1 Introduction

The study of traveling wave and standing wave solutions for partial dif-
ferential equations and lattice dynamical systems has drawn considerable
attention in the past decades. For instance, the existence and stability of
such solutions for lattice dynamical systems has been much studied by many
authors. (see, e.g., [3], [6], [7], [11]-[14], [21], [26]-[27] and [31]-[34], and
many references cited there in.) On the other hand, the study of the discrete
(in time) analog of such systems has been only focused on diffusion Huxley-
Nagumo (see, e.g., [1], [2].) equation. In this thesis, we study stationary trav-
eling wave solutions of a discrete analog of one-dimensional Cellular Neural
Networks(CNNs). The dynamics of one-dimensional CNNs (see, e.g., [3]-[4],
[7]-[9], [15]-[16], [30] and the references cited there in.) is of the form

di[)i
dt

= —El’i +z+ af(l'i_l) + Ef(xz) + Bf(xi+1), 1 € L. (1—1&)
Here f is a piecewise linear output function’defined by

raf=F Al ahitle > 1,
f(z) =< 'z, if |z <1, (1-1b)
ro—"1%r - ifx<-1,

where r is a nonegative constant; k is positive. The quantity Z is called
threshold or biased term. The constants @, @ and 3 are the interaction
weights between neighboring cells.

Discretizing equation (1-la) by Euler method, we have the discrete-time

CNNs of the form

zi(t +1) = kai(t) + 2 + af (@i (t) + af (z:(0) + Bf (@i (1) (1-2)

Here k =1 — Atk, z=AtZ, a=NAt@, a=Ata, = At S, and At is a
step size.

We will refer to the solutions of system (1-2) of the form z;(n) = ¢(i+cn), ¢ €



7 being a wave speed, as stationary waves by analogy with the continuous

case. Apparently, the function ¢(i + cn) must satisfy the equation

o(i+cn+c) = kp(i+cen)+z+a f(p(i—1+cn))+a f(p(i+cn))+0 f(e(i+1+cn)).
(1-3)

Setting the ” iteration index ” j =i + ¢n, we see that (1-3) becomes

Yire = ky; +a fyj-1) +a fly;) + B8 f(yjm) + 2. (1-4)

where y; = (i + cn) = ¢(j). For ¢ > 1, equation (1-4) induces a (c+1)-

dimensional map F' of the form

T(xhxz, T ,$c+1) = ($2, C L Teyr, kg F Oéf(ﬁl) + af(@) +5f($3) + Z)
(1-5)

For ¢ = 1, equation (1-4) becomes

Tiv1 = g(Yj1) == Yje1 — Bf(Yj41) = ky; +a f(y;) + a f(y;—1) + 2. (1-6a)

or
—k a 1 z
= fly )= o RIS e . © 1-6b
xj1 = f(y;-1) e il + g T T ( )
If we assume momentarily that g (resp. f) is invertible, then equation (1-6a)

(resp., (1-6b) ) can be représented. by-a-2-dimensional map F' (resp., B) of

the form
Fa,y) = (y, i(y) + f2(x) + 2). (1-7a)
(resp., Blr,y) = (y, 91(y) + gulx) = =).) (1-7h)
Here,
filw) = kg™ (@) +aflg” (@), (1-82)
(resp., ga(r) =~ f (@)~ L), (1-8)
and ,
fola) = a f(g™' (@) (1-92)
1,5 B
(xesp., gafa) = — f (@) = "), (1-0b)

2



The map F (resp., B) generates the forward (resp., backward) wave solutions
of (1-2). Assuming(l — 5r)(1 — 3) > 0, we see that g is invertible. After

some calculations, we obtain that, for 1 — 5 > 0,

btar o U220 if g > 13,
) =1 5, pleste s —
btar p  UonBte) i g < —14 6,
and, o aﬁ;:) . ifz>1-7,
folz) =4 15, if |z] <1- 8, (1-10b)
- al(lﬁw, if v < 143,
for 1 — (3 <0,
btar p - U@ i > —14 8,
fay=] Hog if |x| < -1+ 3, (1-10c)
ilgirg: T+ (1—:)_(’;5*“), ifr<1-70,
and, 1% T al(i;) It 7 —1 4 0,
folw) = {12 if |z —1+ 8, (1-10d)
=L e - £ S

Replacing = by (1 — 3) x or (# = 1)z depending upon the sign of 1 — 3, we

have that
a1x+a10—a1, if$21,
fi(z) = ap T, if || <1, (1-11a)
a1 T — ayp+ ay, ifr < -1,
and,
agl'—i-ago—ag, 1f.1'21,
fo(z) = a T, if || <1, (1-11b)
s T — Qoo + ag ifx<-—1.
Here,
(1—-08)(k+ar) . N
a; = { (,@—11)_(%@@ 7 ?f b=
W s if 1 — 6 < 0.



- k4+a, ifl—p3>0,

7 —(k+a), if1-p<0.

(1-B)ar
0y — 7171&" , if1—-—06>0,
Blor if1-8<0.
and ,

B a, ifl—-—0>0,

920791 _a, if1-8<0.

Assuming r > 0 , which in turn guarantee the invertiblity of f , we have that

bll’—f—blo—bl, leL’Zl,
gi(z) =< bpx, if |z] <1, (1-12a)
bix —byg+0b, ifxr<-—1,
and ,
box + by — by, ifx>1,
go(z) =< by, if |z| <1, (1-12Db)
by zo3lbog - bys, if v < 1,
Here b1 = —(ktra) N b10 = __—(k+a) : b2 "y - . b20 = %.

T e
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To consider various possibilities of the graphs of f;(z) and g;(x), i = 1, 2,
we need the following notions.

Given a piecewise function f in the form of f;(z), then f(x) is said to be
of Type (I), Type (II), Type (III) and Type (IV), respectively, if a; < 0 and
aip>0,a; >0and a;g <0, a;, ap > 0 and ay, a;g < 0. See Figure 1.1

a2 0,850 a, < 0,a,>0

Type (1) Type (I1)
al
alO
alU
-1 1 9 1
al

a ,a, >0 a; ,a;,<0

Type (I11) Type (IV)
Figure 1.1:



To see fi(z) and g;(z), i = 12, are which type of functions, we then group
the parameters as follows.
(I) Dividing 3 into 2 parts: (i) 1 > 4 (ii)) 1 < 8
(II) Dividing k into 4 parts (see figure 1.2):

(i) k> —ar,a>0 (or k> —a,a<0),
(ii) k< —a,a>0 (ork <—ar,a<0),
(ili) —a <k < —ar <0,
(iv) 0< —ar <k < —a .

(III) Dividing « into 2 parts:(i) a > 0 (ii) « < 0
(IV) Dividing 8 into 3 parts: (i) 8> + (ii) 1 < < £ (ili) f < 1

a>0 } i

a<0 }

Figure 1.2:

For applications purpose in CNNs, r is either zero or a small positive
constant. Thus, —ar > —a when a > 0. Likewise —ar < —a when a < 0.
We also note that to insure the existence of the forward map F, we must
have (1 —g)(1 - 8r) > 0.

We are now ready to give conditions on parameters for which the type of

functions f;(x) and g;(z), i = 12, are characterized.



Cases of forward | Function type
map F filz) | fo(z) Conditions satisfied
Pl OT | 0T | (T4)+ (L) + (I00-0) or (1) (TL-i1) + (1L
F2. I1 I\Y (I-1)4(II-)4(I1I-ii) or (I-ii)+(II-ii)4-(I1I-i)
F3. IV 111 (I-1)+(T1-ii) 4 (I11-1) or (I-ii)+(I1-1)+(I11-ii)
F4. IV IV (I-1)+(I1-i1) 4 (I11-i1) or (I-ii)4(II-1)+(III-1)
F5. IT 1| (I-1)4 (1) +(I114) or (I-ii)+(II-iv)4(I11-ii)
F6. I1 IV | (1) (i) + (11I-ii) or (I-ii)4-(II-iv)+(III-i)
F17. I T | (I-1)+(I1-iv)+(I11-1) or (I-ii)+(TI-iii)+(TT1-ii)
F8. I IV | (I-)+(I-iv)4 (1) or (I-ii)+4(II-iii)+(I11-1)
Table 1.1:

Case of backward | Function type
map B g1(x) | g2(x) Conditions satisfied

BI. T | Ly () + (1) +(IV-ii1) or (1) (1) + (1V-)
B2. 111 % (II-3v) (IT1-1) +(IV-i) or(II-i)+(I1I-ii)+(IV-iii)
Bs. I\Y I (FI-0)4 (TH-1) 4 (IV-iii) or (II-iv)+(I1I-ii)+(IV-i)
Ba. IV | @V | (L) (L) +(IV-1) or (ILiv)+ (1) + (IV-iil)
B5. I I (ILiv) +(IV-id)

B6. I [ 0 (T03) + (T11-0) - (TV-iD)

BT, vV | 1 (IL)+ (1V-id)

BS. v | 1 (T 4 (-id) 1 (IV-iD)

B9. I T | (T-50)+ (I00) + (IVAiii) or (i) + (1) 4 (IV-)
B10. I IV | (I-i1)+(I11-1)+(IV-1) or (II-iii)~+(I11-ii) 4 (IV-iii)
B11. IT T | (1) 4+ (T11-) +(IV-iii) or (II-i1)4(11I-1i)+(IV-i)
B12. II IV | (II-iid) 4+ (11I-)4-(IV-i) or (II-ii)+(I1I-ii)4-(IV-iii)
BI3. I I (L) +(IV-i1)

Bl4. I i (L) (LLL-id) 1 (1V-ii)

BI5. I I (L) + (TV-ii)

BI6. i il (T0oid) + (L00-i0) + (IV-id)

Table 1.2:




If f;(xz) and g;(z), i = 1, 2 are monotonic, such as the cases F'1-F4 and
B1-B4, then the forward map F' and the backward map B generate no chaotic
dynamics. All other cases may produce chaotic dynamics. To generate the
kind of chaotic dynamics by the presence of a snap-back repeller, we need
consider the noninvertible maps, such as B5-B7 and B13-B16. In the thesis,
we will only consider B15.

In 1998, Chen et al. [6], found an error in Marotto’s paper [25]. The
problem is that the existence of an expanding fixed point z of a map F
does not necessarily imply that F' is expanding in B,.(z), the ball of radius
r with center at z. Subsequent efforts (see e.g., [6], [23]-[24].) in fixing the
problem all have some discrepancies. One of the problems is that they only
give conditions for which F' is expanding "locally”. In this thesis, we give a
sufficient condition so that F'is "globally” expanding. This, in turn, gives
more satisfying definitions of a snap-back repeller. We then use those results
to show the existence of chaotic backward traveling waves in a discrete time
analogy of one-dimensional Celhilar Neural Networks (CNNs).

We conclude this introduction section by mentioning that in Section 2,
we will review the problems in the early definitions of a snap-back repeller.
Moreover, we will point out=what would be the more satisfying definitions of
snap-back repeller. The sufficient ¢onditions.amder which F is "globally” ex-
panding are recorded in Section 2 aswell: Section 3 contains the applications

of those results to a discrete time analogy of CNNs.



2 Snap Back Repellers

In 1975, Li and Yorke [22] proved a celebrated result ”period three implies
chaos”. This result plays an important role in predicting and analyzing one-
dimensional chaotic systems. Motivated by Li-Yorke’s work, Marotto[25]
generalized such notion of chaos to higher-dimensional discrete dynamical
systems. Specifically, he proved that Snap-Back repellers imply chaos in R"™.
This theorem was widely applied ever since. However, in 1998, Chen et al.,
(6] found that there is an error in Marotto’s paper[25]. Specifically, let (A)
and (B) be as follows.

(A): All eigenvalues of the Jacobian DF(x), where € B,(z), r > 0 and 2
is a fixed point of F, are greater than 1 in norm.
(B): There exists some s > 1 such that any = # z € B,.(2), |[|[F(z) — z|| >

sl|z — z|].

A fixed point z of F' satisfying (A).is,called an expanding fixed point of F.
A map F satisfying (B) is said-to be expanding in B,(z).

The problem is that the existence:of an'expanding fixed point z of a
high-dimensional map F in B,(z) does not necessarily guarantee that F
is expanding in B,(z). Even in-theycase, that I is linear, (A) does not
necessarily imply (B). See Figure 2.1 (Fig.+1 of [23]). Consequently, for
x € B,(z) , x does not necessarily lie.on'the local unstable manifold W} ().
To fix such problem, Chen et al., imported a new norm different from the
Euclidean norm to guarantee the map F’s expansibility in the neighborhood
of it’s fixed point.

However, as pointed out by Li and Chen [24], and Lin, Ruan and Zhao
(23] point that the incorporation of a new norm by Chen et al., into Marotto
Theorem does not close the gap of the proof. This is because the new norm
depends on the points € B,(z) and the map F. Thus, it is unclear how
using such new norm can be used to prove the assertion in (B) when F

is nonlinear. Nevertheless, Chen et al., also gave a modified definition of



Figure 2.1:

a snap-back repeller, which refined the Marotto’s Theorem in the spirit of
Devaney’s Theorem [10]. Their proof seems to be correct. (see also Li and
Chen [24] and Lin, Ruan and Zhao [23]) We next describe their definition

and results.

Chen’s Definition. F : RN —R¥ " Let 2'be a fized point of F such that all
of the eigenvalues of DF(z) have abselute values larger than 1. We say that z
is a snap-back repeller if thérevexists a point xq in W (z), the local unstable
set of z, and some integer m, suchthat F"(xo)= z and detDF™(zq) # 0.

Chen-Hsu-Zhou Theorem: Let F : RN =5 RY be C', and z be a snap-
back repeller of F'. Then for each meighborhood U of z, there is an integer
m > 0 such that F™ has a hyperbolic invariant subset in U on which F™ 1is

topologically conjugate to the shift map on the binary symbol space .

We remark that Chen’s definition of a snap-back repeller is a special case
of a transverse homoclinic point. Consequently, their theorem above is a
direct consequence of the results induced by the presence of a transverse
homoclinic point. (see, e.q., Theorem 4.5 of [29].) As an effort to prove
the existence of chaos in the sense of Marotto, Lin, Ruan and Zhao [23],
proposed another modified definition of snap-back repeller to ensure chaos

in the sense of Marotto. However, as pointed out by Li and Chen|[24], the
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proof of their corresponding theorem is incorrect. What is at fault is that
they used a differential mean value theorem, which generally does not exist
for high dimensional vector-valued functions. Li and Chen[24] then gave an

improved version of the Marotto theorem.

Li and Chen’s Definition. A fix point z of system w1 = F(xy), k =
0,1,2--- 1is called a snap-back repeller if

(i) F(z) is continuously differentiable in B,(z);

(ii) all eigenvalues of (DF(2))TDF(z) are greater than 1;

(iii) there exists a point xy € B,(z) with o # z such that F™(zy) = z, and
detDF™(xq) # 0 for some positive integer m.

We next record a Lemma of Li and Chen [24], which showed the "local”

expansibility of F.

Lemma 2.1. (Lemma 5 of [24]) Suppose that z is a fixed point of system
Ty = F(zg),k = 0,1,2--- and F is continuously differentiable in some
closed ball B.(z2). Also, assumelthat, all eigenvalues of (DF(2))T DF(z) are
larger than 1. Then, there efist some s 1 awd v € (0, 7] such that

(1) | F(z) = F(y) > s || = = 9ill for Vo £ z€ B, (z);

(ii) all eigenvalues of (DF (z))" DE(2) exeeed L:for all x € B,/ (z).

Unfortunately, Li and Chen’s.Definition of a snap-back repeller still con-
tains some discrepancies. Specifically; they proved, though correctly, in the
lemma above that F' is expanding in a small neighborhood, B,/ (z). However,
for xo € B,(z) with r > r’, there is no guarantee that F~%(z) is to be
in B,/(z), for some k € N. In the original paper of Marotto, the following

alternative definition of a snap-back repeller was also given.

Definition 2.1. Let F : RY — RY be continuous and z be a fized point
of F'. We say that z is a snap-back repeller if there exists a sequence of
compact sets { By} ___ (homeomorphic to the unit ball in RN ) which satisfy:
(a) By — {z} as k — —oo; (b) F(Bg) = Byy1; (¢) F is 1-1 in By; (d)
By N B, =0 for1 <k<m;and (e) z € BY, the interior of By,.

11



In the original proof of Marotto’s chaos, the property that F' is expand-
ing in B,(z) was used to show the existence of such sequence of compact
sets. Thus, if one makes such existence of a sequence of compact sets as
the definition of a snap-back repeller, then the existence of Marotto’s chaos
holds.

In light of the comment above, we will also define a snap-back repeller as

follows

Definition 2.2. Let z € R be a fized point of F'. We say that z is a snap-back
repeller if

(i) F is expanding in B,.(z), for some r > 0;

(i1) There ezists a point xg € B,(z) with xy # z, F™(x¢) = z and det DF™(xq) #

0 for some positive integer m.

For such definitions (Definition 2.1 or Definition 2.2) of snap-back re-
pellers, the following notion of Marotto’s chaos, indeed, can be achieved.
Thus, from here on, when we say a point z'is a snap-back repeller it means
z satisfies either Definition 2.1 or Definition 2.2.

Theorem 2.1. (Marotto’sschaos) Suppose F : RY — RN and z is a snap-
back repeller, defined as in Definution 2. L or Definition 2.2. Then the map
F' is chaotic in the sense of Li-¥Yorke:

(i) There is a positive integer N such that for each integer p > N, F has a
point of period p .

(i) There is a “scrambled set” of F, i.e., an uncountable set S containing

no periodic points of I such that
(b) F(S)C S,
(by) for every Xs, Ys € S with Xg # Y,

lim sup || F¥(X5) — F¥(Y5) > 0.

12



(bs) for every Xg € S and any periodic point Y, of F,
i sup || F*(Xs) = F*(Yer) [|> 0,
(7ii) There is an uncountable subset Sy of S such that for every Xg,, Ys, € So:
klggo sup || F*(Xs,) — F*(Ys,) |= 0.

In the following, we will give sufficient conditions for which the ”global”
expansibility of a map can be obtained. Thus, the verification of the existence

of a snap-back repeller should be made more friendly.

Theorem 2.2. (i) Let F' = (f1, fa,- -+, fu) be a smooth vector-valued func-
tion from RN — RY and z be a fived point of F. Suppose DF(z) is a normal
matrix. Let o and 3 be defined as

a= min [A;],

f = max hax - max | Bi(z) [,
where A\;,i = 1,--- .n, are eigenvalues of:F'(x) and B j(x), j = 1,2,--- ,n,
are eigenvalues of Hessian matricespbys(@) = (010, fi(x))kxi and B.(z) is a
closed ball with center at z-and radius > 0. If o — gr > 1, then F is
expanding in B,(z).
(i1) Let F be linear all eigenvalues of DE(0) have absolute values larger than

1, then F is expanding in RY with respect4o.a certain operator matriz norm.
Proof. (i) For y € B,(z), we have, see e.g., 3.3.11 of [28] in p.80, that
1
Fly) === DF()w—)+ [ (1= +tly= )y -2y 2)dt. (1)
0
We next estimate the first term on the right hand side of (3-1),
| DE(2)(y = 2) |=] T'AT(y — 2) = AT(y = 2) = ally == |, (2-2)
where 7' is a unitary matrix and
AN - 0
A= + -
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Since Hessian matrices Hy,(x) is symmetric, for all x, y € B,(z), we have

ly" Hy(@)y [<B [y IP< Byl (2-3)

Using (2-2) and (2-3) and the fact that
[F"(z) h k)" = (K" Hp, ) hy kT Hpyy hy -+ kT Hy, (1) h), we see that

| )~ =2 (@~ 5r) lly—= 1.

Thus, F is expanding in B,.(z).

(i) Let A= 1r£121<nn{ | Ai | Ai is an eigenvalue of DF(0) }. It follows from, see
e.g., p.12 of [19], that for every ¢ > 0 there is an operator matrix norm,
denoted by || - ||¢, for which

_ 1
| (DFO)™ e < 5 +e = A

Choose € sufficiently small so thatsAa=gsk.. Consequently, || DF(0) ||.> /\% >
1. Thus, F is expanding in R¥ with respect o, || - ||.. We just completed the
proof of the theorem. O

Remark 2.1. The second assertion“of the theorem was first appeared in [6].
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3 Chaotic Backward Map

In this section, we consider the backward map B with 1 < § < %, —% >a >
—k >0, and o > 0. (see B15.) Under the circumstances,

b < O, big > 0, by > 0, and byy < 0. (3—1)

We denote by Q4,Q, Q1,1 and Q_;; the regions Q; = {(x,y) : z,y >
1}7 QO = {(.T,y) -1 < T,y < 1}7 Qfl = {(x7y> Y < _1}7 Ql,fl =
{(z,y):x>1,y < -1}, and Q11 = {(z,y) : © < —1,y > 1}, respectively.

Lemma 3.1. Suppose (3-1) holds. Let by + by > 1, (resp., by + by < 1) and
—14big+ba < ¢ < 1—=byg—bog(resp., 1 —b1g—by < ¢ < —14+byg+ba ), then
the map B has exactly three fixed points (T1,T1), (To,To) and (T_1,T_1), in

Q1, Qo, Q_1, respectively. Here

= :b10+520—51—b2+0 = c = :—bw—b20+b1—i—b2+c
! 1—bi—by T bigkaby T 1—61—(%22) ‘

Lemma 3.2. Suppose the first set of assumptions in Lemma 3.1 holds. Then

(Z1,71) and (T_1,T—1) are repelling fized points.

0 1

Proof. 1t is obvious that D B((@gy3@+1)) = [ b b
2 b

DB((T:H, f;ﬂ))

} . The eigenvalue of

bi+4/b2+4b b1—+/b2+4by bi+4/b3+4by .
are —Y2— and —Y5—. Moreover, —Y=— > 1 provided that

by + by > 1. We thus complete the proof of lemma. O

We are next to find a point p = (g, yo) for which B(P) € Qy_1, B*(P) €
Q 11, B¥(P) = (z1,71). To this end, we first compute a pre-image ¢ =
(q1,q2) of (Z1,71) for which ¢ lies in Q_;;. Clearly, ¢ = 7; and ¢; must
satisfy equation g;(Z1) + g2(q1) + ¢ = T3, or equivalently,
bag1 = (1 — b1)T1 — byg + bag + by — by — ¢ = boTy + 2b9g — 2bs.
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Thus,

b
G =T+ 2% — 2, and g = T1. (3-3)
2

Now, p = (xg, yo) must satisfy the following equations
91(Y0) + ga(x0) + ¢ = qu, (3-4a)

g1(q1) + 92(y0) + ¢ = o (3-4b)
From (3-4b), we see that

bayo = (1 —b1)71 — 2blbb;0 + b1+ b1g — bao + by — ¢ = byTy — lebbjo + 2b10.

So,
b1 b
Yo =Tt — 2o + 20 := Ty + dy. (3-5a)
Substituting (3-5a) into (3-4a), we obtain that
b 2 b1 b2b
To=T1 + 25 — — — 250 + 222 =T 4 dy, (3-5b)

We need to show that there igra nonempty set. of parameters for which
Zo, Yo > 17 (3—6&)

and

b
91(y0)+92($0)+02x1+2% —2<—1. (3-6b)
2

Propsition 3.1. Let bjg = —byg = q¢ > 0 and by = —p by > 0, where p > 0.
Suppose bi(1 —p) > 1, =1 <c< 1, by < =3,q>2p>12. Then xy > Ty
and yo > T1. Consequently, (3-6) holds.

Proof. Clearly, yo, given as in (3-5a), is greater than 7;.

Now,
+(p—=1)b 2 1 1 2
:COIC (p )1_ 2q [1+___]+_
1+(p_1>bl p* by by p pb
L etp=Db g Ssetlp=Db_ ooy

_ 4+ -
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To complete the proof of the proposition, we see, via (3-6b), that

_ bao c—1 2q

72- 1= -

Tt b2 1+(p—1)b1+pb1
1

= bilc—1)+2qg(1+(p—1)b

1

< —2by+4(1+5b
1

= b1<1 n (p— 1) bl) [18[)1 +4] < 0.

O

We next show that there are parameter values for which B has a snap-

back repeller.

Theorem 3.1. Let byjg = —byy = q > 0 and by = —pby > 0, where p > 0.
Suppose,

—1l<e<1,q>2p 212 and—0by @s sufficiently large. (3-7)
Then B has a snap-back repeller.
Proof. Let
_ CV i tls c—1
I+(p—1)b  1+(p—1)b

In view of Definition 2.1 and Proposition 3.1, to complete the proof of

(3-8)

the theorem we only need to show that B=*(zg, ), where B is the backward
map and (zg,¥o) is given as in (3-5), lies in B,.(h) for all £ € N. Here r is
given in (3-8) and h = (Z1,7) is the fixed point of B in §2;. To this end, we
make a change of variables ' = x — 7; and ¢y = y — 71 on B in the region

;. The resulting map B then has the form

B, y)= (", o' +b17). (3-9)

17



In the new coordinate systems, (zo,yo) becomes (xy,y;), where

B B -2¢ 2 2q  2q 2q 2gq
/ / = _ — = d d = \—==T - 3
(26, Yo) = (xo—T1, yo—71) = (d2, d1) (pr%—i_pbl p2b1+p3b1’p2b1 pb1)’

(3-10)

where d; and dy are given as in (3.5). Note also that d;, dy > 0. Let the

pre-image (z(,y;), located in €2, be denoted by (2" ,,3" ;). We then denote,
inductively, by the pre-image of (2’ ,,v";), located in Q, (2’ ,_,,vy",_,), for
any ¢ € N. Using (3-9) and (3-10), we see immediately that

!/

’ b1 ’ 1 x_; y/—z
€ . =——x .+ — ,
- by p  ph

L 3-10
b, Ui (3-10a)

/

y/_i_l =T_;. (3—10b>

Let -1 <c < 1and g > 2p > 12. By making —b; sufficiently large, we see
that
r >y = dy >0 (3-11a)

and
r >y =ds S 0. (3-11b)

Using (3.10) and (3.11), we'may proverinductively that
0<I/_k, y/_k <.

Thus B~%(xq, y0) € B,(h) with respect to supnorm for all ¥ € N. Tt then
easy to see that h is a snap-back repeller satisfying Definition 2.1. O

Remark 3.1. Let || - || be an operator matriz norm given as in the proof
of Theorem 2.2-(ii). We still have that B~"(xq ,,) € B,(h) with respect to
| - |le for all k € N. Thus, h is a snap-back repeller satisfying Definition 2.2.

Theorem 3.2. Let byg = —byg = q > 0 and by = —pby > 0, where p > 0.
Suppose (3-7) holds. Then the system (1-2) exists backward traveling waves
of a chaotic profile.
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We conclude this thesis with following remarks.

(1) Let At be small, Let r and @, as given in (1-1 a-b), be such that » > 0 is
small and @ is negative. Then (3-7) are satisfied under some mild compati-
bility conditions on other parameters.

(2) Tt is worthwhile to find some other sufficient conditions for which F' is
"globally” expanding.

(3) It is also of interest to study the chaotic dynamics of the backward map
B for the other combinations of g; and g5, as well as those of the forward

map F'.
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