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Abstract

We show that an n-by-n companion matrix A can have at most n line segments on the boundary 0W (A)
of its numerical range W(A), and it has exactly n line segments on OW (A) if and only if, for n odd, A is
unitary, and, for n even, A is unitarily equivalent to the direct sum A| @ A of two (n/2)-by-(n/2) companion
matrices

0 1 0 1

Al = - and Ap =
o o
a 0 —1/a 0

with 1 < |a| < tan(;r/n) + sec(r/n).
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For every complex monic polynomial p(z) = 2" + a1z" ' + --- 4+ ay_1z + a, (n > 2), there
is associated an n-by-n matrix

0 1
0
; D
0 1
| —dn —A4p—-1 - - - —a2 —daj |

called its companion matrix. In this paper, we consider properties of the numerical ranges of such
matrices. To be more precise, we study the number of line segments on the boundary of such a
numerical range. We show that for an n-by-n companion matrix, this number is at most n, and
also completely determine all the companion matrices which attain this number “n”. In the case
of an odd n, this happens exactly when the companion matrix is unitary, while, for even #n, the
condition is that the matrix be unitarily equivalent to the direct sum of the two (n/2)-by-(n/2)
companion matrices

0 1 0 1
o - and 0
o1 P
a 0 —1/a 0
for some complex number a satisfying 1 < |a| < tan(zw/n) + sec(w/n).

Recall that the numerical range W (A) of an n-by-n complex matrix A is by definition the subset
{{Ax, x) : x € C", || x|| = 1} of the complex plane, where (-, -) and || - || denote the standard inner
product and norm in C". The numerical radius w(A) of A is max {|z| : z € W(A)}. It is known
that the numerical range is always convex. For other properties, the reader can consult [6, Chapter
1].

The study of the numerical ranges of the companion matrices was started in [4]. Among other
things, it was shown therein that an n-by-n companion matrix A whose numerical range W (A) is
a closed circular disc centered at the origin must be equal to the Jordan block of size n:

0 1

1
0

(cf. [4, Theorem 2.9]). We start with an improvement of this result by weakening the assump-
tion on A to “W(A) contains a closed circular disc D centered at the origin with the boundary
OW (A) intersecting 0D at more than n points”. For any matrix A, Re A denotes its real part
(A + A%))/2.

Theorem 1. If A is an n-by-n companion matrix with W (A) containing a closed circular disc D
centered at the origin and with OW (A) N 0D having more than n points, then A = J,.

Proof. This is done by modifying the proof of [4, Theorem 2.9]. Let A be as in (1) and let
be the radius of D. For |z| = 1, consider the expansion of det(r [, — Re(zA)) as a trigonometric
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polynomial p(z) in z. Since zJ,_1 is unitarily equivalent to J,_; for all z, |z| = 1, the numer-
ical range W (zJ,—1) is a circular disc with center the origin and radius w(Re(zJ,—1)). On the
other hand, since Re(zJ,—1) is an (n — 1)-by-(n — 1) submatrix of Re(zA), we infer from our
assumption on W (A) thatw(Re(zJ,—1)) < r < w(Re(zA)) forallz, |z| = 1,andr = w(Re(zA))
for more than n values of z. Also, w(Re(zJ,—1)), being the largest eigenvalue of Re (zJ,—1),
lies between w(Re(zA)), the largest eigenvalue of Re(zA), and the second largest eigenvalue
of Re(zA). Thus the same is true for r. Therefore, p(z) < 0 for all z, |z] = 1, and p(z) =0
for n values of z. By a classical result of Fejér [7, p. 77, Problem 40], there is a polynomial
q of degree n such that |q(z)|2 = —p(z) for all z. Since |q(z)|2 = —p(z) = 0 for more than n
values of z, we conclude that ¢ = 0 and thus p = 0. In particular, the coefficients of z/ in p for
j =0,=%1, ..., £n are all zero. Since the coefficient of z" is a, /2", we have a, = 0. Then we
can proceed as in the second half of the proof of [4, Theorem 2.9] to deduce inductively that
aj =0forall j. Thus A = J, as asserted. [

The preceding theorem is analogous to a result of Anderson’s: if A is an n-by-n matrix whose
numerical range W (A) is contained in a closed circular disc D such that OW (A) N 0D has more
than n points, then W(A) = D. A proof of this which makes use of Fejér’s result on nonnegative
trigonometric polynomials can be found in [8, Lemma 6].

An immediate corollary of Theorem 1 is the following:

Theorem 2. For any n-by-n companion matrix A, there can be at most n points in OW (A) N
OW (Jn-1).

In this case, Theorem 1 is applicable since J,_1 is a submatrix of A and hence W (A) contains
the circular disc W (J,,—1) = {z € C : |z| < cos(r/n)} (cf. [5, Proposition 1]).

Next we give an alternative proof of Theorem 2 based on the following Lemma 3. It is sim-
pler and more direct. Moreover, the techniques involved are useful in the determining of when
OW(A) NOW (J,—1) contains exactly n points for an n-by-n companion matrix A.

Lemma 3. Let A be the companion matrix given by (1). If zo cos(w/n) is a point in OW (A) N
OW (J,—1), where |zg| = 1, then zg is a zero of the polynomial
(n—j+ Dm

n
. _ .
p(z) = 7" sin — —Zz" Jajsin
n n

j=2

Proof. It is easily seen that cos(;r/n) is an eigenvalue of Re(zpJ,—1) with the corresponding unit
eigenvector

/2[ R ol (n—l)n]T
x0 =/ — |zosin —, zgsin —, ..., z5" sin ————
n n n n

in C" ! (cf. [5, Proposition 1]). Let yg = [)c(r)F ,0]T in C". Then

_ _ T
(Re(zoA)yo, yo) = (Re(zoJn—1)x0, Xo) = cos o

Since Re(zpA) < cos(mr/n)l,, we deduce that cos(zr/n) is an eigenvalue of Re(zpA) with the
corresponding eigenvector Yy, that is, it satisfies (Re(zgA) — cos(xr/n)l,)yo = 0. Carrying out
the computations, we obtain from the equality of the nth components the equation



H.-L. Gau, P.Y. Wu / Linear Algebra and its Applications 421 (2007) 202-218 205

w. =T ;. (n—j+ D7
7 8in ——— — » 7z, “a;sin ———— =0.
n j=2 n

Hence z is a zero of p as asserted. [

Proof of Theorem 2. If OW (A) N OW (J,,—1) has more than n points, then the degree-n polynomial
in Lemma 3 has more than n zeros. The fundamental theorem of algebra dictates that, in particular,
the leading coefficient sin(sr/n) be zero, which is a contradiction. [

We next consider the number of line segments on the boundary of the numerical range of
a companion matrix. The following theorem says that this number is at most the size of the
matrix.

Theorem 4. An n-by-n companion matrix can have at most n line segments on the boundary of
its numerical range.

This is the consequence of the next lemma and Theorem 2.

Lemma 5. Let A be an n-by-n matrix and let B be any submatrix of A. Then every line segment
of OW (A) intersects OW (B).

Proof. Let [a, b] be a line segment in OW (A) and let K = {x € C" : (Ax, x) = A||x||* for some
A in [a, b]}. It is known that K is a subspace of C" with dimension at least two (cf. [2, Lemma

2]). Assume, for convenience, that B is obtained from A by deleting its last row and last column.
If L =C" ! & {0}, then

dm(K NL)=dimK +dimL —dim(K +L)22+ (n—-1) —n = 1.

Hence there is in K a unit vector x = x| @ 0 with x| in C"!. Thus (Bx1,x1) = {(Ax, x) € [a, b],
showing that [a, b)) NOW(B) #@. O

Proof of Theorem 4. Let A be an n-by-n companion matrix and let B = J,_;. Lemma 5 says
that every line segment of OW (A) intersects the circle OW (B). Our assertion then follows from
Theorem 2. [J

As the preceding proof shows, for an n-by-n companion matrix A every line segment on
OW (A) intersects OW (J,,—1). The converse is in general false, namely, not every pointin OW (A) N
OW (J,—1) arises as the intersection of a line segment on 0W (A) with OW (J;,_1). This is illustrated
by the following example.

Example 6. Let A be the 3-by-3 companion matrix associated with the polynomial p(z) = (z —
(1/2))(z — 2w)(z — 2w?), where w = (—1 + «/§1) /2.1t can be checked that A is unitarily equiv-
2w

0 2w

of length 3. Hence OW (A) N 0W (J2) consists of the single point 1/2 and there is no line segment
on the ellipse OW (A).

alentto [1/2] & |: . Thus W (A) is the elliptic disc with foci 2w and 2w? and minor axis
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We remark that via Kippenhahn’s result we can show that the number of line segments on
OW (A) for an n-by-n matrix A is at most n(n — 1)/2. It was asked in [1, p. 108] whether this
number can be further reduced to 2(n — 2). As of now, nobody knows.

In the remaining part of this paper, we determine when the boundary of the numerical range of
an n-by-n companion matrix has exactly n line segments. This is given by the following theorem.

Theorem 7. The following conditions are equivalent for an n-by-n (n > 3) companion matrix
A:

(a) OW (A) has n line segments on it;
(b) OW(A) N OW (J,—1) consists of n points;
(c) for n odd,

0 1
A= 0
L a 0
for some a with |a| = 1, and, for n even,
0 1 -
0 1
0
A= ,
. 1
a O --- 0 b O --- 0

where_|a| = landbisinthe (n,(n/2) + l_)-position with |b| < 2tan(rr/n) and, for b + 0,
argh = (arga £ ) /2;
(d) for n odd, A is unitary, and, for n even, A is unitarily equivalent to the direct sum of the
two (n/2)-by-(n/2) matrices
0 1 0 1

Al = A and Ap = A ,
IRV | IRV |
c 0 —1/c 0

where c is a complex number satisfying 1 < |c| < tan(;w/n) + sec(rw/n).

The implication (a) = (b) follows from Lemma 5 and Theorem 2. The proofs for the remaining
implications (b) = (c), (c) = (d) and (d) = (a) are more laborious. We start with the following
lemma on an expression for some determinants associated with the real part of the Jordan block.
This is useful in proving the subsequent lemmas.

Lemma 8. Foranyk, 1 <k <n — 1, we have

d t(( 71) I _ReJ ) 1 sin —(kJ;l)”
et ((cos — —Re =—.— "
n) 'k k 2k sin =
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In particular, if di, 1 < k <n — 1, denotes the above determinant and dy = 1, then dy =
2”_2k_2dn,k,2f0r 0<k<n—3.

Proof. For k = n — 1, the asserted equality is obviously true since cos(z/n) is an eigenvalue of
Re J,—1 and thus both sides are equal to zero. We next consider k = n — 2. Since

fid 1 in T

cosl; -5 sin I 0
_1I T, in £&
3 cos sin =

= _ , (2)
_1 . 0
1 2]1 . (n=2)m 1 sin (n=Drm
3 COS n Sin I 2 n

applying Cramer’s rule to solve for sin(sr/n), we obtain

n—3 n=2
(=1 Lsin =D (_%) G) sin =0z

sin — = =
n dp_> dp_>

It follows that d,,_, = 1/2"—2 as asserted.
Assume now 1 < k < n — 3. Inthis case, we solve sin((k + 1)7r/n) by Cramer’s rule to obtain

n—3—k
ket (D sin 20T g (—%)
sSin =

n dn—2

—2—k
)" . (n—Dr
(z) sin TS d g
= = 2%sin — - dy.

Ok '

Our asserted expression for dy follows immediately. [

Note that if A is the n-by-n companion matrix (1), then, for any real 6, ¢ A is unitarily
equivalent to the companion matrix

0 1
0
1
0 1
_anemé _an_lel(n—l)G . _a26129 _alele

This will be used in the proofs below.

Lemma 9. Let A be the n-by-n companion matrix (1). I[foOW (A) N OW (J,,—1) consists of n points,
thenaj =0 forall j, 1< j <n—1, except possibly, when n is even, for j =n/2.

Proof. Let z; cos(r/n), 1 < k < n, be the n points in OW (A) N OW (J,,—1), where the z;’s all
have modulus one. Lemma 3 says that every zi is a zero of the polynomial
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n .
4 . o m—j+Dnm
pix) =7" sin — — Zz" Jajsin %
j=2
which, by Lemma 8, is the same as
bid " b4
p@ =sin— " =3 " Va;j2"Vdyj | =sin— - pi(2), 3)

j=2
where d,,, = det((cos(w/n))l,,, —Re J;) forl <m <n—2anddy=1.Letoyg =1 and let
= 3 ez
ky<--<kj

1 < j < n, be the jth elementary symmetric function of the z;’s. Hence we have
n n
p1(2) = H(Z — k) = Z(—l)’ajz"ﬂ. )
k=1 j=0

Equating the corresponding coefficients of p;(z) in (3) and (4) yields o1 =0, 0, = (=H"Ha,
and

oj=("Ma2"Vd,_;, 2<j<n—1. Q)
Since |zx| = 1 for all k, we have 0; = 6,— /0, and thus
a;2" Vd,_j = —anan_;2'd;, 2<j<n-2. (©6)

Note that o1 = 0 implies that 05,1 = 0 and therefore a,,_; = 0.
To prove that the remaining a;’s are also zero, we consider the (n — 1)-by-(n — 1) matrices

[cos(/n)  —Zx/2 0
—21/2 . . an—22k/2
Ap = : .
. —Zk/2 aszi/2
—z71/2 cos(rr/n) (@rzi — z1)/2
L 0 an—27Zk/2 -+ a3zx/2  (aazk —zk)/2  cos(w/n) + Re(aizi) |

1 < k < n. Since |zx| =1, the matrices ZxJ, and J, are unitarily equivalent and hence
det((cos(mt/n)) I, — Re(zxJm)) = dy, for 1 < m < n — 2. Expanding det Ay by cofactors along
its last row and then expanding the latter along their last columns, we obtain

b4 _ |
det Ay = (cos P + Re(alzk)) dp—2 — Zldzzk - Zk|2dn—3

n—2 - - .
_ @k =k \ g Gk (% Jj=2 _
2Re Z<—2 )( 1 (—2 )( 2) duji

j=3
n—2
L
- Zz|aj2k| dj ady—j 1
Jj=3

n—2

_ n—2 - .
ajZk o ajzk Zk\ /!
+2Re Z(—l)’“(—2 ) 3 1y (—’2 )(—3) di—ady—j—1
=3

j=l+1
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_ 1 _
= didy—2 + Re(arZx)dp—> — 4—t<|az|2 — 2Re(a273) + dy—3

1 n—2
2 Z laj*dj_ady—j_

j=3
n—2 N 1n—3 n—2 i\ J—l
+Re Zc_lj <?) dp—j—1— Z aj Z aj <E> di—2dy—j—1
=3 1= \j=lI+1

1 _ 1 _
= (dldn—Z 7 n—3> + Re(a1zx)dn—2 + ERe(a2Z]%)dn—3

1 n—2
2 Z laj*dj_ady_j_

j=2
n—2 Zk ] 1 ]7] Zk j*l
+2Re Z aj (?) dp—j—1— 1 Zalﬁj (?) di—2dy—j 1
j=3 =2
) 1 R 1 n—2 s
= Re (@Z) dy-2 + sRe(@Z)dy—3 — 7 ) lajIPdj2dyj-
j=2
=2 - j—1
J J 1__Jj-l
+2Re Z <2—]> dn—j-1 |7 + Z(—l) 012}, ) (7N
j=3 =2
where in the last equality we used the facts that dyd,—» — (1/4)d,,—3 = d,—1 = 0 since cos(w/n)
is an eigenvalue of Re J,,_1, and
—a2'?d) g = —a2"'dy = (-Do;, 2<I<n -2, (®)

by Lemma 8 and (5). Since cos(;r/n) is the maximum eigenvalue of Re(zx J,,—1), we have Ay > 0
and thus det A; > 0 for all k. Hence

n n—2
_ 1 _ n
0< ) det A =Re(@§)dy2 + JRe(@5)dy3 = 7 ) laj*djadn—j1
k=1 j=2
n—2 a: j—1
+2Re Z <2—j> dp—j—1|sj+ Z(_l)lalsj—l , )
j=3 =2

where s; = Zzzl z,ﬁ for 1 < j < n— 1. Note that 51 = 01 = 0 and the s;’s and o;’s are related
by Newton’s identities:

j—1
si= DD osj | + (=Dt joy, 1< j<n
=1
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Hence

Jj—1 Jj—1
sj+ Z(—l)ldzsjzl =s;+ Z(—l)lUIijl
I=1

=2
= (=) jo; = ja;2'2dj—5, 2<j<n-2,

by (8). Therefore, (9) becomes

|
S}

n—2 n

n aj .o
0 < laxPdys — 3 ) lajI*dj2dyj-1 +2Re (2—j> dn—j-1ja;2’ *dj
j=2 j=3
n—-2 ..
2j—n
- 1 laj1*d;—ody—j—1. (10)
j=2

For any real number x, we use | x| to denote the largest integer which is less than or equal to x.
The second half of the above summation, namely,

n—2

2j—n
Z ) laj|*d;j—2dn—j—1,
j=ln/21+1
equals
L(n—1)/2] .
2m—j)—n
Y. Tl P adji, (1)
j=2

which we want to express as a linear combination of the |a; 1>d j—2dn—j—1’s as in the first half.
For this purpose, note that |a;[2""/d,_;j = |a,—;|2/d; for 2 < j < n — 2 from (6). Therefore,
2

ds
222}1—4] n2] dn—j—zdj—l

2
|an—j|"dn—j—2dj—1 = |aj]
J
2n2n—4j (2% 7"2d;_y)?
= |aj| 2 —
d-
j

1d;_»
2 J
=la;j|°dj_2dp—_j_1- ZT

i =D

sSin 7

sin UEDT
n

QY242 dy 1)

= laj|*dj_2dn—j_1 -
with the aid of Lemma 8. Plugging this into (11), we obtain from (10) the nonnegativity of

L(niU/ZJ <n _ 2]> (1 sin (j:ll)ﬂ ) | |2d .
— - n_ a;: _ody_i_1.
. (j+Dm J J J
4 SIHT

j=2

Since all the terms except |a; | in the above summation are strictly positive, we conclude that
aj=0forall j,2 < j < [(n—1)/2]. By (6),wealsohavea; = Ofor [n/2] +1< j <n—2.

To complete the proof, we need only show that a; = 0. Since |a, | = 1, we may assume, by the
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remark in the paragraph preceding Lemma 9, that a,, = —1. Consider the cases of odd and even
n separately.
Assume first that » is odd. Then, from (3),

p1(2) =7" —2ay,_1diz —a, = 7" + 1.
We assume that the zeros of p; are given by zx = e@k=Dri/n | < k < n. Now we obtain from
(7) that det Ay = Re(azx)d,—». Hence

_ 2k — D . 2k—-Drm
0 < Re(ajzx) = cos ———Reaj + sin ———Ima;
n n
for all k, 1 < k < n. Replacing k by n — k + 1 in the above, we also have
2k — 1 2k — 1
cos JRem — sin ulmm > 0.
n n

Thus cos((2k — 1) /n)Rea; > Oforall k. Since cos((2k — 1) /n) can be positive or negative for
different values of k, we infer that Re a; = 0. Then, from above, & sin((2k — 1)7/n)Ima; > 0
for all k, which implies that Im a; = 0. Hence, as asserted, a; = 0 for odd n.

Finally, assume that 7 is even. In this case, we deduce from (6) that a,/2 = —auan/2 = an2,
that is, a2 is real, and from (3) that

P1(2) = 2" = 2", ppdup2"? + 1 = (2" — 2@ = z2),

172
where z4 = <2”/2an/2d,,/2 + (2”a,21/2d3/2 — 4) )/2 Since the zeros z; of p; have mod-

ulus one, we have |z1| = 1, which is equivalent to [2"/%a,/»d, /2| < 2. Hence, in particular,
Rezy =20W/2-14 n/2dn 2. On the other hand, from (7) we have

1 n/ n/2
det Ay = Re(a1zx)dy Z_Zan/zd(n/Z) 2d(n)2)— ]+2R€(2n/2d(n/2) 12; )

/2

where, since zz = 74, the last term can be simplified as

2Re (2n/2d(n/2) 1Zk )_22n/2d(n/2) 1Re z4
- 2 /2d(n/2) 12(n/2) 1(1 /2d n/2
= “n/2d<n/2)—1dn/2.
Hence

_ 1 _
0 < det Ay = Re(a1z1)dn—2 — a,%/zd(n/Z)fl (Zd(n/Z)Z - dn/Z) = Re(a1zx)dn—2

by Lemma 8. Because d,,_» > 0, wehave Re(a;zx) > Oforallk,1 <k < n.Ifz4 = el for some
real 6o, then z_ = e~ and the z;’s are equal to u; = 6(290+4/”)/” and v; = e(T20+4T/n
0<j<(n/2)—1. Since u; = v(2)—j, both Re(alﬁj) and Re(aju;)(= Re(aivp o)) are
nonnegative. Hence (Re ap) cos((26p +4jm)/n) > 0 for all j. Since different values of j yield
positive and negative values of cos((260y + 4jm)/n), we infer that Re a; = 0. Then

_ . 200+4jm
Re(ayu ;) =(Ima1)sm0—1 >
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and

260 + 4
Re(aru;) = —(Imay) sin 227 5
X n

for all j. Hence Im a; = 0 and, therefore, a; = 0. This completes the proof. [

We now resume the proof of Theorem 7.

Proof of Theorem 7. (b) = (c). If n is odd, then, as proved in Lemma 9,

0 1
0

—ay, 0

with |a,| = 1 as required.
Now assume that » is even. From Lemma 9, we have

0 1
0
A=
S
—ay 0 - 0 —ayp O - 0]

with |a,| = 1. Leta, = el with 6y real and let & = (r — 6y)/n. Then el? A s unitarily equivalent
to

0 1

|
1 0 - 0 —iagpe ™2 0 ... 0
—i6p/2

(cf. the paragraph before Lemma 9). If b" = —ia, 2¢e , then Lemma 3 as applied to A’ yields
that the zeros of the polynomial p;(z) = " + 220’ cot(rr/n) + 1 are distinct and have modulus
one. However, the zeros of py are the (n/2)throots of (—b’ cot(rr/n) + (b’ cot?(w/n) — 4)1/2) /2.
Thus we must have |b’ cot(rr/n)| < 2 or |b’| < 2tan(r/n). On the other hand, (6) as applied to
A’ with j = n/2 yields that b'(= —ian/ze_ig‘)/z) is real. Hence for nonzero b’ we have arga,, > =
(6o £ 7)/2. Letting a = —a,, and b = —ay 2, we conclude that |a| = 1, |b| < 2tan(r/n) and,
forb # 0,argh = (6p = m)/2. O

We next prove the implication (¢c) = (d) of Theorem 7.
Proof of Theorem 7. (c) = (d). We need only prove the case for even n. Considering e'? A with

6 = (w — arga)/n instead of A, we may assume thata = 1 and b is real (cf. the paragraph before
Lemma 9). Let ¢ = (b & (b*> + 4)'/2)/2 with the “+” sign if b > 0 and “—" sign if b < 0. Then
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1< Je| = |bi(b2+4)1/2| (|b|+|b2+4|1/2)<tan—+sec%

andb =c— (1/c). Letd = 1/(1 + ¢*)'/? and

U=d Ly chyp .
clypp —1Inp
Then U is unitary and UA = (A| @ A>)U, completing the proof. [J

To prove (d) = (a) of Theorem 7, we need the following lemma for even n.

Lemma 10. Let

Al = - and Ay =
IR | U |
c 0 —1/c 0

be (n/2)-by-(n/2) matrices, where n (= 4) is even and c is real satisfying 1 < ¢ < tan(w/n) +
sec(r/n). Let zo be a zero of p1(z) = 7" + 22 (c — (1/c)) cot(r/n) + 1 and let

T
T 27 /2 57
zOsm—,zosm—,..., 0 SIH— ,
n n
T
n
2)+1 T 2)4+2 2 _ T—1)m
y = |:Z(()n/ )+ COS—,Z(()n/ )+ COS—,...,ZS lCOS(Z—),O ,
n n n

u=x4+cy)/llx +cyllandv = (cx — y)/llcx — y| be vectors in C"/?. Then

nc Im(zo/ ) sm z
2(1 +c)+(1—c?) 0502 (%)

_ b4
(zoA1u, u) = cos — —

and

ncIm(zO )sm
B4+ (2 —l)cscz( )

(zoApv, V) = cos il +1i

Proof. Smce 1 < ¢ < tan(mw/n) 4 sec(w/n), we have 0 < c —tan(w/n) < sec(w/n) and
therefore c? — 2¢ tan(mw/n) + tanZ(n/n) < secz(n/n) orc? —2¢ tan(zw/n) < 1. Hence (¢ — (1/
c)) cot(mw/n) < 2. Thus

1 1 1 1\? 2
b4 b4
z8/2=—— c—=Jecot=+-ild—(c—=) cot* =
2 c n 2 c n

and, in particular, zop has modulus one. Since

_ 1 _ _ _ _
(ZoA1u, u) = m((zomx, x) + c(ZoA1x, y) + c(ZoA1y, x) + 2 (Z0A1Y, ),

we need compute the values of ||x + cy|| and the four inner products above. To obtain the former,
note that



214 H.-L. Gau, P.Y. Wu / Linear Algebra and its Applications 421 (2007) 202-218

n/2
wn—Zﬁwum< )

n/2

n 1 1 — e(]+(2/n))7'[i
Z—Z —COS— =———-Rel|l——————1
n 472 1 — e2ri/n

n
=—— (=)= - 2
1 2( ) 4(n+),
(n/2)—1 i
wW=§jmw”%M<7>
j=1

1(n/z) 1 |
=5 X_: (1+cos—> =1 (1-2),
(n/2)

(x.y) = 22 Jr T
, V)= %y sin CcoS
. n n
Jj=1
(n/2)—1 . ;
_ l_n/2 n/X: . 2]7T _ 1—11/21 1 —e™! -
BEE R~ I S S
]:
_Lap
== cot —,
2y "

and

w+wW=ww+%muw+8wW

1
= —(n +2) -I—ccot — Re(_"/z) + Z(n —2)¢?

—n(l—i—cz)—i—l(l—cz)—}—ccotﬂ —1 c—1 cotn
4 2 n 2 c n

1
= %(1 + Cz) + E(l — cz)csc2 (%) .

Moreover, we have

(/21 Jjm (]+ 19¥:4 T T
_ _nj2 . .
Z0A1Xx,X) = sn—sm + czn/* sin = sin —
(zoA1 ) ; 20 " )
2)—1 .
T LS (o QDT 7
Y n 2 ot n n

1 — e27i/n +§ 2

1 elrime-22\ gy
= czg/ Sln — = ERe (63”'/” . (
n

)

T
COoS —
n
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2 T n T
= czg/ sin — + — cos —,
n 4 n

n/2)—1 . in
_ /2
Z0A1x, y) =7 sin LT os 1T
(Z0A1x,y) = 7, Z ;

(n/2)—1 .
= lzn/z n/Z Sin M + Sin z
270 n n

j=I
1 — e@ri/m)(n-2)/2

1 n2 37/ n T
= EZO Im(e’™/" . o ) + (E — 1) sin Py

1
= EZS/Z (csc% + (g —2) sin z),

n
(n/2)—2 .
- +Dr | jm b4
(zOAly,x)_zg/2 Z cosusmj— + ccos —
= n n n
(n/2)=2 .
_CCOSZ—f—l n/2 n/z: sinm_sinz
270 ot n n

b4 1 n/2 T ;1 . (m—Dm n R 1
=ccos — + =z, ¢s¢c — — sin — — sin ———— —(——2)s1n—
n 2 n n n 2 n

b4 1 n/2 e n .
=cCcos — + (csc———sm—),
2% n 2

n n
and
(n/2)-2 i
(2oA1y, y) = Z cos LT cos —
10’% ( QLT 4 ™)
2 o n
~ (5 e,
Hence
(zoA1u, u) = ; |:<CZ"/2 sin r + n cos z) + lcz"/ (csc T + (E — 2) sin Z)
lx + cy|? 0 n 4 n 2770 n 2 n

A T n .7 5 (N b4

+c<ccos;+2z0 (csc;—§s1n;)>+c (Z—l)cos;:|
_ 1

Cllx +eyl?

n . (_n/n n/2) . T
+ —c ( - sin —
4 %0 %0 n)

n 2 T 1 (_n/2 n/2) T
“a+ 24z + ol
( ( c )COS c 2 CSC
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1 b4 1 T
(E(l + ¢%) cos T +c Re(z8/2) csc — — —nci Im(zg/z) sin —)
n n 2 n

T lx+eyl? \4
1 n 5 b4 1 1 T T
=———|-1+c¢")cos— — =c|c— — ) cot —csc —
lx +cyl?2 \ 4 no 2 c n n

—lnci Im (z"/2> sin z)
2 0 n
= _ ((z(l +c2)+1(1 — %) esc? (£>> cos =
lx +cyl? \\ 4 2 n n

— lnci Im (z"/2> sin r
2 0 n

2, .
nc Im(zg/ ) sin 2

oo,
=cos — —i
B +c) 4+ (1 —c?yesc? (E)

as asserted.
In a similar fashion, we derive that

n 1 T
lex =yIP = S0+ + 5 = Dese? ().
n

1
(zoA2x, x) = ——28/2 sin = + 2 cos z,
c n 4 n
1 T T
(zoA2x,y) = 528/2 (csc —+ (% - 2) sin —) ,
n n
: L . SR WY Y. AL
(z0A2y, x) = cos — + ~z,' " | esc sin
c n 2 n 2 n

and

_ n T
oy, y) = (5 = 1) cos =
4 n

The asserted expression for (zgAzv, v) can be proved analogously as before. [

Finally, we are ready for the proof of (d) = (a) in Theorem 7.
Proof of Theorem 7. (d) = (a). If A is unitary, then
0 1
0

1
—ay 0

with |a,| = 1 and OW (A) is a regular n-gon (cf. [4, Corollary 1.2]). For the remaining part of the
proof, we assume that n is even and A = A| @ A,, where A and A, are as in (d). Multiplying A
by an el with § = — arg ¢, we may further assume that ¢ is positive. If ¢ = 1, then A; and A,
and hence A, are all unitary, in which case 0W (A) has n line segments. Under the hypotheses
that n > 4 and 1 < ¢ < tan(r/n) + sec(wr/n), we have 0 < (c — (1/c)) cot(w/n) < 2. Since
the zeros of the polynomial p(z) = 7" + 22 (c — (1/c¢)) cot(sr/n) + 1 are the (n/2)th roots of
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(—(c — (1/¢)) cot(m/n) £ ((c — (1/c))? cot?>(r/n) — 4)/%) /2, we infer that they are all distinct
and have modulus one. These we denote by 7z, 1 < k < n.
‘We now show that cos(;r/n) is a multiple eigenvalue of Re(z; A) for any k. Indeed, if

n T
B . m, . 27 n2 . 27
Xp = |zksin =, zgsin —, ...,z “sin 2| |
n n n
T
n
Dl T w22 _ 5—l)m
Yk = z,({"/ )+ cos—,z,((n/ )+ cos —, ..., z} ]cos(z—),O ,
n n n

ur = (xk + cyr)/llxx + cyell and vg = (exx — yk)/llcxk — yill, then it is easily checked that
Re(zx A1)uy = cos(mw/n)uy and Re(zx A2)vp = cos(ir/n) vy, where for the equality of the (n/2)th
components we need that z; be a zero of p;. Hence cos(r/n) is a multiple eigenvalue of Re(zx A).

Next note that cos(sr/n) is the maximum eigenvalue of Re(zx A). To prove this, letc; > ¢ >
-~ >2cpanddy > dy > - - - > d,—1 be the eigenvalues of Re(z; A) and Re(zx J,,—1), respectively.
Since Re(zx Jy—1) is unitarily equivalent to Re J, 1, the d;’s are all distinct and d; = cos(ir/n)
(cf. [3, Corollary 2.7]). On the other hand, we proved in the preceding paragraph that cos(/n) =
Cj, = Cjo+1 for some jo. If jo > 1, then from the interlacing of the ¢;’s and the d;’s: ¢| > d| >
c2=2dy > 21 2dy_1 2 ¢y, weobtaind; =cy =dy = -+ = cjy+1 = cos(/n), which
contradicts the distinctness of the d;’s. Hence jo < 1 and therefore ¢; = cos(r/n) as required.
In particular, we have cos(wr/n) = max W(Re(zxA)) = maxRe W(zxA).

Finally, we check that W (A) has n line segments on its boundary. For this, consider u) = u; @ 0
and v,’{ = 0 @ v as vectors in C". Then

20 .
ncIm(zz/ ) sin

T
ZRAu), ul) = (Zk Ay, ug) = cos — — i
kAt ty) = e Ariti ] 5A+ )+ (1 —c?)esc? (T)

and

2y .
nc Im(zZ/ ) sin 2

T
ZeAv,, V) = (Zp Aavg, Ug) = cos — —+ i
(zkAvg, ) = (Zk A2k, Vi) r T T (@ = Does ()

by Lemma 10. Hence

Re(Zx Auy, uy) = Re(ZxAvy, vp) = cos% = max Re W (7 A)
and

Im (23 Auy, uy) # Im(Z Avg, vp).

Therefore, the vertical line Re z = cos(7r/n) yields a line segment on OW (zx A). Thus OW (A) has
n line segments given by Re(zxz) = cos(rr/n), 1 < k < n. This completes the proof. [J
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