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UNIQUENESS OF A LIMIT CYCLE FOR A PREDATOR-PREY SYSTEM*

KUO-SHUNG CHENGT

Abstract. The uniqueness of a limit cycle for a predator-prey system is proved in this paper. We assume
that in the absence of predation the prey regenerates by logistic growth and the predator feeds on the prey
with a saturating functional response to prey density. Specifically, we assume that Michaelis-Menten kinetics
describe how feeding rates and birth rates change with increasing prey density.

1. Introduction. S. B. Hsu, S. P. Hubbell and Paul Waltman in [2] and [3]
considered the following competing-predators system:

S(1)= yS(t)(l —%) _(2;.3) ()Z(i’%s‘%) -(%)(fi(l)ssfff)’

X4(0) =X1(r)(%qs%—ul),

m,S(¢t)
a>+S(t)

S(O)=SO>O’ )(1(0)=X'10>0, i=1s 2’

(1)

Xz(’)=X2(t)( ’D2>,

where X;(t) is the population of the ith predator at time ¢, S(¢) is the population of the
prey at time ¢, m; is the maximum growth (birth) rate of the ith predator, D, is the death
rate of the ith predator, y; is the yield factor of the ith predator feeding on the prey and a;
is the half-saturation constant of the ith predator, which is the prey density at which the
functional response of the predator is half maximal. The parameters y and K are the
intrinsic rate of increase and the carrying capacity for the prey population, respectively.
S. B. Hsu et al. analyzed solutions of this system of ordinary differential equations and
found out that their behavior depends mainly on the two-dimensional system

Sir=rsi(1-S2) ()05

K y/\a+S(t)
@ x<t>=x(t)(;’1’+s—sf3—)— o)

S(O)=So>0, X(O)=XO>O,

where vy, K, m, y, a and Dy are positive constants.
The results they obtained for system (2) are as follows.
(a) The solutions S(¢), x(¢) of (2) are positive and bounded.
(b) Letb=m/Doand A =a/(b—1)if b>1.
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(i) If b =1 or K =, then the critical point (K, 0) of (2) is asymptotically stable
and

}irg S(t)=K, ’llrg x(t)=0.

(ii) If A <K =a +2A, then the critical point (A, x*), x* = (yy/m)(1-A/K)(a + 1),
of (2) is asymptotically stable and

}irg St =2, ,1"2 x(£)=x*.

(iii) If K >a+2A, then (A, x*) is unstable and there exists at least one periodic
orbit in the first quadrant of the S-x plane. If there is just one periodic orbit, it is stable.
If the periodic orbit is not unique, then the outer one is semistable from the outside and
the inner one is semistable from the inside.

S. B. Hsu et al. [3] conjectured that the limit cycle is unique and suggested that this
can be a delicate question.

Itis interesting mathematically to prove the uniqueness of the limit cycle for system
(2). If this can be done, then we can better understand the behavior of solutions of (1).
Therefore, the purpose of this paper is to show that the limit cycle of (2) is unique under
the same conditions as in [2]. From now on we shall assume that K > a + 2A.

2. Two lemmas.
LEMMA 1. Let T be a nontrivial closed orbit of system (2). Then

I<{(S, x)|0<S<K,0<x}

Let L, R, H and J be the leftmost, rightmost, highest and lowest points of T
respectively. Then

Le{(S,x)|0<S <A, x=f(S)},
Re{(S, x)A <S<K,x=fS)},
He{(S, x)|S=Ax*<x},
Je{(S, x)|S=A,0<x<x*},

where f(S)=y(y/m)(1—S/K)(a +S), the curve of which is symmetric with respect to the
vertical line S = (K —a)/2, and x* =f(A).

The proof is simple and we omit it.

LEMMA 2. Let T be a nontrivial closed orbit of (2). I' meets the vertical line
S =(K —a)/2 at the points A and B with x-coordinates xg > xa. (See Fig. 1.) Let the
mirror_image of arc BHLJA of T' with respect to the “mirror” S= (K—a)/2 be
BH'L'J'A. Then arc H'L'J' intersects arc BRA of T at two points P(Sp, xp) and
Q(So, xo) with xo > f(So) and xp < f(Sp). Furthermore, if P'(Sp, xp) and Q'(Sq', xo')
are respectively the mirror images of P and Q with respect to the mirror S = (K —a)/2, then

SQ’ SQ
< =
) 0 A=So So-—-A
and
@ o< _g O

A=Sp Sp—A’
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A k2—g (k—a—-A\)

Fi1G. 1

Proof. Consider the function V' (S, x),

_mé _
) V(s,x)=f(“+—ifl) d§+%l[;n_x*dn.
a+é

Then

dV(S(t),x(t))=l( mS —Do)[‘)’(%)(

S
= + —y¥
dt y\a+$S )(a $)-x

1-
K

=§(%—Do) L(S)— x*].

Let the period of I be T. We have

T
) L av(s(), x(1)) dt=0.

dt
On the other hand,

JOT%/dt - % IOT(ariséiz) “DO) [f(S(t))—x*]dt

® 1 dx
=;£ [f(S)-—x*]—;.

Now assume that arc H'L'J’ does not intersect arc BRA of I.

J
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It is easy to see that S;.> Sg; that is, the region (), bounded by line § = (K —a)/2
and arc BRA is properly contained in the region )} bounded by line $ = (K —a)/2 and
arc BH'L'J'A. From (7) and (8), we have

0=J'TdV(S(t),x(t)) di = l[f(S)—x*]dx
0 dt ry X

_ 1 J‘ J’ 1 £(S) dS dx (Green’s theorem)
y X

Q1+Q,

o) L[ a5 A a5

ﬂ] 02

[ a5 A1 a5

[o}] Q

—~)1) J'I f’(S)de >0.

Q{-Q,
This is a contradiction. Hence arc H'L'J' does intersect arc BRA. Now assume that
the points Q(So, xo) and P(Sp, xp) are, respectively, the ‘‘highest” and ‘‘lowest”
intersection point. If Q(So, xo) = P(Sp, xp), then arc H'L'J' intersects arc BRA only at
a single point. In this case, the arguments leading to the conclusion that the region Q is
properly contained in ()] still hold. Yet this contradicts (9). Hence Q(So, xo) #
P(Sp, xp). Assume that xo> f(So). Let (dx/dS)o and (dx/dS)o be the slopes of
arcs BH'L'J'A and BRA at point Q respectively. It is obvious that

o 0>(%),2(5%).
But S
(f’ﬁ) = xo<a”1 SOQ _DO)
o ssol1-39)- (5222
=—(m-— Do)( ) ;&%&%

and

(j—;);?(’" Do), >s§&ﬁf fs(gi))

xo(A —Sqo)
So(xo —f(Sa))

(Recall that xo = xo, f(So) =f(So’).) Thus from (10) we have

no(2)

So __So

1 <———= .
(D 0 A—=Sq So—A
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Now consider the quadratic function G(S'),

(12) 6(s)= -0 -9 o->],

where S =K —a —S§'. A straightforward calculation shows that
G(S)=-28"+28"(K—a)-A(K —a).

The two positive roots of G(S') =0 are

s 555 (55

Hence G(§')<0 if §'<S. or §'>8,, and G(§)>0 if S_<S'<S,. Since So <
(K—-a)/2<8., from (11) and (12) we conclude that

(13) So=S- or So=S..
The arc OR satisfies the following differential equations:

(%)@ =~(m-Dy)( ") SJE;{;?;))

(14)
X(SQ) =XQ, S;SQ.

and QL' satisfies

(%) &~ m-D () S)’C(g?——ffg))’

(15)
x(So) = xo, $=8o,

where §'=K —a — S. Since G(S') <0 for ' <S_, we have from (13), (14) and (15) that
dx dx
16 0> (“_) > (—)
(16) das/agr \dS/eér.
for the same x and S > So. Hence from a well-known comparison theorem we get

17 x(S)|ar > x(S)|gp for So<S<S..

From (17) we conclude that arc H'L' can intersect arc BR at most at one point.
Similarly, we obtain that

Sp Sp
1 < ——=
(18) 0 A=Sp Sp—A’
(19) Sp=S_ or Sp=S.,

and arc J'L’ can intersect arc AR at most at one point. This completes the proof of the
lemma. 0O

3. Uniqueness of the limit cycle. Now we come to our main result.
THEOREM 1. If K >a +2A, then system (2) possesses a unique limit cycle which is
stable.
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Proof. Let T" be any nontrivial closed orbit of (2), and let its four extreme points
be L(Si,f(Sr)), R(Sk,f(Sr)), H(A,xyg) and J(A, x;). Assume that I': intersects
the line S=(K—a)/2 at points A(K—a)/2,xa) and B((K —a)/2,xg), with
xg>f((K —a)/2)>xa. From Lemma 2, the mirror image of arc BHLJA of T,

H'L'J' A, intersects the arc BRA of I' at points P(Sp, xp) and Q(So, xo). Let the
mirror images of points P and Q with respect to the line S = (K —a)/2 be P'(Sp, xp’) and
Q'(So, xo') respectively. It is obvious that Sp=K —a —Sp and So- =K —a — So.

Now consider

m S(f(S)—x) o\ X(S—A)
(20) g(S, x )-———Ts—’-, h(S, x) = (m — D) 1S

The divergence of the vector field (g(S, x), kA (S, x)) defined by (2) is

Div (g, h) = €.+ 2
21
@1 _m Sf’(S)+r_n_a(f(S)-x)+( D)(S A)
y (@a+8) y (a+S) Y a+S

From (2) it is easy to see that

m adS _
(22) &( )(a+S)2(f(S) Nd=9 srs”
(23) §r (m D) j - g dt=0.

Hence

SR LR N S A W -

Now

’ Sa ) Sp ’
([ [zyz ore) e L,,, f(s{f?m as+ LA f(S)f—(i)z(S) s
i)
= I 78)—x2(8)
sP ! — —
+L,, K —af—(f)—ila?—a -s)

(%, x2(8)—x(K—a—38)
‘LAf (S)[<f<5) 2 (SVS) (K —a sles

(25)

ds

The notation in (25) is self-evident. From Lemma 2, we know that x,(S) > x(K —a - §)
for $4 <S <Sp. Thus we have (recall that f'(S) <0 for S5 <S5 <Sp)

(5
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Similarly, we have

Ut 5 s

(%, x3(K —a—58)—x4(S)
J, rs [(x4<S) ZFS) K —a—-S)—F(S)

Let Q) be the region bounded by arc Q'LP' and line segment P'Q', and Q) be the region
bounded by arc PRQ and line segment QP. We have

e 25 @
(el sy

{ jarp * J'mr * J()—p) (xfg(—s))t )) dx]

(=1 (y/K)[2(S—A)Y+A(K —a—21)]
j—x—- SoA7 ds dx

]dS<O.

Sp

4 L Sf'($)

P S—N) dx] (Green’s theorem)

()], s =

Similarly, we have
J‘ (m St (S)) dt
FRO\Y a+S

m)(__l__)[”’;l_ y/K[2(S—A)’+A(K —a—21)]

(29) = (—)7 m—D,

Sf'(S)
X S—A)° dex+jmx(S~A)dx]

Q

), Sty

where S;(x) and S,(x) represent the line segments P'Q’ and PQ respectively. From (28),
(29) and the identity S,(x) = K —a —S;(x), we have

R

< (m>(_1_)[ IQ S ($:1x) IQ (K —a=8:1(0))f ($1(x)) dx]

y\m-Do/l),, x(A=8:(x)) . x[K—a—A—-Si(x)]

C)Ga) [ s e s

where the polynomial G is defined in (12).

(30)
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From (13) and (19) we have

S1(x) =max {Sp, So}=S_, Xp=Xx=xo
and hence
(31) G(S1(x)=0 forxp=x=xo.
From (30) and (31) we finally have
(32) (I +J )[E if-@] dt<0.
orr JerRo/Ly a+S$

From (26), (27) and (32) we get
(33) § Div (g, h) dt <O0.

r

This means that the closed orbit I is stable. But two adjacent periodic orbits cannot be
positively stable on the sides facing each other [1, p. 397, Thm. 3.4]. Hence the
uniqueness of the limit cycle of system (2) is proved. [
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