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摘要 

    

  廣義同步是存在著主僕狀態之間的一個函數關係。一個新型的混沌同步，藉由

部分區域穩定理論之多重交織導數同步，得到與原系統狀態變量和其他不同系統

構成的“夥伴”關係。利用數值模擬來驗證部分區域穩定理論之多重交織導數同

步的有效性。 

  在中國哲學中，陰代表是負或陰柔，而陽是代表正或陽剛。陰跟陽在中國哲學

中兩個是互相對立的，然而太極結合陰陽，這可能意味著宇宙的起源。八卦是中

國哲學的一部分，他們擁有各自的方位、數字、以及代表性。作為例證，本論文

主要研究乾卦與兌卦，結合了在上面的乾卦與在下面兌卦得到六十四卦的乾-兌

卦。乾-兌卦代表不同的混沌系統，並藉由部分區域穩定理論達成多重交織導數

同步。 
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Abstract 

   The generalized synchronization is that there exists a functional relationship 

between the states of the master and those of the slave. A new type of chaotic 

synchronization, multiple chaotic symplectic derivative synchronization, is obtained 

with the state variables of the original system and of another different order system as 

constituents of the functional relation of “partners”. Numerical simulations are 

provided to verify the effectiveness of the proposed scheme. 

In Chinese philosophy, Yin means negative, historical, or feminine principle while 

Yang is positive, contemporary, or masculine principle. Yin and Yang are two 

fundamental opposites in Chinese philosophy, and “Tai Ji”, the great one, is the 

combination of Yin and Yang, which maybe the origin of Cosmos. The eight trigrams 

is a part of Chinese philosophy, and they have their own direction, figure, and 

representation. In this thesis, as examples, Qian trigram and Dui trigram are studied, 

combining Qian trigram in upper place and Dui trigram in lower place can get 

Qian-Dui hexagram. Qian-Dui hexagram can be annotated by chaos and its 

synchronization.. 
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Chapter 1 

Introduction 

Nonlinear dynamics has been extensively used in physics, mathematics, 

engineers, economics and philosophy studying in the past few decades. Chaos theory 

as a part of nonlinear dynamics has been widely used in various fields such as power 

converters, weather prediction, information processing, population dynamics, 

chemical reactions, biological systems, secure communications, etc [1-8]. Accepted 

chaos theory pioneer is Lorenz [9]. He discovered chaos in a simple system of three 

autonomous ordinary differential equations to describe the simplified 

Rayleigh-Benard problem. 

In Chinese philosophy, Yin means negative, feminine or past, while Yang means 

positive, masculine or present. Yin and Yang are two fundamental opposites in 

Chinese philosophy [10]. Lü system [11-12] is studied in this paper. There are many 

articles in studying contemporary Lü system for time      which is called Yang 

Lü system, of which the chaos is called Yang chaos. Indeed we can also study the 

historical Lü system for time      which is called Yin Lü system of which the 

chaos is called Yin chaos. Furthermore, by Chinese philosophy, Tai Ji chaos, i.e. 

Great One chaos, which consists of Yin chaos and Yang chaos, of Lü system is 

studied firstly. 

Chaos synchronization is proposed first in 1983 by Fujisaka and Yamada [13] 

but it is not received great attention. Until 1990, synchronization of two chaotic 

systems was introduced by Pecora and Corroll and has been widely used in science 

and engineering [14]. In recent years, synchronization in chaotic system is a very 

interesting problem and many control techniques to synchronize chaotic systems has 
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been widely researched [15-22]. 

Symplectic synchronization is defined as           , where x, y are the state 

vectors of the “Partner A” and of the “Partner B”, respectively [23]. The final desired 

state y of the “Partner B” not only depends upon the state of Partner A x but also 

depends upon the state of Partner B y itself. Therefore the “ Partner B” is not a 

traditional pure slave obeying the “master” completely but plays a role to determine 

the final desired state of the “slave” system. 

When the symplectic functions is extended to a more general 

form,                                                                      , the 

synchronization is called “multiple derivative symplectic synchronization”. 

                                   and                                    are given 

vector functions of                              ,and time. 

And the symplectic functions is extended to a more general form, 

                                                                         ,   is 

the function of time t,       , where     
  

  
,     

  

  
,     

   

   
,     

   

   
, . The 

synchronization is called “multiple derivative symplectic synchronization with 

variable scales”.                              and                              

are given vector functions of                      ,t and  . y is no longer a function 

of x, y and t but a function of x, y, t and  . Variable time scale   and variable quadrant 

can be used. The derivative terms and variable time scales make the synchronization 

method more difficult.  

In this thesis, a new chaos control strategy by GYC (Ge-Yao-Chen) partial 

region stability theory is proposed [24–26]. And the comparison of the new strategy 

with traditional method is given [27]. 

By “The Book of Changes”, there are eight possible trigrams that could be 
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applied for multiple symplectic derivative chaos synchronization. Trigram has three 

parts, upper, central, and low. The three parts of Qian trigram and Dui trigram, a part 

of the eight trigrams, both represent three different chaos systems separately, and they 

are used to complete a two times multiple symplectic derivative synchronization by 

partial region stability theory. Then choose two trigrams to research. One is named 

“Qian”. Its trigram figure is represented “☰”. And another is “Dui”. Its trigram figure 

is represented “☱”. The unbroken line represents Yang, the creative principle. The 

broken line represents Yin, the receptive principle.  

Finally, two trigrams can be combined into one hexagram. Hexagram has two 

parts, upper, and low. The Qian-Dui Hexagram is used for multiple symplectic 

derivative synchronization by partial region stability theory. 

                                               , is a more general form of 

symplectic synchronization. A new chaos control strategy by GYC (Ge-Yao-Chen) 

partial region stability theory [28-30] is used in this paper. 
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Chapter 2 

Chaos of Yin, Yang and Tai Ji Lü Systems 

2.1 Preliminary 

Chaos of contemporary Lü system, i.e. Yang chaos of Lü system, has been 

investigated completely. In this thesis, chaos of historical Lü system, i.e. Yin chaos of 

Lü system, is studied with comparison to that of Yang chaos by time histories of states, 

phase portraits, bifurcation diagrams and Lyapunov exponents. 

2.2 Yang Lü system and Yin Lü system 

Lü system for time interval      is called Yang Lü system: 

        

 
  
 

  
 

)()()(
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Chaos of Yang Lü system appears when initial condition(x10, x20, x30) = (0.2, 

0.35, 0.2) and Yang parameters a=36, b=3 and c=20. The behaviors of corresponding 

Yang chaos are shown in Figs 2.1~2.3 by time histories, 2D and 3D phase portraits. 

By replacing variable                    ) with                        ) in Eq. 

(1-1) to study the past           of the system, Yin Lü system is described as 

follows: 
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The simulation results are tabulated in Table 1. 
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Table 2. 1. Dynamic behaviors of Yin Lü system for different signs of 

parameters 

a b c states 

- + + Approach to infinity 

- - + Approach to infinity 

+ - + Approach to infinity 

+ + - Approach to infinity 

+ - - Approach to infinity 

- + - Approach to infinity 

- - - Chaotic and periodic 

Table 2.1 shows dynamic behaviors of Yin Lü system for different signs of 

parameters. It shows that chaos of Yin Lü system appears for initial condition(x10, x20, 

x30) = (0.2, 0.35, 0.2) and parameters a=-36, b=-3 and c=-20. The chaotic behaviors 

are shown in Figs 2.4~2.6 by time histories, 2D and 3D phase portraits. 

2.3 Further Simulation results 

In order to learn the difference and similarity between Yang and Yin Lü system, 

the bifurcation diagrams and Lyapunov exponents are also used. The simulation 

results are shown in three cases: 

Case 1: Parameter a is varied and b, c are fixed. Bifurcation diagrams and Lyapunov 

exponents are shown in Figs 2.7~2.10. The simulation results are compared from 

Table 2.2 and Table 2.3. 
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Table 2. 2. Dynamic behaviors of Yang chaos for parameter a 

Range of parameter a Behaviors of chaos 

30.000 ~ 36.930 Chaos 

36.930 ~ 38.555 Periodic trajectory 

38.555 ~ 47.265 Chaos 

47.265 ~ 50.000 Periodic trajectory 

 

Table 2. 3. Dynamic behaviors of Yin chaos for parameter a 

Range of parameter a Behaviors of chaos 

-30.0 ~ -36.915 Chaos 

-36.915 ~ -38.560 Periodic trajectory 

-38.560 ~ -47.250 Chaos 

-47.250 ~ -50.000 Periodic trajectory 

Table 2.2 and Table 2.3 show the dynamic behaviors of chaos and periodic 

motion in varied ranges of parameter a and fixed parameters b, c of Yang and Yin Lü 

system. From these results, the Yin chaos and Yang chaos are different in many details. 

For example, when -36.915 a -38.560, periodic trajectories appear in Yin system 

but chaos appear in Yang system when 36.930 a 38.555. Other differences can be 

discovered in the Tables. These phenomena match with the jargon of Chinese 

philosophy: Yin chaos and Yang chaos are “difference in same and same in 

difference”. 

Case 2: Parameter b is varied and a, c are fixed. Bifurcation diagrams and Lyapunov 

exponents are shown in Figs 2.11~2.14. From these results, the Yin chaos and Yang 

chaos are similar as a whole. The simulation results are listed in Table 2.4 and Table 

2.5. 
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Table 2. 4. Dynamic behaviors of Yang chaos for parameter b 

Range of parameter b Behaviors of chaos 

1.00 ~ 1.39 Chaos 

1.39 ~ 2.77 Periodic trajectory 

2.77 ~ 13.97 Chaos 

13.97 ~ 20.00 Periodic trajectory 

 

Table 2. 5. Dynamic behaviors of Yin chaos for parameter b 

Range of parameter b Behaviors of chaos 

-1.00 ~ -1.40 Chaos 

-1.40 ~ -2.77 Periodic trajectory 

-2.77 ~ -13.94 Chaos 

-13.94 ~ -20.00 Periodic trajectory 

Table 2.4 and Table 2.5 show the dynamic behaviors of chaos and periodic 

motion in varied ranges of parameter b and fixed parameters a, c of Yang and Yin Lü 

system. From them, the Yin chaos and Yang chaos are different in many details. For 

example, when 1.39 b 2.77 and 13.97 b 20.00, periodic trajectories appear in 

Yang system while periodic trajectories appear in Yin system when -1.40 b -2.77 

and -13.94 b -20.000. They are not the same when parameter b is 1.39~13.97. Other 

differences can be discovered in the Tables. 

Case 3: Parameter c is varied and a, b are fixed. Bifurcation diagrams and Lyapunov 

exponents are shown in Fig. 2.15~2.18. The simulation results are listed in Table 2.6 

and Table 2.7. 
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Table 2. 6. Dynamic behaviors of Yang chaos for parameter c 

Range of parameter c Behaviors of chaos 

15.00 ~ 25.75 Chaos 

25.75 ~ 25.80 Periodic trajectory 

25.80 ~ 29.05 Chaos 

29.05 ~ 32.00 Periodic trajectory 

 

Table 2. 7. Dynamic behaviors of Yin chaos for parameter c 

Range of parameter c Behaviors of chaos 

-15.00 ~ -25.77 Chaos 

-25.77 ~ -25.80 Periodic trajectory 

-25.80 ~ -29.05 Chaos 

-29.05 ~ -32.00 Periodic trajectory 

Table 2.6 and Table 2.7 show the dynamic behaviors of chaos and periodic 

motion in varied ranges of parameter c and fixed parameters a, b of Yang and Yin Lü 

system. Case 3 has different characteristics from that of Case 1 and Case 2 in that the 

Yin and Yang systems are more similar. Carefully observing the corresponding ranges, 

detailed differences can be found for Yin and Yang systems. 

2.4 Tai Ji Lü system 

“Tai Ji” Chen system, i.e. “Great One” Lü system, consists of Yin and Yang Lü 

system for time    to  . The jargon “Tai Ji” in Chinese philosophy, i.e. Yi classic, 

means the original chaotic substance which is the origin of the cosmos. The chaotic 

behaviors for time    to   are shown in Figs 2.19~2.22 by time histories, 2D and 

3D phase portraits. 

Bifurcation diagrams of chaotic Yang and Yin Lü system in Figs 2.7, 2.9, Figs 

2.11, 2.13 and Figs 2.15, 2.17 respectively, are almost symmetrical as a whole. Put 
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them together, and reverse the time order of Yin chaos, the time histories and phase 

portraits of Tai Ji Lü system are shown in Figs 2.19~2.22. 

In order to study the difference between Yin and Yang chaos, the error values e1, 

e2 and e3 are defined by 

 

                         
                         
                         

                                                                                 (2.3) 

The simulation results are shown in Fig. 2.23. Obviously, they are not the same. 

The bifurcation diagrams of Yang, Yin and Tai Ji Lü systems are shown in Figs 

2.24~2.32. 

2.5 Summary 

In this research, Lü system is divided into Yang, Yin and “Tai Ji” systems and the 

“Tai Ji” Lü system is introduced firstly. Chaos of Yang system is studied by time 

histories, phase portraits, bifurcation diagrams and Lyapunov exponents. Next, the 

past of the system, Yin system, is studied. Finally, “Tai Ji” system is studied for past 

and future chaos and is compared with Yang and Yin systems via numerical 

simulations. 

It is firstly discovered that the exact scientific chaos phenomena marvelously 

match with the ancient Chinese philosophy, “The Yin Classic” with English 

translation “The book of Change” which states that the original chaotic substance, Tai 

Ji, begets two fundamental opposites, Yin and Yang. Correspondingly, Tai Ji chaos 

consists of two opposites, Yin chaos and Yang chaos. 
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Fig.2 - 1 Time histories of Yang Lü chaos for Yang Lü system with a=36, b=3 and c=20. 
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Fig.2 - 2 Projections of Phase portraits and Poincaré maps of Yang Lü chaos with a=35, 

b=3 and c=27.2. 
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Fig.2 - 3 3D phase portrait of Yang Lü chaos with a=36, b=3 and c=20. 

 

Fig.2 - 4 Time histories of Yin Lü chaos for Yin Lü system with a=-36, b=-3 and c=-20. 
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Fig.2 - 5 Projections of Phase portraits and Poincaré maps of Yin Lü chaos with a=-36, 

b=-3 and c=-20. 

 

Fig.2 - 6 3D phase portrait of Yin Lü system with a=-36, b=-3 and c=-20. 
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Fig.2 - 7 Bifurcation diagram of chaotic Yang Lü system with b=3 and c=20. 

 

Fig.2 - 8 Lyapunov exponents of chaotic Yang Lü system with b=3 and c=20. 
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Fig.2 - 9 Bifurcation diagram of chaotic Yin Lü system with b=-3 and c=-20. 

 

Fig.2 - 10 Lyapunov exponents of chaotic Yin Lü system with b=-3 and c=-20.. 
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Fig.2 - 11 Bifurcation diagram of chaotic Yang Lü system with a=36 and c=20. 

 

Fig.2 - 12 Lyapunov exponents of chaotic Yang Lü system with a=36 and c=20. 
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Fig.2 - 13 Bifurcation diagram of chaotic Yin Lü system with a=-36 and c=-20. 

Fig.2 - 14 Lyapunov exponents of chaotic Yin Lü system with a=-36 and c=-20. 
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Fig.2 - 15 Bifurcation diagram of chaotic Yang Lü system with a=36 and b=3. 

 

Fig.2 - 16 Lyapunov exponents of chaotic Yang Lü system with a=36 and b=3. 
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Fig.2 - 17 Bifurcation diagram of chaotic Yin Lü system with a=-36 and b=-3. 

Fig.2 - 18 Lyapunov exponents of chaotic Yin Lü system with a=-36 and b=-3. 



 

21 
 

Fig.2 - 19 Time histories of Tai Ji Lü system.  

Fig.2 - 20 Time histories of Tai Ji Lü system for -10sec < t < 10sec. 
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Fig.2 - 21 Projections of phase portraits of Tai Ji Lü system. 

 

Fig.2 - 22 3D phase portrait of Tai Ji Lü system. 
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Fig.2 - 23 Time histories of errors for Lü system. 
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Fig.2 - 24 Bifurcation diagram of chaotic Yang Lü system for varied parameter a. 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.2 - 25 Bifurcation diagram of chaotic Yin Lü system for varied parameter a. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.2 - 26 Bifurcation diagram of chaotic Tai Ji Lü system for varied parameter a. 
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Fig.2 - 27 Bifurcation diagram of chaotic Yang Lü system for varied parameter b. 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.2 - 28 Bifurcation diagram of chaotic Yin Lü system for varied parameter b. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.2 - 29 Bifurcation diagram of chaotic Tai Ji Lü system for varied parameter b. 
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Fig.2 - 30 Bifurcation diagram of chaotic Yang Lü system for varied parameter c. 

 

 

 

 

 

 

 

 

 

 

 

Fig.2 - 31 Bifurcation diagram of chaotic Yin Lü system for varied parameter c. 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.2 - 32 Bifurcation diagram of chaotic Tai Ji Lü system for varied parameter c.  
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Chapter 3 

Multiple Symplectic Derivative Synchronization of 

Ge-Ku-Duffing-Lü System with Other Different Systems by 

Partial Region Stability Theory 

 

3.1 Preliminary 

A new type of synchronization, multiple symplectic derivative synchronization 

is obtained by active control. Next, the partial region stability theory is used 

for this kind of synchronization. A comparison of errors between new 

and traditional methods shows that the convergence rate of the new method is much 

faster than that of the traditional method. 

3.2 Strategy of multiple symplectic derivative synchronization 

There are two chaotic systems, partner system A and partner system B. The 

partner A is given by 

                                                                 (3.1) 

The partner B is given by 

                                                                 (3.2) 

  In order that the error dynamics becomes always positive, the origin of 

y-coordinate system is translated by a constant vector . 

   Define         as the error state vector, where 

                             and                              are two given 

functions, and K is positive constant vector to keep the error dynamics always in first 

quadrant. 

   Then the error vector derivative is obtained： 
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                                                                  (3.3) 

where    is a component of the control input vector u,          . 

   The synchronization can be accomplished when    , the limit of the error 

vector               
  approaches to zero: 

                                                                (3.4) 

3.3 Synchronization by partial region stability theory 

Given  

                             

 
 
 
 
 
 
 
                         

       
                  

                 

           
  

  
 

   

  
  

   

  

               
 
 
 
 
 
 

 ,          (3.5) 

 

                             

 
 
 
 
 
 
          

  

  
 

   

  
       

                  
       
      

                                          
            

 
 
 
 
 
 

 ,      (3.6) 

Our purpose is to achieve the multiple symplectic derivative synchronization 

                                                           . 

Consider system 1, combining Ge-Ku-Duffing system and Lü system[16] by 

adding    in the second equation of Lü system, Ge-Ku-Duffing-Lü system is 

obtained： 

 
  
 

  
 

                                                                    

                      
        

          
                               

  
                
                    
                        

                                     

                             (3.7) 
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When initial condition（x10，x20，x30）= （2，2.4，5）and （x40，x50，x60）= （0.2，

0.35，0.2）, chaos of the Ge-Ku-Duffing-Lü system is appeared. The chaotic attractor 

of the combination of Ge-Ku-Duffing-Lü system is shown in Fig. 1. 

The system 2, combining a Sprott C system[31] and Sprott E system [31] by 

adding    in the second equation of Sprott E system, Sprott C - E system is obtained： 

 
 
 

 
 
                         
                     

        
             

                         

      
       

                     

                                             (3.8) 

When initial condition（y10，y20，y30）= （0.8，1，0.01）and （y40，y50，y60）= （0.2，

0.063，0.01）, chaos of the Sprott C - E system is appeared. The chaotic attractor of the 

combination of Sprott C - E system is shown in Fig. 2. 

 

The system 3, combining a Lorenz system[32] and Sprott D system [31] by 

adding         in the second equation of Sprott D system, Lorenz- Sprott D system 

is obtained： 

 
  
 

  
 
                                      
                                

         
 
                           

                                          
                                       

            
         

     

                                    (3.9) 

When initial condition（z10，z20，z30）= （-0.1，0.2，0.3）and （z40，z50，z60）= （0.1，

0.1，0.1）, chaos of the Lorenz- Sprott D system is appeared. The chaotic attractor of 

the combination of Lorenz and Sprott D is shown in Fig. 3. 

    The state error is         where                         such that 

error dynamics always exists in first guardant as shown in Fig. 4 and Fig. 5. Our 

purpose is 
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                   ,                                       (3.10) 

where i = 1, 2,  ,6.We obtain the error dynamics: 

 
  
 

  
 
              
              
              
              
              
              

                                                (3.11) 

By partial region stability theory, we can choose a Lyapunov function in the form 

of a positive definite function in first quadrant: 

V(e) =   +  +  +  +  +                                       (3.12) 

    Its time derivative is 

      (e) =                                         

                                                           (3.13) 

    Choose the controller u as 

   

 
 
 
 
 
 
        

           
     
       
     
      

 
 
 
 
 

                                         (3.14) 

we obtain 

      (e) =                                              (3.15) 

which is negative definite function in first quadrant. Error state time histories are 

shown in Fig. 6 and Fig. 7. 

3.4 Synchronization by traditional method 

If the traditional Lyapunov function is used, it means that 

V(e) =   
    

    
    

    
    

                                    (3.16) 

Its time derivative is 

  (e) = 2(                                                          (3.17) 
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We want to find u of Eq. (11) such that 

  (e) =     
    

    
    

    
    

                                (3.18) 

Choose 

  

 
 
 
 
 
 
           

              
        
          
        
         

 
 
 
 
 

 

Introduce u into Eq.(11) where i = 1, 2,  , 6, Eq. (3.17) becomes 

  (e) =     
    

    
    

    
    

   

which is a negative definite function in all quadrants. Error state time histories are 

shown in Fig. 8 and Fig. 9. 

3.5 Comparison between new strategy and traditional method 

From the previous sections, we know that the controllers u of the new strategy 

and of the traditional method are quite different. Tables and figures for comparing the 

efficiency of convergence are given as follows. The superiority of new strategy is 

obvious. The error states of new strategy are much smaller and decay more quickly 

than that of traditional method. 
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Table 3. 1. The value of error dynamics at 99.01s ~ 99.10s for traditional 

method. 

 

Table 3. 2. The value (      ) of error dynamics at 90.01s ~ 90.10s for 

new strategy. 

 

t                   

99.01 0. 00441 0. 00597 0. 00341 0. 0000044 0. 01762 0. 0000043 

99.02 0. 00441 0. 00597 0. 00341 0. 0000044 0. 01762 0. 0000043 

99.03 0. 00441 0. 00597 0. 00341 0. 0000044 0. 01762 0. 0000043 

99.04 0. 00441 0. 00597 0. 00341 0. 0000044 0. 01762 0. 0000043 

99.05 0. 00441 0. 00597 0. 00341 0. 0000044 0. 01762 0. 0000043 

99.06 0. 00441 0. 00597 0. 00341 0. 0000044 0. 01762 0. 0000043 

99.07 0. 00441 0. 00597 0. 00341 0. 0000044 0. 01762 0. 0000043 

99.08 0. 00441 0. 00597 0. 00341 0. 0000044 0. 01762 0. 0000043 

99.09 0. 00441 0. 00597 0. 00341 0. 0000044 0. 01762 0. 0000043 

99.10 0. 00441 0. 00597 0. 00341 0. 0000044 0. 01762 0. 0000043 

t                   

99.01 0.000000352 0.000000278 0.000000141 0.000000018 0.000007539 0.000000018 

99.02 0.000000350 0.000000277 0.000000141 0.000000018 0.000007502 0.000000018 

99.03 0.000000348 0.000000275 0.000000140 0.000000018 0.000007464 0.000000018 

99.04 0.000000346 0.000000274 0.000000139 0.000000018 0.000007427 0.000000018 

99.05 0.000000345 0.000000273 0.000000138 0.000000018 0.000007390 0.000000017 

99.06 0.000000343 0.000000271 0.000000138 0.000000018 0.000007353 0.000000017 

99.07 0.000000341 0.000000270 0.000000137 0.000000018 0.000007316 0.000000017 

99.08 0.000000339 0.000000269 0.000000136 0.000000018 0.000007280 0.000000017 

99.09 0.000000338 0.000000267 0.000000136 0.000000018 0.000007244 0.000000017 

99.10 0.000000336 0.000000266 0.000000135 0.000000018 0.000007208 0.000000017 
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3.6 Summary 

In this research, a new synchronization is presented. We not only use the 

variables but also their derivatives in two given function. New strategy to achieve 

chaos control by GYC partial region stability is used, by which we can synchronize 

system quickly comparing with traditional method. Finally, Tables and figures are 

given to prove that the new strategy do synchronize system more quickly. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

35 
 

 

Fig.3 - 1 Phase portrait of Ge-Ku-Duffing-Lü system. 
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Fig.3 - 2 Time histories of Ge-Ku-Duffing-Lü system. 
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 Fig.3 - 3 Phase portrait of Sprott C-E system. 
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Fig.3 - 4 Time histories of Sprott C-E system. 
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 Fig.3 - 5 Phase portrait of Sprott G-H system. 
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Fig.3 - 6 Time histories of Lorez- Sprott D system system. 
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 Fig.3 - 7 Time histories of    ,   ,    before synchronization. 

 

Fig.3 - 8 Time histories of    ,   ,    after synchronization for new strategy. 



 

42 
 

 

 Fig.3 - 9 Time histories of error4~6 before synchronization. 

 

Fig.3 - 10 Time histories of error4~6 after synchronization for new strategy. 
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 Fig.3 - 11 Phase portrait of e1,e2 before synchronization. 

 

Fig.3 - 12 Phase portrait of e1,e2 after synchronization for new strategy. 
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 Fig.3 - 13 Phase portrait of e3,e4 before synchronization. 

 

Fig.3 - 14 Phase portrait of e3,e4 after synchronization for new strategy. 
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Fig.3 - 15 Phase portrait of e5,e6 before synchronization.  

Fig.3 - 16 Phase portrait of e5,e6 before and after control for new strategy. 
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 Fig.3 - 17 Phase portrait of e5,e6 before and after control for traditional method. 
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Fig.3 - 18 Time histories of error1~3 before and after control for traditional method. 

 

Fig.3 - 19 Time histories of error4~6 before and after control for traditional method. 



 

48 
 

Chapter 4 

Multiple Symplectic Derivative Synchronization of 

Ge-Ku-Duffing-Lü System with Variable Time Scales by 

Partial Region Stability Theory 

4.1 Preliminary 

A new type of synchronization, multiple symplectic derivative synchronization 

with variable scales is obtained by active control. Next, the partial region 

stability theory is used for this kind of synchronization.  A comparison 

of errors between new and traditional methods shows that  the convergence rate 

of the new method is much faster than that of the traditional method. 

4.2 Strategy of multiple symplectic derivative synchronization with 

variable time scale 

There are two chaotic systems, partner system A and partner system B. The 

partner A is given by 

                                                                 (4.1) 

The partner B is given by 

                                                                 (4.2) 

  In order that the error dynamics becomes always positive, the origin of 

y-coordinate system is translated by a constant vector K. 

   Define         as the error state vector, where 

                                             and 

                                              are two given functions, and K is 

positive constant vector to keep the error dynamics always in first quadrant. 
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   Then the error vector derivative is obtained： 

                                                                 (4.3) 

where    is a component of the control input vector u,          . 

   The synchronization can be accomplished when    , the limit of the error 

vector               
  approaches to zero: 

                                                               (4.4) 

4.3 Synchronization of different time on other quadrant 

Given  

                        

 
   

  
                        

           

     
  

 
          

     

  , 

(4.5)                                            

                        

    
   

  
              

 

    

  
  

 

  
           

  ,                         (4.6)        

Our purpose is to achieve the multiple symplectic derivative synchronization with 

variable time scale                                                . 

Combining Ge-Ku-Duffing system and Lü system by adding    in the second 

equation of Lü system, Ge-Ku-Duffing-Lü system is obtained： 

 
 
 
 

 
 
 
                                                                    

                      
        

          
                               

   

  
             

   

  
                 

   

  
                     

                                  

                             (4.7) 

where   =           , initial condition（x10，x20，x30）= （2，2.4，5）and（y10，

y20，y30）= （0.2，0.35，0.2）. The chaotic attractor of the Ge-Ku-Duffing-Lü system 
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is shown in Fig. 4.1. 

    The state error is         where                   such that error 

dynamics always exists in second guardant as shown in Figs. 4.2 ~4.5.  

Ge-Ku-Duffing-Lü system and Chen system have different time scale. To solving 

this question, transform    as 

    
  

  
 
  

  

  

  
             

 

Our purpose is 

                   ,                                         (4.8) 

where i = 1, 2,  ,6.We obtain the error dynamics: 

 

              
              
              

                                                  (4.9) 

By partial region stability theory, we can choose a Lyapunov function in the form 

of a positive definite function in second quadrant: 

V(e) =                                                     (4.10) 

    Its time derivative is 

      (e) =                                                   (4.11) 

    Choose the controller u as 

    

     

   
   

  
   

        

                                              (4.12) 

we obtain 

      (e) =                                            (4.13) 

which is negative definite function in second quadrant. Error state time histories are 

shown in Figs. 4.6~4.8. 

 In Table 4.1, the sign rule of eight quadrants are shown. 
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Table 4. 1. The sign rule of eight quadrants 

Quadrant Number Sign Rule 

I         

II         

III         

IV         

V         

VI         

VII         

VIII         

Distribution of eight quadrants is shown in Figs. 4.9 

4.4 Synchronization by traditional method 

    If the traditional Lyapunov function is used, it means that 

V(e) =   
    

    
                                        (4.14) 

Its time derivative is 

  (e) = 2(                                              (4.15) 

We want to find u of Eq. (11) such that 

  (e) =     
    

    
                                    (4.16) 

Choose 

   

        

   
   
  

      

           

  

Introduce u into Eq.(11) where i = 1, 2,  , 6, Eq. (4.15) becomes 

  (e) =     
    

    
   

which is a negative definite function in all quadrants. Error state time histories are 

shown in Fig. 4.10~4.12. 
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4.4 Synchronization by traditional method 

If the traditional Lyapunov function is used, it means that 

V(e) =   
    

    
                                        (4.14) 

Its time derivative is 

  (e) = 2(                                              (4.15) 

We want to find u of Eq. (11) such that 

  (e) =     
    

    
                                    (4.16) 

Choose 

   

        

   
   
  

      

           

  

Introduce u into Eq.(11) where i = 1, 2,  , 6, Eq. (4.15) becomes 

  (e) =     
    

    
   

which is a negative definite function in all quadrants. Error state time histories are 

shown in Fig. 4.10~4.12. 

4.5 Comparison between new strategy and traditional method 

From the previous sections, the controllers of the new strategy and the traditional 

method are similar, but from Table 4.2 and figures the superiority of new strategy is 

obvious. The error states of new strategy are much smaller and decay more quickly 

than that of traditional method. 
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Table 4. 2. The value(      ) of error dynamics at 99.01s ~ 99.10s for 

traditional method and new strategy 
 

Time(s) Error for traditional method Error for new method  

 

99.01 

99.02 

99.03 

99.04 

99.05 

99.06 

99.07 

99.08 

99.09 

99.10 

e1： 

0.286 

0.285 

0.283 

0.282 

0.280 

0.279 

0.277 

0.276 

0.275 

0.273 

e1： 

0. 0134 

0.0134 

0.0134 

0.0134 

0.0134 

0.0134 

0.0134 

0.0134 

0.0134 

0.0134 

 

99.01 

99.02 

99.03 

99.04 

99.05 

99.06 

99.07 

99.08 

99.09 

99.10 

e2： 

-3.265 

-3.247 

-3.229 

-3.211 

-3.192 

-3.174 

-3.156 

-3.138 

-3.129 

-3.110 

e2： 

-0.4366 

-0.4366 

-0.4366 

-0.4366 

-0.4366 

-0.4366 

-0.4366 

-0.4366 

-0.4366 

-0.4366 

 

99.01 

99.02 

99.03 

99.04 

99.05 

99.06 

99.07 

99.08 

99.09 

99.10 

e3： 

1.940 

1.930 

1.920 

1.911 

1.901 

1.892 

1.882 

1.873 

1.864 

1.854 

e3： 

0.028 

0.028 

0.028 

0.028 

0.028 

0.028 

0.028 

0.028 

0.028 

0.028 
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4.6 Summary  

A new synchronization is presented that not only use the variable time scale but 

also their derivatives in two given functions. New strategy to achieve chaos control 

by GYC partial region stability is used, by which, we can synchronize system much 

more quickly comparing with traditional method. 
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Fig.4 - 1 Phase portrait of Ge-Ku-Duffing-Lü system. 

Fig.4 - 2 Time histories of Ge-Ku-Duffing-Lü system. 
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Fig.4 - 3 Time histories of    ,   ,    before synchronization. 

Fig.4 - 4 Phase portrait of e1,e2 before synchronization. 
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Fig.4 - 5 Phase portrait of e1,e2 before and after control synchronization for new 

strategy. 

 

Fig.4 - 6 Phase portrait of e1,e2,e3 before synchronization. 
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Fig.4 - 7 Phase portrait of e1,e2 ,e3 before and after control synchronization for new 

strategy. 

Fig.4 - 8 Time histories of e1,e2,e3 before and after control for new strategy. 
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Fig.4 - 9 Definition of the eight quadrants. 

Fig.4 - 10 Phase portrait of e1,e2 before and after control synchronization for traditional 

method. 
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Fig.4 - 11 Phase portrait of e1,e2, e3 before and after control synchronization for 

traditional method. 

Fig.4 - 12 Time histories of e1,e2,e3 before and after control for traditional method.  
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Chapter 5 

Qian – Dui Hexagram Symplectic Derivative Chaos 

Synchronization by Partial Region Stability Theory 

5.1 Preliminary 

The Book of Changes is used the chaos research. The texts of The Book of 

Changes consist of sixty-four hexagrams. These hexagrams are based on the Eight 

Trigrams that is shown in Fig. 5.1, each of which consists of three lines, broken or 

unbroken, the broken representing the weak, or Yin and the unbroken representing the 

strong, or Yang. Next, choosing two trigrams to research is studied. One is named 

Qian trigram and another is Dui trigram. 

Finally, combining Qian trigram in upper place and Dui trigram in lower place 

can get Qian-Dui hexagram. Qian-Dui hexagram can be annotated by Chaos and its 

synchronization. 

5.2 “Qian” system and “Dui” system by Yin and Yang results 

Consider the first unbroken line, Lü system, is obtained： 

 
                 
              
                  

                                (5.1) 

When initial condition（x10，x20，x30）= （0.2，0.35，0.2）, chaos of the Lü system 

appears. The chaotic phase portrait of Lü system is shown in Fig. 5.2. 

 

The second unbroken line, Sprott D system, is obtained： 

 

                      
                  

            
 

                                             (5.2) 
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When initial condition（y10，y20，y30）= （0.1，0.1，0.1）, chaos of the Sprott D 

system is appeared. The chaotic phase portrait of Sprott D system is shown in Fig. 

5.3. 

The third unbroken line, Sprott E system, is obtained： 

 

                        

      
             

                   

               (5.3) 

When initial condition（z10，z20，z30）= （0.2，0.063，0.01）, chaos of the Sprott 

E system appears. The chaotic phase portrait of Sprott E is shown in Fig. 5.4. 

“Qian” system consists of Yang and Yin system for time    to  . Diagrams of 

chaotic Yang and Yin “Qian” system can be obtained. Put them together, and reverse 

the time order of Yin chaos, the time histories and phase portraits for time    to   

are shown in Figs 5.5~5.7. 

Consider the first broken line, Ge-Ku-Duffing system, is obtained： 

 

                                                                    

                      
        

          
                               

                         (5.4) 

When initial condition（x10，x20，x30）= （2，2.4，5）, chaos of the Ge-Ku-Duffing 

system appears. The chaotic phase portrait of Ge-Ku-Duffing system is shown 

in Fig. 5.8. 

Set the Ge-Ku-Duffing system be 

 

                                                                                                          

                      
                                               

          
                                                                      

 (5.5) 

Where   ,   ,    are state of Eq.(5.4), k is a positive constant, 100. 

The state of linear feedback synchronization for Ge-Ku-Duffing system is 

obtained. 
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The second unbroken line, Lorenz system is obtained： 

 

                        
                  

         
 
             

                                       (5.6) 

When initial condition（y10，y20，y30）= （-0.1，0.2，0.3）, chaos of the Lorenz 

system appears. The chaotic phase portrait of Lorenz system is shown in Fig. 5.9. 

The second unbroken line, Sprott C system is obtained： 

 

                                           
                                       

        
                               

             (5.7) 

When initial condition（z10，z20，z30）= （0.8，1，0.01）, chaos of the Sprott C 

system appears. The chaotic phase portrait of Sprott C is shown in Fig. 5.10. 

“Dui” system consists of Yang and Yin system for time    to  . Diagrams of 

chaotic Yang and Yin “Dui” system are almost symmetrical as a whole. Put them 

together, and reverse the time order of Yin chaos, the time histories and phase 

portraits for time    to   are shown in Figs 5.11~5.13. 

5.3 The strategy of multiple symplectic derivative synchronization 

There are two chaotic systems, partner system A and partner system B. The 

partner A is given by 

                                                                 (5.8) 

The partner B is given by 

                                                                 (5.9) 

  In order that the error dynamics becomes always positive, the origin of 

y-coordinate system is translated by a constant vector . 

   Define         as the error state vector, where 

                             and                              are two given 
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functions, and K is positive constant vector to keep the error dynamics always in first 

quadrant. 

   Then the error vector derivative is obtained： 

                                                                 (5.10) 

where    is a component of the control input vector u,          . 

   The synchronization can be accomplished when    , the limit of the error 

vector               
  approaches to zero: 

                                                               (5.11) 

5.4 Synchronization of Qian and Dui trigrams by partial region 

stability theory 

Given G.F.K of Qian trigram for time interval        

 
 
 
 

 
 
         

 

  
                   

                          

         
 

  
             

                     

              
             

                                

               (5.12) 

 
 
 
 

 
 
 
                                    

   
 

 
          

 

 
                  

                
 

  
           

             
 

 
    

 

 
               

                               

                                    

                   (5.13) 

 
 
 

 
 
      
     
     
       
       
       

                 (5.14) 

 

Given G.F.K of Qian trigram for time interval        
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           (5.15) 

 
 
 
 

 
 
        

 

  
                                   

   
 

 
                              

       
 

  
                            

                                        

         
                       

                                             

          (5.16) 

 
 
 

 
 
     
     
     
       
       
       

                    (5.17) 

 

Our purpose is to achieve the multiple symplectic derivative synchronization 

                                          . 

    The state error is         such that error dynamics always exists in first 

guardant as shown in Fig. 5.14. Our purpose is 

                       ,                                   (5.18) 

where i = 1, 2,3.We obtain the error dynamics: 

 

              
              
              

                  (5.19) 

The state error is         such that error dynamics always exists in first 

guardant as shown in Fig. 5.15. Our purpose is 

                       ,                                        

where i = 4, 5,6.We obtain the error dynamics: 
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                                           (5.20) 

By partial region stability theory, we can choose a Lyapunov function in the form 

of a positive definite function in first quadrant: 

V(e) =   +  +  +  +  +                                     (5.21) 

    Its time derivative is 

      (e) =                                         

                                                          (5.22) 

    Choose the controller of Yang and Yin u as 

 
 
 

 
 
                                         
                                         
                                          
                                               
                                          
                                             

           (5.23) 

 

and the controller of Yin u as 

 
 
 

 
 
                                         
                                         
                                          
                                               
                                          
                                        

             (5.24) 

 

 Given G.F.K of Dui trigram for time interval        

 
 
 
 
 

 
 
 
          

 

 
                  

    
 

  
  

                     

      
 

  
                         

                                      
                                  

   
 

  
                        

                (5.25) 
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                        (5.26) 

 
 
 

 
 
     
     
     
       
       
       

                 (5.27) 

 

 Given G.F.K of Dui trigram for time interval        

 
  
 

  
 
                                          
                                           
                                           
                                     
                                  

    
 

  
                   

           (5.28) 

 
 
 

 
 
                                                      
                                                       
                                                       
                                              
                                               
                                      

          (5.29) 

 

 
 
 

 
 
     
     
     
       
       
       

                    (5.30) 

 

Our purpose is to achieve the multiple symplectic derivative synchronization 

                                          . 

    The state error is         such that error dynamics always exists in first 

guardant as shown in Fig. 5.16. Our purpose is 

                   ,                                       (5.31) 
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where i = 1, 2,3.We obtain the error dynamics: 

 

              
              
              

                  (5.32) 

The state error is         such that error dynamics always exists in first 

guardant as shown in Fig. 5.17. Our purpose is 

                   ,                                        

where i = 4, 5,6.We obtain the error dynamics: 

 

              
              
              

                                           (5.33) 

By partial region stability theory, we can choose a Lyapunov function in the form 

of a positive definite function in first quadrant: 

V(e) =   +  +  +  +  +                                     (5.34) 

    Its time derivative is 

      (e) =                                         

                                                          (5.35) 

    Choose the controller of Yang and Yin u as 

 
 
 
 

 
 
    

 

  
                                                      

   
 

 
                                                   

                                                     

   
  

 
                                                

                                                     
                                                        

          (5.36) 

 

and the controller of Yin u as 

 
  
 

  
 
                                              
                                               
                                               

    
 

 
                         

                                
                                   

              (5.37) 
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we obtain 

      (e) =                                             (5.38) 

which is negative definite function in first quadrant.  

5.5 Qian-Dui Hexagram Multiple Symplectic Derivative 

Synchronization by Partial Region Stability Theory 

Qian-Dui Hexagram is used for synchronization. 

Given  

G(x,y,z,. . . ,  ,  ,  ,  ,  ,…  ,    ,    …,t)   

 

                                
                           

                     

                                        (5.39) 

F(x,y,z,.. . ,  ,  ,  ,  ,  ,…  ,    ,    …,t):  
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Our goal is to achieve the multiple symplectic derivative synchronization. 

Define error function as  

e  = G(x,y,z, .. . ,  ,  ,  ,  ,  ,…  ,    ,    …,t)-F(x,y,z,.. . ,  ,  ,  ,  ,  ,…  ,    ,    …,t)+K .  

(5.41) 

where K=                 keep the error dynamics always in first guardant. Our 

goal is  

                                                       (5.42) 

Thus we design the controller as   

    

   
 

  
                                                      

   
 

 
                                                   

                                                     

                          (5.43)       
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The error dynamics becomes 

                                                              (5.44) 

Using partial region stability theory we can choose a Lyapunov function in the 

form of a positive definite function in first quadrant. 

V(e) =   +  +                                                  (5.45) 

By adding u ,we obtain 

  (e) =                                                      (5.46) 

which is a negative definite function in first quadrant. The results are shown in 

Fig.5.18 

5.6 Summary 

A synchronization of “Qian” system and “Dui” system are presented. Qian trigram is 

one of Eight trigrams. which consists of three unbroken lines. Dui Trigram is one 

broken line and two unbroken lines. Qian-Dui Hexagram has two parts, upper is Qian 

Trigram, and low is Dui trigram. 

 The chaotic behaviors for time 0→+  are shown by time histories. The multiple 

derivative synchronizations of Qian and Dui trigrams are given by partial stability 

theory. Finally, Qian-Dui hexagram is produced by synchronizations of Qian trigram 

and Dui trigram. 

From the previous sections, symplectic derivative chaos synchronization by partial 

region stability theory is shown. To achieve chaos control by GYC partial region 

stability theory is used for searching controller easily and synchronizing system 

quickly. The new synchronization seems be rather complex, and the confidential 

property would be difficult to decipher. 
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Fig.5 - 1 The eight trigrams. 

 

 

 

 

Fig.5 - 2 3D phase portrait of Lü system. 
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Fig.5 - 3 3D phase portrait of Sprott-D system. 

Fig.5 - 4 3D phase portrait of Sprott-E system. 
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Fig.5 - 5 3D phase portrait of Ge-Ku-Duffing system. 

Fig.5 - 6 3D phase portrait of Lorenz system. 
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Fig.5 - 7 3D phase portrait of Sprott C system. 
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Fig.5 - 8 Time histories of parameter   .   .   . 

Fig.5 - 9 Time histories of parameter   .   .   . 
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Fig.5 - 10 Time histories of parameter   .   .   . 

Fig.5 - 11 Time histories of parameter   .   .   . 
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Fig.5 - 12 Time histories of parameter   .   .   . 

Fig.5 - 13 Time histories of parameter   .   .   . 
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Fig.5 - 14 Time histories of error1~3 before and after control. 

Fig.5 - 15 Time histories of error1~3 before and after control. 
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Fig.5 - 16 Time histories of error1~3 before and after control 

. 

Fig.5 - 17 Time histories of error1~3 before and after control. 
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Fig.5 - 18 Time histories of error1~3 before and after control. 
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