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that if n =dimH < oo, then j(A) < n (resp., k(A) < [n/2]), and the equality holds if and
only if A is of class S, (resp., one of the three conditions is true: (1) A is of class Sy, (2) n is
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1. Introduction

Let H be a complex Hilbert space with inner product (-,-) and norm || - || and let A be a contraction (||A]| < 1) on H.
There is a canonical decomposition of H as the direct sum Hi & H of reducing subspaces H; and Hy for A so that A|H;
is unitary and A|H» is completely nonunitary. (Recall that an operator B on K is completely nonunitary (c.n.u.) if there
is no (nonzero) reducing subspace L of B such that B|L is unitary.) In this case, H;y and H, are uniquely determined
by A: Hi ={x € H: ||Aix|| = |Ix|| = |A*x]|| for all j >0} and H, = H©& Hy, and U = A|H; and A’ = A|H; are called the
unitary part and completely nonunitary part of A, respectively (cf. [3, Theorem 1.3.2]). Another expression for the subspace
Hp is ﬂj’io(ker(l — AF*AJy N ker(I — AJAJ*)). Thus it is natural to consider the smallest integer j (resp., k) for which

ker(] — A#*AJy = Hy (resp., ker(I — A¥* AKy Nker(I — AKA¥*) = H;). For this purpose, we give the following definitions:

Definition 1.1. For a contraction A on H, let

A — ker(I — AJ*AJ) if0<j<oo,
I =1 2 ker(l — AP ATy if j = oo,

j(A)=min{j: 0< j < 0o, Hj(A) = Hao(A) N Hao(4%)}.

and

k(A) = min{k: 0 <k < oo, Hi(A) NHi(A*) = Hoo(A) N Hoo (A¥) }.
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The next example gives values of such indices for the n-by-n Jordan block
0 1

0
Jn=
1
0

Example 1.2. If A = J,, then j(A) =n and k(A) = [n/2], the ceiling of n/2 (that is, the smallest integer which is larger than
or equal to n/2). This is because simple computations yield that

n_]' . .
Hj(A) = {0} C 3f0<1§n,
{0} ifn < j<oo,
n_j . .
{0} ifn< j<oo,

and Hoo(A) N Hoo(A*) = {0},

In the following, we will show that if A is a contraction on an n-dimensional space, then j(A) and k(A) can be at most
n and [n/2], respectively. The extremal cases can also be completely characterized. Recall that an n-dimensional operator A
is said to be of class S, if it is a contraction, its eigenvalues are all in the open unit disc D ={z € C: |z| < 1} and it satisfies
rank(I, — A*A) = 1. One example of such operators is J,. More generally, it is known [1, Corollary 1.3] that an n-by-n matrix
is of class S, if and only if it is unitarily equivalent to a matrix of the form [aij]?,j:r where |a;i| <1 for all i and
a; = { (1 —laH2(1 - |ajj|2)1/2(nlj<;i1+1(_akk)) lfl < J
0 ifi > j.
We show that a contraction A on an n-dimensional space is such that j(A) =n (resp., k(A) = [n/2]) if and only if it is
of class S, (resp., one of the following holds: (1) A is of class Sy, (2) n is even and A is completely nonunitary with
A" 2| =1 and ||[A" 1| <1, and (3) n is even and A = U @ A’, where U is unitary on a one-dimensional space and A’ is of
class Sy—1). These will be given in Sections 2 and 3, respectively.
Throughout this paper, we will frequently use the fact that, for a contraction A and an integer j > 0, x is in H;(A) if and
only if [|Ax]| = [|x]I.
We end this section with some basic properties of the H;(A)’s, j(A) and k(A).

Proposition 1.3. Let A be a contraction on H. Then

(1) Ho(A) = Ho(A*) =H,

(2) Hj(A) | Hoo(A) as j — oo,

(3) dimHj(A) =dimH;(A*) forall j,0 < j < oo,

(4) 0<k(A) < j(A) < oo,

(5) the following conditions are equivalent: (a) j(A) =0, (b) k(A) =0, and (c) A is unitary,

(6) j(A)=j(A < j<oo)ifandonlyif A=U @ A" on H=Hq @ Hp, where U is unitary, H;j(A") = {0} and Hj_1(A") # {0},
(7) j(A) = j(A*) and k(A) = k(A"),

(8) j(A® B) =max{j(A), j(B)} and k(A & B) = max{k(A), k(B)} for any other contraction B, and

(9) for Anormal, H;j(A) = Hxo(A) for all j > 1 and thus j(A) =k(A) < 1.

For the proof of (3), we need the next lemma.

Lemma 1.4. For any operator A on H, let A*A = A, @ 0 (resp.,, AA* = A, ®© 0) on H =ran A* @ ker A (resp., H =ran A @ ker A*).
Then Ay and A, are unitarily equivalent.

Proof. Since ran A* =ran(A*A)1/2 (resp., ranA = ran(AA*)1/2), we may define V :ranA* — ranA (resp., W : ranA —
ran A*) by V ((A*A)1/2x) = Ax for x in H (resp., W ((AA*)1/2y) = A*y for y in H). Then V and W are surjective isometries
satisfying

1/2 1/2 1/2

y)=(Ax, (a4%)?y) = (x, A*(a4%) %y
=[x, (A*A)2A*y) = ((A*A)*x, W (AA%) 2 y)
= (W*(a*A) %, (a4%)"2y)

(V(A*A) "“x, (AA¥)
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for all x and y. Thus V = W*. We have
(V*AV)(A*A)*x = W Ay Ax = W (AA*) Ax
=W (AA*) 2 (AA%)2 Ax = A*(AA%) ' Ax = (A*A) (A*A)*x
= A1(A*A)x,

which shows that V*A,V = Ay, completing the proof. O

Proof of Proposition 1.3. (1), (2), (4), (5), (6) and (8) are trivial. (3) is an easy consequence of Lemma 1.4 and (7) follows
from (6) and (3). We now prove (9). Indeed, if A is normal, then from I — A/*AJ = (Zi;(l) Ak AK) (I — A*A) we obtain
Hq(A) S H;j(A) for any j > 1. Since H;j(A) S H1(A) by (2), the equality H;(A) = H{(A) holds for all j > 1. Our assertions
follow immediately. O

2. The index j(A)

The main result of this section is the following theorem.

Theorem 2.1. If A is a contraction on an n-dimensional space, then j(A) < n. The equality holds if and only if A is of class Sy,.
For its proof, we need the next two lemmas.

Lemma 2.2. If A is a contraction on an n-dimensional space with dim H;(A) > n — j for some j, 1 < j <n, then j(A) < j.

Proof. Assume that A acts on the space H with dimH =n. Since there are j 4 1 subspaces in the sequence H;(A) C
Hj_1(A) C--- S H1(A) € Ho(A) (= H), our assumption on H;(A) implies, by the pigeonhole principle, the equality of H;(A)
and Hy41(A) for some k, 0 <k < j. If x is in Hi41(A), then

lIx]l = [| A x| < J1AxI < X,

which yields that || A¥(Ax)|| = ||Ax|| = ||x||. Hence Ax is in Hy(A) = Hy+1(A) and thus A maps Hy(A) into itself isometrically.
Therefore, A= A1 & A> on H = Hy(A) & Hy(A)* with A; unitary. This shows that Hi(A) € Heo(A) N Hoe(A®). Since the
converse containment is trivial, we have Hy(A) = Hoo(A) N Hoo (A*®) and therefore j(A) <k < j as asserted. O

We note that the above arguments are essentially contained in the proof of [2, Lemma 2.3].
Lemma 2.3. A contraction A on an n-dimensional space is of class Sy if and only ifdimH;(A) =n — j forall j, 1 < j<n.
This characterization of Sp-operators is from [2, Theorem 3.1].

Proof of Theorem 2.1. If H,(A) = {0}, then obviously Hs(A)NHeo (A*) = {0} and j(A) < n; otherwise, the assertion j(A) <n
follows from Lemma 2.2.

For the remaining part, we need only check, in view of Lemma 2.3, that j(A) =n implies dimH;(A) =n — j for all j,
1< j<n. Indeed, if dimH;(A) <n — j for some j, 1< j <n, then, as in the proof of Lemma 2.2, the pigeonhole principle
yields the equality of Hy(A) and Hy1(A) for some k, j < k <n. We then proceed as before to infer that A maps Hy(A) into
itself isometrically and that Hi(A) = Hoo(A) N Hoo(A™). This leads to n = j(A) <k < n, a contradiction. Thus we must have
dimH;j(A) > n— j for all j. If the strict inequality “>" holds for any j, 1 < j <n, then Lemma 2.2 says that j(A) < j<n,
again a contradiction. Therefore, we have dimH(A) =n — j for all j. Thus A is of class S, by Lemma 2.3. This completes
the proof. O

To conclude this section, we give two remarks. Firstly, the assertion j(A) < n in Theorem 2.1 can be slightly improved.
Namely, if A is a finite-dimensional contraction, then j(A) is at most the degree of the minimal polynomial of A. To prove this, let
m denote this degree. Then, for any x in Hy(A), we have ||A™x| = |x||. Thus |A™ x| =--- = ||Ax|| = |||, which shows
that A™1x, ..., Ax,x are all in Hy(A). Since A™x is a linear combination of these vectors, it is also in Hj(A). We can then
deduce successively that all the Aix’s, j > m, are in Hi(A). If K denotes the subspace generated by x, Ax, A%x, ..., then
K is an invariant subspace of A contained in H{(A). Hence A; = A|K is isometric on K. On a finite-dimensional space,
Aq is unitary. Thus K is contained in Hoo(A) N Hoo(A*). This shows that x € Hoo(A) N Hoo(A*) for any x in Hp(A) or
Hm(A) € Hoo(A) N Hyo(A™). Since the converse containment is trivial, we obtain Hp,(A) = Hoo(A) N Hoo (A™). Thus j(A) <m
follows.
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Secondly, for any finite-dimensional contraction A, the inequality
dim H j;1(A) < max{dim H;(A) — 1, dim(Hu (A) N He (A*))} (a)

holds for all j > 0. This is a consequence of [2, Lemma 2.3]. Indeed, if dimH;;1(A) < dimH;(A) — 1, then we are done.
Otherwise, since Hj;1(A) € H;(A), we must have Hj,(A) = H;(A). By [2, Lemma 2.3] or the arguments in the proof of
Lemma 2.2, A|Hj1(A) is unitary. This implies that H;j;1(A) € Ho(A) N Hoo(A*). Hence these two subspaces are equal and
thus (a) also holds. Note that this can be used to give an alternative proof of j(A) <n in Theorem 2.1.

3. The index k(A)

Our first result relates k(A) to the norm-one index k4 for a contraction A. Recall that if A is a contraction, then its
norm-one index k4 is defined as sup{k > 0: ||A¥|| =1} (cf. [2, p. 364]). It is easily seen that (1) 0 < ka < 00, (2) ka =0 if
and only if ||A| <1, and (3) k4 = oo if and only if its spectral radius r(A) (= max{|A|: A € 0(A)}) equals 1. In fact, it was
shown in [2, Proposition 2.1(c) or Theorem 2.2] that, for an n-dimensional contraction A, k4 is either infinity or less than
or equal to n — 1.

Theorem 3.1. If A is a c.n.u. contraction, then k(A) < [(ka +1)/2]. If, in addition, A is compact, then the equality k(A) = [(ka+1)/2]
holds.

The proof depends on the following lemma relating H;(A) N Hx(A*) and H i (A).

Lemma 3.2.If A is a contraction, then A** maps H;(A)NH(A*) onto Hj,(A) isometrically for any j, 0 < j < oo, and k, 0 < k < oo,
and, in particular, j(A) < 2k(A).

Proof. We first check that A®* maps H;(A) N Hi(A*) to Hj(A) for 0 < j,k < oo. Indeed, if x is in H;(A) N Hi(A*), then
Il > A% x| > AT A x| = [ AT (A*ARX) | = [ Ax] = 1x]. (b)

where the last two equalities follow from the assumptions that x € Hy(A*) and x € H;j(A), respectively. It follows that
| A7tk(AR*x)|| = ||A**x|| and thus A¥*x is in Hj;x(A). (b) above also implies that [|A**x|| = ||x|| and thus A¥*: H;(A) N
Hi(A*) — Hjk(A) is isometric. To show the surjectivity of the asserted map, let y be in Hj 4 (A). Then

Iyl > [A*y] = [ AT (Aky)] = Iyl
showing that AXy is in H;(A). We now prove that x = Aky is also in Hy(A*). Indeed, this is so because
where the second equality follows from y € H;,(A) € Hi(A). Finally, the equalities

Ak*xz A]C*Aky — y

show that A maps x in H;(A) N H(A*) to y. This proves our assertion for finite j and k. The case for j = oo can be easily
shown to be true from above.

To prove j(A) < 2k(A), we decompose A as U @ A’, where U is unitary and A’ is c.n.u. Since j(A) = j(A’) and
k(A) = k(A") by Proposition 1.3(8) and (5), we need only check j(A’) < 2k(A’). Assuming k = k(A") < co, we have
Hi(A") N Hi(A"™) = {0}. Hence Hy,(A") = {0} from above. Thus j(A’) < 2k = 2k(A’) as desired. O

Proof of Theorem 3.1. Since A is c.n.u., we have Hy,(A) N Hoo (A*) = {0}. If k(A) = 0o, then Hy(A) N Hy(A*) # {0} for any k,
0 <k < co. Thus Hy(A) {0} or ||AK|| =1 for all k > 0. It follows that k(A) = oo = [(ka + 1)/2].

Now assume that k = k(A) is finite (resp., k = k(A) is finite and A is compact). We have Hy_1(A) N Hy_1(A*) # {0}
and Hg(A) N Hi(A*) = {0}. Apply Lemma 3.2 to infer that Hoyx_»(A) # {0} and Hoi(A) = {0}. Hence ||A%*~2|| =1 (resp.,
|A%=2| =1 and ||A%|| < 1 because the compact A2 attains its norm). It follows that ks > 2k — 2 (resp., ka = 2k — 1 or
2k — 2). Therefore, k(A) < (ka +2)/2 (resp., k(A) = (ka + 1)/2 or (ka + 2)/2). We conclude that k(A) < [(ka + 1)/27 (resp.,
k(A) =T[(ka+1)/2]). D

Note that, in this theorem, the equality is in general false. One example is the c.n.u. normal contraction A =
diag(1/2,2/3,...,(m—1)/n,...) on I?. In this case, k(A) =1 and k4 = oo.

Corollary 3.3. Let A be a contraction on a finite-dimensional space. Then k(A) = 1 ifand only if A= U & A’, where U is unitary, A’ is
not missing, and ||A’|| < 1or |A’| =1 and ||A/2|| <1
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This is an easy consequence of Proposition 1.3 and Theorem 3.1. It is comparable to the corresponding condition for
j(A)=1, namely, A=U & A’, where U is unitary, A’ is not missing and ||A’|| <1 (cf. Proposition 1.3(6)).
The next theorem is the main result of this section.

Theorem 3.4. If A is a contraction on an n-dimensional space, then k(A) < [n/2]. For an operator A of class Sp, we have the equality
k(A) = [n/2].

Proof. Let A=U @ A’, where U is unitary and A’ is c.n.u. Then k(A) = max{k(U), k(A")} = k(A’") by Proposition 1.3. Since
k(A") = [(kar + 1)/2] by Theorem 3.1 and ks <n — 1 by [2, Proposition 2.1(c) or Theorem 2.2], we infer that k(A) <
[(n—1)+1)/2] = [n/2] as asserted.

If A is of class Sy, then kg =n — 1 by [2, Theorem 3.1] and hence k(A) = [((n — 1) 4+ 1)/2] = [n/2] from above. O

We now give another proof for the first assertion in Theorem 3.4 which is more in line of the arguments in Section 2
and does not involve the norm-one index.

For the n-dimensional contraction A, let k = [n/2]. We show that A¥* maps Hy(A) N Hi(A*) onto itself isometrically.
Indeed, if x is any vector in Hi(A) N Hi(A*), then

Il > [ A%x] > |AT(A4 )| = A" (A A X) | = | AT = D,

where the last two equalities follow from the assumptions that x € Hi(A*) and x € Hy(A) C H,,_,(A), respectively. It follows
that ||A"(Ak*x)|| = | A%x|| = ||x|| and thus, in particular, A¥*x is in H,(A). Hence

A% (Hy(A) N Hy(A*)) € Hn(A) = Hoo(A) N Hoo(A*) € Hi(A) N Hie(A%), (c)

where the equality in the middle is by Theorem 2.1. Therefore, A¥* maps Hy(A) N Hi(A*) onto itself isometrically and thus
we have equalities throughout (c). This yields Hyg(A) N Hg(A*) = Hoo(A) N Hoo (A*) and thus k(A) <k = [n/2].
The final result of this section is a characterization of n-dimensional contractions A with k(A) = [n/2].

Theorem 3.5. Let A be a contraction on an n-dimensional space. Then k(A) = [n/2] if and only if one of the following holds:

(1) Aisofclass Sy,
(2) nisevenand A is c.n.u. with ||A"2||=1and | A" || <1, and
(3) nisevenand A= U @& A’, where U is unitary on a one-dimensional space and A’ is of class Sp_1.

Proof. Assume that k(A) = [n/2]. Let A=U @ A’, where U is unitary on a space of dimension n —m and A’ is c.n.u. on a
space of dimension m, 0 < m < n. Since

[n/21=k(A) = max{k(U),k(A")} =k(A")
= [k +1)/2] < [m/21 < [n/2],

where the first inequality is by [2, Proposition 2.1(c) or Theorem 2.2], we have equalities throughout. In particular, [(ks +
1)/21=[m/2] and [m/2] = [n/2] hold. The latter implies that either m=n or n is even and m=n — 1:

(i) f n=m=2k+1 is odd, then [(ka +1)/2]1 =k + 1, which implies that ks = 2k or 2k + 1. In the former case, we have
ka=n—1 and hence A=A’ is of class S, by [2, Theorem 3.1]. For the latter, we have k4 =n, which is impossible by
[2, Proposition 2.1(c) or Theorem 2.2]. Thus, in this case, (1) holds.

(ii) If n =m = 2k is even, then [(ka + 1)/21 =k, which implies that k4 = 2k — 1 or 2k — 2. For the former, we have
ka=n—1 and thus A= A’ is of class S, that is, (1) holds. For the latter, k4s =n — 2, which yields (2).

(iii) If n =2k is even and m=n —1, then [(ka +1)/2] =k, and hence k4 =2k — 1 or 2k — 2. The former says that k4 =m,
which is impossible by [2, Proposition 2.1(c) or Theorem 2.2]. The latter implies that k4 =m — 1 and hence A’ is of
class Sp_1 by [2, Theorem 3.1]. Thus, in this case, (3) holds.

That (1) and (3) give k(A) = [n/2] is easily seen from Theorem 3.4 while (2) yields this equality is by Theorem 3.1. O

We conclude this paper by remarking that, analogous to the situation for j(A) in Section 2, we can (1) slightly improve
k(A) < [n/2] in Theorem 3.4 by proving that, for a finite-dimensional contraction A, k(A) < [m/2], where m is the degree of the
minimal polynomial of A, and (2) relate the dimensions of Hy1(A) N Hyg41(A*) and Hy(A) N Hi(A*) as

dim(Hg41(A) N Higq(A*)) < max{dim(Hy(A) N Hi(A*)) — 2, dim(Ho (A) N Hoo (A*))}
for a finite-dimensional contraction A and k > 0. To prove (1), we let | = [m/2]. Then 2] > m and hence Hy(A) € Hp(A). Since
Hm(A) = Hoo(A)NHoo (A*) as was proved in Section 2, we have Hy(A) = Hoo(A) NHoo(A*). Thus Hj(A)NH|(A*) = Hoo (A)N
Hoo(A*) by Lemma 3.2. Therefore, k(A) <= [m/2]. For the proof of (2), note that dim(H(A) N Hx(A*)) = dim Hy,(A) for
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all k > 0 by Lemma 3.2. Hence

dim(Hp11(A) N Hiy1(AY))
=dim Hp12(A)
< max{dim Hy11(A) — 1,dim(Hoo (A) N Hoo(A*))}  (by (a))
< max{max{dim Hy(A) — 1,dim(Hoo (A) N Hoo(A*))} — 1, dim(Hoo (A) N Hoo (A¥))}  (by (a))
= max{dim Hy(A) — 2, dim(Ho(A) N Heo (A¥))}
= max{dim(Hk(A) N Hg(A*)) — 2, dim(Ho (A) N Hoo(A¥)) }.

As before, this can be used to give an alternative proof of k(A) < [n/2] in Theorem 3.4.
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