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C1 1 CONTRACTIONS ARE REFLEXIVE 

PEI YUAN WUI 

ABSTRACT. It is shown that a completely nonunitary Cl I contraction defined 
on a separable Hilbert space with finite defect indices is reflexive. 

In this note, only bounded linear operators defined on complex, separable 

Hilbert spaces will be considered. A contraction T (11 TII < 1) on a Hilbert 

space 9C is of class C11 if Tnx --+> 0 and T*nx -+-> 0 for any x # 0. It is well 
known that such a contraction is quasi-similar to a unitary operator. Since 

unitary operators (even normal operators) are reflexive (cf. [3]), the question 
arises: Is the property of reflexivity preserved under the quasi-similarity? In 

other words, is a C11 contraction reflexive? In the present note we show that 

the answer is affirmative if the C11 contraction is completely nonunitary 

(c.n.u.) and has finite defect indices. We conjecture that the general case is 
also true. 

Recall that a contraction T is c.n.u. if there is no nontrivial reducing 
subspace on which T is unitary. The defect indices of T are, by definition, 

dT = dim[(1 - T*T )1/29C ] , d7, = dim[(I - TT*)1/29C]. 

If T is of class C11, then dT = dT*. In the following discussion we shall make 

use of the functional model for contractions developed by Sz.-Nazy and Foia? 
(cf. [4]). More specifically, if T is a c.n.u. contraction with dT = dT = n < 
oo, then T can be considered as defined on 

H = [Hn 
2 

2L, ] e {OTW @ Aw: w E H 2) 

by T(f @ g) = P(e'tf @ e"g) for f ED g E H, where Ln2 and Hn2 denote the 

standard Lebesgue and Hardy spaces of Cn-valued functions defined on the 

unit circle, EJT iS the characteristic function of T, A = (1 -_ *ET)1/2 and P 

denotes the (orthogonal) projection onto H. Any operator S in { T}', the 
commutant of T, has the form P[A ?], where A is a bounded analytic function 
while B and C are bounded measurable functions satisfying AeOT = OTAO 
and BET + CA = AA0 for some bounded analytic function A0 (cf. [5]). 

For an arbitrary operator T, { T}', { T}" and Alg T denote the commutant, 
double commutant and the weakly closed algebra generated by T and I, 
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C 11 CONTRACTIONS ARE REFLEXIVE 69 

respectively, and Lat T, Lat" T denote the lattice of invariant subspaces and 
the lattice of bi-invariant subspaces of T, respectively. Let Alg Lat T and Alg 
Lat" T denote the (weakly closed) algebras of operators which leave all the 
subspaces in Lat T and Lat" T invariant, respectively. An operator T is 
reflexive if Alg Lat T = Alg T. Two operators T1, T2 are quasi-similar if there 
exist one-to-one operators X and Y with dense ranges (called quasi-affinities) 
such that XT, = T2X and YT2 = T, Y. 

We start the proof with the following: 

LEMMA 1. Let T be a normal operator on a separable Hilbert space. Then 
{T}' n Alg Lat"T = {T}". 

PROOF. By the spectral theorem, we may assume that T = ME. ED ME2 

... acting on 

H = L2(E1, ,u) EDf L2(E2, ) ED*, 

where E1 D E2 D ... are Borel subsets of the complex plane, ,i is a finite 
positive Borel measure and ME denotes the operator of multiplication by 
independent variable on L2(Ej, ,u), j = 1,2, * * (cf. [2, p. 916]). Let S E 
{T}' n Alg Lat" T. Since for normal operators bi-invariant subspaces are 
exactly reducing subspaces, S E { T}' C Alg Lat" T implies that S = q9I E 2 

D - - -, where pj E L(Ej, ,u), j = 1 Consider the reducing (hence 
bi-invariant) subspace 

K={fi f f2 ED. EH:XEjfi=fj foralli<j}. 

We have SK C K, which implies that XE(P; = for all 1 E L2(E1, ,) 
f E L2(Ej, t), i <j. In particular, if fi = x andfj = XE, we have cpi = pj on 
E. Hence 

S = fl EXE2P91 E XE3P1E... = p1(T) E {(T} 

This shows that {T}' n Alg Lat" T c { T}". Since the other inclusion is 
trivial, this completes the proof. 

The next lemma characterizes the operators in { T}" for a c.n.u. C11 
contraction T with finite defect indices. 

LEMMA 2. Let T be a c.n.u. C11 contraction with dT = d = n < oo defined 
on 

H = [Hn~ED AL,2] 0 w E Aw: w EH2. 

Then {T)" = {P[AB ?]: A 8T = OTAO, BeT + CA = XAo for some bounded 
analytic function A0, and C is scalar-valued). 

PROOF. Let S = P[B ?C] be an operator in {T}", where A(eT = ETAO and 
bET + CA = AAo for some bounded analytic function A0, and let U be the 
operator of multiplication by e't on AL,2. It was shown in [6, Lemma 3.1] that 
C E { U)". As in the proof of Lemma 1, C = p(U) for some p E LX, that is, 
C is scalar-valued. 
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70 P.Y.Wu 

For the other inclusion, let S = P[A ? ] E { T}' be such that C is scalar-val- 
ued, and letS' = P[A ?,] E { T}'. Note that the linear manifold K = {P(O ED 
g): g E ALL2,} is dense in H. Indeed, since eT is an outer function, for any 
f E H2 there exists a sequence {Wj} of elements in H2 such that ETWI f in 
norm. Hence 

P(O E -Awr) = P(OTWj D EO) -P(f O). 

It follows that 

P(f E g) = P(f D 0) + P(0 E g) E K 

for any f ? Hn2 and g c A L%2. Thus K = H, as asserted. Let Y = SIK and 
Y' = S'IK be operators (not necessarily bounded) defined on K. It is easily 
seen that YY' = Y'Y. By the denseness of K, this implies that SS' = S'S 
whenceS E{T}". 

As a preliminary step toward showing that C,1 contractions are reflexive, 
the next result says that they satisfy { T}' n Alg Lat T = Alg T. 

THEOREM 3. Let T be a c.n.u. Cl contraction with dT = d, = n < oo 
defined on 

H = [Hn AL,2 ] e {oTW D Aw: w E H2). 

(1) If OT(eit) is isometric for t in a set of positive Lebesgue measure, then 
{T}' n Alg Lat T = Alg T= {T}". 

(2) If eT(eeit) is not isometric for almost all t, then { T}' n Alg Lat T= 

Alg T = {u(T): u E H)}. 

PROOF. We first show that { T}' n Alg Lat T C { T}". Let S = P[B o 

{ T' n Alg Lat T. Let U, V be the operators of multiplication by e i on Ln 
AA L2 respectively, where A* = (11-8TT)"/2 and let X: H-OA*Ln2 be the 
quasi-affinity X(f ED g) =-Ajf + OTg (cf. [6, Lemma 3.4]). Since OT= 

A*eT, we may consider eT as a multiplication operator from ALn to A*Ln 
For any K E Lat" U, let Ho = X - '(8TK). Since operators in { V}" are of the 
form p( V) where 9p E L??, it is easily seen that &JTK E Lat" V. By Corollary 
3.6 of [6], Ho E Lat" T. Hence SHO C Ho. Thus for anyf E g E Ho, XS(f $ 
g) e OTK. As in the proof of Theorem 3.5 in [6], it can be shown that 

XS(fe Dg) = OTCOT ( A*f + OTg). 

Note that OT admits scalar multiples. Let 8 be an outer scalar multiple of 8T 

and let Q be a contractive analytic function such that eTQ = Q0T= =IC" 

Since E 1 = 8 `Q, we conclude that 

ETC2(- Af + OTg) e EOTK 

for anyf Efg e Ho. By Corollary 3.6 of [6], XHo is dense in OTK. Therefore, 

OTC3K = OTC 2OTK c S TK- 

Hence for any x E K, there exists a sequence { xn } of elements in K such that 
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Cl 1 CONTRACTIONS ARE REFLEXIVE 71 

SE)3TXn -*) TC3X, which implies that 8 xn = -(TXn c' TC3X = 32CX- 
Since 82xn CE K for all n, 3 2CX E K. This shows that 3 2CK C K, and hence 
by Lemma 1 we conclude that a2C C { U}' n Alg Lat" U = { U}". Thus a2C 
is scalar-valued, and so is C. By Lemma 2, S E { T}". If eT(eit) is isometric 
for t in a set of positive Lebesgue measure, then { T}" = Alg T (cf. [6, 
Theorem 3.8]). This shows that { T}' n Alg Lat T C Alg T. Since the other 
inclusion is trivial, we have proved (1). 

For the rest of the proof we assume that ET(eit) is not isometric for almost 
all t. Let 

Y: A, Ln2 -) L2 L L2(E2) 
@ L * 2(Ek ) 

be the unitary transformation which intertwines V and M @ ME2 
* * * @ MEM, where E2 ? * D Ek are Borel subsets of the unit circle and 

M, ME2..., MEk denote the operators of multiplication by eit on L2, 
L2(E2), .. ., L2(Ek), respectively (cf. [4, pp. 272-273]). For any x C K 
Y -1(H 2 @ 0 @ * * 0), consider the element 

f @ g -P(O @ Qx) = (O @ Qx) - (ETW @ Aw) 
in H, where w E Hn2. Since 8 E H 0, 

- A ef+ ETg = - 
A(-eTW) + OT(E X - AW) = OTUX 

= x e K= Y-1(H2 _ **fO)CK. 

It follows that f ( g E X 1K. Since X-1K E Lat T, S(f @ g) E X-1K. 
Hence 

XS(fEI3g)=XP[A g][f]=XP[B A ][ ]=XP(O Cox) 

= OTCOX = C3x E K 

for any x E K. In particular, for h e H2 consider 

x = Y -'(h O -- E)0E 60). 

Then 

CSx = Y -'(CSh EOE * (D - OD) C K= Y -'(H 2 0f ED .. - 0 ) 
which implies that C3h e H2 for any h E H2. Since 8 is outer, 3H2 is dense 
in H2. From above we conclude that CH2 C H2 whence C E H?. 

Note that the linear manifold { P(O ( g): g E ALn2} is dense in H (cf. the 
proof of Lemma 2). Hence 

SP(O @ g) = P(O @ Cg) = C(T)P(O @ g) 
for any g E AL2 implies that S = C(T) on H. Thus S = C(T) e Alg T, 
which proves (2). 

LEMMA 4. Let T be an operator on H satisfying { T)' n Alg Lat T = Alg T. 
If T is quasi-similar to a normal operator, then T is reflexive. 
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72 P.Y.WU 

PROOF. It was proved by Apostol [1] that if T is quasi-similar to a normal 
operator, then there exists a sequence { H} of invariant subspaces for T 
which are basic and such that Tn TIH, is similar to a normal operator for 
each n. Let S c Alg Lat T. Then SHn C Hn. Let Sn = SI Hn for each n. Since 

Tn, being similar to a normal operator, is reflexive, we have Sn E 

Alg Lat Tn = Alg Tn. It follows that ST = TS on Hn for all n. Since {Hn} 
spans H, ST = TS on H. Thus S E { T}' n Alg Lat T = Alg T. This shows 
that T is reflexive. 

THEOREM 5. If T is a c.n.u. C11 contraction with finite defect indices, then T 
is reflexive. 

PROOF. This follows from Theorem 3 and Lemma 4. 

REFERENCES 

1. C. Apostol, Operators quasisimilar to a normal operator, Proc. Amer. Math. Soc. 53 (1975), 
104-106. 

2. N. Dunford and J. T. Schwartz, Linear operators, Part II, Interscience, New York, 1967. 
3. D. Sarason, Invariant subspaces and unstarred operator algebras, Pacific J. Math. 17 (1966), 

511-517. 
4. B. Sz.-Nagy and C. Foias, Harmonic analysis of operators on Hilbert space, North-Holland, 

Amsterdam; Akademiai Kiad6, Budapest, 1970. 
5. _ _, On the structure of intertwining operators, Acta Sci. Math. 35 (1973), 225-254. 
6. P. Y. Wu, Bi-invariant subspaces of weak contractions, J. Operator Theory (to appear). 

DEPARTMENT OF APPLIED MATHEMATICS, NATIONAL CHIAo TUNG UNiVERSrrY, HsINcHu, 

TAJwAN, REPUBLIC OF CHINA 

This content downloaded from 140.113.38.11 on Mon, 28 Apr 2014 17:08:46 PM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp

	Article Contents
	p. 68
	p. 69
	p. 70
	p. 71
	p. 72

	Issue Table of Contents
	Proceedings of the American Mathematical Society, Vol. 77, No. 1 (Oct., 1979), pp. 1-156
	Volume Information
	Front Matter
	Trivial Extension of a Ring with Balanced Condition [pp. 1-6]
	Tensor Products of Division Rings and Finite Generation of Subfields [pp. 7-10]
	A Right PCI Ring is Right Noetherian [pp. 11-14]
	Surfaces in the Grassmann Variety $G(1, 3)$ [pp. 15-18]
	Addendum to "Residual Linearity for Certain Nilpotent Groups" [pp. 19-22]
	A Negative Answer to the Prime Sequence Question [pp. 23-26]
	A Theorem for Prime Rings [pp. 27-31]
	The Lyndon-Hochschild-Serre Spectral Sequences for Sheaves with Operators [pp. 32-34]
	Graphical Evaluation of Sparse Determinants [pp. 35-39]
	Correction to "A Construction of Simple Principal Right Ideal Domains" [p. 40]
	One-Sided Cluster-Set Theory in a Polydisc [pp. 41-47]
	La Semicontinuité et la Propriété de Baire [pp. 48-52]
	A Multiplier Theorem for Analytic Functions of Slow Mean Growth [pp. 53-57]
	Unbounded Uniformly Absolutely Continuous Sets of Measures [pp. 58-62]
	A Characterization of Smooth Functions Defined on a Banach Space [pp. 63-67]
	$C_{11}$ Contractions are Reflexive [pp. 68-72]
	D'Alembert's Functional Equation on Groups [pp. 73-80]
	New Explicit Formulas for the Coefficients of $p$-Symmetric Functions [pp. 81-86]
	Smooth, Compact Operators [pp. 87-90]
	Function Space Flow Invariance for Functional Differential Equations of Retarded Type [pp. 91-98]
	Uniform Closures of Fourier-Stieltjes Algebras [pp. 99-102]
	Stiffness of Harmonic Functions [pp. 103-106]
	Operators Commuting with Positive Operators [pp. 107-110]
	A Maximal Inequality for $H^1$-Functions on a Generalized Walsh-Paley Group [pp. 111-116]
	An Extension of the Hardy-Littlewood Inequality [pp. 117-118]
	On a Theorem of P. S. Muhly [pp. 119-123]
	A Two-Coloring Inequality for Euclidean Two-Arrangements [pp. 124-127]
	Weak Limits of Measures and the Standard Part Map [pp. 128-135]
	Construction of a Rigid Aronszajn Tree [pp. 136-137]
	The Minimal Harmonic Functions of Sojourn Processes of Certain Finite State Markov Chains [pp. 138-144]
	Explicit Quantization of the Kepler Manifold [pp. 145-149]
	Simultaneous Idempotents in $\beta N \backslash N$ and Finite Sums and Products in $N$ [pp. 150-154]
	Shorter Notes: Nontrivially Psuedocomplemented Lattices are Complemented [pp. 155-156]
	Back Matter



