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Abstract A detailed structured backward error analysis for four kinds of palin-
dromic polynomial eigenvalue problems (PPEP)

d
(ZAM)x =0, Ag¢=¢eA} for=0,1,...,[d/2],

£=0

where % is one of the two actions: transpose and conjugate transpose, and ¢ € {£1}.
Each of them has its application background with the case  taking transpose and
& = 1 attracting a great deal of attention lately because of its application in the
fast train modeling. Computable formulas and bounds for the structured backward
errors are obtained. The analysis reveals distinctive features of PPEP from general
polynomial eigenvalue problems (PEP) investigated by Tisseur (Linear Algebra Appl
309:339-361, 2000) and by Liu and Wang (Appl Math Comput 165:405-417, 2005).
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96 R.-C. Lietal.

1 Introduction

In vibration analysis of fast trains arises the palindromic quadratic eigenvalue problem
(PQEP) [4,12,14]: find a scalar A € C and an n-dimensional vector x € C" \ {0} such
that

O(M)x = (AgA> + A1+ Ag)x =0, (1.1)

where Ag and A are n x n (real or complex) matrices with Al = Ay, and the super-
script “- T takes matrix transpose. The scalar A and the nonzero vector x in (1.1) are
an eigenvalue and its associated eigenvector of Q(X). The pair {A, x} is called an
eigenpair of Q(X). Presently, PQEP is solved by certain kinds of structure-preserving
algorithms, such as Jacobi-type method [9, 15], O R-like algorithm [16], Patel’s algo-
rithm [11] and U RV -like algorithm [17], as well as the structure-preserving doubling
algorithm [4]. Experience shows that PQEP from the fast train application is notori-
ously difficult to solve accurately, partly because of its widely varying magnitudes in
eigenvalues. How to solve it accurately is still an active research topic.

PQEP is a particular case of the so-called Polynomial Eigenvalue Problem (PEP)
of degree d:

d
(Z AN)x =0, (1.2)
=0

where A¢, £ = 0,1,...,d are n x n complex matrices. When d = 2, PEP (1.2) is
called the quadratic eigenvalue problem (QEP) [20]. For a PEP in its generality there
is no relation among coefficient matrices, unlike PQEP. Naturally one defines the pal-
indromic polynomial eigenvalue problem (PPEP) to be a PEP (1.2) with Ay, = AZ,
£=0,1,...,1d/2], namely,

d
P(x)xz(ZAM)xzo, Ag—e=A], fort=0,1,...,[d/2], (13)

£=0
where |d/2] is the largest integer that is no bigger than d /2.

Let {1, z} be a computed eigenpair of (1.2) or (1.3). Ideally, we would like to have
(Z‘Z:o Ag ,u() z = 0. But practically we have (Z‘Z:o A(,U/) z = —r with residual
r # 0 but usually tiny. Backward error analysis asks if the computed eigenpair {u, z}
is an exact eigenpair of a nearby PEP, namely,

d
(Z(Az + peAAm/)z =0

£=0

with backward perturbation matrices AAy, (£ = 0, 1, ..., d) hopefully tiny in mag-
nitude, where p; (¢ =0, 1, ..., d) are scaling parameters, usually taken to be some
norms of Ay, respectively. For a general PEP, no constraints on and/or among A Ay,
£ =0,1,...,d are imposed, except that AAy, £ = 0, 1, ..., d should have as tiny
magnitude as possible. But when a PEP has worthy structures like PPEP, naturally we
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Palindromic polynomial eigenvalue problems 97

would ask if the computed eigenpair {u, z} is an exact eigenpair of a nearby PPEP.
This is the so-called structured backward perturbation analysis associated with the
approximate eigenpair for PPEP.

Tisseur [18] thoroughly developed a backward perturbation analysis for PEP in
its generality, where no structure upon A A, is imposed because there is not any on
Ay assumed. When Ay, £ = 0, 1, ..., d are Hermitian, naturally one would like to
enforcing A A, Hermitian, too. This is the structured backward perturbation analysis
for the case. In the same article, Tisseur obtained a result when p is real. When j is com-
plex, the structured backward perturbation analysis is completed by Liu and Wang [13]
who also investigated the corresponding question for the generalized and multi-param-
eter eigenvalue problem. Two other related works are Higham and Higham [6] and
Hochstenbach and Plestenjak [10]. None of the results from these papers apply to
PPEP’s structured backward perturbation analysis, however. Recently Bora [ 1] investi-
gated under what circumstances the structured backward errors are equal to the unstruc-
tured backward errors for PPEP, but did not actually obtain computable formulas.

In this paper, we shall consider PPEP in a broader sense, with (1.3) being one of
the four different kinds. To present these PPEP compactly, we let the superscript “-*”
be either “- T or “-H”” which takes complex conjugate and transpose and let ¢ € {41}.
Collectively by a PPEP, we mean a polynomial eigenvalue problem of the following
form

d
(ZAN)XZO, Ag_o =A% for=0,1,...,1d/2]. (1.4)

=0

We have mentioned the fast train application [4, 12, 14] which yielded a problem of
this form withd = 2, x = T, and ¢ = 1. It was first raised in the study of the vibration
in the structural analysis for fast trains [8,9], and then of the behavior of periodic
surface acoustic wave (SAW) filters [22]. PQEP with x = 1 was raised in the compu-
tation of the Crawford number by the bisection and level set methods in [7]. A typical
even degree PPEP of (1.4) can be derived from solving linear quadratic discrete-time
optimal control problem subject to the higher order discrete system [3,21].

Let {1, z} be a computed eigenpair and let || - || be either the spectral norm' || -
or the Frobenius norm || - ||r. We are interested in knowing the structured backward
error

A =min /S A2,

subject to (Xf_o(A¢ + peAAt) 2 =0,
scaling parameters pg—¢ = p¢ > 0,
Ag—t+ pa—tAAg— = e(Ag + prAAY)*,
for =0, 1,...,d/2].

(1.5)

! Notation Il - ll2 is generic and on a vector it is its £2-norm.
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98 R.-C. Lietal.

To distinguish the norm used, later we will attach a subscript “2” or “F’ to the structured
backward error A in (1.5). In the usual PEP case, backward errors always exist. But
as one might expect, forcing backward perturbations to be structured creates critical
cases where backward errors fail to exist, i.e., there are no AAy, £ = 0,1,...,d,
satisfying the constraints in (1.5). In fact, as we shall see, the critical cases are when
|| = 1if x =Hand when u = 1 if x =T.

The rest of this paper is organized as follows. Section 2 significantly simplifies
(1.5) to a problem of solving a 2-by-2 matrix equation, paving the way for us to derive
the backward errors for x = H in Sect. 3 and for x = T in Sect. 4. It turns out the
case when » = H is considerably more complicated and interesting than the case when
* = T. Numerical examples are given in Sect. 5 to illustrate our results, and finally
we present a few concluding remarks in Sect. 6.

Notation Throughout this paper, C**™ is the set of all n x m complex matrices,
C" = C"™!, and C = C'. Similarly define R"*™, R", and R except replacing the
word complex by real. I, (or simply I if its dimension is clear from the context) is
the n x n identity matrix. x is the complex conjugate of a scalar or the entry-wise
complex conjugate of a vector or matrix. i (o) and J(«) are the real and imaginary
part of «, respectively, and ¢ is the imaginary unit. We shall also adopt MATLAB-like
convention to access the entries of vectors and matrices. i : j is the set of integers
from i to j inclusive and i : i = {i}. For a matrix X, X(; ;) is X’s (i, j)th entry, and
X(k:¢,i:j) 1s X’s submatrices consisting of intersections of row k to row £ and column
i to column j. X' is X’s Moore—Penrose inverse.

2 Simplify the problem

The constraints in (1.5) require pg—¢ = p¢ and AAy_, = eAAj, for £ =
0,1,...,1d/2], and

d d
def
(2 pzAAm‘f)z:r = —(2 Au/)z, (2.1)
£=0 =0

where AAp e C"™*" (£ =0,1,...,d). We will seek if (2.1) has a solution {A A, £ =
0,1,...,[d/2]} and if it does, we’ll seek A A, such that

ld/2]
Z |AA.|? is minimized, (2.2)
=0

where || - || is either || - ||2 or || - ||r. The two trivial cases (i) when all py = 0, and (i)

when r = 0 will be excluded from our consideration.

The key to solve (2.1) and (2.2) is a reduction technique that has been used in, e.g.,
[2,5,13,19]. The technique allows us to transform (2.1) to essentially the case when
n = 2 by focusing on backward errors in a 2-dimensional subspace spanned by {z, r}
or by {z, r}.
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Palindromic polynomial eigenvalue problems 99

Assume n > 2. Later we shall comment on which part of our analysis will cover
the case when n = 1, i.e., the scalar polynomial case. See Remarks 3.5 and 4.1.
Let Q € C™" be a unitary matrix, i.e., Q Q™ = I, such that

oy
0B
otz 7)) =00}, 2.3)
00
where
T=r ifx=mn and 7=7 ifx=T. 2.4)

Such Q always exists, and necessarily (2.3) implies

e o | JIPBNIS - e
ol = llzll2, y = —, 1Bl=|r—+—5z| = (2.5)
o lzly |, llzll2
It follows from (2.1) that
d
o~ (Z pe AAU/) 00"z =0, (2.6)
=0

or equivalently

d
(Z pgABg,t/) y=w, pg_¢g=p; and ABy_; =eABY, for=0,1,...,|d/2],

£=0
2.7)
where
o v
0 B
AB = Q" (AA)Q. y=0Q"=|.|. w=07=]|0].
0 0

B=pB and 7=y ifx=u, and B=B and =7 ifx=T.

Since Q is unitary, (2.1) and (2.7) have the same solvability property, i.e., if one is
solvable, so is the other, and moreover

ld/2] ld/2]
D UIABR = D] 1AAR
£=0 £=0
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100 R.-C. Lietal.

Thus the optimal solution {AB;, £ =0, 1, ..., [d/2]} to (2.7) in the sense that
ld/2]
> IIAB|* is minimized (2.8)
£=0

gives rise to one solution {AAg, £ = 0,1,..., [d/2]} to (2.1) in the sense of (2.2),
and vice versa. Set

$1=7/a, & =P/ (2.9)
and
ld/2]
A, = min Z IABe|3 : (2.7) satisfied for p =2, F. (2.10)
(=0

A, = oo means that (2.7) is not solvable. It follows from (2.5) that

711217112 H7 2

|17 71z 0z15 — |z 7] 7>
181 = —=. 162 =\/ 5 s VI + 18202 = - (211

lIzll2 Izl lIzll2

In particular
H H
s=L="=2" forx=n 2.12)
o aa izl

Theorem 2.1 Suppose that (2.7) has a solution (so does (2.1)). The optimal solution
{ABy, £ = 0,1,...,1d/2]} to (2.7) in the sense of (2.8) for the Frobenius norm
satisfies

(ABg)jy =0 fori, j>2 and fort=0,1,...,[d/2]. (2.13)

There is an optimal solution {ABy, £ = 0,1, ..., [d/2]} in the sense of (2.8) for the
spectral norm that satisfies (2.13). Finally

Ay < Ap = V24, (2.14)

Proof No proof is needed for those A B, with p, = 0. Suppose all p; are positive.
Equating the corresponding entries at the both sides of (2.7) leads to n linear equa-
tions in the entries of ABy, £ =0, 1, ..., |d/2]. The last n — 2 equations are homog-

enous and contain only those entries

(ABg),jy=0 fori, j>2 and for¢=0,1,...,|d/2]
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Palindromic polynomial eigenvalue problems 101

and at the same time they do not appear in the first 2 equations. Therefore the optimal
solution {ABy, £ =0, 1, ..., |d/2]}in the sense of (2.8) for the Frobenius norm must
satisfy (2.13).

For any 2-by-2 block matrix

Xn Xn

X = ,

(X21 Xzz)
we have || X2 > | X11ll2. Therefore if {AB;,,£ = 0,1,...,[d/2]} is an opti-
mal solution to (2.7) for the spectral norm, resetting (ABy),j) = 0 fori, j > 2
and ¢ = 0,1,...,|d/2] and leaving (ABy);,jy for 1 < i,j < 2 and £ =
0,1,..., d/2] untouched yield a solution to (2.7) and at the same time do not make
1A B3 bigger. Since before resetting, {ABg, £ = 0, 1, ..., [d/2]} is opti-
mal, Z%i/oz . |A By ||% will not change before and after the resetting. Thus the resulting
{ABy, £ =0,1,...,[d/2]} is an optimal solution satisfying (2.13) for the spectral

norm.

Let {AB¢, 2 = 0,1,...,]d/2]} be the optimal solution in the Frobenius norm.
Then
ld/2] [d/2]
Ay < | D IABE < | D] IABE = Ar.
£=0 £=0

On the other hand, let {ABy, £ =0, 1, ..., |d/2]} be an optimal solution satisfying
(2.13) in the spectral norm. Then rank(ABy) <2 for ¢ =0, 1, ..., |d/2]. Thus

ld/2] ld/2]
Ap < | DU IABE < | D] 20ABl3 = V2 A,
=0 =0
as expected. O

Theorem 2.1 tells us that it suffices to consider these two equations derived from
the first two entries at both sides of (ZLO pgABgue) y = w in (2.7). In the two
equations, only the entries (ABy)( j) for1 < i, j < 2and ¢ = 0,1,...,|d/2]
appear. We shall do so in the next two sections for each different combination of the
superscript x € {T, 1} and € € {£1}. For this purpose, let

b(f) b(@)
(P11 P2
(ABp)a2,12) = o o] (2.15)
b b22

21

Constraints among bﬁf) because of AB;_¢ = ¢AB),for{ =0, 1, ..., d/2] will be
imposed at the time we consider each case.
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102 R.-C. Liet al.

Recall in (2.7) pg—¢ = p¢ and AB;_y = eABj for £ = 0,1,...,|d/2]. For
even d, we have
d dj2—1 d
ZPZABZMZ = z peABot + ,001/2A13d/2,ud/2 + Z peABout
£=0 £=0 t=d/2+1
d/2—1 0
= Z peABeit + pajpABappd’? + Z Pd—jABg_ju
(=0 j=d/2—1
d/2—1 d/2—1
= Z peABept + pajpABapp’? + Z pjeABju
=0 j=0
d/j2—1
= Z Pe (ABz + sABZud_ze) 1+ papABapu? (2.16)
=0

and ABypp = SAB;/Z. For odd d, we have

d d-1)/2 d
ZpeABwe: Z peABeut + Z peAByut
=0 =0 t=(d—1)/2+1
d-1/2 0
= > pABp + D pijABgjput
=0 j=(d—1)/2
(d—1)/2 -1/
= > pABut+ D pieaBipdT
=0 j=0
(d—1)/2
=3 (ABHsAB;w’—”) b 2.17)
=0

Our detailed analysis in the next two sections is for the Frobenius norm only. Bounds
on A; for the spectral norm can then be deduced straightforwardly by using (2.14).
So in the next two sections, || - || in (2.8) is always the Frobenius norm. Recall the
assumption r # 0 which implies
[61] + [62] > O. (2.18)
For the ease of analysis, we assume also
all pp > 0. (2.19)
This will remove many special cases caused by one or more pg possibly being zeros.

Note for a particular £, if p, = 0, then must AA, = 0 by (2.2). Thus the assumption
(2.19) limits the applicability of our analysis to cases where no backward perturbations
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to some of the A,’s are preferred. But we argue that such cases can be practically dealt
with satisfactorily by giving sufficiently tiny positive numbers to the corresponding
pe’s. Indeed, our later formulas for the optimal AA, (see Lemmas 3.1-3.4 and 4.1-
4.4) is linear in and proportional to p, which means for any particular ¢, letting p; go

to 0 implies the corresponding optimal A A, going to 0 as well.
The following lemma will be needed in the later sections.

(i) Fort =|tle’ € C, 9 € R, and n € C, we have
RaEm) _ 7] costy —sin?d\ (N(n)
S(tn)) sin cos? ) \S(m) )’
REn) _ Iz cos v sin (N(n)
sei) = '\ sing —cosw )\t )

(ii) For & € Rand v € R, we have

Lemma 2.1

. 2 )
cos v sin ¥ _ 2 cos ¥ sin ¥
|:12+§(sin19 —cosz?)] =1+ )12+2'§(sin19 —cosﬁ)’
cos B [cos) _ 1 I+ cos 21 sin 29
sin® ] \'sin ¢ ) sin2®% —cos2¢/ |’
—sin®) [—sino) . 1 I _ cos 21 sin 29
cos cos) 2 sin2®% —cos2%) |’

3 Structured backward error for x = 1

Theorem 3.1 is the main result of this section. We first define a few parameters in term

of a given approximate eigenpair {u, z} of PPEP (1.4): for even d,

p5/2|ﬂ|d /21
def 2 2¢ 2(d—0)
oo = =2+ 3 of (a4 w240,
=0
,02 d/2—1
def d/2
Ceven = |M|d T/+2 Z pﬁz ’
=0
et dj2—1 )
e _
Deyen = Seven + Ceven = Z ,0% (|M|e + |/’L|d Z) + p§/2lﬂ|d
=0
d/j2—1 2
def _
¢even = seven — Ceven = Z :0(% (|M|e - |M|d Z) s
=0
dj2—1
def _
Yon & D 07 (I + 11P970) + p3 et /2.
£=0

3.1

(3.2)

(3.3)

(3.4)

(3.5)
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104 R.-C. Liet al.

and for odd d,
d-1/2
def _
foa E D pF (Il + 1), (3.6)
=0
d-1/2
def
Coaa = 21l D 7, 3.7)
=0
e d-1/2 2
C —
Posa = ot + S = > o7 (1l + 1171, (3.8)
£=0
e d-1/2 5
C —
boaa = ot — G = > pF (Il = 171", (3.9)
=0
d-1)/2
def _
Vo £ 3 pF (Il + 120, (3.10)
=0

Throughout this section, these assignments (3.1)—(3.10) are assumed.

Theorem 3.1 Let {i, z} be a given approximate eigenpair of PPEP (1.4). Suppose
x =Hand e = £1in (1.5), and 8| and 8, are as in (2.11) with7 = r which is defined
in (2.1). Let

6= Geven for evend, @ — Deven for even d, W Weven for even d,
| ¢oad, for odd d, T | ®oqa, for odd d, T | Woad, for odd d.

For the structured backward error Ar defined in (1.5), we have

1. If|\p| = 1and 21/ (Ven’?) & R, then Ap = +oo.
2. If\lpl =1 and 2Mr)(Jeud’?) € R, then

18112 162]?
Ap =, ——+ —.
F o
3. If|\u| # 1, then
18112 18212
Ap < [— + —. 3.11
F= ) + v ( )

Remark 3.1 Inequality (3.11) in general cannot be improved because it can become
an equality (see Remarks 3.2 and 3.4 below). Besides bounding A as in (3.11), a
close formula for it for the case || # 1 at the price of a more complicated expression
can also be gotten by combining (3.24), (3.42), (3.44), and (3.51) below. We omit the
detail.
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The proof of this theorem rests on solving (2.7). It is done by Lemmas 3.1-3.4
below. Recall (2.15), (2.16), (2.17), and Theorem 2.1, and keep in mind that * = H,
e==xLand | | =" [Fin(2.8).

For even d, we need to solve

d/2—1 0 . NN

byy by, biv by o) e
I pO O e 5o 5o )" ®
=0 21 22 12 22

WP N ]
+,0d/2( _ )w’/z} ( ) = ( ) : (3.12)
@/2) d/2) 0
&by by P
where \/Ebﬁ/ ? and \/Eb%/ % are real (which means bg‘f/ % and bg/ % are real for
¢ = 1 and pure imaginary for ¢ = —1). Componentwise, it gives
dj2—1
7 - d/2
> e (B + bt Y i+ papablf Pt = 51, (3.13)
E_
dj2—
{ 7@ d- 7(d/2
> o0 (B + eb{S )t + epa by Pl = 5. (3.14)
=0

For odd d, we need to solve

d-1/2 »O pO 50 5O
o ) R (e P W Y B (A S
=0 by by by by,

Componentwise, it gives

(d-1)/2
> o (B + el ) ut =51, (3.16)
£=0

d-1/2
> oo (B8 + bt ) ut = 5. (3.17)
£=0

We observe that:

1. b%) for all £ do not show up. Thus must bgzz) = 0 for all £ by (2.8).
2. Equations (3.13) and (3.14) are decoupled. Thus they can be solved separately for
optimal solutions that minimize

dJ2 d/2—1
> ICHRNE D N (CHIEC D R
=0 =0
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106 R.-C. Lietal.

respectively, to arrive at optimal solutions to (3.12) in the sense of (2.8). Finally
Alz: is the sum of the optimized values of the two expressions in (3.18). This is for
evend.

3. Equations (3.16) and (3.17) are decoupled, too. Thus they can also be solved
separately for optimal solutions that minimize

d-1/2 (d-1)/2

>l > (b1 + ). (3.19)

=0 =0

respectively, to arrive at optimal solutions to (3.15) in the sense of (2.8). Finally
A% is the sum of the optimized values of the two expressions in (3.19). This is for
odd d.

We shall now solve each of (3.13), (3.14), (3.16), and (3.17) in terms of four lemmas.
For this purpose, write

= |ule?, g =cos(th), sy = sin(£0). (3.20)

Then by Lemma 2.1 (i), we have

plo ()
([ + 6Bt ut) ot (Ce _SK) (%(bw) ICIE 25))

X ([bill) + ebiél)udfzz] Me) se cy s(b(ﬁ) n sb(l =26
(£)
co —s oy fca— Sd— Nb)
=l ( ¢ z) [12 + o]t ( d—2¢  Sd 24)} 7). 321)
S¢ Ce Sd—2¢ —Cd—2¢ ‘;S(bil))

Lemma 3.1 Equation (3.13) which is for even d has a solution if and only if either

| # 1 or|ul =1 and zHr/(\/Eud/z) € R. Otherwise it is inconsistent. When
(3.13) has a solution, its optimal solution that minimizes Z?ﬁ) |b(e) 2

0<0<d2—1,

is given by, for

Ilt + e|puld=t

Z —_—
Ry — oo (€t 5420} | Eeven + Eleven
"(b(z)) Sdj2—¢ —Cdj2—¢ R
seven - gg-even

Cdjp Sdj2 9*(31)) 392
% (Sd/z —Cd/z) (3(51) ' (3:22)
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and>

a7 o
@ Pdplpl T (M(S1) L 1+ee—1
eeb " = —F———(cap sap)J, |~ , Je= oA CEEE R

even + Ceven (1)
(3.23)
and the optimal value’
R —L9d/25 2 N —L9d/23 2
i |9 (e Dl n |3(e D fore=1,
D G S R o/ (324
= D52 (e b))
+ fore = —
¢CVCH (DCVCH
$ 2
< ('pl' . (3.25)

When || = 1 and zHr/(ﬁud/z) e R, (3.22), (3.23), and (3.24) to, for 0 < £ <
dj2—1,

4

ER(b( )) _ 2p¢ 7 (cd/zg) 81 \/—b(d/2) 0dj2 81 (3.26)

= 3 s = s .
“S(bYZl)) q)e"e" Sdj2—t \/E/’Ld/z cI)even \/g:ud/z

and the optimal value

d)2

5
Z b2 = ' i (3.27)

even

Proof Equation (3.13) needs to be split into two equations according to the real and
imaginary parts because «/Ebi? ? s real and both bi? and Egzl) fort =0,1,...,
d/2 — 1 appear. By (3.21), we see that (3.13) is equivalently to

RD\D)
\s(b(o))
9%(51))
Zo ... Zapn—1 Z = \x ’ 328
(Zo dj2—1 Zd)2) S}t(bﬁﬂ_l)) (;;(31) (3:28)

S(b(d/z_l))

sfb(d/z)

2 These strange looking formulas are the artifacts of putting both cases ¢ = %1 together. In fact, J1 = I

and J_| = ((1) 0) an dsfbll/ )5 is simply b(d/ ) when ¢ = 1 (for which b( 25 is real), and J(bﬁ/z))

when ¢ = —1 (for which b( /2 is pure imaginary).

dj2 H,
3 ¢710d/2 5, can also be expressed as ( Wl) <
m

IzIl3
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108 R.-C. Lietal.

where for £ =0,1,...,d/2 —1

Cy —S _ Cqd— SJ—
Zo = pelplt ( ¢ z) [12 +efpld2 ( d—2¢  Sd 2@)]’ (3.29)
S¢  Cp Sd—20 —Cd—2¢
and
C,
Zapr = paplnl? I, (sd/z) . (3.30)
d/2

Set Z = (Zo, ..., Zajpp—1 Zap) € R2xW@+D Tt can be computed, by Lemma 2.1
(ii), that

2 T
T 2 20 (Ce —S¢ d—2¢ [ Cd—2¢t Sd—2¢ Ce —S¢
ZyZ, = pylpl I+ elul _
S¢ Ce Sd—2¢ Cd—2¢ S¢ Cy

=} [(Iulz‘Z + |1 PA0) 1y + el (EZ _Z)] for0<¢<d/2—1,

-
T d cd)2 Cd/2 T
ZapZapn = Paplnl”Je (sd/z) (Sd/Z) %

—M I +e Cd  Sd
T2 2 sqa —ca) |’

Therefore

d/2

C, S
ZZT = ;) ZZZE— = Eevenl2 + €leven (SZ —CZ) . (3.31)

. c s . . .
The eigenvalues of (sd cd) are 1. In fact, its eigendecomposition can be explic-
d —Cd

itly written out as

ca Sa\ _ (cajz  sap) (1 O) (capz  sap (3.32)
sS4 —¢Cq sap —caip) \O —1) \sapp —capp)’ '

So the eigenvalues of Z ZT are ®eyen and @Peven, and moreover, we have an explicit
eigendecomposition for ZZ T

77T — (a2 a2 even T E8even Cajp - Saj) (333
Sdj2 —CdJ2 &even — Eleven Sdj2 —Cdj2
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If || # 1, then the smaller eigenvalue ¢even > 0 and thus ZZ T is invertible. The

optimal solution that minimizes of Zd/ 2 b(& 12 is
~)‘(b(°))
< (b” )
: 5)%(51)) TorrTy-1 (m((sl))
: = N =7Z'(ZZ") ~ . (3.34)
m(bij/i_ll)) (0(81) J(al)
3B
NI

To arrive at (3.22), (3.23), and (3.24), we notice from (3.34) that

R T -1 (N @2 _ T Tt (R
=7,(Z72 ~ , & JEb =7 727 - .
(;ga;“)) R CY ) R R C I EY
(3.35)
It can be verified that for 0 < £ <d/2 — 1
14 g|p|d2¢ Cdp—t  Sdja—e
7, — ¢fcap  San ( / / .
e= Pl (Sd/z —Cd/2 1 —e|pl?=28) \saj2—¢e —caj—s
(3.36)

Equations (3.22) and (3.23) are the consequences of (3.30), (3.33), (3.35), and (3.36),
upon noticing

carz sap) (NGDY _ [ Re 02 8))
sapp —capp ) \3@1)) — \=3(e025)) )"
Wt(Sl))_[ R(e W28 fore= 1,

T(
(carz saj2)J (3(51) ~3(e 28y fore = —1.

Finally we have, by (3.22) and (3.23), the optimal value
dj2 d/2—1 ¢ d—iN 2
lpel” +€lpl _
2 ilE = 2 i [(—g . (e 5p))?
=0 even ggeven
N
(TN i p
é}-even — & Ceven

2
a2 2
Pdj2| ] T (3“(31))
+ ——— ) |(cay2 sa2)J; | .
(%-even + geven) / / €

3(81)
which leads to (3.24).
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If, however, || = 1, then rank(Z) = 1 and (3.28) is not solvable unless
(N(81) I(81)) " is parallel to J. (caja saj2) . or equivalently

o gl eR
Vent? o Jeudz3

(3.37)

When it does, the optimal solution can be gotten from either equation from the first
or the second component in (3.28). We shall do so now. When |u| = 1, we have for
£=0,1,...,d/2 -1

_ ce —S¢ Cd—20  Sd—2¢
ze=p (sl Cl) [12 e (Sd—% _Cd—ZZ):|

. Ce —Sy Cd—¢ Sd—¢

=52 ()
C, C T

=2p¢d | 2N (S gT, (3.38)
sdj2) \Sdj2—¢ &

and

C
Zap = pdpJe (SZZ) .

To see (3.26) and (3.27), we take the first equation in (3.28) for example. With |u| = 1,
the first equation is

dj2—1

> o[ (e +eca-oMB)) + (se + esa-03G())]
£=0
1
302 [(1+€)eapy — (1= e)sap] eV/ebi]” = RE).  (3.39)

Fore =1, itis

dj2—1

2¢cap Z pe I:Cd/Z—Zm (bﬁ)) + Sd—0/233 (bﬁ))] + Pdjacd 2 8«/517?1/2 = N(d1)
=0

which, under the condition that ¢4 /2 # 0, leads to (3.26) and (3.27) upon noticing that
N(81)/cas2 = 81/u?’? because of (3.37). If ¢g/2 = 0, the second equation in (3.28)
will lead to the same conclusion for the case. The case for ¢ = —1 is similar. |

Remark 3.2 Inequality (3.25) becomes an equality when (91(81) J(81 ))T is parallel to

. C s . o
the eigenvector of (sd Cd) associated with its eigenvalue —e. As a consequence,
d —¢Cd

(3.11) can become an equality, too, for even d.

@ Springer



Palindromic polynomial eigenvalue problems 111

Remark 3.3 Equation (3.24) reveals what contributes the most to the structured back-
ward error, while (3.25) fails to do at the price of being simple. That is that not all of |1 |
contributes equally in proportional to 1/+/@even to the structured backward error. In
fact only either INR(e0/2 8)] or |J(e 042 81)], depending on what ¢ is, does. Con-
ceivably, there are circumstances where the extreme tininess of either IR (e~04/2 §1)]
or |J(e04/2 §1)| may offset the tininess of v/Peyen to render reasonably tiny structured
backward error, much smaller than (3.25) would indicate. Similar comment applies to
part of the development in Lemma 3.3, too.

Lemma 3.2 Equation (3.14) which is for even d always has a solution. Its optimal
solution that minimizes 2|b(d/2) 1> + Zd/2 : ( 'Y |2 + |b(£) |2) is given by

425,12
@ Pdppu 8/
V2b? =T 2T

, (3.40)
\IJSVCD
d—t3 )
pe "8 pe i 82
b = T pi) = 2L 2 g fert=0.1.....d2-1 (4D
satisfying
d/2-1
S pd/D2 X b(lz) b(@ _18? 340
BEPP+ X (1D +[650) = o (3.42)
ZZO even

Proof Weyen, > 0 always since by assumption all p; > 0. It can be verified that bl.@’s
given by (3.40) and (3.41) satisfy (3.14). On the other hand, (3.14) implies, by the
Cauchy-Schwarz inequality,

d/2—1
1822 = Wevn | 2657 P+ 3 (21 + 1659T°)
£=0
for any solution {b“)} to (3.14). O

Lemma 3.3 Equation (3.16) which is for odd d has a solution if and only if either
Il # Lor || = 1and 2r/(Jen?’?) € R. Otherwise it is inconsistent. When (3.16)
has a solution, its optimal solution that minimizes z(d b2 |b([) |2
0<e<@d-1/2-1,

is given by, for

0 bl + et
R(by,) — (Cd/Z—e Sd/z_g) Eons + £Lomm
woi) =Nt e it = elpl?=
Eodd — €&odd
cdp sdap\ (NG
- (Sd/z _Cd/z) (S((Sl) ’ (3.43)

@ Springer



112 R.-C. Liet al.

and the optimal value

R 25D | IS 8P

@-n/2 + fore = 1,
Z |b(e) 2 _ Doad Podd (3.44)
“~ 11 |m(e—19d/2 31)|2 |S(E—L9d/2 51)|2 f |
=l or &€ = —
$odd Doqq
18112
< (3.45)
odd

When || = 1 and zHr/(ﬁud/z) € R, (3.43) and (3.44) can be significantly simpli-
fiedto, for0 <€ <(d—1)/2—1,

V(1.0
N (bll ) _ 2p¢ J (Cd/ZZ) 81 (3.46)
- & 9 0
3 (bﬁ)) Doaa  \Sdj2—t) Jepd/?
and the optimal value
d-1/2 P
2 8l
> =g (3.47)
=0 odd

Proof Similarly to the proof of Lemma 3.1 above, (3.16) is equivalently to

% (b))

5 ()
R

(Zos -+ Zaa—1y) : = ( ) (3.48)
3(81)

(b0

X (bi(ld_l)ﬂ))

where Z, are as in (3.29). Let Z = (Zo, ..., Z@-1);2) - Then, as in the proof of
Lemma 3.1,

Sd —Cd
_ (carz sz (Soaa +€Coaa ¢ Sdpn
Sdj2 —Cd)2 Eodd — €Codd ) \Saj2 —cap2)’

The eigenvalues of Z ZT are ®yqq and Poda- If || # 1, then the smaller eigen-
value ¢ogqg > 0 and thus Z ZT is invertible. The optimal solution that minimizes

C, S
ZZ" = Eoaalr + €Zoaa ( d d)
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(‘1 1)/2 |b(e)|2 is,for¢ =0,1,...,(d—-1)/2 -1,

a (67) 90
=zl (zz"H)! (;( 1)) (3.49)
5 (bill)) ¢ I(81)

which lead to (3.43) and (3.44).
If, however, || = 1, then rank(Z) = 1 and (3.48) is not solvable unless

N(y1) S(Sl))T is parallel to JET (ca2 Sd/2)T, or equivalently (3.37) holds. When
it does, the optimal solution can be gotten similarly as in the proof of Lemma 3.1. O

Remark 3.4 Inequality (3.45) becomes an equality when (M (81) (81 ))T is parallel to

. c s . e
the eigenvector of (sd Cd) associated with its eigenvalue —e. As a consequence,
d —Cd

(3.11) can become an equality, too, for odd d.

Lemma 3.4 Equation (3.17) which is for odd d always has a solution. Its optimal
solution that minimizes Z(d b2 (|b(e) 12 4+ |b(z) |2) is given by

plO _ P pi=ts, pO _ Pt it 8

fort=0,1,...,(d—1)/2 (3.50)

Woaa 2 odd
satisfying
d-1)/2
/ b1 + b 52 3.51
> (IbF+1657) = ¢ (3.51)
=0 odd

Proof W,qq > 0 always since by assumption all p, > 0. It can be verified that bl.(f) ’s
given by (3.50) satisfy (3.17). On the other hand, (3.17) implies, by the Cauchy—
Schwarz inequality,

(d—1)/2—1
=0
for any solution {bl.(f)} to (3.17). O

Remark 3.5 Our solutions to (3.13) and (3.16) by Lemmas 3.1 and 3.3 are all that are
needed for dealing with the scalar polynomial case, i.e., when n = 1.
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4 Structured backward error for x = T

Theorem 4.1 is the main result of this section. We first define a few parameters in term
of a given approximate eigenpair {u, z} of PPEP (1.4): for even d,

d/2—1 5
def _
cI)even = Z pz’ﬂe"'gﬂd Z) +06:0§/2|:u|d7 (41)
=0
d/2—1
def _
Voun & 37 97 (1P + 18P0 + g3 o1l 2, 42)
£=0
and for odd d,
df(d—l)/2 5
Do € > PR |ut +end| (43)
=0
d-1)/2
def _
Yoar & D7 o (I + P40, (44)

£=0
Throughout this section, these assignments (4.1)—(4.4) are assumed.
Theorem 4.1 Let {i, z} be a given approximate eigenpair of PPEP (1.4). Suppose

x=Tand ¢ = +1in (1.5), and 8| and 8, are as in (2.11) with T = r which is defined
in (2.1). Let

@ — Deyen forevend, _ |Weven forevend,
" |®oqa, foroddd, Woaa, foroddd.

For the structured backward error Ag, we have

1. Ifdisodd, u = —¢, orifdiseven, u = =x1, and ¢ = —1, then

AL | oo if 24 # 0,
F= 1 1801/49, ifZHF = 0.

2. Ifdisodd, nu # —e, orifdiseven, u # £1, orifd is even, ¢ = 1, then

18112 18212
N L 45
F > + v 4.5)

The proof of this theorem also rests on solving (2.7). It is done by Lemmas 4.1-4.4
below. Recall (2.15), (2.16), (2.17), and Theorem 2.1, and keep in mind that x = T,
e=xLand|-| =" [Fin(2.8).
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For even d, we need to solve

d/2-1 © 0 © .0

bll blz bll b21 d—2¢ 4
I HO O te p©O o JH ®
=0 21 22 12 22

(d/2) (d/2) -
oeby by an | (o Vs
+/0d/2( a0 o | / =13%): (4.6)
sbiz/ ) asbéz/ ) 0 B
where o, = % i.e., 0 equals to 1 for ¢ = 1 and —1 for ¢ = —1. Componentwise,
it gives
dj2—1
— d/2
z Pe (bill) + Sbﬁ)ﬂd %) nt + Pd/ZUsbil/ i = s, 4.7
£=0
d/2—1
13 (4 — d/2
> e (b + b ut Y 't + epa by n? = 6. 48)
£=0

For odd d, we need to solve

d-1/2 b(ﬁ) b(ﬂ) b(é) b(ﬁ) _
11 P12 11 Y21 d-2¢ ) ¢ o Y

E Pt p £)+8( ' Z)u )u ()=(—) 4.9)
=0 ((bél) by, b%z) by 0 p

22 22

Componentwise, it gives

d-1/2
> o (B +eni ) ut = 51, (4.10)
£=0

d-1/2
> oo (B8 + et ut = 5. @.11)
£=0

We observe that:

—_

bgz) for all £ do not show up. Thus must bég) = 0 for all £ by (2.8).
2. Equations (4.7) and (4.8) are decoupled. Thus they can be solved separately for
optimal solutions that minimize

dJ2 d/2—1
S BOP 24P+ S (|b§g>|2+}b§‘? 2), 4.12)
=0 £=0

respectively, to arrive at optimal solutions to (4.6) in the sense of (2.8). Finally
A% is the sum of the optimized values of the two expressions in (4.12). This is for
evend.
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3. Equations (4.10) and (4.11) are decoupled, too. Thus they can also be solved
separately for optimal solutions that minimize

d—1))2 d-1)/2
P I (U i (4.13)
=0 =0

respectively, to arrive at optimal solutions to (4.9) in the sense of (2.8). Finally
A% is the sum of the optimized values of the two expressions in (4.13). This is for
odd d.

We shall now solve each of (4.7), (4.8), (4.10), and (4.11) in terms of four lemmas.
Lemma 4.1 Equation (4.7) which is for even d has a solution if and only if e = 1, or

e=—landp # *1,ore = —land u = 1 and 7'F = 0. Fore = 1 orfore = —1
and n # *£1, the optimal solution to (4.7) that minimizes Z?fo |b§£l) |2 is given by

74/28
/2 P2 178
b/ _ o, il

, (4.14)
(Deven
=0 —d—{
+ ¢ 1)
Lo _ pe (At +entt) s fort=0,1,...,d/2 1 (4.15)
q)even
satisfying
dj2
S 2
Z|b<4> ;H . (4.16)
e 0 even

For e = —1 and u = %1 and z%r = 0, the optimal solution is all bﬁ) = 0.

Proof Note all p; > 0 by the assumption (2.19). For ¢ = 1, ®¢,, > 0 always; For

= —1, Deyey > Oifand only if 1 # 1. It can be verified that b{"’s given by (4.14)
and (4.15) satisfy (4.7) whenever @, > 0. On the other hand, (4.7) implies, by the
Cauchy-Schwarz inequality,

dj2

|51|2 =< Deven Z ’b(g)
=0

for any solution {bl.(g.)} to (4.7).
Fore = —1if u = %1, then (4.7) is consistent if and only if §; = O (or equivalently
ZH7 = 0) for which case the optimal solution is bg? = 0 for all £. O
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Lemma 4.2 Equation (4.8) which is for even d always has a solution. Its optimal
solution that minimizes 2|bg/2) 1> + Zd/z ! ( b(z) 1>+ Ib(z) |2) is given by

[b(d/2) P 1428, /N2

, 4.17)
\I‘jeven
—d—{ 4
5 5
pO =Pl 22 0 P =01, d2— 1 (418)
even even
satisfying
d/2—1 |52|2
@m)p O | [®
21b, ( b b ) = 2t 4.19
| + Z | + | \l'leven ( )

Proof Weyen, > 0 always. It can be verified that bl-(f) ’s given by (4.17) and (4.18) satisfy
(4.8). On the other hand, (4.8) implies, by the Cauchy—Schwarz inequality,

dj2—1
1827 < Weren | 2|03+ D (|b<‘~’> + (b0 )
£=0
for any solution {bff)} to (4.8). m]

Lemma 4.3 Equation (4.10) which is for odd d has a solution if and only if either
W # —eoru = —¢and 797 = 0. For pu # —e, then the optimal solution to (4.10)

that minimizes z(d b2 |b(€) |2 is given by

4g =d—{ S
b0 = 2 (7 - L) C fore=0,1,....(d—1))2 (4.20)
satisfying
d-1)/2 2
1)
> P =St (421)
=0 odd
For n = —¢ and 717 = 0, the optimal solution is all biel) =0

Proof Since d is odd, ®ogq = 0 if and only if 1 = —e. It can be verified that b’
given by (4.20) satisfy (4.10) when ®.ye, > 0. On the other hand, (4.10) implies, by
the Cauchy—Schwarz inequality,

(d-1)/2

8117 < ®oaa | > [B1)
£=0

for any solution {bl.(f)} to (4.10).
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For 1 = —e, then (4.10) is consistent if and only if §; = 0 (or equivalently z7 = 0)
for which case the optimal solution is bg? = 0 for all £. O

Lemma 4.4 Equation (4.11) which is for odd d always has a solution. Its optimal
solution that minimizes Z(d b2 (|b§g)|2 + |b§? |2) is given by

ORI pi=ts, @ Pt

— P %20 P O 0,1, (d—1)/2  (4.22)
12 Wodd 21 Wodd
satisfying
d—1)/2 5
é
> (ISP + o5y ):ﬂ. (4.23)
= WYoad

Proof Woqq > 0 always. It can be verified that bg)’s given by (4.22) satisfy (4.11).
On the other hand, (4.11) implies, by the Cauchy—Schwarz inequality,

(d-1)/2
|(32|2 < \I"odd Z (|b(£)| + |b(£) )
£=0
for any solution {bl.(f)} to (4.11). m]

Remark 4.1 Our solutions to (4.7) and (4.10) by Lemmas 4.1 and 4.3 are all that are
needed for dealing with the scalar polynomial case, i.e., when n = 1.

5 Numerical examples

In this section we test some numerical examples to illustrate our structured backward
error compared with the existing (unstructured) backward errors. For convenience,
we consider PQEP only: Q(1) = eA?A} + AA| + Ao with also A} = eA}, and set
pi = lAill2.

By the existing (unstructured) backward error, we mean the one from Tisseur [18]
who defined the (unstructured) backward error of an approximate eigenpair {1, z} of

0O()\) as

n(w,z) =min{8 : [Q(n) + AQ(w)]z =0,
[IAAz]]2 < épo, ||AAL]l2 < 8p1, [|AAoll2 < dpo},

where AQ(L) = A2(AA,) + AM(AA}) + AAg with no constraints imposed on AA;.
An explicit expression for n(u, z) in terms of r = —Q(u)z is given by [18]

[I7]]2
(I2p0 + 1l o1 + po) llzl12

n(u,z) = 5.D
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Take n = 10 and choose Ay, A; € C'9%10 randomly as by this piece of MATLAB

code for x = H:

A0
Al

randn (n)+i*randn(n) ;
randn (n) +i*randn (n) ;

A2
Al

varepsilon * AQ’;
Al+varepsilon*Al’;

For x = T, all needed is toreplace A0 * and A1’ by A0. " and Al. ', respectively. We
compute 2n approximate eigenpairs {u, z} of Q(A) by MATLAB’s eig(---) after
linearizing Q (A). With {u, z} running through all 2n approximate eigenpairs, we plots
various quantities of interest in Figs. 1 and 2.

Figure 1 is for x = H. It is worth pointing out that in our many numerical runs
with different random matrices constructed as such (and different n as well), there are
always some eigenvalues with |u| being 1 in the working (IEEE double) precision.
As our analysis in Sect. 3 shows, if || = 1, the matrix Z is singular and there may
not exist a structured backward error unless z"r/(y/eu?/?) is real. But this condition
is nearly impossible to verify when the approximate eigenpair is so accurate in the
working precision that » may have no correct significant digits. So in the numerical
results presented in Fig. 1, we purposely perturb the computed y relatively by 1078
(i.e., perturb u to (1 4+ 1078)) to make || — 1 away from 0 by no less than about
1078, Doing so, however, does not prevent us from making our point with the numer-
ical results, namely Ar is very sensitive with respect to | |4| — 1] being near O or not.
Figure 1 clearly shows when | || — 1] is away from 0, A is not much worse than
n(w, z), and it appears that A is proportional to the reciprocal of | || — 1].

Figure 2 is for x = T. We did not encounter the critical cases = %1 as revealed
in our analysis in Sect. 4 during our many numerical runs. The numerical results pre-
sented in this figure do not include any critical case, unfortunately. Because of the lack
of critical cases, A is not much worse than n(u, z) here.

2 1
10 ——— 10" —
0 004
0 0. . 10 0 0. o . P 000"
. _ .
10 00 00000 107" ° oo ° 1
—2
= 10 1
10 o iyl 3
¢ Bound 10 lpl=11 i
1 0_4 o AF 1 0—4 Bound 1
x (w2 s v A
I 10 * (w2 i
10 10°® : 1
—7
-8 |
10 10
B A, Sl e .10*8 00 i
15" 2 alut S et i X =

-9 L
0072 4 6 8 10 12 14 16 18 20
Index of approximate eigenpairs (e=—1)

0 2 4 6 8 10 12 14 16 18 20
Index of approximate eigenpairs (e=1)
Fig.1 Backward errors for the case x = H; Left: ¢ = 1 and Right: ¢ = —1. Plotted quantities are | |u| — 1|,
bounds by (3.11), Ag by combining (3.24) and (3.42), and Tisseur’s n(, z) in (5.1). Bounds by (3.11) and
AF are visually indistinguishable from the plotted lines. Here, all computed p by eig (---) are perturbed

relatively by 1078 to make sure that the computed residuals have several correct significant digits
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14

10—14 T T T T T T T T T 10 T T T T T T T T T
A A
4 b
Koo / “‘ )
S W / Y
~ P _15 kR —
107 ¥ 10 R
RN # *en’ Y’
*,A-* * .: *~*,
e /
2.4 "
*
-16 N N N N N N N N N 10’16 N N N N N N N N L
100 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
Index of approximate eigenpairs (e=1) Index of approximate eigenpairs (e=—1)

Fig. 2 Backward errors for the case « = T; Left: ¢ = 1 and Right: ¢ = —1. Plotted quantities are Ag by
(4.5), and Tisseur’s n(u, z) in (5.1)

6 Concluding remarks

We have presented a detailed structured backward error analysis for an approximate
eigenpair {u, z} of PPEP (1.4) by solving problem (1.5). Computable formulas and
bounds for the structured backward errors are obtained. These formulas and bounds
show distinctive features of PPEP from the usual PEP as investigated by Tisseur [18]
and Liu and Wang [13], namely there are critical cases (|| = 1 for x = H and
u = =£1 for x = T) for which structured backward errors may not exist. When struc-
tured backward errors do exist, in the worst case the structured backward error is
inversely proportional to the square root of, for x = H,

d/2—1

2
Z o7 (|IL|K - Iuld%) for even d, and
=0

@12 )
> o (IMIE - IMI‘H) for odd d,
=0

and for » = T,

d/2—1
2
Z ,0% ‘// + eudfe‘ + ng§/2|md for even d, and
£=0
d-1/2 5
Z ,Of ‘Me + sud%‘ for odd d.
=0

The first two vanish at || = 1, while the last two possibly vanish at u = =£1.
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In the PEP case, Tisseur [18] asked and solved what the backward error for an
approximated eigenvalue is by minimizing the backward errors for an approximate
eigenpair {jt, z} over all possible vectors z. We also attempted to solve a similar ques-
tion, namely what the structured backward error for an approximated eigenvalue in
the PPEP case is. But it appears that our question is not as simple as in the PEP case
because our formulas for structured backward errors for PPEP depend on the approx-
imate eigenvector z in a more complicated way than Tisseur’s. Also in the PEP case,
Tisseur [18] asked and solved what the backward errors for an approximate eigen-
triplet (an eigenvalue and its associated left and right eigenvectors). We attempted to
solve a similar question, too, but did not succeed.
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