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The stability condition of a resonator formed by a 900 cone and mirror has been derived using ray tracing

techniques. The result showed that this type of resonator is relatively insensitive to mirror misalignment.
From this basis, the mirror misalignment tolerance was studied experimentally. Output energy and

transverse mode characteristics vs. misalignment were measured, and the results show that this type of reso-
nator does possess certain advantages over the two-mirror resonator.

1. Introduction
A total internal reflector, suggested as a laser reso-

nator in Ref. 1, has the advantage of no metallic or
multilayer dielectric coating and hence reduced heating
effect and threshold pumping power. However, the
proposed frustrated total reflection coupling scheme is
relatively inconvenient and difficult for performing such
techniques as Q-switching and mode locking. Thus we
consider the laser resonator formed by a 900 cone and
mirror as shown in Fig. 1. This type of resonator has
the advantage of minimizing the number of dissipative
coatings, and it preserves the possibility of modulation
within the resonator. Similar structures have been
discussed before,2 4 but to our knowledge there is little
in the literature5 6 discussing the stability condition in
terms of ray tracing techniques, and few experimental
results have been published. This paper is thus con-
cerned with a discussion of the stability condition and
the measurement of transverse mode characteristics of
this particular resonator, emphasizing the misalignment
effect that is one of the most important factors in field
operation. We have called this the cone-mirror reso-
nator.

The authors are with National Chiao Tung University, Hsinchu,

Taiwan, China.
Received 26 January 1980.
0003-6935/80/152569-05$00.50/0.
(© 1980 Optical Society of America.

II. Stability Conditions of Cone-Mirror. Resonator

In the following analysis, the meridian ray transfer
matrix for a nearly-90' cone reflector is derived first,
then this matrix is used to determine the stability con-
dition of the cone-mirror resonator.

A. Ray Transfer Matrix for Nearly 90° Cone
Reflectors

Assume that we have a nearly 900 reflector as shown
in Fig. 2 and that the incoming meridian paraxial ray
hits upper surface F1 first, then reflecting surfaces F1 ,
F2 . Assume further that the incoming rays are

y =-(x - a) tany,

y = (x - a) tang,

y = yo + x tango,

(1)

(2)

(3)

where the various parameters are defined in Fig. 2, and
where y = (7r/4) + 3, t (7r/4) + 0, with the assumption
that 6I << 1, 1k1 1<< and I uoI << 1.

The outgoing ray, which is the incoming ray after
reflection from surfaces F1 and F2, is characterized by
its slope g'0 and height y'O at plane X = 0 as shown in Fig.
2. These two quantities can be derived with geometric
optics. Using the approximation

tan(ir/4 + 6) 1 + 23, tan(ir/4 + 4) 1 + 24, tango 1 go,

we find that

!Lo ,'o + 2(0 + a),

yo c-yo-2at -2a( + ).

(4)

(5)

If we define rays 1 and 2 (upgoing) in Fig. 3 as having
positive slopes, rays 3 and 4 (downgoing) have negative
slopes. We can then combine Eqs. (4) and (5) and write
the ray transfer matrix as Eq. (6) for those paraxial rays
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Fig. 1. Schematic diagram used to derive the stability condition of
a cone-mirror resonator.
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Fig. 2. Schematic diagram used to derive the ray transfer matrix for
a nearly 90° cone reflector.
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Fig. 3. Schematic diagram used to define the sign of the slope of the
rays, where rays 1 and 2 are defined with positive slopes and-rays 3

and 4 with negative slopes.

that hit the upper surface first:

[ro= [I -2alJrij _ [2a(l+ )l, (6)
ro 0 -1 [2(6 + )

where ri = height of incoming ray at plane X = 0
(corresponding to yo in Fig. 2);

r = height of outgoing ray at plane X = 0
(corresponding to yO in Fig. 2);

r = slope of incoming ray (corresponding to
tan wo - g'o in Fig. 2); and

r = slope of outgoing ray (corresponding to
-tanyg c -(,uo + 2 + 2); the minus
sign is due to the choice of negative slope
defined in Fig. 2.

With the same derivation procedure, we find that when
a ray hits the lower surface (F 2 in Fig. 2) first, the ray
transfer matrix will be

[roj l~ -2aJ~ri + ~2a( + )I (7)Ir][0 -1 ]i ]+ 2( + ) )](7
The difference of the sign of the constant term in Eqs.

(6) and (7) can be understood by considering the fact
that the height and slope of a ray are always inverted
after reflection from a nearly 900 reflector when the sign
of the slope is defined as in Fig. 2.

For clarity, the ray transfer matrices for different
combinations of incoming paraxial rays and reflector
surface are shown in Table I. For those rays that hit the
upper surface (surface above the optical axis) first, the
sign of the constant term [such as in Eq. (6)] is negative;
for those rays that hit the lower surface (below the op-
tical axis) first, the sign is positive.

B. Stability Condition
The structure of the resonator under consideration

is of the form shown in Fig. 1, where the left is a solid-
state laser rod (such as Nd:YAGs) with one end polished
as a 90° cone and the other end polished to a flat surface.
Total internal reflection occurs for paraxial rays because
of the difference of the index of refraction between air
and the laser rod. The mirror has a radius of curvature
R. The quantities and 0 are manufacturing tolerances
or the slight tilt of the optical axis due to misalign-
ment.

To study how and affect the stability of such a
resonator, we write the matrices describing the propa-
gation of paraxial rays shown in Fig. 1:

|rs+ 11 1 1 1 0 1 d -1 -2a 1 dI
rI+ 1 O 1]0 /1][0 1 0- I 1] 

XI0 1 1 I [|s 2a(6 + 0)

0o - 0 Lo 1 - 2 1J r, 2( + 0)

[A B][rsj [El
[C D r,J [Fj
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Table I. Ray Transfer Matrices for Possible Combination of Nearly 900
Reflectors and Incoming Rays, y = 7r/4 + , / = r4 + p; 6 << 1, << 1

F~l l 'JL I: L J6~
r r'

i n optical r xi -2a] 2r 0 ]
optical~ ~ ~~~ a xi 0 ] 1 2 (0 

. ~ ~ ~ ~ pi .. i ra I -1 r 2a(6+0)optical axiso r- F 1ri 2a (6+)

-. 0 j +

'If o tica ..ais [01=[i][:][::]

where n is the index of refraction of the laser rod and r8,
r' are height and slope of the paraxial ray before inci-
dent on the mirror surface. Also, we have

A=-+41ad

B =-2(l + ) .
R n

B -2 !t, + a + 
n

C= 2/R,

D -1,

E= 2(nl + a + d)(6 +),

F= 2n(6 + 4).

Following a similar mathematical manipulation to that
used in Ref. 7, we obtain the difference equation

rS+2-2[1-R l+ jjr +1+r =O.

The stability condition of this equation is given by

One important result of Eq. (8) is that the stability
condition of the cone-mirror resonator is independent
of 5 and 0. In other words, this type of resonator is in-
sensitive to small aberrations. This is important in field
operation where vibration can be serious because it
usually causes mirror misalignment. Misalignment is
also a problem in a high repetition rate laser because
thermal stress will also induce mirror misalignment.

111. Experimental Results
In this experiment, the Nd:YAG laser rod (69 mm

long, 5-mm diam, 1.2% Nd3 + concentration, with the
same end configurations as shown in Fig. 1) was put into
a gold-coated circular cavity and pumped by a pulsed
xenon flashlamp. The typical discharging condition
was 50 F and 600 V. To avoid any heating effect,
pulses were taken at 0.05 pulse/sec.

The output mirror is a plane mirror with reflectivity
equal to 70%. This mirror is mounted in a mirror holder
whose plane can be tilted by micrometers in both X and
Y directions. Cavity length is 20 cm. Output energy
was detected by a silicon P-I-N photodiode (with RG
> 80, 1.06-,um filter in front of the detector) with
0.25-mm2 active area, and it was mounted on a trans-
lation stage. Each data point in Figs. 5-7 is an average
of five experimental results. The oscilloscope trace of
Fig. 4 shows a sudden rise of output energy confirming
that laser oscillation does occur in such a resonator.

A. Output Energy vs Mirror Misalignment
In field operation, vibration and thermally induced

stress will cause mirror misalignment, and small mis-
alignment will usually cause significant reduction of
output energy in a two-mirror resonator. 8' 9 In a
cone-mirror resonator, the output energy is relatively
insensitive to mirror misalignment because of the re-
troreflective properties of the 90° cone as discussed in
Sec. II, where the stability condition of the cone-mirror
resonator is independent of small misalignment. Figure
5 shows detected output energy vs mirror misalignment;
the misalignment effect of a two-mirror resonator is
plotted in the same figure. It is clear that the cone-
mirror resonator is -200 times more stable compared
with a two-mirror resonator if the point where 10% re-
duction of the output energy is taken as the reference.

(8)

Fig. 4. Pulsed output of a Nd:YAG laser with a cone-mirror
resonator.
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Fig. 5. Output energy vs absolute
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In a two-mirror system, the length of the laser rod is 65
mm, the totally reflective mirror has an R = 10-m radius
of curvature, and the output mirror is that used in the
cone-mirror resonator. (Cavity length is also 20 cm.)
Pumping conditions are the same as those in a cone-
mirror system.

B. Transverse Intensity Distribution
Figure 6 shows the near-field distribution of the laser

beam when the mirror is well aligned. Here this means
that the mirror is at the center position of Fig. 5. Ideal
Gaussian distribution is plotted in the same figure for
comparison; they are quite similar to each other.

In Fig. 7 the near-field distribution with a misaligned
mirror is plotted in comparison with that of a well-
aligned system. It is clear from this figure that the
spatial distribution of the laser beam is almost unaf-
fected by mirror misalignment. This is also due to re-
troreflective properties. During these measurements,
no iris was used. We found that the cone-mirror res-
onator tends to oscillate in the lowest order mode even
in the case of a misaligned mirror.

C. Beam Divergence
The spatial distribution of the laser beam was mea-

sured at two different points with 50-cm separation and
the beam diameter determined at the 1/e 2 intensity
points relative to the maximum. It was found that the
laser beam has a divergence angle of -2.5, which is
relatively large compared with that of the two-mirror
resonator.9 We tend to conclude that this large diver-
gence angle is a characteristic of the cone-mirror reso-
nator and is not due to the near-threshold pumping
power because two mirrors with different reflectivities
(one with 40%, the other 70%) were used in this mea-
surement, and similar results were obtained.

To explain this divergence phenomenon and the
transverse mode intensity distribution, a diffraction
theory approach to this problem is required. This is
currently under study and will be discussed in a later
paper.
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Fig. 6. Comparison of intensity distribution with an ideal Gaussian
distribition of the same width at the half-power point: (a) near-field

distribution, (b) far-field distribution.
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IV. Conclusion
From both theory and experimental results, the

cone-mirror resonator appears to have advantages over
a two-mirror resonator as far as misalignment is con-
cerned; this is important in field operation. Although
a relatively large beam divergence was observed, this
will not become a major defect in laser application be-
cause it can be easily corrected by external optics, as is
also necessary in a laser beam from a two-mirror reso-
nator.

Although the results have been directly concerned
with the performance of a Nd:YAG laser, the conclusion
should be applicable to other lasers. In gas and liquid
lasers, the total internal 900 cone reflector can be re-
placed by a 900 cone with a mirror surface (such as
polishing a copper rod to obtain this particular shape);
similar results should be expected.
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