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摘要 

我們利用 (等效質量)理論探討具有吸引力或排斥力的玻色-愛因斯坦

凝聚態在光晶格之特性。 玻色-愛因斯坦凝聚態的波函數可由 Gross-Pitaevskii

方程式描述。 當玻色-愛因斯坦凝聚態的能量接近能帶邊界(band edge)時，其

波函數就可藉由等效質量理論得到解析解，即布拉格函數乘上由等效質量方程

式得到之波包函數。 利用這樣的波函數，我們探討亮孤子及暗孤子在能帶結構

中所表現之特性，並依其波函數之特性分類為布拉格反射型及全反射型的孤子。 

在推導等效質量方程式過程中，我們保留能帶(band edge energy)這一項，並驗

證此項對於描述玻色-愛因斯坦凝聚態在光晶格有重要意義。 此外，我們利用

數值解 Gross-Pitaevskii方程式來驗證由等效質量理論推得的解析解之準確性，

並與 Eiermann等人的實驗結果做比較。 我們證實玻色-愛因斯坦凝聚態在光晶

格之特性不但可以 ”定性” 更可 ”定量” 地運用等效質量理論來描述。 
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Abstract 

We apply the K  (effective mass) theory to study the dynamics of 

Bose-Einstein condensates (BECs) in optical lattices with either attractive or 

repulsive atom interactions.  The macroscopic condensate wave function is 

described by Gross-Pitaevskii (G-P) equation.  Near band edge, we obtain the 

analytic condensate wave function which is deduced from the effective mass theory 

and is found to be a Bloch function modulated by a soliton envelope function of the 

effective mass equation.  We demonstrate that bright and dark solitons, 

corresponding to energy in band gap and energy within band, respectively, can exist 

for both attractive and repulsive atom interactions and can be categorized as Bragg 

reflection and internal reflection type solitons.  In deriving the effective mass 

equation, we preserve the band edge energy term and we show this term is important 

to describe BECs in optical lattices.  Numerically solving the G-P equation 

confirms the analytic results that agree reasonably well with simulations as well as 

compared with the experimental results reported by Eiermann et al.  We 

demonstrate that BECs in optical lattices can be described, qualitatively and 

quantitatively, by the effective-mass theory. 
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Chapter 1  Introduction 

1-1  Preface 

Bose-Einstein condensates were predicted in 1924 by S. N. Bose and A. Einstein.  

S. N. Bose, an Indian physicist, worked out the statistics for photons.  A. Einstein 

applied Bose’s statistical model to predict that almost all of the particles in a Bosonic 

system would congregate in the ground state at an ultra-low temperature.       

Particles, in this case, are referred to atoms or molecules.  They are bosonic 

(fermionic) if they have integer (half-integer) spin, or equivalently, if the total number 

of electrons, protons, and neutrons they contain is even (odd).  For fermions, the 

Pauli exclusion principle prevents two particles from occupying the same quantum 

state, whereas, for bosons, the probability of finding particles in the same quantum 

state increases dramatically and satisfy the distribution of Bose-Einstein statistics 

given by 

 ( ) /
1( )

1BE k TN E
e µ−=

−
 

where Bk  is Boltzmann’s constant, µ  is the chemical potential,  is temperature 

and  is the energy of particles.  As a gas of bosonic particles is cooled to below a 

critical temperature and are all in ground state, De Broglie’s matter waves are 

comparable to the distance between particles, the individual wavepackets start to 

overlap and then these waves start to oscillate in coherent.  These bosonic particles 

are called Bose-Einstein condensates (BECs).  Since all atoms of BECs occupy the 

same ground state energy, the many-body wave function is then the product of  

identical single-particle where  is the number of condensate atoms.  This 

single-particle wave function is therefore called the condensate wave function or 

T

E

N

N
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macroscopic wave function.  If the number of atoms is high, BECs exhibit cubic 

nonlinearity which is equivalent to Kerr nonlinearity in optics due to interatomic 

forces of condensate atoms, characterized by the s-wave scattering length sa   

(typically 1 to 5 nm for alkali atoms).  In a gas, the separation between atoms 1 3n−  

is much larger than the effective range of the interatomic forces, i.e. the quantity 

.  This inequality expresses that binary collisions are much more frequent 

than three-body collisions.  It is in this limit that the theory of the weakly interacting 

Bose gas applies.  Under weak atomic interaction condition, condensate wave 

functions of BECs in optical lattices can be described by the Gross-Pitaevskii (G-P) 

equation, or equivalently, the nonlinear Schrödinger equation with periodic potentials. 

3 1sna

 

BECs could not be observed until cooling techniques were developed to reach 

such a low temperature, because creation of BECs accompany with ultra-low 

temperature (around billionths of a degree above absolute zero).  S. Chu, C. 

Cohen-Tannoudji and W.D. Phillips who won the Nobel Prize in Physics in 1997 

developed methods to cool and trap atoms with laser light.  This achievement 

accomplishes the first observation of BEC in dilute alkali gas in 1995 by E.A. Cornell, 

W. Ketterle and C.E. Wieman who won the Nobel Prize in Physics in 2001.  With 

successful experimental observation of BECs, many physical properties of BECs can 

be investigated further such as loading BECs in optical lattices [1] generated by 

interference of laser beams.  The first experiments involving the dynamics of BECs 

in periodic potentials were carried out by Anderson and Kasevich, who used this 

approach to demonstrate a mode-locked atom laser [2], and observe atomic Josephson 

oscillations [2,3].  In addition, the properties of coherent macroscopic matter waves 

in a lattice, such as the Bloch-band structure [4], macroscopic interference effects [2], 
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Bloch oscillations and Landau–Zener tunnelling [5], have been explored in a number 

of experiments.   

 

Due to the potential wells being separated by a finite distance, atoms can tunnel 

between adjacent wells.  BECs in optical lattices are affected by the structures of 

optical lattices.  The BEC spectrum has a band-gap structure [6], no BEC states can 

exist within the band gap in a linear regime, where the number of atoms is low.  If 

the number of atoms is high, BECs behave nonlinearly.  As the nonlinear term in the 

wave equation exactly compensates for wavepacket dispersion, solitons occur.   

There are spatially localized nonlinear BEC states, called gap, or equivalently bright, 

solitons which exist within the band gaps [7].  As the energy is in band, there exist 

dips on condensate density and a sharp phase gradient of the wave function at the 

position of the minimum and are called dark solitons.  Without optical lattices, bright 

solitons of BECs can only exist with attractive nonlinearity ( 0sa < ) below a certain 

number of atoms [8].  On the contrary, dark solitons can only exist under repulsive 

nonlinearity ( ).  However, bright and dark matter wave solitons is stable under 

both attractive and repulsive nonlinearity and have no restriction of number of atoms 

in BECs due to the periodicity of the optical lattice which leads to the effective 

dispersion of the BEC wavepakets deduced from the band structure. 

0sa >

 

1-2  Motivation 

Since the governing equation of BECs in optical lattices, G-P equation, is 

nonintegrable, several different theories whose accuracy depends heavily on the 

nature of the underlying problem are used to find the approximated solutions.  The 
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tight binding approximation [9] is only accurate when the potentials are deep and well 

separated.  The coupled-mode theory is valid when the energies are close to the gap 

and shallow potentials.  An accurate solution of solitons can only be obtained by 

exactly solving the full nonlinear Schrödinger equation with a periodic potential.  

Louis et al. [10] analyzed numerically the existence and stability of spatially extended 

and localized states of BEC loaded into an optical lattice.  They demonstrated the 

existence of families of spatially localized matter-wave solitons existing at gaps.  

Efremidis et al. [11] studied numerically the properties of gap solitons in BECs with 

either attractive or repulsive atom interaction.  They found families of gap solitons, 

which are characterized by the position of the energy eigenvalue within the associated 

band structure.  However, numerical simulations of BECs in optical lattices are 

highly computationally intensive, we describe Bose-Einstein condensates in 

one-dimensional optical lattices by introducing the effective-mass theory which has 

been extended to study semiconductor superlattices successfully without the need for 

full-scale numerical calculations.  Pu et al. [12] have obtained an effective equation 

of motion governing the time evolution of the envelope of the condensate wave 

function in which the periodic external potential appears in the form of an effective 

mass.  Numerical calculation confirmed that this envelope function approach 

provides us with useful qualitative insight into the condensate dynamics. 

 

In the Thesis, we study the nonlinear effect of BECs in one-dimensional optical 

lattices, numerically and analytically.  With a little modification, we add a term, band 

energy at a specific wave-vector, to the effective mass equation [12] of the envelope 

wave function of BECs in which the periodic external potential appears in the form of 

an effective mass.  Accordingly, we obtain analytical solution of the wave function 
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of soliton solution which is a Bloch function from periodicity times the envelope 

function of the nonlinear effective-mass Schrödinger equation.  We will theoretically 

observe the appearance of bright and dark solitons correspond to energy in and out-of 

band gap under different sign of the s-wave scattering length sa .  The analytic 

solutions of BECs are compared with the numerical results of the G-P equation.  We 

find that BECs in optical lattices can be described, qualitatively and quantitatively, by 

the effective-mass theory. 

 

1-3  Organization of the Thesis 

This Thesis is organized as follows.  Chapter 2 gives a brief review of effective 

mass theory and a deduction of the effective mass of BECs in optical lattices.  The 

plane wave method is applied to study the linear regime of BECs in optical lattices to 

obtain the band structure.  In Chapter 3, the one-band effective mass theory of a G-P 

equation is introduced which gives analytic bright/dark soliton solution.  We give the 

comparisons between analytic and numerical results.  Comparisons between analytic 

and experimental results reported by Eiermann et al. are also included.  We give a 

brief conclusion in Chapter 4.  
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Chapter 2  Theory and Methodology 

The dynamics of Bose-Einstein condensates (BECs) can be approximately 

described in the mean-field approximation by the Gross-Pitaevskii (G-P), or nonlinear 

Schrödinger, equation for the macroscopic condensate wave function.  BECs in 

optical lattices have many special phenomena, which are created by the interference 

between the nonlinearity due to the atomic interactions and the exotic dispersion 

relations from the periodic potential produced by interference of laser beams.  The 

chemical potential of atoms trapped in a period potential exhibits band structures 

containing band gaps.  No linear eigenmodes exist within a band gap.  Louis et 

al.[10] demonstrated numerically that there are nonlinear localized modes of the 

condensate existing in the band gap, which are matter-wave gap solitons.  On the 

other hand, dispersion relations of photons in nonlinear photonic crystal also exhibit 

the band-gap structure.  Nonlinear localized photon-modes, which are optical gap 

solitons [13], are shown inside the photonic gap [14, 15]. 

To understand the physical properties of the gap soliton, the one-band 

effective-mass theory of a nonlinear Schrödinger equation is derived and solved 

analytically to obtain gap soliton solutions.  We start with G-P equation to describe 

the dynamics of BECs in optical lattices.  The linear band structure of BECs in 

optical lattices is solved by the coupled mode theory.  The effective mass of BECs is 

defined.  The numerical simulation method is also given. 

 

2-1  Bose-Einstein condensates in optical lattices 

The dynamics of a Bose-Einstein condensate in an optical lattice can be 

described by the Gross-Pitaevskii (GP) [16] or the nonlinear Schrödinger equation for 
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the macroscopic condensate wave function ( , )r tΨ ,                                           

 
2

22( , ) ( ) ( ) ( , )
2

ti V x U g
t m

ψ
⎡ ⎤∂Ψ −

= ∇ + + + Ψ⎢
∂ ⎢ ⎥⎣ ⎦

r r t⎥ r

m

, (2.1) 

where  is Planck’s constant,  is the mass of the atoms,  is the 

nonlinear coefficient, and 

m 24 /sg aπ=

sa  is the s-wave scattering length.  

 is a one-dimensional periodic potential produced by the 

interference of laser beams, where  is the lattice constant and  is the potential 

depth.  

2( ) sin ( / )oV x E x Lπ=

L oE

2 2 2 2 21( ) ( )
2

r xU m x y zω ω⊥⎡= + +⎣
⎤
⎦  is an optical trapping potential with 

frequencies  xω  and ω⊥ .  Due to the high confinement in the y-z plane, the trap is 

elongated along the x direction (i.e. xω ω⊥ ).  Therefore, we express the wave 

function as ( ; ) ( , ) ( , )r t a y z x tψΨ = , where  is described by a solution of the 

two-dimensional radially symmetric quantum harmonic-oscillator 

problem, . By applying the 

transformation 

( , )a y z

2 2 2 2 2( / 2 ) ( / 2)( )m a m x y aω⊥ ⊥− ∇ + + = Ω a⊥

exp( )i tψ ψ ⊥→ − Ω  and integrating Eq. (2.1) in the y-z, a 

one-dimensional G-P equation is derived as 

 
2 2

22
2

( , ) sin ( ) ( , )
2 2o

x t gi E x
t m Lx

ψ π ψ ψ
⎡ ⎤∂ − ∂

= + +⎢
∂ ∂⎢ ⎥⎣ ⎦

x t⎥

r

. (2.2) 

It is more convenient to use dimensionless quantities by normalizing 

, , , and / oT t T= /( / 2)X x L= 1/ 2
1/ Lψ ϕ= /o oV E E= , and choose , 2 / 4oT mL=

2
1 / 2sL a mLω⊥= , and .  After these transformations, an effective 

one-dimensional G-P equation in dimensionless variables is derived as 

24 /rE = 2mL

 
2

22
2

( , ) 1 sin ( , )
2 2o

X Ti V X
T X

ϕ π σ ϕ ϕ
⎡ ⎤∂ − ∂ ⎛ ⎞= + +⎢ ⎥⎜ ⎟∂ ⎝ ⎠∂⎢ ⎥⎣ ⎦

X T , (2.3) 

where ( )ssgn aσ = .  Eq.(2.3) is equivalent to a time-dependent nonlinear 
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Schrödinger equation with a periodic potential.  If σ  is positive (negative), atoms 

are resulting in repulsive (attractive) interaction.  Eq.(2.3) possesses an integral of 

motion 

 2N ϕ dX
∞

−∞
= ∫ , (2.4) 

which accounts for the conservation of the number N of atoms in the condensate. 

 

2-1-1  Band Structure 

The E-k band structure of a BEC in optical lattices determines basic properties of 

the matter waves under linear Schrödinger equation.  To find the band structure we 

assume that the linear part of Eq. (2.3) admits stationary solutions of the 

form ( , ) ( )exp( )X T X iETϕ φ= − , thus obtaining the following eigenvalue problem, 

 
2

2
2

1( ) sin ( )
2 2

 o
XE X V X

X
πφ φ

⎡ ⎤− ∂ ⎛ ⎞= +⎢ ⎜ ⎟
⎝ ⎠∂⎢ ⎥⎣ ⎦

⎥ . (2.5) 

Eq. (2.5) possesses periodic solutions, known as Floquet-Bloch (FB) modes.  By 

using plane-wave methods, the periodic potential  can be expanded 

as 

2sin ( / 2)oV Xπ

 
( )

2 4

i X i X
oo

V e eV
π π−+

− . 

The Bloch functions can be expressed as 

 ( )( , ) i k m X
m

m
X k a e πφ += ∑ , (2.6) 

and satisfy orthonormality 

 (( , ) ( , )l m lmcell
)X q X k dx k qφ φ δ δ∗ = −∫ . (2.7) 

Substituting Eq.(2.6) into Eq.(2.5), we have 
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          ( )( )2
1 12 0

2 2
o o

o m m m
V VE V k m a a aπ − +− − + + + = .          (2.8) 

The accuracy of the method depends on the number of plane waves considered in the 

expansion, as well as on the form and the depth of the potential.  We assume the 

potential is relatively shallow, and the Bloch modes between the first and the second 

band can be accurately described by keeping only two terms of the expansion, 

i.e. . Eq.(2.6) is rewritten as 0, 1m = −

         1( , ) ikX ikX i X
oX k a e a e e πφ −

−= + .                 (2.9) 

Considering the dominant terms in Eq.(2.8), we obtain the following coupled 

equations 

( )
( )( )

2
1

2
1

2 0
2

2 0
2

 

o
o o

o
o o

VE V k a a

V a E V k aπ

−

−

⎧ − − + =⎪⎪
⎨
⎪ + − − − =
⎪⎩

              (2.10) 

We substitute Eq.(2.9) into Eq.(2.7) to satisfy the orthonormality of the Bloch 

functions, and then the coefficients and oa 1a−  are given by 

2 2
1

1
4oa a
π−= =                       (2.11) 

Substituting these coefficients into the Bloch functions in Eq.(2.9), we obtain the 

lower band Bloch waves at wave vector  k

 ( )1( , ) 1
4

ikX i XX k e e πφ
π

−= +  (2.12) 

And, the upper band Bloch waves at wave vector  k

 ( )( , ) 1
4

ikX i XiX k e e πφ
π

−= − +  (2.13) 

We have a nontrivial solution in Eq.(2.10), when the determinant of coefficients 

vanishes.  E-k band structure of BECs in one-dimensional optical lattices is then 

derived as 
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2 2 22 2 ( ( ) )( )

2 4 4
oo k k VV k kE

ππ − − ++ −
= + ±

2
 (2.14) 

The wave-vector k lies in the first Brillouin zone which is 2 2kπ π− ≤ ≤ .  For 

, the band structure is as in Fig. 1.  We first consider the two lowest bands at 

the extreme point of the first Brillouin zone i.e.

2.5oV =

2k π= .  , the lower energy band 

at

aE

2k π= , is given by 

2 1
8 4aE π

= + oV  (2.15) 

And, , the upper energy at bE 2k π= , is given by  

 
2 3

8 4bE π
= + oV  (2.16) 

We therefore obtain the second band gap / 2oE V∆ =  at / 2k π= .  Finally, we can 

derive the Bloch waves at energy bands at 2k π=  from Eq.(2.12) and Eq.(2.13).  

At the energy, , the Bloch wave is an even function given by aE

 1( , ) 2cos
2 24a X Xπφ

π
⎛= ⎜
⎝ ⎠

π ⎞
⎟  (2.17) 

And at the energy, , the Bloch wave is an odd function given by bE

 1( , ) 2sin
2 24b X Xπφ

π
⎛= ⎜
⎝ ⎠

π ⎞
⎟  (2.18) 

The condensate wave function in the lowest energy of the first band at  k=0  is 

given by 

 ( ) ( )1,0 cosc oX b b Xφ −= + π  (2.19) 

We solved Eq.(2.7) to obtain and ob 1b−  , which are given by 

 4 2 24 2 2 4 21

1
22 2 2

oo

oo o

Vb
b VV V π ππ π π π

⎛ ⎞⎛ ⎞
⎜=⎜ ⎟ ⎜ + −⎝ ⎠ ⎝ ⎠+ − +

⎟
⎟

 (2.20) 

cE , the energy at , is given by   0k =

 
4 22 2

2 4 4
oo

c
VVE

ππ +
= + −  (2.21) 
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The first band gap is explicitly cE E∆ =  since  is the lowest energy in the E-K 

spectrum. 

cE

Up to the present, we have derived the energy band structure and obtained three 

Bloch functions, named ( )a Xφ , ( )b Xφ  and ( )c Xφ  at chosen points in the -E K  

structure under the linear regime of the nonlinear Schrödinger equation with periodic 

potentials.  

In the following, we will introduce the effective-mass theory to the nonlinear 

Schrödinger equation with periodic potentials.  The envelop wave function of BECs 

in a periodic potential can be described by an effective nonlinear Schrödinger 

equation, where the periodicity is absorbed into the effective mass. 

   

2-2  The Effective Mass Theory 

Effective mass theory is a well-known approximation in solid state physics for 

studying dynamics of an electron in semiconductor, described by nonlinear 

Schrödinger equation.  The dynamics of a Bose-Einstein condensate loaded into an 

optical lattice are described by the Gross-Pitaevskii (G-P) equation.  The two 

systems, electrons in semiconductor and BECs in optical lattices, are analogous.  

Therefore, we can introduce the effective mass theory to study BECs in optical 

lattices. 

 

2-2-1  Brief review of effective mass theory 

We give a brief review of effective mass theory in solid state system [17].  

Starting with a general form of linear Schrödinger equation 
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 ( ) ( ) ( ),
,o

t
H U t i

t
ϕ

ϕ
∂

+ =
∂
r

r  (2.22) 

where  is a time independent Hamiltonian that, in most instance, contains a 

periodic potential.  represents an external influence; it is not periodic and may be 

time dependent.  The eigenfunctions of the characteristic equation given by 

oH

U

 ( ) ( ),k r k ro n n nH Eφ φ= ,  (2.23) 

are the Bloch functions with ( , ) ( , )n nφ φ= +k r k r a .  Here  is the wave vector,  

is the band index and  is the lattice vector.  The Bloch functions are orthonormal 

according to 

k n

a

 ( ) ( ) (3, ,n l nld rφ φ δ δ∗ )= −∫ q r  k r k q . (2.24) 

Note that in this equation and everywhere else, the integral on r involves complete 

space. They also form a complete set that 

 ( ) ( ) (3, , 'k r  k r r rn l
n

d kφ φ δ∗ )'= −∑∫ . (2.25) 

It is sometimes desirable to expand the wave function simply related to the Bloch 

functions at a single k-point of a band structure. Therefore, we introduce a basis of the 

so-called Kohn-Luttinger functions ( ),k rnχ which are defined in terms of the Bloch 

functions at some conveniently chosen point in the first Brillouin zone ko as 

 ( ) ( ) ( ) (, ,ok k r k r
ok r k r k ri i

n ne eχ φ−= =i i ),onu

k

, (2.26) 

where is the cell periodic function. The Kohn-Luttinger functions obey the same 

orthonormality and completeness relations as the Bloch functions. Thus, an arbitrary 

wave function can be expanded as 

nu

 ( ) ( ) 3( , ) , ,r k k rn n
n

t A t dϕ χ= ∑∫ , (2.27) 

where ( ,n )A tk  are the expansion coefficients.  And the matrix elements of  

are determined as the follows 

oH
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( ) ( )
( ) ( )

( ) ( )( ) ( )(
( )

3

2 2 2

3

, ,

2

o n o l

i
n

l

l

n H l H d r

e u

E m m

u d r

χ χ∗

∗

⎡ ⎤ =⎣ ⎦

⎡ ⎤× +⎢ ⎥⎣ ⎦

×

∫
∫ q-k r

o

o o

o

k q k r q r

                   = k ,r

                      k q-k p+ q -k

                      k ,r

i

i )o

)

 (2.28) 

We can break up the integral over whole space into an integral over unit cells since 

is periodic if is periodic. ( ,lu op k r lu

 ( ) ( ) ( ) ( ) (3q-k r
o o k ,r  p k ,r  q-k p ki

n l nle u u d r δ∗ =∫ i )o  (2.29) 

where 

 ( ) ( ) ( ) ( )
3

32
nl n lcell

u u
π ∗=
Ω ∫o op k k ,r p k ,r d ro  (2.30) 

with Ω being the volume of a unit cell.  Thus, Eq.(2.28) yields 

 
( ) ( )( ) ( )( ) ({ }2 2 22

o

nl l nl

n H l

E m mδ δ

⎡ ⎤⎣ ⎦

⎡ ⎤= + +⎢ ⎥⎣ ⎦o o

k q

q-k q -k q-k p ki )o
 (2.31) 

Consequently, the expansion coefficients ( ),nA tk  of Eq.(2.27) satisfy 

 

( )( ) ( )

( )( ) ( ) ( )

( )

2 2 2

3

2 ,

,

, 0

n n

nl l
l

l
l

E m i t A

m A

d q n U l A t

⎡ ⎤+ − ∂ ∂⎢ ⎥⎣ ⎦

⎡ ⎤ =⎣ ⎦

∑

∑∫

o

o o

q -k k

       + q-k p k k

       + k q q

i

t

t  (2.32) 

This is the Schrödinger equation under the effective mass theory.  For a stationary 

state of energy E, i.e., ( ) ( ),n nA t A→k k , Eq.(2.32) can be represented as 

 

( )( ) ( )

( )( ) ( ) ( )

( )

2 2 2

3

2

0

n n

nl l
l

l
l

E m E A

m

d q n U l A

⎡ ⎤+ −⎢ ⎥⎣ ⎦
+

+ ⎡ ⎤ =⎣ ⎦

∑

∑∫

o

o o

q -k k

      q-k p k k

      k q q

i A  (2.33) 
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After some algebra, the last term in Eq.(2.33) is represented as 

 ( )
( )

( ) ( ) 3
3

1

2
i

nl nln U l U e U d rδ δ
π

−⎡ ⎤ = − =⎣ ⎦ ∫ k q rk q k q ri . (2.34) 

The only terms of Eq.(2.33), which represent coupling between bands, are those 

involving the momentum matrix elements . pnl

We will consider the simpler non-degenerate case in the following discussion.  

By introducing a unitary transformation  to the expansion coefficients, 

where  is Hermitian and is in some sense “small”, Eq.(2.33) is then replaced by 

iSC e A−=

S

 
( )( ) ( )( )( ) ( )

( ) ( ) ( )

22 2 2

3

2

0

n nj nj
j

n n

E m m C

E C d q U C

ω δ δ
⎡ ⎤
⎢ ⎥+ +
⎢ ⎥⎣ ⎦

− + − =

∑

∫

oq -k k p k p k

       k  k q  q

i i jn n
 (2.35) 

By using ordinary perturbation theory, the energy of a state in the  band at k  is 

related to that at  in the second order by 

thn

ok

 
( ) ( ) ( )

( )( )
( ) ( )

2
2 2

2

2
( )

2o

o o

k k k p k k

k p k p
             

k k

n n nn

nj jn

n jj j l

E E
m m

E Em

δ

δ δ

≠

= + + −

+
−∑

i

i i

o

 (2.36) 

The first three terms in Eq.(2.35) are equivalent to the expression given in the 

Eq.(2.36) for the energy as a function of wave vector to second order in kδ , so that 

we replace those terms by  ( )knE

 ( )( ) ( ) ( ) ( )3 0n n nE E C d q U C− + − =∫k k  k q  q  (2.37) 

This equation resembles the Schrödinger equation in momentum space for one 

particle in the potential U.  There is a significant difference in that the effective mass 

tensor  is involved, rather than the free electron mass .  All of the effects of 

the periodic potential are incorporated in the effective mass. 

m∗
om

It is desirable to transform Eq.(2.37) to a differential equation in ordinary space.  We 
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define a function  by ( )rnF

 ( ) ( ) 3k rr i
n n kF e C dδ= k∫ i  (2.38) 

The integration in Eq.(2.38) includes only the Brillouin zone.  Next, multiply 

Eq.(2.37) by ( )exp k riδ i  and integrate over the Brillouin zone.  Let us consider the 

term 

 ( ) ( ) 3k rk ki
nE e C dδ∫ i k

jk

 (2.39) 

where can be expressed as ( )kE

 ( )k   n ij iE E kα δ δ= + ∑  (2.40) 

where ijα  is the reciprocal effective mass tensor, given implicitly in Eq.(2.35) 

for ( ) ( )(2 2
n nm m m E k k )α βαβ
∗ = ∂ ∂ ∂ .  By substituting Eq.(2.35) into Eq.(2.38) 

we have 

 

( ) ( )

( ) ( )

( )

3

1

i
n n ij i j n

n n ij n
i j

n n

E F k k e C d k

E F F
i x i x

E F
i

δα δ δ

α

+

∂ ∂
= +

∂ ∂

=
∇

∑ ∫
∑

k r r    

 r r

r

i k

 (2.41) 

The expression (1nE i∇)  means that we are to substitute ji x∂ ∂  for jkδ .  The 

last term of Eq.(2.37) is transformed as 

 
( ) ( )

( )
( ) ( ) ( ) ( )

3 3

3 3 3
3

1
2

o

k r

k k rk q r

  k q q

   r q

i
n

ii
n

d q d k U C e

d q d k d r U e e C

δ

π
′′ −−

−

′ ′=

∫∫

∫∫∫

i

ii  (2.42) 

If r  is large compared to a lattice spacing, the errors from approximation are not 

important for slowly varying impurity potentials.  Therefore, we are able to simplify 

Eq.(2.42) as 
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( )

( ) ( ) ( ) ( ) ( )-3 3 3
3

1

2
k r r k r   r q  r ri i

nd q d k d k e e U C U Fδ

π
′ ′ =∫∫∫ i i

n  (2.43) 

Now, we have, in replace of Eq.(2.37)  

 ( ) ( ) ( )1 0r r rn n nE E F U F
i

⎛ ⎞− +⎜ ⎟∇⎝ ⎠
=  (2.44) 

This is the transformed effective mass equation and does not contain any terms 

coupling different bands. 

Now, we introduce Wannier functions ( )r Rna µ− , characterized by a band index 

and a lattice site vector Rµ , to express the wave function in terms of orthogonal 

localized functions. 

 ( )
( )

( ) 3
3 ,

2
k Rr R k ri

na e µ
µ φ

π
−Ω

− = ∫
i

n d k  (2.45) 

After some algebra, the Bloch functions can be expressed as 

 ( )
( )

(3,
2

q Rq r r Ri
n e aµ )n µ

µ
φ

π
−Ω

= ∑ i −  (2.46) 

With Eq.(2.46) and the transformation , we have iSC e A−=

 

( ) ( )

( ) ( )

3k k q q

pk         k k

iS
n l

l

nl
n l

nll

A n e l C

C C
m

δ
ω

⎡ ⎤= ⎢ ⎥⎣ ⎦

= −

∑∫

∑

d q

)

 (2.47) 

where (nl n lE Eω = − .  The leading term in  is just , and we neglect the 

first-order correction. To this order 

nA nC

                 
( ) ( ) ( ) ( )

( ) ( )

3,

,

ok k r
o

o

r k k r

        k r r

i
n n

n

n n
n

C e d

F

ϕ φ

φ

−=

=

∑∫

∑

i k
        (2.48) 

If we are interested in the wave function associated with a particular impurity level 

under the conduction band, for instance n=c, we have finally  
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 ( ) ( ) ( ),or k rc Fϕ φ= r  (2.49) 

The impurity function is then an oscillatory band wave function modulated by a 

slowly varying, but exponentially decreasing, envelope function ( )rF . 

 

2-2-2  Effective mass theory in BECs 

We, in turn, adopt the effective mass equation [Eq.(2.44)] to consider a 

Bose-Einstein condensate in an optical lattice, described by G-P equation.  For the 

envelope functions vary not faster than on a scale of three lattice constants, the 

nonlinear terms should be added to Eq.(2.44) in a straightforward way 

 ( ) ( ) ( ) ( ) ( )21 0r r r r rn n n n nE E F U F F F
i

σ⎛ ⎞− + +⎜ ⎟∇⎝ ⎠
=  (2.50) 

or 

 ( ) ( ) ( ) ( ) ( ) ( )2 0r r r r rn ij n n n n
i j

E E F U F F F
i x i x

α σ
⎛ ⎞∂ ∂

− + + + =⎜ ⎟⎜ ⎟∂ ∂⎝ ⎠
∑  (2.51) 

where σ  is the strength of the nonlinear interatomic interaction. ix and jx are 

cartesian components of r .  Finally, we have the transformed effective mass 

equation contains nonlinear interaction without coupling bands.  

 

Now, we proceed to consider the nonlinear Schrödinger equation without 

external influence as in Eq.(2.3), the effective mass equation in Eq.(2.51) is rewritten 

as 

( ) ( ) ( ) ( )
2

2
* 2

1

2
0n

n n n n n
nm

F X
F X F X F X

X
δ σ

∂
− − +

∂
=

)o

      (2.52) 

where (n nE E kδ ≡ −  is the detuning chemical potential from , the ( )n oE k
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chemical potential at the extreme point of the band.  This is the effective-mass 

equation near the extreme points of the band,  , by making a unitary 

transformation to diagonalize the Hermitian matrix of Eq.(2.3).  In deriving 

Eq.(2.52), we have assumed that the band mixing is small.  If the band mixing is not 

negligible, a two-band model is necessary to describe BECs in optical lattices.  We 

believe that  is usually ignored in the applications of the effective-mass 

theory [12], cannot be ignored and is important to describe BECs in optical lattices, 

qualitatively and quantitatively.  The effective nonlinear interaction strength 

ok

( )n oE k

nσ   is 

given by 

( )1 4
1

,n n ou k X dXσ πσ
−

= ∫                  (2.53) 

The reciprocal effective mass is ( )* 21 nm E k k2= ∂ ∂  for band  as being defined 

in solid-state physics.  With second-order differential of Eq.(2.14), effective mass 

 at  is given by 

n

am∗
aE

 
21 1
oa Vm

π
∗ = −  (2.54) 

effective mass bm∗  at  is given by bE

 
21 1
ob Vm

π
∗ = +  (2.55) 

and, effective mass  at  is given by cm∗
cE

 1cm∗ =  (2.56) 

The effective mass can be positive or negative depending on the band.  With proper 

atomic interaction nσ  and the detuning chemical potential nδ , solitons may emerge 

from band edge . ( )n oE k

Eq.(2.52) is a time-independent nonlinear Schrödinger equation governing the 
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condensate envelope function ( )nF X , which is related to the condensate wave 

function by ( ) ( ) ( ),n o n
n

X k X F Xϕ φ= ∑  from Eq.(2.49).  If we are interested in 

the condensate wave function associated with a particular localized state developed 

from a certain band, from Eq.(2.49), we have 

 ( ) ( ) ( ),n n o nX k X F Xϕ φ=  (2.57) 

where  is band index marked as , , or  in this thesis.  n a b c

 

To give a brief summary, we have derived the condensate wave function of a 

time-independent nonlinear Schrödinger equation with a periodic potential to be an 

oscillatory band wave function modulated by a slowly varying envelope function 

( )nF X .  In next chapter, we introduce the bright and dark solitons arise from the 

BECs in optical lattices and discuss their properties. 

 

2-3  Numerical Method  

For obtaining the numerical results of one-dimensional G-P equation in Eq.(2.3) 

at steady state, we introduce numerical differentiation for approximating a 

second-order derivative, Newton-Raphson method for finding the solutions of 

nonlinear equations, and numerical integration for calculating the number of atoms in 

a BEC [Eq.(2.4)]. 

 

2-3-1  Numerical Differentiation  

We use central-difference formula of order ( )2O h  as a second-order derivative 
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( )f x′′ .  Start with the Taylor expansions 

 ( ) ( ) ( ) ( ) ( ) ( )2 3 (3) 4 (4)

2! 3! 4!
h f x h f x h f x

f x h f x hf x
′′

′+ = + + + + +  (2.58) 

and 

 ( ) ( ) ( ) ( ) ( ) ( )2 3 (3) 4 (4)

2! 3! 4!
h f x h f x h f x

f x h f x hf x
′′

′− = − + − + +  (2.59) 

Adding the two Eqs.(2.58)(2.59), we have 

 ( ) ( ) ( ) ( ) ( ) ( )2 (4) 4 (6)

2
2 2 2

4! 6!
f x h f x f x h h f x h f x

f x
h

+ − + −
′′ = − − −  (2.60) 

If the series in Eq.(2.60) is truncated at the fourth derivative, there exists a value c that 

lies in [ ],x h x h− +  so that 

 ( )2 (4)
'' 1 1

2
22

4!
o

o
h f cf f ff

h
−− +

= −  (2.61) 

This gives us the desired formula for approximating ( )f x′′  

 '' 1
2

2 o
o

1f f ff
h

−− +
≈  (2.62) 

We consequently have the error . 2h

 

2-3-2  Newton-Raphson theorem [18] 

We apply Newton-Raphson (or simply Newton’s) method for finding the 

solutions of nonlinear equations.  Assume that [ ]2 ,f C a b∈ and there exists a 

number [ ],p a b∈  where . If( ) 0f p = ( ) 0f p′ ≠ , then there exists a 0δ >  such that 

the sequence { } 0k kp ∞
=  defined by the iteration 

 ( ) ( )
( )

1
1 1

1
    for  1,2,...k

k k k
k

f p
p g p p k

f p
−

− −
−

= = − =
′

 (2.63) 
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will converge to p for any initial approximation [ ],op p pδ δ∈ − + .  The function 

 defined by the formula ( )g x

 ( ) ( )
( )

f x
g x x

f x
= −

′
 (2.64) 

is called the Newton-Raphson iteration function. Since ( ) 0f p = it is easy to see that 

.  Thus, the Newton-Raphson iteration for finding the root of the equation 

 is accomplished by finding a fixed point of the equation .  Since 

Newton’s method rely on the continuity of 

( ) 0g p =

( ) 0f x = ( )g x x=

( ) 0f x′ =  and ( ) 0f x′′ = , we start with 

the Taylor polynomial of degree 1n =   

 ( ) ( ) ( )( ) ( )( )2

2
o

o o o
f c x p

f x f p f p x p
′′ −

′= + − +
!

 (2.65) 

where  lies somewhere between c op  and x .  Substituting x p=  into Eq.(2.65) 

and using the fact that  produces ( ) 0f p =

 ( ) ( )( ) ( )( )2
0

2
o

o o o
f c x p

f p f p x p
′′ −

′= + − +
!

 (2.66) 

If op  is close enough to p , the last term on the right side of Eq.(2.66) will be small 

enough compared to the sum of the first two terms.  Hence, it can be neglected and 

we can use the approximation 

 ( ) ( )( )0 o o of p f p p p′≈ + −  (2.67) 

Solving for p in Eq.(2.67), we get ( ) ( )o o op p f p f p′≈ − .  This is used to define 

the next approximation 1p  to the root 

 
( )
( )1

o
o

o

f p
p p

f p
= −

′
 (2.68) 
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When 1kp −  is used in place of op  in Eq.(2.68), the general rule Eq.(2.63) is 

established.  For most applications this is all that needs to be understood.  However, 

to fully comprehend what is happing we need to consider the fix-point iteration 

function.  The key is in the analysis of ( )g x′   

 ( ) ( ) ( )
( ) 2

f x f x
g x

f x

′′
′ =

′⎡ ⎤⎣ ⎦
 

Since ( ) ( ) ( ) ( ) 2 0g p f p f p f p′ ′′ ′= =⎡ ⎤⎣ ⎦  and ( )g x  is continuous, it is possible to 

find a 0δ >  so that the hypothesis ( ) 1g x′ ≤  is satisfied on [ ],p pδ δ− + .  

Therefore, a sufficient condition for op  to initialize a convergent sequence { } 0k kp ∞
=  

which converges to a root of ( ) 0f x =  is that [ ],op p pδ δ∈ − +  and that δ  be 

chosen so that 

 
( ) ( )

( )
[2 1           for all ,

f x f x
x p p

f x
]δ δ

′′
< ∈ − +

′
 (2.69) 

 

2-3-3  Numerical Integration [19] 

We adopt a three-point formula exact up to polynomials of degree two.  This is 

true; moreover, by a cancellation of coefficients due to left-right symmetry of the 

formula, the three-point formula is exact for polynomials up to and including degree 

three, i.e. ( ) 3f x x= .  We have the Simpson’s rule 

 ( ) ( )3

1

5 (4)
1 2 3

1 4 1
3 3 3

x
x

f x dx h f f f O h f⎡ ⎤= + + +⎢ ⎥⎣ ⎦∫  (2.70) 

where  and  ;  0,1, , 1i ox x ih i N= + = + ( )i if x f≡ .  Here (4)f  means the 

fourth derivative of the function f  evaluated at an unknown place in the interval 
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and therefore the error is .  Note that the formula gives the integral over an 

interval of size , so the coefficients add up to two. 

5h

2h
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Chapter 3  Simulation Results and Discussion 

We have applied the effective mass theory to the Gross-Pitaevskii (G-P) equation, 

nonlinear Schrödinger equation with optical lattices, to obtained the effective mass 

equation [Eq.(2.52)] 

( ) ( ) ( ) ( )
2

2
* 2

1

2
0n

n n n n n
nm

F X
F X F X F X

X
δ σ

∂
− − +

∂
=  

The condensate wave function associated with a particular localized state developed 

from a certain band is shown in Eq.(2.57) 

 ( ) ( ) ( ),n n o nX k X F Xϕ φ=  

which is an oscillatory band wave function ( ),n ok Xφ  modulated by a slowly 

varying, but exponentially decreasing, envelope function ( )nF X  which provides a 

concrete picture to study the properties of BECs for certain energy in band structure.  

If the energy is within the band gap, gap solitons occur.  These solitons, 

characterized by localized wavepackets of the condensates, are also called bright 

solitons.  On the other hand, for the energy is within the band, dark solitons occur 

and are characterized by localized dips on the condensate density background. 

In the following, we apply the effective mass equation to obtain the analytic 

solutions of bright and dark solitons, respectively.  Both numerical simulations and 

experimental results reported by Eiermann et al. [20] are applied to confirm that this 

envelope function approach indeed provides us with useful qualitative insight into the 

condensate dynamics.  
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3-1  Bright Solitons 

For the energy is within band gap, bright soliton solutions can be described by 

the envelope functions which satisfy effective mass equation [Eq.(2.52)] and are 

given by 

 ( ) ( ) sechn n nF X A B X=  (3.1) 

where *2n n nB mδ=  and *
n n n nA B m σ= .  Bright solitons are developed from 

states of the upper (lower) band edge of the band gap, if atomic interactions are 

attractive (repulsive).  The sign of detuning chemical potential, atomic interactions 

and effective mass determines whether bright solitons exist or not.  For the energy is 

below the band edge 0nδ < , the effective mass 0nm∗ > , and attractive atomic 

interactions 0nσ < .  For the energy is above the band edge 0nδ > , the effective 

mass , and repulsive atomic interactions 0nm∗ < 0nσ > .  From Eq.(3.1), we know 

that the gap soliton width is inversely proportional to nB  and depends upon the 

detuning chemical potential nδ , which is the relative chemical potential to the band 

edges.  The properties of a gap soliton are determined by nδ , therefore, in order to 

understand BECs in optical lattices qualitatively and quantitatively, the chemical 

potential ( )n oE k  at band edge is significant.  Near the band edge, where nδ  and 

nB  are small, the soliton is much extended (occupying many lattice sites) in the 

space and decay slowly to infinity.  Deep inside the band gap, where nδ  and nB  

are large, the soliton is much confined in the space.  These analytic soliton properties 

are consistent with the numerical studies of BECs in optical lattices [8, 10]. 

We proceed to add oscillatory Bloch waves ( ),n ok Xφ  to envelope function 
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( )nF X  to obtain the condensate wave functions.  According to the states in the 

band from which solitons are developed, we classify gap solitons into categories that 

are Bragg-reflection type and internal-reflection type, respectively.  Note that we 

kept the depth of the optical lattices 2 5oV .=  in our numerical studies. 

  

3-1-1  Bragg-Reflection Type 

Solitons which arise from the energy , the first band at aE 2k π= , or , the 

second band at 

bE

2k π= , are classified in Bragg-Reflection Type.  From Eq. (2.15) 

and Eq. (2.16), we have  and 1.859aE = 3.109bE = , respectively.  For the solitons 

arising from , we have the energy goes up to the second band gap which implies aE

0aδ > , the effective mass  [Eq.(2.54)] is negative, and the formation of 

gap solitons is under repulsive atomic interactions 

0.339am∗ = −

0σ > .  For convenience, we 

name gap solitons which arise from  as  gap solitons.  By multiplying 

the Bloch wave 

aE -typea

( )( , 2) 1 cos 2a X Xφ π π π=  [Eq.(2.17)] to the envelope function 

of Eq.(3.1), the condensate wave function of gap solitons developed from  is 

given by 

aE

 ( ) ( ) 1 sech cos
2a
XX A BX πϕ

π
⎛= ⎜
⎝ ⎠

⎞
⎟  (3.2) 

We plot a series of the typical  gap solitons which are developed from the first 

band edge for repulsive atomic interactions for different energy under . 

These plots are Fig. 2(a), Fig. 2(b) and Fig. 2(c) which correspond to the energy 

, , and 

-typea

2 5oV .=

2 015E .= 2 4837E .= 2 9525E .= , respectively.  They have even symmetric 

Bloch wave under soliton envelope.  For comparison, we numerically solve 

time-independent G-P equation [Eq.(2.3)] and plot in Fig. 2(d), Fig. 2(e) and Fig. 2(f) 
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for the  gap solitons at the corresponding energies. -typea

 

On the other hand, for the solitons arising from , we have the energy goes 

down to the second band gap which implies 

bE

0bδ < , the effective mass  

[Eq.(2.55)] is positive, and the formation of gap solitons is under attractive atomic 

interactions

* 0.202bm =

0σ < .  For convenience, we name gap solitons which arise from  as 

 gap solitons.  By multiplying the Bloch wave 

bE

-typeb

(( , 2) 1 sin 2b )X Xφ π π π=  [Eq.(2.18)] to the envelope function of Eq.(3.1), the 

wave function of gap solitons developed from  is given by bE

 ( ) ( ) 1 sech sin
2b
XX A BX πϕ

π
⎛= ⎜
⎝ ⎠

⎞
⎟

.

 (3.3) 

We plot a series of the typical  gap solitons which are developed from the 

second band edge for attractive atomic interactions for different energy under 

.  These plots are Fig. 3(a), Fig. 3(b) and Fig. 3(c) which correspond to the 

energy , , and 

-typeb

2 5oV =

2 015E .= 2 4837E .= 2 9525E .= , respectively.  They have odd 

symmetric Bloch wave under soliton envelope.  For comparison, we again 

numerically solve time-independent G-P equation [Eq.(2.3)] and plot in Fig. 3(d), Fig. 

3(e) and Fig. 3(f) for the  gap solitons at the corresponding energies. -typeb

 

The results of  and  gap solitons reveal high agreement between 

the analytic and numerical solutions, especially, when detuning chemical potential 

-typea -typeb

nδ  is small.  The oscillations of gap solitons are due to the cosine and sine 

standing wave functions at the  and  as the Bragg reflection (BR) type 

solitons.  They are the modulated standing Bloch waves, resulting from the 

interference of counter-propagating Bragg reflected waves, by the soliton envelope 

aE bE
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function. 

 

To obtain the analytic particle number  related to the detuning chemical 

potential 

N

aδ  for the  gap solitons, we substitute Eq.(3.2) into the 

conservation of number of atoms in Eq.(2.4) 

-typea

 
2 2 2 2

2
1 csch

22
A AN
B BB

π π
π

⎛ ⎞⎛ ⎞
⎜= + ⎜ ⎟⎜ ⎟⎜ ⎝ ⎠⎝ ⎠

⎟
⎟

 (3.4) 

To obtain the analytic particle number  related to the detuning chemical potential N

bδ  for the  gap solitons, we substitute Eq.(3.3) into the conservation of 

number of atoms in Eq.(2.4) 

-typeb

 
2 2 2 2

2
1 csch

22
A AN
B BB

π π
π

⎛ ⎞⎛ ⎞
⎜= − ⎜ ⎟⎜ ⎟⎜ ⎝ ⎠⎝ ⎠

⎟
⎟

 (3.5) 

The number of atoms  in a BEC at different energies for  and  gap 

solitons are plotted in Fig. 5.  From Eq.(3.4) and Eq.(3.5), we found the atomic 

number  is approximately proportional to

N -typea -typeb

N δ  and it is small close to the band 

edges and becomes zero at band edges.  These properties are not only consistent with 

the numerical simulations [10, 11] but also with our simulations as shown in Fig. 5.  

Going deeper inside the band gap, the particle number  becomes large and the 

nonlinear effect is strong (solitons being more localized). 

N

 

3-1-2  Internal-Reflection Type 

Solitons which arise from the energy , the first band at cE 0k =  are classified 

in Internal-Reflection Type. From Eq.(2.21), we have 1.096cE = .  For the solitons 

arising from , we have the energy goes down to the first band gap which implies cE
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0cδ < , the effective mass  [Eq.(2.56)] is positive, and the formation of gap 

solitons is under attractive atomic interactions 

1cm∗ =

0σ < .  For convenience, we name 

gap solitons arise from  as  gap solitons.  By multiplying the Bloch 

wave 

cE -typec

( ) ( 1,0 coso )X b b Xφ −= + π  [Eq.(2.19)] to the envelope function of Eq.(3.1), 

the wave function of gap solitons developed from  is given by cE

 ( ) ( )( )1 sechc oX A BX b b cosϕ −= + Xπ  (3.6) 

We plot a series of the typical  gap solitons as shown in Fig. 4(a), Fig. 4(b) 

and Fig. 4(c) which correspond to the energy 

-typec

0 1371E .= , , and 

, respectively.  For comparison, we again numerically solve 

time-independent G-P equation [Eq.(2.3)] and plot in Fig. 4(d), Fig. 4(e) and Fig. 4(f) 

for the  gap solitons at the corresponding energies.  Note that the Bloch wave 

function is no longer a standing wave due to no coupling with counter-propagating 

wave.  The soliton is mainly localized by the attractive potential rather than by 

Bragg reflection in the periodic structure; in this band, it resembles an ordinary guided 

wave modulated by a periodic structure and acts as internal reflection (IR) wave 

which does not contain zeros.  It is a fundamental eigenmode gap soliton with small 

ripples and it becomes pure  profile for the soliton energy deeper in the gap or 

with lower soliton energy. 

0 5482E .=

0 9594E .=

-typec

2sech

 

To obtain the analytic particle number  related to the detuning chemical 

potential 

N

cδ  for the  gap solitons, we substitute Eq.(3.6) into the 

conservation of number of atoms in Eq.(2.4) 

-typec

 
2 2 2 2

2
2 2

1 2 csch csch
2

ab bN A
B B B B B

π π π π
π

⎛ ⎞⎛ ⎞ ⎛ ⎞
= + +⎜ ⎟⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠⎝ ⎠

2

 (3.7) 

where the coefficients ,  are given by a b
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4 24 2 2 4 2

1
22 2 2

o

oo o

Va
b VV V

2π ππ π π π

⎛ ⎞⎛ ⎞
= ⎜⎜ ⎟ ⎜ + −⎝ ⎠ + − + ⎝ ⎠

⎟⎟  (3.8) 

Number of atoms in condensates  is also approximately proportional toN δ  and 

does not exhibit atomic population cutoffs at band edge as shown in Fig. 5.  It 

becomes large as the localized state goes deeper inside the band gap where the 

nonlinear effect is strong (solitons being more localized).  However, we found in Fig. 

5 the numerical particle numbers of  and  both slightly larger than 

those obtained from the analytic formula of Eq.(3.4) and Eq.(3.5), but that for  

is smaller. 

-typea -typeb

-typec

 

3-2  Dark Solitons 

For the energy is on the band, dark soliton solutions can be described by the 

envelope functions which satisfy effective mass equation [Eq.(2.52)] and are given by 

 ( ) ( )tanhn n nF X A  B X=  (3.9) 

where *
n n nB mδ=  and *

n n n nA B m σ= .  Dark solitons are developed from 

states of the upper (lower) band edge of the band gap, if atomic interactions are 

repulsive (attractive).  The sign of detuning chemical potential, atomic interactions 

and effective mass determines whether dark solitons exist or not.  For the energy is 

above the band edge 0nδ > , the effective mass 0nm∗ > , and repulsive atomic 

interactions 0nσ > .  For the energy is below the band edge 0nδ < , the effective 

mass , and attractive atomic interactions 0nm∗ < 0nσ < .  The atomic interaction of 

dark solitons is contrary to that of bright solitons while sign of the effective mass 

remains the same.  From Eq.(3.9), we know that width of dark soliton is inversely 
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proportional to nB  and the background condensate density is proportional to .  

These two properties both depend upon the detuning chemical potential 

nA

nδ , which is 

the relative chemical potential to the band edges.  Near the band edge, where nδ , 

nB  and  are small, the width of the localized condensate density dips is extended 

(occupying many lattice sites) in the space and the background condensate density is 

low.  Deep inside the band, where 

nA

nδ , nB  and  are large, width of the dips is 

much confined and the background density is high.  We find that he chemical 

potential 

nA

( )n oE k  at band edge plays an important role in order to study BECs in 

optical lattices qualitatively and quantitatively.  To confirm these properties of dark 

solitons, we solve the condensate wave functions analytically and numerically. 

 

The procedure to seek for the condensate wave functions of dark solitons is 

analogous to that of bright solitons and is to add oscillatory band wave function 

 to envelope function ( ,n ok Xφ ) ( )nF X .  According to the states on the band from 

which solitons are developed, we classify gap solitons into categories that are the 

Bragg-reflection type and internal-reflection type, respectively.  Note that we kept 

the depth of the optical lattices 2 5oV .=  in the numerical studies. 

 

3-2-1  Bragg-Reflection Type 

Same as for dark solitons which arise from the energy , the first band at aE

2k π= , or , the second band at bE 2k π= , are classified in Bragg-Reflection Type.  

For dark solitons arising from the energy 1.859aE = , we have the detuning chemical 

potential 0aδ <  and negative effective mass 0.339am∗ = −  [Eq.(2.54)].  The 
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atomic interaction to form dark solitons is turned into attractive 0σ <  while the 

effective mass leaves unchanged.  For convenience, we call dark solitons arise from 

 as  dark solitons.  By multiplying the Bloch wave aE -typea

(( , 2) 1 cos 2a )X Xφ π π π=  [Eq.(2.17)] to the envelope function of Eq.(3.9), the 

wave function of dark solitons developed from  is given by aE

 ( ) ( ) 1 tanh cos
2a
XX A BX πϕ

π
⎛= ⎜
⎝ ⎠

⎞
⎟  (3.10) 

We plot a series of the typical  dark solitons as shown in Fig. 6(a), Fig. 6(b) 

and Fig. 6(c) which correspond to the energy 

-typea

1 1917E .= , , 

and , respectively.  For comparison, we numerically solve 

time-independent G-P equation [Eq.(2.3)] and plot in Fig. 6(d), Fig. 6(e) and Fig. 6(f) 

for the  dark solitons at the corresponding energies. 

1 4776E .=

1 7634E .=

-typea

For dark solitons arising from the energy 3.109bE = , we have the detuning 

chemical potential 0bδ >  and positive effective mass 0.202bm∗ =  [Eq.(2.55)].  

The atomic interaction to form dark solitons is turned into repulsive 0σ >  and the 

effective mass leaves unchanged.  For convenience, we call dark solitons arise from 

 as  dark solitons.  By multiplying the Bloch wave bE -typeb

(( , 2) 1 sin 2b )X Xφ π π π=  [Eq.(2.18)] to the envelope function of Eq.(3.9), the 

wave function of dark solitons developed from  is given by bE

 ( ) ( ) 1 tanh sin
2b
XX A BX πϕ

π
⎛= ⎜
⎝ ⎠

⎞
⎟  (3.11) 

We plot a series of the typical  dark solitons as shown in Fig. 7(a), Fig. 7(b) 

and Fig. 7(c) which correspond to the energy 

-typeb

3 204E .= , , and 

, respectively.  For comparison, we numerically solve time-independent 

G-P equation [Eq.(2.3)] and plot in Fig. 7(d), Fig. 7(e) and Fig. 7(f) for the  

dark solitons at the corresponding energies. 

3 4898E .=

3 7757E .=

-typeb
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The results of  and  dark solitons reveal high agreement between 

the analytic and numerical solutions.  Also, we show that the smaller detuning 

chemical potential 

-typea -typeb

nδ , the higher accuracy of the analytic results.  Lower accuracy 

of the analytic results occurs around the position 0X = .  The oscillations of  

and  dark solitons are due to the cosine and sine standing wave functions at 

the  and  as the Bragg reflection (BR) type solitons.  They are the 

modulated standing Bloch waves, resulting from the interference of 

counter-propagating Bragg reflected waves, by the soliton envelope function. 

-typea

-typeb

aE bE

 

3-2-2  Internal-Reflection Type 

For dark solitons arising from the energy 1.096cE =  at 0k =  are classified as 

Internal-Reflection Type.  We have the detuning chemical potential 0cδ >  and 

positive effective mass  [Eq.(2.56)].  The atomic interaction to form dark 

solitons is turned into repulsive 

1cm∗ =

0σ >  and still the effective mass leaves unchanged. 

For convenience, we name dark solitons arise from  as  dark solitons.  

By multiplying the Bloch wave 

cE -typec

( ) ( )1,0 cosoX b b Xφ −= + π  [Eq.(2.19)] to the 

envelope function of Eq.(3.9), the wave function of dark solitons developed from  

is given by 

cE

 ( ) ( )( )1 tanhc oX A BX b b cos Xϕ −= + π  (3.12) 

We plot a series of the typical  dark solitons as shown in Fig. 8(a), Fig. 8(b) 

and Fig. 8(c) which correspond to the energy 

-typec

1 1917E .= , , 

and , respectively. For comparison, we again numerically solve 

time-independent G-P equation [Eq.(2.3)] and plot in Fig. 8(d), Fig. 8(e) and Fig. 8(f) 

1 4776E .=

1 7634E .=
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for the  dark solitons at the corresponding energies. -typec

 

Mechanism of the formation of dark solitons is quite different from bright 

solitons.  Condensate waves can propagate in linear regime since the energy of dark 

soliton is in band.  With the consideration of atomic interaction, i.e., under nonlinear 

regime, phase difference θ∆  between the parts left and right to the dark soliton (DS) 

plane, a plane of minimum condensate density, is π .  This phase difference can be 

regarded as destructive interference of two waves, and hence there exist a localized 

dip in condensate density.   In aspect of energy band spectrum, since the energy 

band structure shift slightly, there exist the nonlinear localized mode, dip on 

condensate density, i.e. dark solitons.  Therefore, a dark soliton can propagate and its 

shape leave unchanged.  Dark solitons are characterized by the dependence of a 

complementary norm  of the condensate wave function on the chemical potential cN

E  to represent a notch on the condensate density.  We have  cN

  ( ) ( )2 2
background solitoncN Xϕ ϕ⎡ ⎤= −⎣ ⎦∫ X dX

where  represents a deficit of the condensate atoms associated with the formation 

of a dark soliton notch in the Bloch wave background.  We analytically calculate the 

number of deficient atoms in condensate,  which are plotted in Fig. 9.  The 

quantitative measure of this deficit depends on the width of the notch and the peak 

density of the background.  As a rule, wider solitons form on lower density Bloch 

waves near the lower edges of spectral bands.  The higher density nonlinear Bloch 

waves, corresponding to large chemical potentials, carry narrower dark states.   

cN

cN

 

We have numerically and analytically demonstrated that bright (dark) solitons 

developed from both of band edges of the first and second bands at 2k π=  into the 
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second band gap (within the first band) are Bragg reflection type, a standing wave of 

counter propagating Bragg reflected Bloch waves due to optical lattices, whereas, 

bright (dark) soliton below the first band (within the first band) is mainly localized by 

the nonlinear attractive (repulsive) potential rather than by Bragg reflection in optical 

lattices.  It resembles the ordinary guided waves modulated by a periodic structure 

and has internal reflection (IR) wave profile which does not contain zeros. 

 

 

The first experimental observation of bright matter wave solitons with repulsive 

interaction for 87Rb in optical lattices was reported by Eiermann et al. [20].  The 

experimental conditions are transverse and longitudinal trapping frequencies 

2 85 Hzω π⊥ = ×  and 2 0.5 Hzω π= × , and a standing light wave of wavelength 

783 nmλ = .  They deduced a soliton width of 6 µmox =  from the absorption 

images and the inverse effective mass 1 am 0.1∗ = −  from the experimentally 

measured soliton period, and they found the number of atoms is around 300.  We 

proceed to compare our analytic results for  gap solitons with Eiermann’s 

experimental results.  We can, on the contrary, obtain the analytic bright solitons 

solutions by deducing the depth of the optical lattice 

-typea

0 8972oV .=  from the effective 

mass 1 am∗ = −0.1 and the detuning chemical potential  from the 

soliton width 

35.322 10δ −= ×

6 µmox = .  Note that the soliton solutions are dimensionless and 

satisfy the effective one-dimensional G-P equation [Eq.(2.3)].  With parameter 

transformation discussed in Chapter 2, we can obtain solitons solutions satisfying 

one-dimensional G-P equation [Eq.(2.2)] instead and derive the number of atoms in 

bright soliton in dimensional variables  
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2 2 2

12 s s

Ldx dX dX N
L a mL a

ψ ϕ ϕ
ω ω⊥ ⊥

= = = =∫ ∫ ∫N
mL

 (3.13) 

where the lattice constant 2L λ=  and  is the number of atoms in dimensionless 

variables [Eq.(2.4)].  By substituting all parameters into Eq.(3.13),  is found to 

be  which well agree with Eiermann’s experimental results.  Eiermann’s 

experiments show that only partial condensate atoms can form bright solitons and the 

rest condensate atoms are regarded as background.  In aspect of our analytic soliton 

solutions, the detuning potential 

N

N

287

δ  represents number of condensate atoms to form 

bright solitons, whereas the band edge energy ( )n oE k  is regarded as background 

condensate atoms.  For further discussion, we consider the product of atom number 

and soliton width as a function of the effective mass varied by adjusting the depth of 

the periodic potential.  As the δ  is small, the second term in Eq.(3.4) is negligible 

and we found that the product of soliton width and the number of atoms is 

proportional to the inverse effective mass.  These results are shown in Fig.10 and are 

compared with Eiermann’s experimental results [22].  Good coincidence between 

analytic solutions and experimental results is also revealed in Fig. 10.  However, the 

foregoing are under small δ  and .  To complete our discussion, we plot 

numerical and analytical  for 

oV

-N E 1.5oV =  and 3.5oV =  shown in Fig. 11(a) and 

Fig. 11(b), respectively.  For small δ , the numerical and analytical results are in 

good agreement for both two values of ;  for large oV δ , it is found that  

has higher disagreement than 

3.5oV =

1.5oV = .  For large depth of the optical lattice, 

, the atoms are much confined in optical lattices, and hence the Bloch 

functions are not adequate to describe condensate atoms near band edge.  

Consequently, the inaccuracy of the analytic soliton solutions occurs.  In summary, 

the effective mass theory can describe BECs in optical lattices qualitatively and 

quantitatively, especially adequate for small optical lattice and detuning potential.  

3.5oV =
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Chapter 4  Conclusion and Perspective 

4-1  Conclusion 

We have applied the effective mass theory to study the dynamics of 

Bose-Einstein condensates (BECs) in optical lattices with either attractive or repulsive 

atom interactions.  The macroscopic condensate wave function is describes by 

Gross-Pitaevskii (G-P) equation.  We have derived the analytic soliton solution near 

band edge by including band edge energy as a parameter of solitons.  The analytic 

soliton solution is found to be a Bloch function from the periodicity modulated by a 

soliton envelope function of the effective mass equation in which the periodic external 

potential appears in the form of an effective mass.  The band edge energy is regarded 

as background condensate atoms at a specific wave vector to form solitons.  We have 

demonstrated that the analytic soliton solutions can be either bright or dark solitons 

for both attractive and repulsive atom interactions since the energy band structure can 

change the dispersion of the BEC wavepackets dramatically.  Both bright and dark 

solitons corresponding to energy in band gap and energy within band, respectively, 

can be categorized as Bragg reflection type solitons due to a standing wave of counter 

propagating Bragg reflected Bloch waves and internal reflection type solitons due to 

mainly localized by the attractive (repulsive) potential.  The relation between the 

number of atoms to form solitons and energy has also been studied.  As the energy 

goes deep inside the energy band (energy band gap), the number of atoms in dark 

(bright) soliton increases.  Numerically solved the G-P equation, we confirmed the 

analytic soliton solutions agree reasonably well with simulations.  The higher 

accuracy occurs at smaller detuning chemical potential and smaller depth of optical 

lattice.  Eventually, we compared our bright soliton solutions with repulsive 
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interaction with the experimental results reported by Eiermann et al. [20].  Good 

agreement has been revealed.  In conclusion, we have demonstrated that the band 

edge energy has physical significance to describe BECs in optical lattices and we 

have found that BECs in optical lattices can be described, qualitatively and 

quantitatively, by the effective-mass theory. 

 

4-2  Perspective 

    We have applied the effective mass theory to study the stationary state 

BECs in optical lattices, i.e., the time-independent G-P equation throughout the Thesis 

and have showed that BECs in optical lattices can be described, qualitatively and 

quantitatively, by the effective-mass theory.  In the future work, we can consider the 

time-dependent G-P equation where many phenomena of BECs in optical lattices can 

be experimentally demonstrated and/or theoretically investigated.  The prediction of 

modulational instability (MI) [21] is one of the phenomena.  Under the MI condition, 

the wavevector has imaginary term after adding a small perturbation wave to the 

Bloch wave and, consequently, the wave “grows up”.  In other words, solitons can 

occur under such condition.  Konotop and Salerno [22] have studied the 

modulational instability in BECs in optical lattices by means of multiple-scale 

expansion.  With such analysis, they obtain the velocity and inverse effective mass 

of the energy band, and explain the relation between the existence of solitons and the 

scattering length sa .  We can instead proceed to study MI of BECs in optical 

lattices by applying the effective mass theory to the time-dependent G-P equation. 
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Fig. 1  Typical energy band spectrum E k−  of BECs for depth of optical lattices  

2.5oV = .  Points “a” and “b” are the band edges of the first and second bands at 

2k π=  and point “c” is the lowest band edge at 0k = .  The shaded regions 

are the first and second band gap, respectively. 
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Fig. 2   bright soliton for analytic r-typea

with energy (a) , (b)2 015E .= 2E .=

numerical result of G-P equation (d), 

optical lattices. 
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Fig. 3   bright soliton for analytic -typeb

with energy (a) , (b)2 015E .= E =

numerical result of G-P equation (d

optical lattices. 
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Fig. 4   bright soliton for analytic result of -typec ( ) ( )( )1 sechc oX A BX b b cos Xϕ π−= +  

with energy (a) , (b)0 1371E .= 0 5482E .= , and (c) 0 9594E .=  and for the 

numerical result of G-P equation (d), (e), and (f).  The dashed line represents 

optical lattices. 
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Fig. 6   dark soliton for analytic res-typea

with energy (a) , (b)1 1917E .= 1E =

numerical result of G-P equation (d), 

optical lattices. 
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Fig. 7   dark soliton for analytic result of -typeb ( ) ( ) 1 tanh sin
2b
XX A BX πϕ

π
⎛ ⎞= ⎜ ⎟
⎝ ⎠

 

with energy (a) , (b)3 204E .= 3 4898E .= , and (c) 3 7757E .=  and for the 

numerical result of G-P equation (d), (e), and (f).  The dashed line represents 

optical lattices. 
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Fig. 8   dark soliton for analytic result of -typec ( ) ( )( )1 tanhc oX A BX b b cos Xϕ π−= +  

with energy (a) , (b)1 1917E .= 1 4776E .= , and (c) 1 7634E .=  and for the 

numerical result of G-P equation (d), (e), and (f).  The dashed line represents 

optical lattices. 
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Fig. 9  Analytic results of deficit number of atoms in dark soliton  as a function  cN
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