 -0.1364 -0.1986

Table 4.4. Comparison between error data at 99.6~99.70 s after the action of

controllers.
€3

time | new method(x 107'?) ' —traditional method(x 10-°)
99.60 0.1492 0.2398
99.61 0.1492 0.2386
99.62 0.1492 0.2374
99.63 0.1492 0.2363
99.64 0.1492 0.2351
99.65 0.1492 0.2339
99.66 0.1492 0.2327
99.67 0.1492 0.2316
99.68 0.1492 0.2304
99.69 0.1492 0.2293
99.70 0.1492 0.2281
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phase portraits

Fig.4.3 Phase portrait of the Chen-Lee system.
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Chapter 5
Kun-Zhen Hexagram Multiple Symplectic
Derivative Chaos Synchronization by Partial

Region Stability Theory

5.1. Preliminary

The Book of Changes is fundamental in Chinese philosophy. Kun Trigram
and Zhen Trigram are two of Eight Trigrams. When the Eight Trigrams, each
containing three lines, multiply themselves to-become sixty-four hexagrams, they
are taken to represent allpossible-forms of change. New strategy to achieve multiple
symplectic derivative=synchronization is presented. Furthermore, by Chinese
philosophy, Tai Ji chaos, i.e. Great One chaos, consistsof Yin chaos and Yang chaos.
Finally, combining Kun“trigram in upper place and Zhen. trigram in lower place

can get Kun-Zhen hexagram. Kun-Zhen hexagram-can be annotated by chaos and its
synchronization.

Trigram has three parts, upper, central, and low. The three parts of Kun trigram
and Zhen trigram, a part of the eight trigrams, both represent three different chaos

systems separately, and they are used to complete a two times multiple synplectic
derivative synchronization by partial region stability theory.

Hexagram has two parts, upper, and low. The Kun-Zhen Hexagram is used for

multiple synplectic derivative synchronization by partial region stability theory.

G(x,y,2,,%9,Z-,t) =F(x,y,2z,-,%,9,2,,t), isamore general form of
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symplectic synchronization. A new chaos control strategy by GYC (Ge-Yao-Chen)
partial region stability theory is used in this chapter.

This chapter is presented as follows. In Section 2, systems used in this paper are
shown and the Yang (normal) and Yin (historical) systems for Chen-lee System, Spott
N system, and Spott K system are synchronized. In Section 3, the Kun trigram
multiple symplectic derivative synchronization is presented by GYC partial region
stability theory. In Section 4, the Zhen trigram multiple symplectic derivative
synchronization is proposed. In Section 5, Kun-Zhen hexagram multiple symplectic

derivative synchronization by partial region stability Theory.

5.2. Yin system and Yang system

Chen-Lee system fortime interval 0-— 40 Is called Yang Chen-Lee system:

%1 (8) = —x2(O)x3(t) + 3x1 ()
X (t) = x1(£)x5(t) —5x,(¢) (5.1)
13 () = 22, (D)2 (8) =x3(0)

Initial conditions x;(0) = 0.2,x,(0) = 0.2,x5(0) =0.2,. The chaos of Yang

Chen-Lee is shown in Figs. 5.1=5.2.

By replacing variable(x; (t), x5 (t), x3(t), t) with(xs (—t), x5(—t), x¢(—t), —t) in
Eqg. (5.1) to study the past (t: 0 - —o) of the system, Yin Chen-Lee system is

described as follows:

%4(—t) = —x5(—0)%6 (=) + 34 (~1)
#5(—t) = x4(=t)x6(—t) = 5x5(—t) (5.2)
t6(—t) = 5 %4 (=)x5(—1) — x6(~1)

Initial conditions x,(0) = 0.2,x5(0) = 0.2,%x,(0) = 0.2,. The chaos of Yin
Chen-Lee is shown in Figs. 5.3~5.4.
Set the Yin Chen-Lee system be
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X4(—t) = —x5(—)X6(—1) + 3x4(—1) + k(X1 — X4)
X5(—t) = X4 (—)x6(—1) — 5x5(—1) + k(xz — Xs) (5.3)
%6(—) = x4 (—O)x5(—) — x6(—1) + k(x5 — X)

where x;, x,,and x5 are states of Eq. (5.1), k is a positive constant, 50.

The states of linear feedback synchronization for Yang Chen-Lee system and Yin

Chen-Lee system are shown in Fig. 5.5.

Sprott N system for time interval 0 — +oo is called Yang Sprott N system:

y1(t) = —2y,(t)
Y2(t) = y1(t) + y3(t)? (5.4)
y3(8) = 1+ y,(t) — 2y3(¢)

Initial conditions y,(0) = 0.3,5,(0) = 0.3,and" y;(0)= 0.3. The chaotic of

Yang Sprott N is shown in Figs. 5.6~5.7.

By replacing variable(yy (), y(t), y3 (t),t) with(y4(=t), y5 (—1), ys(—t), —t) in
Eqg. (5.4) to study the past (—t:0 = =) of the'system, Yin Sprott N system is
described as follows:

Ya(=t) = =2ys(=1)
Ys(=t) = ya(=t) + ys(—1)? (5.5)
Ye(—=t) =1+ ys(=t) = 2ys(=t)

Initial conditions y,(0) = 0.3,y5(0) = 0.3,y,(0) = 0.3,. The chaotic of Yin
Sprott N is shown in Figs. 5.8~5.9.

Set the Yin Sprott N system be

Va(—t) = —2y5(—t) + k(Y1 — ya)
Ys(—t) = ya(—t) + ys(—t)? + k(y, — ys) (5.6)
Ve(—t) = 1+ ys(—t) — 2y4(—1) + k(Y3 — ¥s)

where y,, y,,and y5 are states of Eq. (5.4), k is a positive constant, 50.
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The states of linear feedback synchronization for Yang Sprott N system and Yin

Sprott N system are shown in Fig. 5.10.

Sprott K system for time interval 0 — +oo is called Yang Sprott K system:
Z1(t) = z,(t)Z,(t) — z3(0)
Zy(t) = z,(t) — 2,(1) (5.7)
Z3(t) = z,(t) + 0.3z5(t)
Initial conditions z,(0) =0.2,2,(0) = 0.2,2z3(0) = 0.2,. The chaotic of Yang

Sprott K is shown in Figs. 5.11~5.12.

By replacing variable(z, (t), z,(t); 3 (t), t) with(z,(—t), zs(—t), zg(—t), —t) In

Eq. (5.7) to study the past (t:0 —"—o) of the system, Yin Sprott K system is
described as follows:

24(—t) = z4 (=) z5 (L) — Z6(=1)

zs(—t) = z4(—t) — z5(—t) (5.8)

26(_t) = Z4_(_t) + 0326(_t)
Initial conditions z,(0) =0.2,2z5(0) = 0.2,2z¢,(0) = 0.2,. The chaotic of Yin
Sprott K is shown in Figs. 5.13~5.14.

Set the Yin Sprott K system be

24(—1) = 24(—2z5(—1) — 26(—1) + k(21 —z4)
z5(—t) = z4(—t) — z5(—t) + k(z; — 25) (5.9)
Zg(—t) = z,(—t) + 0.3z4(—1) + k(z3 — z¢)

where z,, z,,and z; are states of Eq. (5.7), k is a positive constant, 50.
The states of linear feedback synchronization for Yang Sprott K system and Yin
Sprott K system are shown in Fig. 5.15.

The chaotic attractor of Tai Ji Sportt N system and Tai Ji Sportt K system, the

combination of Yang and Yin systems, is shown in Figs. 5.16~5.19.

70



5.3. Kun Trigram Synchronization

Kun Trigram

I N
I N
I .
t—> —o 0 t->o Chen-Lee
t—> —o 0 t—->ow Sprott N
t—> —oo 0 t->ow Sprott K

Yang Chen-Lee and Yang Sprott N-chaotic systems are used as synchronization.
Given
G(X\Y,Z,.o 0, XV, 2, ... X, )y 2oy 2):

Gy =y1— X3 — X1%3

Gz = yZ - .’Xfl + 3x1 (510)
Gz =y3 — X3 — X3

F(X,Y,2,...,%,9,2,.. %, V, Z...,1):
Fy = 0.2, + 1.2x,23 — =%,
F2 = —X3X3 (511)

1 1
F3=—-y; —-x1x
3 2 Y1 T 3X1X2

Our goal is to achieve the multiple symplectic derivative synchronization.
Define error function as
e = G(X,¥,z,....x,¥y,2,..%, ¥, Z....t)-F(X,y,2,...,%,9,2, .. %, V, Z...,t) + K.
(5.12)

where K=[1000,1000,1000]" keep the error dynamics always in first guardant. Our
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goal is
limisoe; =limi_o(Gi — F; +K;) =0,(i = 1,2,3) (5.13)
Thus we design the controller as
U = =2y, +e

u=3u,=2-4y;+e, (5.14)
Us :—2y3+1+e3

The error dynamics becomes
ée=G-F—-u (5.15)
Using partial region stability theory we can choose a Lyapunov function in the
form of a positive definite function in first quadrant.
V(e) = e;+e,+e; >0 (5.16)
By adding u ,we obtain
V)= —e;—e, —e3 <0 (5.17)
which is a negative definite function in-first-quadrant. The results are shown in

Fig.5.20.

Yang Sprott N and Yang Sprott K chaotic systems are used for
synchronization.
Given
G(X,¥,Z,...,%, Y, ,Z,...%, ¥, Z...,t):

.1, . 9
Gy=2y—723—= +—=z
4 1 3 7 3Y1Y2 T 3523

G5 = Z.Z - yZ + Y2 + 0.323 (518)
Ge = 23 — 23 + y1y2 + 0.5y,
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F(X,Y,2,...,%, ,y, ,Z,..%, ¥, Z...,t):

1.
Fy =y1y2 — 5)’13’§

. 1, .
Fs =y3y, +ys + >Y1Y3 + Z3
Fg = y1y3 + 0.5y3y,

(5.19)

Our goal is to achieve the multiple symplectic derivative synchronization.
Define error function as Eq.(5.12).
where K=[300,60,400]7 keeps the error dynamics always in first guardant. Our goal
is Eq.(5.13).
Thus we design the controller as

10
Uy = —Z3 _?Zl + €y
U=Yus =2y, + e (5.20)
u6 = Zz + 0.323 + e6

The error dynamics-becomes Eq.(5.15).Using partial region stability theory we
can choose a Lyapunov-function in the form of a positive definite function in first
quadrant.By adding u ,weobtain
V)= —e,—es—eg <0 (5.21)
which is a negative definite function in first quadrant. The results are shown in Fig.

5.21.
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5.4 Zhen Trigram Synchronization

Zhen Trigram

t—->o Chen-Lee

t—> —o 0

-0 «<—— 0 —> t—>ow Sprott N

t—-o Sprott K

—0o0

Given Gand F of Yang Chen-LeeandYang Sprott N system as.

G1 = Y1 — X3 — X1X3
G Gz = y.z - le + 3x1 (522)
G3 =y3 — X3 — X3

Fy = 0.2, + 122,25 = s x7x,
F FZ = _xzxg (523)
1 1
F3; = —3Y1 T 3XX

Our goal is to achieve the multiple symplectic derivative synchronization.

Define error function as
e =G(X,¥,2,...,%, 9,2, .. %, V, Z...,.t)-F(X,y,Z,..., X, ¥,Z, .. %, ¥, Z...,t) + K.

where K=[1000,1000,1000]7 keep the error dynamics always in first guardant.

Thus we design the controller.

limt_,oo e = limt_,oo(Gl- - Fi + Kl) = 0, (l = 1,2,3 (524)
Thus we design the controller as
u, = _Zyz + eq
(5.25)

u=13u, =2—-4y;+e,
U3:—2y3+1+93
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Given Gand F of Yin Chen-Lee and Yin Sprott N system as.
G4 = y4_ - x5 - OZXS - 1.8X4.X:6

G{Gs = ys — x4 — 3x4 (5.26)
Go = Y6 — Xo — Xg

_ 4 2 1 2
Fy = xgx4 — T X4 Xs + 3X4Xs

FJ Fs = 2y, — x5%6 (5.27)
1 1
Fe = =24+ 3 XaXs
Our goal is to achieve the multiple symplectic derivative synchronization.
Define error function as
e = G(X,Y,Z,..., X, V.2, .. %, Y, 2., 0)-F (XY, 2w Xy 3,2, ... %, ¥, Z...,t) T K.
where K=[1000,1000,1000]" keep-the error dynamics-always in first guardant.
Thus we design thescontroller.
limtﬁoo e = limt_m(Gi — Fi + Kl) = 0, (I, = 1,2,3) (528)
Thus we design the controller as
Uy = —2ys + e,
u={us=2+4y,+es (5.29)
u6=—1—2y6+66

Combining Yin and Yang synchronization. the results are shown in Fig.5.22.

Given Gand F of Yang Sportt N and Yang Sprott K system as.

.1, .. 91
Gy =21 —Z3 — JV1Y> * 3523
G G8 = ZZ._ yZ + YZ + 0.323 (530)

Gy =23 — 2, +y1y, + 0.5y,
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1.
F; =y1y, — 53’13’2%
.1, .
Y Fo = yayz + ¥ +391ys + 7 (5.31)
Fy = y,y3 + 0.5y3y,

Our goal is to achieve the multiple symplectic derivative synchronization.
Define error function as
e = G(X,Y,Z,....,.x,¥,2,..%, ¥, Z....t)-F(X,¥,2,...,%,9,2, ... %, V, Z...,t)+K.
where K=[300,60,400]7 keep the error dynamics always in first guardant. Thus we
design the controller.
lim; o e; =lim(G; — F; + K;) =0, (i = 1,2,3) (5.32)
Thus we design the controller as

u7 = _Z3 _?Zl + e7
u u8 = 2y2 + 68 (533)
UQ =Zy + 0.323 + 69

Given Gand F of Yin Sportt N and Yin Sprott K system as.

Gio = Z4 — Zg + Y5 Vé
. . . 1<
G G11 =Zs — Y5 — Zg — 3 YeVa (5.34)
G12 =2 — Y4 — Zs +J;5+y63

91 .
Fio = y4Ys —55%6 — YsVs

F Fi1 = Y6Ys — 0326 + Zs — z4 + 2y, (5.35)
Fiz = Y46 — 3’62 — YsYe

Our goal is to achieve the multiple symplectic derivative synchronization.
Define error function as
e = G(XY,Z,...,%,9,2,...%, ¥, Z....t)-F(X,¥,2,...,%,V,2, .. %, V, Z...,t)+K.

where K=[300,60,400]" keeps the error dynamics always in first guardant. Thus
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we design the controller.
limt_,oo e = limt_mo(Gi - Fi + Kl) = 0, (l = 1,2,3) (536)
Thus we design the controller as

10
U9 = ?24 + Zg + €10
u= U1 = 2y5 + €é11 (537)
u12 = Zg + O.3Z6 + 6’6

Combining Yin and Yang synchronization, the results are shown in Fig.5.23.

5.5 Kun-Zhen Hexagram Multiple Symplectic Derivative
Synchronization by Partial Region Stability Theory

Kun-Zhen Hexagram is used for synchronization.
Given

G(X,\YsZyeus X, 9,2, 0 X, Fy 2. 1)

Gl = 2y1 - 2x2 - 2x1.X:3
G{G, = 2y, — 2x; + 6x1 (5.38)
63 = 2y3 - ZX3 - ZX3

F(X,Y,Z,....,%,V,2, ... %, ¥, Z...,1):

Fi = 04%, + 2.4x,3 — = x2x,
F F2 = _Zxe3 (539)

2
F3=—-y, — 3X1X2

Our goal is to achieve the multiple symplectic derivative synchronization.
Define error function as
e = G(X,Y,2,....,.x,9,2,..%, ¥, Z....t)-F(X,y,2,...,%,9,2, .. %, V, Z...,t)+K.

(5.40)
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where K=[2000,2000,2000]" keep the error dynamics always in first guardant. Our
goal is

lime €; =limi,0(G; — F; + K;) =0, (i = 1,2,3) (5.41)
Thus we design the controller as

u1 = _4‘y2 + 61
u u’Z = 4‘ - 8y3 + ez (542)
Uz = _4‘y3 + 2 + €3

The error dynamics becomes
ée=6G—-F—-u (5.43)
Using partial region stability theory we can choose a Lyapunov function in the
form of a positive definite-function-in-first-quadrant.
V(e) = e;+e,+e; >0 (5.44)
By adding u ,we obtain
V)= —e;—e, —e3 <0 (5.45)
which is a negative definite function-in_first.quadrant, the results are shown in Fig.

5.24.
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Yang Chen-Li time history
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Yang Spratt N time history
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Yang Sprott N time history

Fig.5.9 Phase portrait of the Yin Sprott N system.
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Yang Sprott K time history

2 T T T T T T T
14 A | | !
f /|
oy
= 4 J
N [ | | I
el
b 1
5 | | | | | | | | |
0 100 200 300 400 500 600 700 800 900 1000
t
s T T T T T T
5l
05
o~ 0
N g5
b
A5+
2 | | | | | | | | |
0 100 200 300 400 500 600 700 800 900 1000
t
* T T
gill
2
o
N
1
0
g | | | | | | | | |
0 100 200 300 400 500 600 700 800 900 1000

Fig.5.11 Time histories of the-Yang Sprott K system.

Yang Spott-K phaseportraits
1.5 T T I T T T T T

o
n
T

Fig.5.12 Phase portrait of the Yang Sprott K system.

85

1:5



Yang Sprott K time history
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Fig. 5.17 Time histories of Tai Ji Sportt N system.
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Fig.5.19 Time histories of Tai Ji Sportt K system.
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Chapter 6

Conclusions

In Chapter 2, Chen-Lee system is divided into Yang, Yin and “Tai Ji”” systems
and the “Tai Ji” Chen-Lee system is introduced firstly. Chaos of Yang system is
studied by time histories, phase portraits, bifurcation diagrams and Lyapunov
exponents. Next, the past of the system, Yin system, is studied. Finally, “Tai Ji”
system is studied for past and future chaos and is compared with Yang and Yin
systems via numerical simulations.

It is firstly discovered.that the exact scientific chaos phenomena marvelously
match with the ancient. Chinese—philosophy, “The "Yin Classic” with English
translation “The book of-Change” which states that the original chaotic substance, Tai
Ji, begets two fundamental opposites; Yin and Yang. Correspondingly, Tai Ji chaos
consists of two opposites, Yin chaos and Yang chaos.

In Chapter 3, a new synchronization.is presented. \We not only use the variables but
also their derivatives in two given function. New strategy to achieve chaos control by
GYC partial region stability is used, by which we can synchronize system quickly
comparing with traditional method. Finally, Tables and figures are given to prove that
the new strategy do synchronize system more quickly.

In Chapter 4, new synchronization and new strategy is presented. New
synchronization have variable time scale t and new strategy use variable quadrant
to arrive synchronization. By using the partial region stability theory, the
controllers become simple functions. The simulation results are given.

New strategy are superior than traditional method in high convergence rate and
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low error value, it can be applied widely in the future.

In Chapter 5,Kun Trigram is one of Eight Trigrams. which consists of three
broken lines. Zhen Trigram is two broken line and one unbroken lines.Kun-Zhen
Hexagram has two parts, upper is Kun Trigram , and low is Zhen trigram.

The multiple derivative synchronizations of Kun and Zhen trigram are given by
partial stability theory and “Kun trigrams”, “Zhen trigrams” synchronizations are
obtained. Finally, Kun-Zhen hexagram are produced by synchronizations of Kun
trigram and Zhen trigram.

From the previous sections, symplectic derivative chaos synchronization by partial
region stability theory are shown.

To achieve chaos control*, GYCpartial region stability theory is used for
searching controller easily and-—synchronizing. system quickly. The new
synchronization seems-be rather complex; and the confidential property would be

difficult to decipher.
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