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Outlier Proportion for Gene Expression Analysis 
 

Student： Guo-Cheng  Shu    Adviser： Lin-An  Chen 

 
Institute of Statistics 

 
National Chaio Tung University 

 
Abstract 

Discovering the influential genes through the detection of outliers in 
samples from disease group subjects is a very new and important 
approach for gene expression analysis. Extended the outlier mean of 
Chen. Chen and Chan(2010), we develop the asymptotic distribution of 
the outlier proportion for linear regression model. Power comparison 
shows that tests based on this outlier estimator is very competitive and 
promising in detecting a shift of parent tail distribution. 
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離群比例之基因表現分析 

研究生:徐國誠                       指導教授:陳鄰安 教授 

國立交通大學理學院 

統計學研究所 

 

 

摘要 

從有病的樣本中透過離群值的檢測，發現有影響力的基因是目前一個

很新也很重要的基因表現分析，延續 Chen. Chen and Chan(2010) 離

群平均的想法，我們開發了以迴歸模型為基礎的離群比例的漸近分佈，

比較其檢定力後發現，以這離群估計為基礎的測試是非常有競爭力，

並有望檢測母體背後分佈的轉變。 

 

 

 

 

 

關鍵詞: 癌症離群比例分析、基因表現、離群的平均、離群的比例、

迴歸模型
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�� Introduction�

Among the existing techniques in di�erential genes detection� common

statistical methods for two�group comparisons� such as t�test� are not ap�

propriate due to a large number of genes and a limited number of subjects

available� Tomlins et al� ����	
 observed in a study of prostate cancer that

di�erential genes are over expressed in a small number of disease samples�

The problem of constructing statistical procedures based on outlier samples

has been attracted considerable recent attention� Tibshirani and Hastie

�����
 and Wu �����
 suggested to use an outlier sum� the sum of all the

gene expression values in the disease group that are greater than a speci�ed

cuto� point� The common disadvantage of these techniques is that the dis�

tribution theory of the proposed methods has not been discovered so that

the distribution based p value can not be applied� Recently Chen� Chen

and Chan ���
�
 considered the outlier mean �average of outlier sum
 and

developed its large sample theory that allows us to formulate a distribution

based p value� Simulation study and data analysis show desired e�ciency

for tests based on outlier mean�

Uncertainties of gene expressions also show causal e�ect upon one or

some biological conditions �independent variables� see Jin� Si et al� �����
�

Huang and Pan �����
� Rambow� Piton et al� �����
 and Muller� Chiou and

Leng �����

� From their observation� Tomlins et al� ����	
� investigating

and verifying the characteristics of the parent tail distribution of the disease

group data in linear regression models through estimation and hypothesis

testing is new but important topic to be explored�

We consider the sample conditional quantile based on healthy group data

as cuto� for determination of outliers and introduce the sample proportion

computed from these outliers for monitoring the outlier distribution and

present its asymptotic distribution� With simulation study� the outlier pro�

portion based test is shown desirable in terms of powers�

�� Formalization of Outlier Proportion

We consider that there are two gene expression variables ya and yb� re�

spectively� for normal �control
 group population and disease group popu�
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�

lation that follows linear regression models as

ya � x��a � � and yb � x��b � �

where x is p�vector of covariates �biological conditions
 with constant one on

the �rst element� A key to the challenge of quantifying outlier information

in model for gene response variable yb is to reparametrize the regression

parameters that characterizes the information contained in tail distribution

of this variable�

By denoting the two distributions for ya and yb as Fya��jx
 and Fyb��jx

when vector x is given� the main objective for conduction of gene expression

analysis is to perform a test for hypothesis of distributional equality as

HF � Fya��jx
 � Fyb��jx
� x � R� ���



where R� � f�
� x��
� � x� � Rp��g� The classical approach conducts this

testing this hypothesis through verifying if there are equal conditional means

as

x��b � x��a� x � R� ����


which is equivalent to verify if �b � �a is true� Following their observa�

tion� Tomlins et al� ����	
 proposed to verify the parameters in outlier

distribution instead of original distributions Fya and Fyb � This requires a

formalization of regression parameters that contains the information in tail

distribution�

Given a �xed x� we consider the ��th quantile of variable ya as the cuto�

for outlier detection threshold that may be written as F��ya
��
 � x��a��


where �a��
 � �a�F
��
� ��
e is the population regression quantile of Koenker

and Bassett �
���
 and where p�vector e � �
� �� ���� �
� and F��� ��
 is the ��

th quantile for error variable � with distribution function F�� Observations of

ya and yb over this quantile point are considered outliers� Our idea based on

Tomlins et al��s observation that is extended from outlier mean to regression

model for testing hypothesis ���

 is through a veri�cation on variable yb�s

conditional outlier proportion �b�out�x
 � P �yb � x��a��

�



�

We may see that

�b�out�x
 � P �� � F��� ��
 � x���a � �b

 ����


and the variable ya�s conditional outlier proportion �a�out�x
 � P �ya �
x��a��

 � 
 � �� For testing hypothesis ���

� we propose to verify the

following relation�

�b�out�x
 � 
� �� x � R�� ����


By denoting the di�erence of two conditional outlier means as Dop�x
 �

�b�out�x
 � �
 � �
� For validation of this veri�cation� considering the fol�

lowing model settings�

ya � 
 � �x� � and yb � 
�
 � ��
x� �

� � N��� 

 and � � �N��� 

 � �
� �
N�	� 



and with sample size n � 
��� we display the sizes Dop�x
 and e�ciency

eff � Dop
�a�out in Table 
�

Table �� Outlier proportion di�erences
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�

Signi�cant di�erences in size between Dom�x
 and Dm�x
 showing in this

table reveals that detection of di�erence in conditional outlier means may

be better in terms of power than detection of di�erence in non�outlier con�

ditional means�

We have observed the positive sign of using variable yb�s outlier propor�

tion for gene expression analysis� However� consistent estimator of outlier

proportion is too complicated since it requires to build up a consistent es�

timator of x�related parameter function �b�out�x
 in ����
� The di�culty

can be solved if a reformalization of regression parameters can be done� By

letting �b �

�
�b�
�b�

�
and �a �

�
�a�
�a�

�
with �b� and �a� the intercept pa�

rameters and �b� and �a� being� respectively� vectors of slope parameters�

we then set the following restriction

�a� � �b� ���	


which is true when H� of ���

 is true� This allows us to write outlier

proportion as

�b�out � P �� � F��� ��
 � �a� � �b�
� ����


The next objective is establishing an estimator for the outlier proportion

�b�out of ����
 and developing its distributional theory for construction of a

test for hypothesis ���

�

�� Outlier Proportion Estimator and Its Large Sample Theory

For this gene expression study� we assume that there are n� subjects in

the normal control group and n� subjects in the disease group� Suppose

that there are m genes to be investigated� The gene expressions for normal

group subject have the regression model

yai � x�i�a � �i� i � 
� ���� n� ���



where �i�s are iid error variables with distribution function F� and the disease

group subject have the regression model

ybi � x�i�b � �i� i � 
� ���� n� ����




�

where �i�s are iid error variables with distribution function F��

We let the sample threshold be �F��ya
��
 � x� ��a��
 where ��a��
 is the

sample regression quantile of Koenker and Bassett �
���
 that solves

Minb�Rp

n�X
i��

�yai � x�ib
�� � I�yai � x�ib

�

The estimator of the outlier proportion is

��b�out � n���

n�X
i��

I�ybi � x�i
��a��

� ����


We consider a simulation study for e�ciency of sample outlier proportion

with the following models�

yai �
 � �xi � �i� i � 
� ���� n� where �
�

is are iid N��� 

� and

ybi ��� � �xi � �i� i � 
� ���� n� where �
�

is are iid � F�� ����


Under F� � ���N��� 

 � ��
N�
� 

� we perform replications m � 
� ���

with n � n� � n� from the above models and display the MSE�s in Table

� while their corresponding true outlier proportions are listed in � 
�s with

n � 	��

Table �� Mean square error for outlier proportion estimation
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n � 
��
��� ������ ����	� ����	�

��� ������ ����	
 ����		

��� ������ ������ ����	�
n � ���
��� ������ ������ ������

��� �����	 ������ ������

��� ����
� �����	 ������
n � 	��
��� ����
� ����

 ����
�

��� ����
	 ����
� ����
�

��� ����
� ����
� ����
�

Small MSE�s shows that outlier proportion is a parameter appropriate for

statistical inferences of hypothesis ���

�

For the asymptotic properties for the outlier proportion� we need the fol�

lowing assumptions�

�a
 Assumption �� limn��n���
n�
n�

� �yx� a �xed constant�

�b
 Assumption �� limn���n���
Pn�

i�� xi � �x which is a �xed p�vector�

FromAsumptions �a
 and �b
� we see that limn���n
��

�

Pn�
i�� xi � �yx�x Let

us further denote f� and f� as probability densitity functions� respectively�

for F� and F�� For the rest of this section� we assume that condition ����


and Assumptions �a
��d
 are true where �c
��d
 are listed in Appendix�



	

Theorem ���� �a
 The outlier proportion ��b�out has the following repre�

sentation

n
���
� ���b�out � �b�out
 �� f��F

��
� ��
 � �a� � �b�
�

���
yx f��� �F��� ��

��xQ

��
x

n
����
�

n�X
i��

xi�� � I��i � F��� ��




� n
����
�

n�X
i��

�I��i � F��� ��
 � �a� � �b�
� �b�out� � op�

�

�b
 n
���
� ���b�out � �b�out
 converges in distribution to a normal random vari�

able with distribution N��� vb�out
 where

vb�out ���
� �
�yx�f��F
��
� ��
 � �a� � �b�
f

��
� �F��� ��

��

��xQ
��
x �x � �b�out�
� �b�out
� ���	


By letting X � N��� 

 and Y � N�m� 

� we compute vb�out for compar�

ison�

Table �� Variance vb�out comparison

FY m � � m � 
 m � � m � 	
N�m� 


� � ��� ���� ����� ����� ���E � �
� � ��� ���� ��	�� ���
� 
��E � 	
� � ��� ��
� ����� ����	 �����
� � ��

� � ��� ���� ����� ����	 �����
� � ��� ���� ���	� ����� ����

� � ��� ��
� ����� ����� �����
� � ���
� � ��� ����� ����� ����� ����

� � ��� ����� ����	 ����� �����
� � ��� ��
�� ����
 ����
 ���	�
� � ���
� � ��� ����� ���	� ���	� ���	�
� � ��� ����� ���
	 ����� ����	
� � ��� ��
�� ���
� ����� �����

Larger percentage � gives the outlier proportion estimator ��b�out the smaller

asymptotic variance� Hence� larger percentage ��s may also give ��b�out better

power performance� However� this requires further investigation�






The above asymptotic distribution allows us to consider an outlier pro�

portion based asymptotic pivotal quantity as

p
n��

��b�out � �
� �
p
�vout

where �vout is estimator of vb�out� However� it is unpleasant for this quantity

being involved with densities f� and f� so that their estimations when they

are unknown could be very in�e�cient for not enough sample sizes� Hence�

when ���

 is true with

va�out � ��
� �
�yx�
�

xQ
��
x �x � �b�out�
� �b�out
�

Let �vout be estimate of vout� We then de�ne an outlier proportion based

test for hypothesis ���

 as

rejecting H� if n
���
� �

��b�out � �
� �
p
�va�out


 � z� ����


where z� is the �
�

th quantile of the standard normal distribution� This

is an extension of the classical proportion p test to this outlier gene problem�

�� Power Performance for a Test based on Outlier Proportion

We consider the following design�

yai �
 � �xi � �i� i � 
� ���� n� where �
�

is are iid F�� and

ybi ��� � hxi � �i� i � 
� ���� n� where �
�

is are iid � F�� ���



for evaluation of the test of ����
� Additional to the outlier proportion ��b�out

and regression quantile ��a��
� some estimates are de�ned as follows�

��x �



n�

n�X
i��

xbi� ��xy �
n�
n�

�Qx �



n�

n�X
i��

xbix
�

bi

�va�out � ��
� �
��xy��
�

x
�Q��x

��x � ��b�out�
� ��b�out
�



�

With 
 � ���	� we evaluate the following approximate power

� �



m

mX
j��

I�n
���
� �

��b�out � �
� �
p
�va�out


 � 
���	
� ����


By letting h � � and F � F� � F�� the �rst aim is to measure the type I

error probabilities of this test� We consider several distributions F and the

simulated sizes under this setting are displayed in Table ��

Table �� Evaluation of probability of type I error

F � � ��	 � � ��� � � ��� � � ��� � � ���
N��� 

 ����� ����� ����	 ����
 ���	�
t��
 ���	
 ���	� ����� ���	 �����
t�	
 ����� ���	 ����� ���	 ���	�
t�
�
 ����� ���	� ����� ���	
 ���	�

Lapalce��� 

 ����� ����� ����� ���	� �����
Lapalce�
� 

 ����� ���	� ���	� ���	� ���	�

It is seen that the outlier proportion based test is quite robust with simulated

sizes all closer to the speci�ed signi�cance level ����	
�

Next we evaluate the power performance for the outlier proportion based

test� With the same design of experimment besides h and consider the

distribution F� � N��� 

 and some F��s� the simulated powers are displayed

in Table 	�

We consider mixed distribution for variable yb with F� � N��� 

 and

F� � ���N��� 

 � ��
N��� 

� The simulated powers are displayed in Table

��

Table �� Power performance of outlier proportion test under mixed normal

distribution



��

� h � ��
 h � ��� h � ��	
F� � N��� 



� � 

� � ��	 
 
 

� � ��� 
 
 

� � ��� 
 
 

� � ��� ����� 
 

� � �
� � ��	 
 
 

� � ��� 
 
 

� � ��� 
 
 

� � ��� 
 
 


F� � ����
� ��	
� � ��� ��	�� ����� �����
� � ��� ����	 ����� 

� � ��� ����	 
 


F� � t�
�
 � ��	
� � ��� ����� 
 

� � ��� ����� 
 

� � ��� ���		 
 


Table �� Power performance of outlier proportion test

� h � ��
 h � ��� h � ��	
� � 

� � ��	 ��		� ����
 

� � ��� ���		 ����� 

� � ��� ����� ����� 

� � ��� ����� ����� �����
� � �
� � ��	 ����	 ����� 

� � ��� ����� ����� 

� � ��� ��	�� ����� 

� � ��� ����� ����� 


The powers displayed in these two tables show that the outlier proportion

is quite satisfactory for gene expression analysis�

Lai� Chen and Chen ���
�� unpublished
 proposed a least squares esti�

mator as

��b�ls � �X �

bAbXb

��X �

bAbyb� ����


where we denote Xb � �xb�� xb�� ���� xbn�

�� trimming matrix Ab � diagfaii �



��

I�ybi � x�bi
��a��

� i � 
� ���� n�g and yb � �yb�� ���� ybn�


�� Two tests �denoted

by OL
 and OL�
 based on this estimator are also introduced� With two

outlier LSE based tests available� it is desired to verify if these two tests are

competitive� With the same design of experiment besides various h and the

error distributional settings� F� � N��� 

 and several distributions F�� The

simulated powers are displayed in Table ��

Table �� Power comparison of two outlier LSE based tests
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 h � ��� h � ��	
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��

Three assumptions for the asymptotic representation of the sample outlier

mean test are as follows�

�c
� Pobability density function fX of distribution FX is bounded away from

zero in neighborhoods of F��X �

 for 
 � ��� 

 and the population cuto�

point ��

�d
� Probability density function fY is bounded away from zero in a neigh�

borhood of the population cuto� point ��

Proof of Theorem ����

From the expression of outlier proportion of ����
 and linear regression

model of ����
� we have

��b�out �n
��

�

n�X
i��

�I��i � F��� ��
 � �a� � �b� � n
����
� x�iTa
� I��i � F��� ��
 � �a� � �b�
�

� n���

n�X
i��

I��i � F��� ��
 � �a� � �b�
 �	�



where Ta � n
���
� � ��a��
� �a��

�

With ���	
� the �rst term on the right hand side of �	�

 can be shown

�Ruppert and Carroll �
���
 and Chen and Chiang �
���
 as

n
����
�

n�X
i��

�I��i � F��� ��
 � �a� � �b� � n
����
� x�iTn
� I��i � F��� ��
 � �a� � �b�



� �����yx f��F
��
� ��
 � �a� � �b�
�

�

xTn � op�

 �	��


for any sequence Tn � Op�

� Also� a representation of regression quantile

��a��
 may be formulated as

p
n�� ��a��
� �a��



� f��� �F��� ��

Q��x n
����
�

n�X
i��

xi�� � I��i � F��� ��

� � op�

�
�	��


see� for example� Ruppert and Carroll �
���
� By letting Tn � Ta and

combining the results in �	�

��	��
� the theorem is followed� �



��
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