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Abstract Based on some useful frequency domain meth-
ods, this paper proposes a systematic procedure to address
the limit cycle prediction of a neural vehicle control system
with adjustable parameters. A simple neurocontroller can be
linearized by using describing function method firstly.
According to the classical method of parameter plane, the
stability of linearized system with adjustable parameters is
then considered. In addition, gain margin and phase margin
for limit cycle generation are also analyzed by adding a gain-
phase margin tester into open loop system. Computer sim-
ulations show the efficiency of this approach.
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1 Introduction

The traditional method of analyzing the amplitude and

frequency of a limit cycle is to linearize the nonlinear
elements according to the describing function method
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[1-9]. Recently, this method has been extended to analyze
the stability of fuzzy [10, 11] and neural systems [12, 13].
Uncertain parameters in a linear control system can be
robustly analyzed by the parameter plane method or the
parameter space method [14-17]. A designer must care-
fully consider the range of safe operation of a system since
varying parameters and phase lag always impact practical
control systems. Gain margin (GM) and phase margin
(PM) are two important specifications in the analysis and
design of practical control systems. Methods of analyzing
the gain-phase margin of linear control systems [18-20]
and nonlinear systems [21-24] with adjustable parameters
have been developed.

This work describes a systematic strategy for analyzing
the limit cycles of a neural vehicle control system [9] with
adjustable parameters. The vehicle model is a single track
model from steering angle to yaw rate. A simple method is
then presented to evaluate the gain-phase margins for limit
cycle prediction after a gain-phase margin tester is added to
the forward open loop of a linearized vehicle control system.
After doing this, the relationship between the amplitude of
limit cycles and stability margins can be easily figured out.

2 Basic approach

In this section, some useful frequency domain approaches
including parameter plane, gain-phase margin tester and
describing function of neurocontroller are considered for
limit cycle prediction of vehicle control systems.

2.1 Parameter plane method

A general linearized system shown in Fig. 1 with multiple
nonlinear elements is considered, where G(s,Nig, Ny,
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Fig. 1 Block diagram of a general linearized nonlinear control
system

o yNugyNyy) is the open loop transfer function.
Nig,...,Nug and Nyy, ..., N, are real parts and imaginary
parts of the describing function (N;) of nj,na,... 1y,
respectively, which can be expressed as the following
equation [2, 3]

Nl'(A,CO) :NiR(A,C()) +jN,'1(A,(l)), i = 1,...,m, (l)

where A and o are the amplitude and frequency of sinu-
soidal input to one of the nonlinearities.

The characteristic equation of this equivalent linear
system can be expressed as

1+ KC_jeG(S7N1R7N117 ooy NuRy + oy Ny
oN(s,Nig,Niz, ..., Nmgy - - -, Nim
-1 +K6710 (S, 1R, 1V1I, ) R 1) _ 07 (2)
D(s, Nig, N1ty - - s Ny - - - Nonr)
which is equivalent to
f(s)éD(saN1R>Nlla ce ')NmR7 <. -7Nm1)
+ Ke "N (s, Nig, Niz, .., Ny - - s Nut) =0 (3)

Let s = jw, one has
f(](l)) :f(avﬁvyvaK767.]w):Ov (4)

where o, 8,7, ... are variables which consist of the items
(Nig,Nj;) of describing functions and/or adjustable
parameters of the linear portion of the system. Notice
that the designer can define these variables arbitrarily in
order to analyze the effect of system parameters. When
only two parameters « and f§ are chosen to concern, (4) is
arranged as the following equation

fo)=f( B0, K, 0,jo) =X o+ Y-f+Z=0 (5)

where X, Y and Z are functions of 7,...,K,60 and jw. Let
Eq. (5) be partitioned into two stability equations with real
part (fz) and imaginary part (f;) and written in the following
[14, 15]

fR(O(,ﬁ,'y,...,K,Q,CO):X]'OC—FY]-ﬁ—i-Z]:0 (6)
and
fl(a7ﬁa’ya"'aK)9)w):XZ'OCJ'_YZ'/}—"_ZZZO (7)

where X, Y1, Z; and X5, Y5, Z, are real and imaginary parts
of X, Y and Z. Therefore, o and f§ are solved from linear
functions of Eqs. (6) and (7), one has
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Y- Z,-Y,-Z
- = -~ 8
: N (3)
and

Z,-Xo—7Zr-X
= 1 2A 2 17 9)

where A = X; - Y, — X; - Y;. Note that if Egs. (6) and (7)
are not linear, but independent with o and f, they can be
solved theoretically.

2.2 Gain-phase margin analysis

Let 6 = 0°; Eq. (4) is rearranged as follows.

fGo)=f(a,p,p,....K,jo) =E-K+F =0. (10)
Partitioning Eq. (10) into real and imaginary parts yields
fr(e, B,y,.. . K,w) =E; - K+ F; =0, (11)
and

file, By, . K,0) =E, - K+ F, =0, (12)

where E|, E,, F; and F, are functions of «, 8,7, ... and w.
Thus, K can be determined directly from Egs. (11) and
(12), which yield

-F
=
and,
—F
h =

If K’ = K" = K; for A = A,;, the values of A; and K, related
to w; can be found by varying A from O to co. For many
values of m, a set (GM) of desired values of A and K can be
obtained. Alternatively, let K = 0 dB; Eq. (4) is rearranged
as follows.

fGo)=f(o,p,p,...,0 jo)=U-cos0+V-sin0+W=0. (15)

Also partitioning Eq. (15) into real and imaginary parts
yields

fr(o, By, .., 0,0) =Uy-cos@+Vy-sin0+W; =0 (16)
and
fi(a, Byp, .., 0,0) =Uy-cos0+V,-sin0+ W, =0, (17)

where Uy, V,, W,, U,, V, and W, are functions of «, f3,7,.. .,
and w. Hence, 0 can be determined directly from Egs. (16)
and (17), which yield

0= cos ! (L2 V2 Wiy (18)
U -V,—=U,- Vi )=

and
U -W,—-U, - W

0=sin"' (22" ") Ag". (19)
Uu -v,—-U,-Vy )=
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Fig. 2 Static neural network (SNN)

If @ =0" = 0; for A =A;, A; and 0; related to ; can be
found by varying A from 0 to co. For many values of w, a
set (PM) of desired values for A and 0 can be obtained.

2.3 Describing function of a neurocontroller

The static neural network (SNN) shown in Fig. 2 can be
used as a controller (neurocontroller). The network
structure is 1-m-1 and does not have bias weights [12,
13]. The parameters g, and h; are the neural network
weights and m is the number of hidden neurons. Based on
the stability analysis in [12, 13], the describing function of
neurocontroller with sigmoid function fanh may be rep-
resented as

Ni(A) ZZm:gk.hk{l —g%éAz} (20)

k=1

where A is the amplitude of limit cycle.

3 Vehicle dynamic systems

In the section, the classical linearized single track vehicle
model is given first [9]. The vehicle with yaw rate feedback
is now considered for design. The transfer function from
the input of front deflection angle ()) to the output of yaw
rate (r) can be obtained as follows.

cfomlf,uvzs + cfoc,.oluzv

»

A
Ml

\ 4
A

Fig. 3 Single track vehicle model

Table 1 Vehicle system quantities

Fp, F, Lateral wheel force at front and rear wheel
r Yaw rate

p Side slip angle at center of gravity (CG)

v Velocity

ay Lateral acceleration

Iy 1, Distance from front and rear axis to CG
I=1+1 Wheelbase

or Front wheel steering angle

m Mass

The tire force can be expressed as
Fy(ay) = pepooy,  Fr(or) = pcyoty (22)

with the tire cornering stiffnesses cy, ¢, the road adhesion
factor u and the tire side slip angles

°‘.f:5.f—(5+%r>,dr=—(ﬁ—%r) (23)

The state equation of vehicle dynamics with  and r can
be represented as

G /. =
[y L lL,m®v2s? + I(c ol + cpoly)muvs + croc,ol> 12 + (croly — croly)muv?

. n + n \' lr_ e l
F _H(Lf;JnerO) 14+ ule omv;ﬂ)/) B %
2 = wu(crol —croly) M(Cfnl_?JrC’O]IZ') r + Ko 5f
miyl, milv s
(24)
Hence, the transfer function from d to r is
(25)

Figure 3 shows the single track vehicle model, and the
related symbols are listed in Table 1. The equations of
motion are

B+nr| [ Fr+F.
| = L e

The numerical data in this paper are listed in Table 2.
According to the earlier mentioned analysis of a single
track vehicle model, the transfer function from the input of
front deflection angle J, to the output of yaw rate r can be
obtained as
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(1.382 x 10825 + 1.415 x 10'%42v)

Gr/()‘f (Sa i, V)

T 6.675 x 106252 + 1.08 x 10%uvs + (1.034 x 1072 + 4 x 1010,2)

(26)

Table 2 Vehicle system

parameters Co 50,000 N/rad
Cro 100,000 N/rad
m 1,830 kg
ly 151 m
1.6
1.4}
1.2}
1l
2 os}
Q
0.6}
041}
0.2}
0 L L , ) ) ) )

v (m/sec)

Fig. 4 Operating range

The operating range Q of the uncertain parameters y and
v is depicted in Fig. 4. In addition, the steering actuator is
modeled as

2

GA (S) L

S T 27
s2+\/§a),,s—|—a),21 27)

Fig. 5 The block diagram of a
neural vehicle control system

Normalization

where @, = 4n. The open loop transfer function is defined
as

Go(s, 1, v) :Gr/éf(shuav) - Ga(s) (28)

4 Simulation results

Consider the static neural control system shown in Fig. 5
and Eq. (28), the open loop transfer function can be
obtained as

ky+s-kg ky
G(s,ky, ka, ky, 1, v) = L—5. 2. Go (s, 1, v). 29
(s, kp, ka 1, V) V2 s o8, 1, v) (29)
Combining with a gain-phase margin tester, Ke 7’ and a

static neural controller, N;, the closed loop transfer
function is

Ke "N\ G(s, ky, ka, ku, 11, v)
1+ Ke 7'NG(s, ky, ka, kus 11, v)

=0 (30)

Assume the input signal of N; is x(¢) = Asinwt; the
describing function of static neural controller can be
expressed as Eq. (20). After some manipulations, the

characteristic equation of Eq. (30) is
f(S,kp,kd,ku,,u,V):X'O(+Y'ﬁ+Z:0 (31)

where o = k, and f = k, are two adjustable parameters
and

X = Ke Nk, (2.1818 x 1025 +2.2345 x 1024v)
Y = Ke 7'Nyk,s(2.1818 x 1025 + 2.2345 x 1024%v)

Neurocontroller

&

G” (s, ,v)

v

Vehicle Dynamics
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Fig. 6 Limit cycle loci

Z=1.4145(s*+17.7688s+157.9137)(6.675 x 10°2s?
+1.0746 x 10° uvs+4.0045 x 10" +1.034 x 108 v?)

Substituting s = jo into Eq. (31) enables « and f to be
determined from Eqgs. (6)—(9) by varying o from 0 to co.
Then, the stability boundary (K = 0 dB, 6 = 0°) can be
plotted in the k, versus k; plane. Choosing k, = 0.2,
w=1, v="70 (the highest velocity and road adhesion
factor) and the weights g; and &, are assumed as follows:

=& =8=5h=h=h=1

Then, the describing function N; of neural controller can be
obtained by using Eq. (20). Figure 6 shows some limit
cycle loci. In order to test the accuracy of Fig. 6, two points
01(0.3, 0.15) (asymptotically stable region: A = 0) and
0,(1, 0.52) (limit cycle region: A = 0.3) are selected. The
input signal x(#) shown in Fig. 7 can be obtained by using
the famous tool, MATLAB/Simulink. We can clearly find
that the amplitude of x(¢) operating at two points Q; and O,
in Fig. 7 is matched with the predicted results in Fig. 6. On
the other hand, if k, is changed from 0.1 to 0.4 and let
A = 0.3, then the limit cycle loci can be plotted in the
kp — kq — k, parameter space. Figure 8 shows the results.
Four operating points Q3—Qy are illustrated for testing. The
input signals x(¢) are obtained in Fig. 9, which consist the
results in Fig. 8.

Due to analyzing the gain-phase margins for limit cycle
prediction, the operating point Q; is chosen. Firstly, let
0 = 0°. Equation (31) can be arranged as
fs)=E-K+F=0 (32)
where

E = Niky(k, +kgs)(2.1818 x 10" 1?5 +-2.2345 x 10" 12v)
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Fig. 8 Limit cycle loci in the parameter space

F=1.414s(s>+17.76885+157.9137)(6.675 x 10%°5?
+1.0746 x 10° uvs +4.0045 x 10'° 1% +1.034 x 108 uv?)

By utilizing Egs. (11)-(14), a set of GM can be obtained
and plotted in Fig. 10. If GM = 10 dB is selected, the
predicted amplitude of limit cycle is 0.32. In Fig. 11, the
input signal x(f) is depicted, and the amplitude of limit
cycles conforms to the results in Fig. 10. On the other
hand, let K = 0dB. Equation (31) can be also arranged as

f(s)=U-cosO+V-sinf+W =0, (33)
where

U = Nk, (ky +kgs)(2.1818 x 10" 25 +2.2345 x 10'2%v)

V = —jNiky(k, + kqs)(2.1818 x 10'%%s
+2.2345 x 10" 12v)
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Fig. 10 Gain margin (GM) and amplitude of limit cycle

W=1.4145(s*+17.76885+157.9137)(6.675 x 10%*s>
+1.0746 x 10° uvs+4.0045 x 10'°42 +1.034 x 10% iv?)

By utilizing Egs. (16)—(19), a set of PM can be obtained
and plotted in Fig. 12. If PM = 45° is selected, the pre-
dicted amplitude of limit cycle is 0.31. In Fig. 13, the input
signal x(7) is also depicted and the amplitude of limit cycles
conforms to the results in Fig. 12.

Remark I  The proposed method here can be easily applied
to analyze the phenomena of limit cycles even if the control
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Fig. 11 Input signal x(z)

system has multiple nonlinearities, like saturation, relay,
hysteresis, backlash and different operating points.

5 Conclusions

In this paper, the limit cycle prediction of a neural vehicle
control system with adjustable parameters is achieved by
utilizing the frequency domain approaches with describing
function, parameter plane and gain-phase margin tester.
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Fig. 12 Phase margin (PM) and amplitude of limit cycle
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Fig. 13 Input signal x(7)

In addition, a simple method is also proposed to point out
the gain margin and phase margin when limit cycles can
occur in an operating point. A single track vehicle model is
then illustrated to study. Finally, computer simulations
show that more information about the characteristics of
limit cycles could be acquired by this work.
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