—> . NTZ




PR SR s N
Group Patterns of Social Animals under the Neutral Mode

VN BN R Student : Yi-Wen Lee
FERRE PR Advisor : Michael Fuchs

June 20011

Hsinchu, Taiwan, Republic of China

PEAR - O0- & &



Group Patterns of Social Animals under the

Neutral Model

Yi-Wen Lee

Department of Applied Mathematics,

National Chiao Tung University

This thesis was/supervised by Dr. Michael Fuchs

June 27, 2012



H 3 17

BYIRERIER B AV BER, £VERAGLIREE IR R AHB YRR
HIRDL, AR E T, RGBS B P = KPR EE, §
SeH MG R HFER S B IR, R RGN A 5 REO T, S REZS 8
BhE AR PR B, M BAER B ZRIERD BT & 6 ARAE N R 5 G, &R
F# RESOATRI R R @S — AR A REIR, (R B R R AT B

ERIFENRTREEZREFEAT RS 2L X5 EZERERERFZ
BE—EER D, AER R, EES B A S E R B 2R G2 ERERR 2.

ARIE T EHN L BR e RO, REHET EEERN—HETA,
H A& E B I A OB A R R R R R R 8 Y &, HEE R DALE
HMEHROENREEBZK, =—EEE R BT .

PUT BBt 7258 R E e /ria it e B rERME, st
TR AFTIERE R, DURA R RS At ser i al, 7258 — b, JME i s
M TRk — SRR e H, X =2hRMEtE8Yi BB Z
R REzE, i B3R G HRERE R @SB G REER, FNER
M ERR TSR EE T 2 RIS R E R T R B2 LU SR 5 fi. 7
FREPEMEGERLEREZS BT ER. RERBRFIEESE AR —EEH.



Preface

Biologists have long been interested in finding appropriate models for the clustering
behavior of social animals. Recently, they have proposed the so-called neutral model.
In this thesis, we will study. the group pattern problem for the neutral model. More pre-
cisely, we will find moments and central moments for the number of groups under the
neutral model. In doing so, we will start with the mean and then discuss all moments.
As for central moments, we will use two different approaches to find asymptotic ex-
pansions. These results will then be used to prove weak and strong laws of large
numbers. Moreover, our results show that the limiting distribution cannot be found
by the method of moments. This. is rather surprising since.another quantity, namely
the number of terminal nodes in random binary search tree, satisfies almost the same
recurrence and the limit law of this'quantity-can indeed be found with the method of
moment. For the sake of comparison, this result will be shown in this thesis as well.
As for the methodology, we will use singularity analysis throughout this thesis.
Singularity analysis is a major tool in analytic combinatorics. It can be used to find
asymptotic expansions of sequence from the local behavior around singularities of its
generating function. Moreover, the error of approximation can be controlled as well.
We will see that singularity analysis is an efficient tool in studying the group pattern

problem under the neutral model.
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We conclude by giving a short outline of this thesis. In Chapter 1, we are going
to introduce the group pattner problem in more details and state some known results.
In Chapter 2, we will introduce singularity analysis and review some theorems from
probability theory. In Chapter 3, we will compute moments and central moments of the
number of groups under the neutral model. In addition, we will prove weak and strong
laws of large numbers. In Chapter 5, we will calculate central moments of the number
of terminal nodes in random binary search trees and show that these results lead to the
limit law. In Chapter 5, we will do some numerical computations concerning the limit
law of the two quantities analyzed in the previous chapters. Finally, we will give a

conclusion in Chapter 6.
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Chapter 1

Introduction

1.1 Group Pattern Problem

Y5, BV E e URRN G ED), @B RFRITRIEESVEEYE LB
GHEEY), BRI, IR EERE AR, It LS INREECED . HEY)
BRRH, MREEHIENT & REere 20, BEA £ VIR B R EE. 1
it T REFE L EE R RRE, 10 FENEAR RS ERERR G E
TR HIRFESHI R /N BENBEER BB YRR AR AL ? HFER R,

KR & B R RIS £ VS TG — E A R EEREE, MR
AN [F AR SR SeEE SR RE, BI40: fusion and fission processes ([6]; [9]), kin se-
lection ([10];[7]) 3 game-theoretic models ([5])o

FETRHZEH, E. Durand, M.G.B. Blum 1 O. Francois /™8 7 — &R A
eI FLEB IR RERAT R ((21)o MFIHEE (EAR B T A — (HRE B IRRE |, Bk T
Bt v LA 58 M g AR R R (E B A SR AU 3R, (B (EARAUTE [8] sl EAS AR, i
EFERGRTE RIS Rt ar & B A (neutral model),

BT BRI, BMTE R A — LB T AR E ERD, SEp i



AV BE R R AR A AR 7 MR M EE 2 T BB AN R — 1, IR A FEHGE
TERd B — B R A TR, BRI AR S, HEERMET —
1 B FR P AL S 2 AR R 2R D A AR B SR 04, SE (EAR AUt — e SR A (binary
search tree model), ‘& #H AR AE ZEHFRIR 56, BRItz b, Zoid=pEi i
BRRERRN, RRMEZBE g A ERERMDHT group pattern problem,

1E [3] 1, S — o SRR S B A R B, #EEH group pattern FYHASE(E,
M T — iR, GREMEA/NMEFR k WL EIRFEENRERE (size-
biased group), FEARIREH, B FTHEE I HEEMMRE SR, RMARER T E
2 e AR B B A Bl A R B, AP FREY 20 17 75 3k U fcar R BE 34T (singularity anal-
ysis), A RIS~ B KBRS EE (singularity) RETEHSFHEHEN—&
Fi:, Bee FEE A ERER group pattern FIEAE(E, RE R F SR FHENZE (mo-
ment) LA H1REZ (central moment), & 138 L&, TAFTRJ DS B g 35 (R U A 43
fil57, £ Chapter 2 H, (& 2 & RE D EME ST A MEARI . £ T —1E
/INERAETE, B & Sagn i R IR AU T SR A 5 E e AL

1.2 Neutral Model and Binary Search Tree

AR AR — T AR A BRI T R ROIR A, S (FR R IFE AR E A0 T REha
€ n (EERE, BEE0E n (EEEE PR A, M b ey M EEES S R —EE
JC, R T ARAV RS B BT R E R DL AT, BRI AR R (E R S P BB TU RS
HIE EFERAETE, T EEERARREREANETEBERR X, EEMFRAERN
EEIE n EEEEHRARRAITE KRN EE.
B T AT BT BE, AR IRER T (RS RCRREREETT T X, BEILEE S B,
15 235 L B TAM A R — (BT i R ERT B ERE X, iR [EREK
MBI ITBRRARE R, ARMREME » EEEEFRET, LEFNETLEF



TE it o, R (EFE A EARE W] DI R —E 4 i — 708 (binary tree) FIFERGETE

BiZ group pattern H;E EFE AR R MG RHERBEFE TR LEBEHN—
fEl —JCH, £ Section 1.1 HREH, ER TR T LR EBNENHEERANE SN
/Y, R B T — (8B A A MR 0, TS 5 2 T AMARE, =
THEEMEIREES ISR, EEEENERERENT, HE @RI EFN
R, REERGE R EF, U EREFRRE—EEmA EFER, 5 EEE
B ERAERE, EREME ZITEE n R EF IR ERERETE. ZiE i aEE
SRR B A i — T I SRR A

K% e SR AR AR AL S MR RO R ZR 04, KL IEER e R 4R, BMgE
B AR TS BR 9 4T group patterns FATERE — TS EEIEA HE, i E—
B n FEFRN S, EERA TN ETFBEWRERR L, ERRES G
—E%&LE {1,2,...,n— 1} B354 1 (uniform distribution) ([8]). HFIAILAEEE
T AIRIFRRE

Prob(L, =1) = JdI=1,..n-1

EEME ] PlE e T s ERYE A, Brittizob, MG AR EF8HE
R, EEH 1 — Lno

BT L, W2, IR 0] PABIEZ 4T group pattern F9E, ERPEERH X,
£ Section 1.1 G4, MR MEHRE~EHRENRTA, X, B n FEFHEK
RORERE — oS, HEZ BT E AR Ei B st vl DIATE B E, T BARE
HRBIRIRTR, FTUEMREA RN A TR X, KE TR Xk, B
AILVAGE X, BN HAPERRFEENR! BN EIL PR, T g
B EBEBNENEE, NI REET X, = 1 862 Xz, = 1 WIFN, AMREE
& X, = 1, EEEEN UEREERN 78 L BEE R, ZFRES LS
B Xy = X, = Lo BRibZ S, BB R LUE BEEHEBIR T 5 T E R B AR, A2 q



ALRE X, REER, $RFTE n > 3,

v d ) Keo+ X, Ly land L, #n -1
" 1, L, =1orL,=n—1,

PR X, = X, = 1o X, M1 X7 BHREY -, T ELE R (EFE 8 8 ik e fi 2
Y& 7 #(independent),

£ [3] H, M5 BRI/ extra-clustering model, t1EEEER, T EHR F EEEIY
RETH, EMEHEES
IfL,=1orL,=n—1,then X, = 1.
IfL,# 1land L, # n — 1, then

v Xp, + Xy owith-probability 1 — p;
[ 1, with probability p,

PIalRER X, = Xo = 1o X, Ml X BHHEIET 24, T B & mafEbe i E & i e 2
2L VA
SHEHE EBRAEE n FIRBIRHE, MR HREHEE EX, &

2
EX, ~ logz(”), ifp=1i;
gpp_p 1fp> %7
—2(1-p)
,EFIC (& 1+2 12p 262(1 pyd :O
) = g g (1 + A (e ).

7, SE AR A R S P AT E’JEPIM;%%” ”“n—>oo KM G BEZEERIE
(=¥

1—e2

EX, ~ n.



£ Chapter 3 H, Tf& HHF RS T ERENA p = 0 WEEARBEOHEE EX,, &
BHMERGROEZ, URFREE, BT ELERERMR T AERME AHZERKE
X, K546, FIIERYZ, (8 B Z R B HRE R E X, B9,

FREEANLL, TR X, BT —EHEEANMER, GE X, EHEHERE
REER] (weak law of large numbers) AR 58 AL (strong law of large numbers),
ERERMKEREZN X, RO, FEMi T @8 X, #EEHEPUEER
28 Y, KR X, HUELE,

Y, mitE n FEFHEE _TESEEHEET 2R, BUSEL (external nodes)
F B, BENE A oS R4 T4 B, (B ERAN BRI & R o, Btz 4,
FEERERR B SR EREFE L FR LG F R/ R, J0E T8 R, M
R AFN T Y, R R fR

Ya Y, +YE, forn> 3,

IRBR Y = 0% = L Y, M Y, BRI G, T EEmERERE &It F2
ZE VA
B2, #EREMm(E 2 BEEEIE EARCL B (F 2 BET R AR
K—1, 7£ Chapter 4 & YV, RHILEL R cryfRENE, T HHMEE AT DS
BB %, BE I, |AIFT LIS Chapter 2 (YBEZR €5, H i Y, R 517,
HERBRR B HE] X, (BRI, EEME Chapter 5 R &RER X, HYEE
A%, B H — L BUERIHE R,



Chapter 2

Some Tools

2.1 Singularity Analysis

AT B IO RAR I £ BB # (generating function) HYZT EEIRfLEHHA R (combi-
natorial structure) HER—E AL, R BEHHESEBEBEN LR, KL EEE
B T E A A IR, R BE PERRT & M BB B, #a e —EETBUF
S an fn>1, FOEE FERSEERT BT IR EBERE [ (2) BFBUICEEER o1 an2”
BTHELCR, R ) W22 (95 o, B [2Yf(2) Fxo

4 KB DI R, B8 R A E— AR B » ¢ C BRI AR
[(2), B4 KRB G R e MES P g HENER BRI, HEA—ERIZE X
R R (formal power series), ELERR, HEA T M HE K—BRERMEME S H
B RERERE T, BEREE L, EREME M THMMES FRB BT K E B R
HERHIET B E,

f& € — BT BUF T FER 4 R B f (=), OERATRT AR IR 2R (55T a,, B
TR, B EZE D ATRLE ARG EH R BEIEIT R — T %, &G R UG EIFEH ek
AOfEET, T BB MIE R B B MR B A 3R 2= th T DA 6, BaFSE et B MR



TH & E AR E B, BT R B M E B a8 & RO ATRIEE T5 3.

B B w7 S B G BUE (A A (R B Ok, AR B 0 AT REAT, BPPER TR LA
HE—{E B BRI B (contour), FIJ FI&T S ELRfhEHEAEAY FREL, TFHEHE & 2R H
REA 2T REE S F EAH R (dominant singularity), FIF 3+ B3 BB R KE (R
B ATHY 7 AU singularity analysis o

LA Catalan number £, B 04 B R BRI EEATS A (closed form) B AFRIRAK
1—1—4z

Ce) = 2z

ll

FHEERMFA LR EREBEIRE cp = [21]C(2) BR—EHERMEREE

1 (Qn)
Cp = \
n+1\n
R4 Stirling’s formula, n! ~2mn( 2 )7, BIE n BARIFHE, ¢, RECLTHS
4n
™3
B —MHIMHE AR ETE Catalan number, [HE AT LA 5554 — Eé(ﬁﬁ?h.
A& ZE, B KB £ B 2R, (dominant singularity) F#4AETE 2 = z[ HE B 77,
I [2"]C(z) MR EEMER 4" GRf%, BEL GRS, THE LR g
TR R TT A R BT ARG RIS SR,
TR EBEE T EES A (Cauchy’s integral formula)

Cp ™~

r‘ll[l

—
-

U>

15G) = 5 [ 1050

2w

T FT P R T, F S R A, BT DA B S Ry
WIIE(TES, TR, 7T LUR AR 0 R A, Hankel contour, DL A9
S, SR I AT R R S R W T 5.



Theorem 2.1. Let v be an arbitrary complex number in C \ Z<,. The coefficient of 2"

in

where ey(«) is a polynomial in « of degree 2k.

Theorem 2.2. Let oo € C\ Zzy, p € C. The coefficient of 2™ in

=Bt )

has the following asymptotic.behavior

a—

) ~ T lioknf (1 33 %) ,

where Cy(a, B) = (g)r(a)j_;fl“(ls)

&7 Theorem 2.1 ] Theorem 2.2 FfIER T LAST 518 R 2R 42 B K L
WMEEFEEREELHEEMREELTE, IRRMERMEFTETEEERK
THR

S=x

f(z) =g(2) + O(h(z)), where h(z) = o(g(2)) ,z — 1. (2.1)

EHEH Theorem 2.1 5 Theorem 2.2 5 & H g(2), MEMEARAGHEL O(h(2))
MEERUNRBER, BE L RT O EEEERFREEERE, o EENEHELIRE
R, Theorem 2.3 HW T O Ml o KEEGREEEAM, Wb, MR —HK BT LIk



R (2.1), RERMEER B ARBEENLITRE, AEEW BT RE Y G2 8K
MERREEIITR, £ E LG HEFS, HhEERNE, SR L AE— LK
T gL, BRFIE & — LRt

Definition 2.1. Let ¢, R be real numbers with R > 1 and 0 < ¢ < 3. Then
A, R)={z:|z| <R,z#1, |arg(z — 1)| > ¢}

is called a A\-domain. In addition, a function is called /\-analytic if it is analytic in

some /\-domain.

Theorem 2.3. Let o, § be arbitrary real numbers and let f(z) be a /\-analytic func-
tion.
(1) Assume that f(z) satisfies in the intersection of a neighbourhood of 1 with

its \-domain the condition

flz)=0 ((1 ) (% log - ! Z>5> .

[Z")f(2).= O (n*'(logn)”) .

Then,

(2) Assume that f(z) satisfies in the intersection of a neighbourhood of 1 with

its \-domain the condition

£(2) = o ((1 _ e Glog 1 ! Z)B> |

[2"]f(z) =0 (nafl(log n)ﬁ) )

Then,



#7122 Theorem 2.1, Theorem 2.2 1 Theorem 2.3 & %I &k M1 A EHHK %
BEGIITRAE » = 1 G587, BREY (o) A—EEEFREE » = ¢ BER
n] DI =R (taylor expansion) FYFHZE LLAIARAY (scaling rule) 555 g(2) =
F(2Q), Rl f (=) RUBRELERER

[2"]f(z) = ¢ [2"]f (=€) = ¢T"[2"]g(2),

Hep g(2) WEEFRERGREE 2 = 1,

AT FBLBRA, LUK FRiE e, B ] DIF e ZE ST RO Cata-
lan number, Catalan number B4 5 B B EAE 5
Tyl =4

C(z) - 2z
BZE C) BZMeRREN T EFEMBLET - = Zli TR IR FREE L AR R A v LAE

=
[2"C(z) = 4”[z”]C’(ZZI), Fir LA
["]C () =A% =,
2012 7 o — 1 fid REER R LIS
[2"]C(z) =4"2"](2(1 — V1=2)4 O((1 — 2)3/2)) .

KR # Theorem 2.1 1 Theorem 2.3 HHE LI THER
7;(3%/)2 +O0(n™?) ~ %.
EERE SRR A Stirling’s formula 2 RRE — A,

RIBRTHISEEH, RMFEFREONE +, —, x, + NEE RN,
BE L, EEMS (differentiation) FIFES> (integration) HER T EEHEAM, Mg
Fo DU RO E B 2R S A IR 1

[2"]C(2) = 4"
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Theorem 2.4. Let f(z) be a A-analytic function having its singular expansion of the

form:

=Y a(l—2)" +0((1-2)").

=0
Then the derivative of f(z) is A-analytic. The expansion of the derivative at the sin-

gularity is obtained by term-by-term differentiation:

k
Zczaz + O((l - Z)A 1)

1=0
FELR#G SR AL F] DAHE EE 2 Theorem 2.3 A i L.
Remark 2.1. Let g(z) be aAA-analytic function with, for k€ Z>1,

1

§(z) = O (1=2)1L(2)") . L(z):= log =

Then

olE) SO BV (=)

Theorem 2.5. Let f(z) be.a N-analytic function having its singular expansion of the

form:

k
ch (1—2)%+0((1—2)"), a;, A#1.

=0
Then fo t)dt is A-analytic. In addition,
(1) for A < —1,

; k
[ rwa ==Y - oo -t




(2) For A > —1,

[ 10 ==Y - o Lo 01— 2,

=0

where the integration constant Ly has the value

Lo=Y_ aiil +/0 [F(t) = > el —t)]dt.

a<—1 a<—1
o =18 A= 18, BMEUTHEER,

Remark 2.2.

/OZ(1 — w)dw < Bs) /0 L) Ydw = O(L(2)).

2.2 Some Probability Theory

ez Emh, AR B IRE RE B J a2 h R RER, &g aRExE
EFER S & 77 a—LR 4, S22 BiHA AL H BB i (independent and
identically distributed) (id.d.), ;@ FRARRERE B G HRE S, HRETZEE
PERk S & P 7 EA B E, A A R FREERE RS (X, X, .. .} &
W B —EFE R & X TRt R R0 77 3 E R e

e E —EFE R R Py, RMEBESRE(ERERE R FRIRIR M, T
HOHEH S EREEEHEBRERFY, BREILME (expected value), B FEH
(variance) BUR B mARREIZ, B TEELEAN, BNt G E—F HIHFE RS 2 P IR 1K
.

NSR lim, 0o EXF = EXF BHRFTEN k = 1,2,. .. &G BN E—8Lf
TE W1, RIEAFIRT LIS E] Theorem 2.6,

12



Theorem 2.6. Suppose that the distribution of X is determined by its moments, that
the X,, have moments of all orders, and that lim,,_,., E(X*) = E(X*) fork =1,2,. ...

Then X,, converges in distribution to X.

i (8 B B E) 2% (method of moments), ‘B2 Pafnuty Chebyshev £
T EE R AR PR E EE TR Y ([1])o

EHEIM N(0,1) KEFIF, B, HFIEE N(0,1) R EREIZE—RE,
MRKMEFEEDN L KEZE, FHREI TR

L %, if k = 2m;
E(N(0,1)") = ]

0, if o= 2m + 1.

ARBAIRE 53— (EEE TR & B { X s, REUDIE R, SIBATERT B > 1,

(2m)! ! \ 4 \
lim E(XF) = S, A B =2m;

HFEAR R Theorem 2.4 217 LIS 2 X5 B9 i€ s Bl HREf N (0,1) o

2.3 Some Lemmas

T AR B R R 8 G BRI e =N 5 13

Lemma 2.1. Let

13



Proof. B, BHIEEAMEEE L u(z) TERE

11—z

WL 1) =) (12 4 1) )+ a2

B () L1 () — () (125 + 1) 1) @BBER (=) /(=) B = BOWRBIR,
i
d
2 () f(2)) = ul2)g(2).
KSR B AR R AT LAE 3
1

e

Aimmmw.l

Lemma 2.2. Let

1-2z .z

f@%=<2 +1)ﬂ@+ma
with f(0) = 0. Then
ma:iglimmwﬁmmmw:
Proof. A/ Lemma 2.1 0L 1

(2= 1)°

FE/riH Lemma 2.3 210, T8 HEI— L5597, Bk MiEE— TELMNT
HIFTAR R E .

Definition 2.2. The digamma function is defined as the logarithmic derivative of the
gamma function:

d I(2)

U(x) = %lnf(x) = Ta)

If x € N, then 1)(x) has the property

¢(l’) = fol -7

14



7E Chapter 3 i1, MG FI A EX) FHBETRAME E(X, — EX,)" MG
FBERHEMEGFEME ¢ (r) WEE, AWAE T Definition 2.2 #7EE, Bt # L
FH1A#5EH Lemma 2.3,

Lemma 2.3. The following equation holds for all k > 3,

k

k d 1 ok
) =
. d 1 __I'(s) .
Proof. KRB IsT(s) _ —F(sz . Fir LA
"k d 1 Lk o T(s)
> (3) ey LA ) oo -]
i3 Definition 2.2, ML 1 SR UE)
"k L=
1% (§) v =naggsue|
FHRIEE Definition 2.2 1 o (s) #EK He | — v
k k’ \: ) . 1 1—1 1
_ Z (Z,)(—w— (% 1)“(7; Y —7+Z;
=1 j=1
T T e 2 A N Bt |
:; (Z) (1)i(i — 1)2!(2, L7 ; (z)(_l) (i — 1)21(2_ ST ; -
BT RBFIRF RT3 BREER 5, 53 A
k & '
Z; (Z> (=1 =1t _71)! =0 (2.2)
il
bk . 1 A1k
=1 J=1

15



{618 (2.2) FILASE]

= vk(k —1) Z (]::22) (1) 2 =~k(k —1)(1 - )2 =0.

FERLT (2.2) RYRERA, B T AREAMTHER (2.3)

e
—1>’:2;( > )(—1)2%

FIFI =Tt (R A (’“ = 2) R (’“ \ 3) X (f 3) S PR R
(ER ey

k-3 n—3 .i+1 k-3 k3 z+21
:_k;(k;—l)z< Z, )(—1)%2 — k(k— 1) Z( ) DR
i=0 Jj=1 J =0 J=1 J
KRR A5 e 52
— k.3 A%
= —k(k—1) ZO( ; )( 1)+1¢+—2
k—3
_ i (k_?))‘ .
= k(k—1) 1:0(_1) <Z+2)!<k_3_l>,(z+2—1)
1 b= BRI
k-3 k—3
_ i (k —3)! : (k — 3)!
= k(k—1) ,o( 1 (i +1)(k—3—1) k(k—1) Z:O< D (i +2)!(k —3—1)!

16



B EAHCEER TR, # TR — L B A SR MEN B R
k-1

SR () - nev ()

1=

_ _k(kk_—Ql) %‘2(_1)1. (k ; 2) a 1) _ k—ﬁz (kz_f(_l)(’;;;) — 14 (k- 1))

=0
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Chapter 3

The Number of Groups under the
Neutral Model

3.1 Moments

7E Section 1.2 F HFE AR BBV HEIRAI S B X, B TAREAPIRE & Fll F 4 3 Bk
AHEEERER S B HIRATE, B, eERfTER B EEES B A BEE P.(y)
M Qy,z) T

P,(y) =E(e*)and Q(y,2) = Y _ Pu(y)2".

AT LA ER A RS, BRI LRERE Q(y, 2) 3 y BURMARIEARA y = 0 &

18



"Bt X, REhE, A 5T, BRI ABRE#E2R (conditional probability) 1b#) P, (y)
P.(y) = E(e*Y)

E(e Xnny #1land L, #n—1) +E(e*Y|L, =1or L, =n —1)

9
IE( XX, Jy> Ee. forn >
n—1§: +n—16% orn 23

1
n—1

2
n—1

= eY.

in(y)Pn )+

i ERTEHE, BT LEE P (y )EI’J ER, En >3,

g ¢ & 2

Pily) Bali(y)+

Pu(y) = ev. (3.1)

n—1 n—1

=2

HE L, BMAgHRAER P,(y) L 2" it B G2 Q(y, 2), KM, # Tk
BTG ERH— L&, 5 G DK Q(y, 2) WRRR, At vl DA A& 255
WRE X, B k REiZE.

# (3.1) FLL (n — 1)2" F M2 FIF IS, 52

> (0 —1)P, (y) " = ZZP i ()2 > 2ev2", (3.2)

n>3 n>3 j=2 n>3
(3.2) B AR
Z(n —1)P,(y)z" = ZnP 2z —+ ZPn(y)z
n>3 n>3 n>3
=2 nPy(y)" " = Pay)?
n>3 n>3
:<an L 22D (y ) ( (y)2" — Pa(y)z )
n>2 n>2
9 2
0
= Z&Q(:U» ) - Q(y7 ) - eyZ2
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(3.2) AR

3

S S PP+ Y2 = 33 Bu)P(0)" + 200

n>3 j=2 n>3 n>4 j=2

? 23 23
— (Z Pn(y)z”> + 2¢Y =Q(y, 2)* + 2¢Y

1—2z 1—2
n>2

i LR ERINEER G52

3

zﬁ@(y, 2) =Q(y,2)* + Qy, z) + €¥2* + 2¢¥ : © (3.3)

0z -z
(3.3) B—MEM Q(y, z) AR AR, MHFE EEREE EX), FEHE TR
BMER Qy, 2) # v RSB AA v = 0, KEHE EX), B E st EHLE, B
FLEE (3.3) # y MRS B Ay = 0 @152

62
“020y

9 3
42 ey ©
=0 Oy 1—=z

d
+ a_yQ(yaz) 2

d
Qly.2)| =5 QW 2)°

y=0

+ (%eyz

y=0 y=0

B TERAAEBRBRINEA TR, TMGER E(X)) AT BRI M, (2) &

ak
M) 2 55 Qo)== B(XH):"
Y y=0  p>9
B k=18, &M LR
d 2z 1 222
EMI(Z) = <1_Z +;) Mi(z) + 2z + T

153 Lemma 2.1 BT LUEE] M, (2)

2 Z(t—1)%e* 2t
M = t dt
1(2) (z —1)2e?* /0 t * 1—t
1(e**(22%2 — 22— 1) + 1)e %2

1 1-2)?
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REGH [2"| M) (2), BB LGSR X, (EILME, BaB ey Mi(z) E =18
BH

11—e2 11—e2
Mi(z) = Z(l 2 + 1_1(1 ) +O(1). (3.4)

R Theorem 2.1, T LAFE] [2"] M, (2) BUBRLITR

1—e2 l—e2,,,1—¢2
n p— ~Y
[z M;(z) 1 n + 5 1

IR EFH R BRI HALE B R ENZRIRE, MBI AR T, % 3.3) ¥
y IR AA y = 0, AIEFTA] LUGE] Mi(2) RIS /RS

n. (3.5)

2

iMk(z) = ( 2 iy %) My(z) +§§ (f)Mi(z)Mk_i(z) +z+ 2 .

dz 1—% =1 1—2z2

1R Lemma 2.1, TAFA] DU H My, (2) B9 — i =X

My(z) = 2)262‘Z /0 i <1 I§ (k) M(#) M= (t) +t + fi)dt.

(z—1 t t = \u

(3.6)

i (3.6) B LLEEME H EX, BAHBALLER THEEEE EX) B
TR

Theorem 3.1. As n — 00, we have the following result

1— —2\k
E(XF) ~ %nk‘

Proof. #ETAREMEGH (3.6) kT8 A BERER L AENE (EE H

— e 2k !
M;.(z)) g 4 Ak ) (1 _k;)kﬂ'
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B k=1, ZMERiEEERAT.
& k < m, FHIRTERIL

1—e2)F k!
A (1= )kt

My(2)) =

BEk=m+1,

z (t—l“t 1 & m+1 212
Myi1(2) = (2—1)2e2z/0 glzl Mi(t) M 1-i(t) + 1+ T )dt.

t 1221}

k< m, ROTTLURBBEEMELE SV 75 = 1 HE REREE

e

=1

31 3 (m +1)! 1 B 2 )\
Z 4m+1 B t)m+1

Ft%_ERREFES R, 1R 5 Theorem 2.5 AT EFHE RS HWHELITE
/ Z (m+ DL —e 2 L (m+ D — e=2)mt!

Jim+1 1 gyt S gl (1 ym

Fis m £ » = e B R, W M, 4 (2) L EEE:

m+ D)1 — e=2)m+t

gm+1 (1 _ Z)m+2

BUERERANE BT, IR B2 ER R AT RS R LUK Theorem 2.1 A R] AR ZIA 2By
B k> 1, LA FEB& B

My () 2 &

EESE, |
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3.2 Central Moments and Laws of Large Numbers

Section 3.1 ¥J Theorem 3.1 8887 X, B k RE1Z, BMAFLE X, BY k RPREZER
E(X, — EX,)", &1 EREE
k
E(X, —EX,)" =) (k) (-1 (EX,)EXk.

- 1
=0

it H % Theorem 3.1 FfE R EE IHEMET E(X, —EX,)* 19, 2R KT Theorem
3.1 WA FREE L HEWE, M DR R PR 200 EHE, R g a3 MnA
EEHEE EXF . M (2) BEBERIT:

z—1 —2\k - < ! ‘
My(z) "~ (1 —e7) ((1 ~ Z)k+1 T (1 _kz)’f & Py (1 —kZ)k)‘

% k= 1,408 3.4) IUESIc =0 = 0,0 =1
& k=2, 1858 (3.6)

_ 2 (t—1)%* (1 ) 2t2
My(z) = (2_1)2622/0 (o 5 ar

1 My (z) FIREIT R, MAE ¢ = 1 e ZELRER

5 9 1 1 2t—>1 62 62
2(t — 1)%e (4(1—t)2+4(1—t)> / 8(1—t)2+4(1—t)'

1% _ERAERARAES S, LR Theorem 2.5 EHITE 2

z 62 62 21 62 62 1
dt R S e
/0 (8(1—t)2+4(1—t)) R1—2) T2 M=z T

EJ}Z‘JL m Y:i—: z=1 1&%5&%&%%?&{&]\ MQ(Z) EJL‘M%?‘J
z—1 1 62 62 1 2
Male) ™ e (8(1 oyt e )
1 1 1 (P
= + In +

8(1—2)3 4(1—2)2 1—2z (1—2)%
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R ERRH BRI IEE ¢ = £ dy = 1. e2 = . RIMBEREH o, d 7
ex TR, MABMWE 3.7) RA (3.6) WIS IR T 2B

(t - 1)262i <I;) ((1 _C;)m T iit)i iy i i iilt)i)

Clk—; i dkfi 1 1 4 Cl—i Lty 2t2
- - In .
(1 — )kt (1 e S A F T 1—t

FERINEEE, K EARERN, REEEE,

¥ k> 30, BRI L+ 2L
Herzhk, ZMeBz
Lk CiCla—i 2¢;di. L 1 2¢;€5_;
2 1Ck—i 7 Wk —3 1Ck—1
‘ (z‘)((l—t)k St <1—t>k1>’

=1
184 Theorem 2.5

k—1
z k CiCl—j 2Cidk—i 1 261'616,1'
] dt
/ ()((l—t)”(l—t)k—l“1—t+<1—t>“)

k1
z—=1 9 k) < CiCl.—j 2Cidk—i 1
T ) + In

; (Z A=D1 21" k—2)L—2)F2 1-—2

.\ CiCr —; - QCidk—i 1 QCiek_i 1
(k—2)2 k29 )1 —2)p2)

k—1
it m 2 = 1 e E R RN EAGTERE R AR M,(2)
20 (1 = 2 — Ciches 26,y 1
() % 0= 3 () (i gm oo
(- T )
HR AR R ERR

231 2 Ck i L e
Mp(z) "~ (1 —e” )k(<1_z)k+1+(1—z)’f1n1—z+(1—z)k)'
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#R9% Theorem 3.1 T {FI413E ¢, — jf—; TR B EREE d, 7 e), R T REM
&3%51% Lemma 3.1 28800 ), 1 e;, BUFE R

Lemma 3.1. Given

k-1
R\ 2 1
dk—2(>c’“ with dy = 0, dy =

i) k—2"

i=1

k-1
k CiClL—; QCidk_i QCiek,i . 1
= — the; = — = eg.
* Z(z)(kz—l (k—2)2+k:—2)Wl aTpaeTe

Then
k(KL 1)
o=t
k! (2 —ok +8eg(k — 1))
€ = o

4k
Proof. BHEHM%GEMN d;

HFEAMERR b — 2

R B A R
(k—2)d , = (kN cidpi .
Z k! =2 Z Z i) K ’
k>3 k>3 i=1
# b REEHE ] LIS
d doz c d;
k k-1 E K 2 o i
k>1 k>1 i>1 j>1
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EE D(2) & Zk>1 _FZ PAEARA ¢ = 42

d il
ZED(Z) —2D(z) =2 (Z Tk ) D(z),

i>1

# b AL

M R LIS E

Kl (k= 1)

dp= K[-HD(z)= ST

forallk > 1.

& T REMIFE aEEHH ey BTG

k—1

1 k CiClr—; Qcidk_i QCin_i
ek_Z(i)<k—1 k=27 " T2 )

=1

B o, = KL d, = Y0 (B) 20t R R AT LS S

B C e e—1) &= [k 2cie5s
LT TS 5 ] +; i) k—2"

R ARE R b — 2

ok —1) &L K
— ey = (k—2)—= — 2 E — e,
(k )ek (k )4k 9. 4k-1 + - Z'(k _ Z-)!Czek )

FHE AR B R

k—2 k—2 iCh_i
Zek( il )Zk:ZTZk ; 2 ZZZ'W ’

k>3 ’ k>3 k>3 k>3 i=1
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i b AR A] LG

Ck k-1 €k Sk €2 2
(Z k— €% el> 2< k' 5 —z €1z
E>1 k>3
3 3(

z z (& i
e e A OO )
EH E(2) B Y 7 ok, AL R FR R

R SRR LS E

4z + 8eq 22— 222

B:) = oSS

i e, i

k!(2 — k + 865 (k — 1))

er = k|[Z51B(2) = T  forallk>1. |

1% Lemma 3.1 , AT LIS R HARFE b > 1,

k1 =1 1 1
z—1 k
Mi(z) "~ (1 =€) (E(l—z)k+1+ 5 BT (12 M1z

! (2 —k +;eg(k: —~ 1)) ; _12)1:) (3.8)

+

—2
Theorem 3.2. Let a = 1—_46— and k > 1. As n — 00, we have the following result

E(X*) ~ ak((l n k(kQZ 1)>nk + 214;!((12—_11))7?%1 1nn(1 + (kh?;)! %r(ls) 51>

+ k:(2 —k + 8ey(k — 1))nk_1).
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Proof. 1R#% (3.8) #IPFTE k> 1,
e o K ok —1). 1 kI(2—k+8ey(k— 1))
Mi(z) ~ a ((1—z)k+1+ A—af 71—z " (1= 2)F )

1845 Theorem 2.1 1 Theorem 2.2 7] G| EHARFE R, |

AT Theorem 3.2 f#ER, MR ATUHATEN k € NFEERN k Rrf g
ZE(X, -EX,)".
B k=1EX,-EX,) =EX, -EX, =0.
Ek=2EX,EX,)?=E(X?) — (EX,).
R Theorem 3.2, HH13E
EX,; ~an + a
E(X?2) ~ a*n® 4 4a*nInn = 2en
it
B(X, — EX,)? = E(X?) =(EX,)* ~ 4¢’*ninn.

E k>3, RERMY E(X, - EX,)" = HA G

E(X, — EXy)"

I
NE

(7) - E B

7

<.
o

o
—

[
Nd

m <o

(EmiEs e+ (-urEx.)

R Theorem 3.2 {J#E R AT LIEE]
k-1

A

2B~ 3 () 1o 20wt (1 222 D)
201 (k — i)l(k — i — 1)nk="!

7 2n

- (h—i—1)d 1
+a* 7 (k — i) (2 — (k— i)+ 8eg(k —i — 1)) n’“l) +(=1)"(an + 2a)".

4
Inn  dsT(s)

lnn<1 +
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# E(X, — EX,)* B9+ BEIEEH

E(X, —E rvﬁ§:<) ZM+2J§:() —i)(k—i—1)n*"'lnn

B

k—1
+mﬁZ:k )iink f- (k—i)(k —i+1)n**
— \1 2 — \!{

=0

oy
—_

k—1
, : d
+2M§:<J (b =ik =i = 1) s
+a* ZO (Z> (—1)'(k — )25 (k 5 i)+ 8ea(k — i — 1))n*~!
BT ARBTG5 RIRT HLL BT, Bk

Mggcvp- :MME:(J Jo=dnP1—-1)F=0. (3.9

5 —EER 5

k k i . . k—1
2a ;(2)(_1) (b —a)(k —i=1Dn"" lun (3.10)
k—2
=9aPnkt Inn(k —2)
—2—1)!
z:O
= 2a"n" T Innk(k — 1)(1 = 1)* 2 =0. (3.11)
B ={EE S
2t S (M) 1yt — 20ty 3 (K -
=1 v i=1 =1
=2a"n"H(—k)(1 - 1Dt =0. (3.12)
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A TAEER D

k—1
ak

2 ;0 (]f) (=1)'(k —i)(k —i+1)n*! = %knk—l Rk — 1) %‘2 (k - 2) (1)

15 Lemma 2.3
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et —fEE

a” Z (f) (=1)'(k —i)(2 — (k — ) + 8ey(k —i — 1))n**

1=

k—1 k ' k—1 k ‘
= 2a" z; (Z) (1) (k —i) —a" z; <Z) (=)' (k — ) ((k — i)n**
k-1 L
+ 8eya ; (Z> (—1)(k = i)(k —i—1))
k—1 E—1
k i, k—1
=2a k; ( ; (—1)'n
k—1 k 1 k—1
k 2 2 k 1 k—1
By, 1 () )
k—1
+ 8epa”k(k — 1) (k ; 2) =0 (3.14)
1=0
154 (3.9) 2 (3.14) AT LIS
B(X, — BX,)"~2a8(=1)" f L

LA ERETEE M e R R R R 8 31, NSRRI DR A E Q(y, 2)
EE RIS, BB A) LA H B at B RIR TR ARG E T REE, T HEHRY
R & LLH T B TR RET S . Bt B A E &

Qy,2) = Q(y, ze™¥).
BT UERES, M LEE]

=D Paly)(ze)" = Y B2

n>2 n>2

i Q(y, ze~ %) R (3.3) B LAFZ]

ZSe—Bay

1—ze oy’

0
2 Q7 7) = Q(y, 2e)? 4+ Qly, ze ) + eVt 4 2!
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BSE] kRTRENER LRI Ny (2) AFREL LS ¢ # E RIBHEPERAA y =0
AT LS

k—
132 [k 1 o 3¢-3ay
+ - ()NZ(Z)Nk i(z )+——(69226 2ay 4 9oy = ° >
=1

)

z 0 z Qyk l—ze=w /| _,
Hrp
8k t3e—3w t—1 k!
— [ e¥t?e W 4 2e¥ o= 3.15

& (B H1E Theorem 3.3 €% FIZ], #5448 (3.9) LB Lemma 2.2 7] DUEE]

B 2 (t="1)%> ‘1 N, ¢ ‘
Ni(z) = o 1)262z/0 . tz ( )Nz(t)]\fk_z(t)dt

z 2 2t k 3,—3a
+ < / (t ) 1 8 eytZ —2ay 4 26y i’e v
(z —1)%e* J, t t Oy* 1 —tew

BT (3.15) 1 (3.16); H Azt nl LAFA46EEEA Theorem 3.3 .

dt.

y=0

-2
Theorem 3.3. Let a.= 1—_46— and k > 3. As.n.— 00, we have the following result

B(X, —EX,)" ~ Mnk—l

Proof.  BETREMFIER (3.15) (3:16) ENy(2) B REER R HERFH T A FEK

i SN
Mo

a1 (=1)Fklak
Ni(z) "~ (i —2)(1 = 2)" for k > 3.
B MEAIGGRME, B k=1,
- e 2(1 —3a)t>  2at’
Nl(z)_ (2_1)2623/0 n ((1—26L)t—|— T3 _ (1_t)2)dt
1 (622 _ 62,222 _ 2622722, + €2Z 2 2 + 1) 72,2
K (1-2)

32



Ny (z) ERFAGEE

Ny(z) "= (12_“z).
BEEk=2
No(2) = = 326% /O (t= ?26% (let(t)Q + (1= 2a)t + (1 — 2a)%?
2(1 —3a)*®  4a(l —3a)t* 242t 4a?z"
L By R i s (1-15)3)‘”
BARBRMLTEESANATF

2(1 — 3a)%t3
1—t

(= ?2 < <2N1t( ), 4 (1 = 2a)t 4 (1—20)%> +

4a(l=3a)t*  2a*t! 4a*t’
(=t - @=0p . (1 —t>3)
)s

B Ny (2) = O((15=2) 1), FE £ = 1 {7 BB ERIR LA B

2,2t 2 3 ,—3ay
(t —1)% <2N1() 9 (eytge_zaer b P8 )

11 4da’e?
v

1—t

t t Oy? 1 —~te

y=0

4% Theorem 2.5 F (7] LIS 2

2422 . 1
/ aedt _>14aeln( ),
o b=t " N

BB BRAR Ny(2), WTE 2 = 1 HEF RE R

z—1 4CL2 1
NQ(Z) ~ (1 — 2)2 In (1 — Z) .

& k=3, 1R (3.16)
B z i (t— 1)%e? !
N3(z) = (z — 1)262z/0 ; (Z) (t)N3—i(t)dt

1
t
z “(t— 1)2 L0 (0 t3eday
- 20720y | 90y
* (z —1)2e?? /0 t t 0y3 ‘ e 1 —te~w

dt.

y=0
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R (3.15)

y=0 (1 - t)4

RIRSERIEHE, FAMABE Vi (2) = O((1 — 2)7Y) Rl Na(2) = O((1 — 2)~2In(1)),
BMFILIER (—1)° 23k R B, UL Theorem 2.5

83 t36—3ay
— [ Y202y 4 9pY
o (e e + Ze 1= te“y)

(1—1)
S, 2.3l (—1)%2- 363
/0 (1= 1P R
1 bR E Ns(2) A ﬁ%ﬁ £z = 1 ey R R R
a O T2 303 0 (~1)%2 - 30
Na(2) (F—1)2e2 1 —2z4 Sl —2)3
iR EA T,
BREEAER 3 <k <am LA A FH G AL
251 (—1)’%!@’“
N e o
Ek=m+1,
z =12 <N fmA1
Nuia(2) = (i [P TR e )R ()
. 2 (t— 1)262t 1 gm+! 5 o t3e—3ay
+ 1) /0 ; zaym“ (eyt e Y+ 2ey1 — te_ay) yzodt.

RBHEENERMTUEE

Ny(t) = O ((1 — )2 (1;)) |

Ni(t) = O((1 —t)™%), forallk < mand k # 2.
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WRESANRNTE = 1 BEFEERERN

(=1 i (m T 1) Ni(t) N1 (1) RHO (1 =)™,

12 , i
=1
MA—ESRTE ¢ = 1 e R R
2 2t 1 amtl 3,—3a
(t=1)je?10 eVtPe W + 2¢¥ e ™
t t Oym+l 1 —te—w

2(m + 1)la™*!
1=z

y=0

il 62(_1)m+1

(3.17) FREEH, ARE Theorem 2.5

z 2 2t m—+1 3,—3a
/ (t—1)%¢*1 0 (ethe‘g‘ly 90y te W >
0

dt

t t Qymtl 1—te= ]|,

2(m +1)la
(1— z)m=t

e ﬁ@ 1 2 = 1 WEr BB R, AR Ny (2)

z2l 62(_1)m+1

21 e 2 m + 1 !amH
Nm+1(z) B (_1) (m(_ 1)(1)_ Z)m_H'

IR MRS AN k> 3,

(3.16)

sai (—DF2KlaE A e
Ni(z) &~ =201 — )k witha = YR
GBI BT HEFMENER, BRE Theorem 2.1, TR LIBEH P £ > 3,
—1)*k24F _ o2
E(X, — EX,)" ~ ((;)_22‘; 1 where a — - 46 o

%1% Theorem 3.1 1 Theorem 3.3 , HMAI UISE] X, WEIZMH REIZ, NEEM
1% B iREE HSE A2 EBRBIR A6, N aikMEe ] UFEHE RS R EREH X,

GREREGER, BRBRMERENEENE X, SRBRIMLEED IR

EX, ~an and Var(X,)~ 4a’nlnn.
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RIBEYILE R AEZ (Chebyshev’s Inequality)

P('E); 1' >:P(\Xn—EXn\2dEXn)

4a’nlnn Inn
=0 <—n> =0 (7) -
B n — oo ERXGMEE 0, it X, EFEHRNEER], FE L X, UERFEHARE
ER, KRB T

Theorem 3.4. (Strong Law of Large Numbers)

As n — oo, we have the following result

X
P " =0 = 1.
(ﬂ&‘EXn ‘ )

Proof. BERBEMPGE n =12 REBIIHZERFAERX

X
P<' i —1‘26):P(|sz—IEsz|ZeEXk2)

EXo
4a2k*21n k Ink

X In %
P — 1| > < O —
S rlleegEne (w):

k>1

T 500 O (1) ety p-RBE (p-series),

EREE

k>1

1% Borel-Cantelli lemma F{7] LA#EE:

=1 (3.17)

36



EERE—E n, Ri5EHRBEME, RMTLREEER F /& THIRE
E*<n<(k+1)%

WE {Xn e B—EREE P, RIREBGEEMEE, BT LG

EX (12 = EX(er1)2 — EXpyrye

IR (3.18) R AT IALE
pe AN
(-1l =0) =1

EWT X, FEGHEAEEN A
ETRET —ERFAE ME A ERCE2 2 Y, 7 H 2 8BRS 16,
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Chapter 4

The Number of Leaves in Binary

Search Trees

4.1 Central Moments and Limit L.aw

£ Section 1.2 HHRME R B = T ESW A HEFHINER Y, B T REMEE
FI 4 B BRE T B E R A B R FIiaT &=, Bk, A ER M E B HIEEE2 8
EREE R, (y), By, z) WH:

Ru(y) = E(e"™) and B(y, z) = > Ra(y)2".

HAM AT DL HEE = BMER TR Y, REIEE
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KEXRIRTERITE (n — 1)2", BREARE AT LSS

> (n=1)Ru(y) =) Z R;(
n>3 n>3 j=1
S H—LE BRI LI By, 2) BRI TR
z%B(y, 2) — B(y,z) = B(y,2)* + 22B(y, z) + ¢¥2°. 4.1)

B, BRER Y, R ERIKE U(2)
0

U = —2B E(Y,
)= gyl s o
# (4.1) ¥ y RESBRAY = 0 MG EIHLEEY, s HER U(z)
Z%U@) E fiU(z) QDU ) 22

R Lemma 2.2 TR LIEH U(2)

£z = 1 ¥ U(2) ey 2B R
z—1 1 1
B % {8 F Theorem 2.1 5t 7] LIS EIBI L BRI HIIT R
E(Y,) = [z"|U(z) ~ =n. (4.2)

BT Y, NEEERMRTUEZTE et REE, HhRBftEs

By, z) = B(y, ze~3Y).
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FHE B(y, ze~3%) A (4.1) BELEEH T A5

Za%ﬁ(y, 2) = B(y,2)* + (1+22¢73)B(y, 2) + 2%3". 4.3)

TERHER R B Z N, RIFEER YV, B R B 2P FER 4 B R

oF —
Vi(z) = a—ka(y,z)

> E(Y, - EY,)ke"

y=0  pn>2

B (4.3) 8k RIEMAERA v = 0 LRI Y, 89 & R REZ R R /7
B

d%Vk(z) = <1 E -+ %) Vi(2) é i (?)Vi(z)vki('z> + QS (f) <_%>Z Vi-i(2)
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Chapter 5

Some Numerical Results

5.1 The Number of Groups under the Neutral Model

7 Chapter 3 T MM X, FOBIZSIHAET BB A 85 E 1R,
B TR @353 R T  E AT Xo WRAHOIR S, TSR 54, 4 B B
EBE X, BE O B3 0= L =€ 148 Theorem 3.2 1 A THR:

E(X,)~ an and Var(X,) ~4a*nInn.

Ktz 4%, 1R3% Theorem 3.3 , & &k >3,
. k (=1)*2ka" k—1
E(X, — EX,) v
H_ERIBRMAT LAAIE 58 k 25 & (cummulant) x;, B AT R ERL R
—1)*2ka*
K ~ (k)fzankl.
REE R
k k
InE(e*) = Z /{k% ~ ant + 2a’nInnt? + Z mk%,

E>1 k>3

44



Pt
H

th 1 2
P v ; k—2)(k — 1)!(_“”t)k‘

k>3

B
gl

2
(k—2)(k—1)!

(—2)f =22(z—1+€e?) —2y—zlnz — 2Fi(1,2)) ~ —22°In 2.

x>
v

3
#t A t/(2avnInn) BURAN

InE 6Xnt/(2a\/nlnn Ay \/ﬁ t+t2 4.
( ) 2v/Inn /

R InE(e™nt/ Gavninny WufEEt BRI A4

Xp=an
2av/nInn

PRI B P AR & A1 R BUESE SRS SREL Y o (E A BEERR L2 BRI RRRR 43, 5
hRMERIFTFELRE n = 50, n.= 100, n = 200, n = 250, n = 300, i& ZERIH
S, WA E Figure 5.1, Bribz ob, #REREL ERIMERHBAHE N (0, 1/2) E1E X, Bkt
BHR, BEEEBEE LR X, REGRHEEIN(0,1/2) .

BE RN SETTEENE £ ETRERE X, KHEEXE, H2EM
HEHERE B, BEARLWREETE LNRE., £ BRI RR BRI T
KR, R B AAER, 55T X, MBI Mo s X, REART g
s, AT AR AN ) M UL

BAR X, WORERR 53] DU 2 576 B A\ ME BT 22, B8 T 2RAE T —{B/NEf
H, Bt gt SR EREEFRNEER Y, SHE-ERINETF, BiRE
IR

LN (0,1/2).

45



Figure 5.1:"Histogram of X,, for n'= 50, 100, 200, 300

5.2 The Number of Leaves in Binary Search Tree
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Figure 5.3: n = 20
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Figure 5.5: n = 50
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Chapter 6

Conclusion
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