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A POTENTIAL-BASED PATH PLANNING ALGORITHM FOR

HYPER-REDUNDANT MANIPULATORS

Chien-Chou Lin* and Jen-Hui Chuang

ABSTRACT

A novel collision avoidance algorithm based on the generalized potential model
is proposed to solve the path-planning problem of hyper-redundant manipulators in 3-
D workspace.  The approach computes repulsive force and torque between manipula-
tor and obstacles by using the workspace information directly.  A collision-free path
for a manipulator can then be obtained by locally adjusting the manipulator configu-
ration to search for minimum potential configurations using these forces and torques.
The proposed approach is efficient since these potential gradients are analytically
tractable.  Furthermore, the proposed algorithm is also extended to dual-arm systems.
Simulation results show that the proposed algorithm works well, in terms of computa-
tion time and collision avoidance.
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I. INTRODUCTION

Path planning for a manipulator is to determine
a collision-free trajectory from its original location
and orientation (called starting configuration) to goal
configuration (Latombe, 1999).  Some planners adopt
configuration space (c-space) based approaches
(Dasgupta et al., 2009; Geraerts and Overmars, 2007;
Lozano-Perez, 1983; Brooks and Lozano-Preez, 1985;
Barraquand and Latombe, 1991; Kavraki et al., 1996).
A point in c-space indicates a configuration of the
manipulator which is usually encoded by a set of the
manipulator’s parameters, e.g., joint angles between
manipulator links.  The forbidden regions in c-space
correspond to manipulator configurations which in-
tersect obstacles.  Thus, path planning is reduced to
the problem of planning a path from the start to goal
point in free area of c-space.

Unlike c-space based approaches, geometric al-
gorithms directly use spatial occupancy information

from the workspace (w-space) to solve the path plan-
ning problem (Chuang and Ahuja, 1998; Chuang,
1998; Thanailakis et al., 1997; Khosla and Volpe,
1988; Chuang et al., 2000; Valavanis et al., 2001;
Tsai et al., 2001; Tsourveloudis et al., 2001; Yeh and
Lu, 2003; Lai et al., 2007; Lin et al., 2007; Conkur,
2009).  Workspace-based algorithms usually extract
relevant information about free space and use it to-
gether  with the manipulator geometry to find a path.
In addition to collision avoidance, some approaches
try to find paths with minimum risk of collision.  To
minimize such a risk, repulsive potential fields be-
tween manipulator and obstacles are used in (Chuang
and Ahuja, 1998; Chuang et al., 2000; Tsai et al.,
2001) to match their shapes in the path planning.

In general, the potential function used to model
the workspace can be a scalar function of the distances
between boundary points of the robot and those of
obstacles.  The gradient of such a scalar function,
i.e., the repulsive force between the robot and obstacles,
can be used to move the former away from the latter
making potential-based methods simple.  (For survey
of related work please see also (Hwang and Ahuja,
1992; Latombe, 1991).)  The Newtonian potential which
is inversely proportional to the distance between two
point charges is used in (Chuang and Ahuja, 1998)
for path planning in the 2-D space.  In (Chuang and
Ahuja, 1998), an algorithm is developed to compute
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a safe and smooth object path by minimizing the po-
tential function locally for obstacle avoidance, while
the gross robot movement is subject to the constraints
derived from the topology of the path given a priori.
Since the potential is minimized for obstacle avoid-
ance only, its local minima do not cause a problem in
the path planning.

In this paper, the potential field model in (Chuang,
1998), as reviewed in the next section, is adopted to
model the workspace for the path planning of robot
manipulators.  While the potential model presented
in (Chuang, 1998) is readily applicable to path plan-
ning for a point robot, a sequential planning algorithm
is developed in this paper for manipulators, represented
by point samples, of many degrees of freedom (DOFs).
The approach computes repulsive force and torque
between objects in the workspace.  This approach is
similar to electrostatics.  A collision-free path of a
manipulator can then be obtained by locally adjust-
ing the manipulator configuration to search for mini-
mum potential configurations using these forces and
torques.  The proposed approach uses one or more
guide planes (GPs) among obstacles in the free space
as final or intermediate goals in the workspace for
the end-effector of the manipulator to reach.  These
GPs provide the manipulator a general direction to
move forward and also help to establish certain mo-
tion constraints for adjusting manipulator configura-
tion during path planning, as discussed in Section III.
Compared to other approaches, the proposed approach
is unique in the sense that, under the aforementioned
constraints, only the potential function is considered
in the derivation of an optimal manipulator configu-
ration (through potential minimization).  In Section
IV, simulation results are presented for path plann-
ing performed for manipulators in different 3-D
environments.  Section V gives conclusions for this
work.

II. GENERALIZED POTENTIAL FIELDS IN
THE 3-D SPACE

In (Chuang, 1998), it is shown that the Newtonian
potential, being harmonic in the 3-D space, can not
prevent a charged point object from running into an-
other object whose surface is uniformly charged.  This
is because the value of such a potential function is
finite at the continuously charged surface.  Subsequently,
generalized potential models are proposed to assure
collision avoidance between 3-D objects.  The gen-
eralized potential function is inversely proportional
to the distance between two point charges to the power
of an integer and, as reviewed next, the potential, and
thus, its gradient due to polyhedral surfaces, can be
calculated analytically.  The path planner proposed
in this paper will use these results to evaluate the

repulsion between manipulators and obstacles.
Considering a planar surface S in the 3-D space

as shown in Fig. 1, the direction of its boundary, ∆S,
is determined with respect to its surface normal, {{{{{n,
by the right-hand rule, {{{{{u × {{{{{l = {{{{{n, where {{{{{u and

{{{{{l are
along the (outward) normal and tangential directions
of ∆S, respectively.  For the generalized potential
function, the potential value at point r is defined as

dS
Rm

S
,  m ≥ 2, (1)

where R = |r’ – r| for point r’, r’ ∈ S, and integer m is
the order of the potential function.  The basic proce-
dure to evaluate the potential at r is similar to that
outlined in (Wilton et al., 1984) for the evaluation of
the Newtonian potential (m = 1) and can be summa-
rized as follows:

(i) Write the integrand of the potential integral
over S as surface divergence of some vector
function.

(ii) Transform the integral into the one over ∆S
based on the surface divergence theorem.

(iii)Evaluate the integral as the sum of line in-
tegrals over edges of ∆S.

Related geometric quantities associated with an edge
Ci of S in the plane containing S, Q, are shown in Fig.
2 for r’ ∈ Ci.  Without loss of generality, it is as-
sumed that

d 
∆
=  {{{{{n . (r – r′) > 0, (2)

which is equal to the distance from r to Q.
For (i), we have (see (Chuang, 1998))

1
Rm = ∇S ⋅ ( fm(R)P) , (3)

where P is the position vector of r′ with respect to
the projection of r on Q, rQ, and

n

u

l

S

∆S

Fig. 1  A polygonal surface S in the 3-D space
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fm(R) =

log R

R2 – d2 , m = 2

– 1
(m – 2)Rm – 2(R2 – d2)

. m ≠ 2
(4)

Note that if rQ is inside S, fm(R) will become
singular for some r′′ = rQ, i.e., R = d.  Let Sε denote
the intersection of S and a small circular region on Q
of radius ε and centered at rQ, the potential due to S
can be evaluated as

dS
Rm

S
= lim

ε → 0
∇s ⋅ ( fm(R)P)dS

S – Sε

+ dS
Rm

Sε

= fm(l)P ⋅ udl
∆S

+ lim
ε → 0

0

α
pdpdθ

(p2 + d2)m/2
0

ε

= Pi
0Σ

i
⋅ ui fm, i(li)dli + gm(α)

Ci

, (5)

where

fm, i(li) = fm(R = li
2 + d2 + (Pi

0)2 ) , (6)

gm(α) =
α logd , m = 2

α
(m – 2)dm – 2 , m > 2

. (7)

Pi
0 is the distance between rQ and Ci, li is measured

from the projection of r on Ci along the direction of
{{{{{li, and α is the angular extent of the circumference of
Sε lying inside S as ε → 0.

Since fm, i(li) is a rational function for even m’s
when m ≠ 2 and is rationalizable for odd m’s (see
(Bers and Karal, 1976)), the line integrals can always
be evaluated in closed form except for m = 2.  For
example, if Pi

0 ≠ 0, we have

f3, i(li)dl
Ci

= f3, i(li)dl
li

–

l i
+

= 1
Pi

0d
tan– 1 l i

–d

Pi
0R– – tan– 1 l i

+d

Pi
0R+ , (8)

with R– and R+ equal to the distances from r to the
two end points of Ci, respectively.  Thus, the repul-
sive force exerted on a point charge at (x, y, z) due to
polygon j, denoted as1

Φ(x, y, z) = [φ(x2
i , y2

i , z) – φ(x1
i , y1

i , z)]Σ
i

+ α
Z

     (9)

can be obtained analytically by evaluating the gradi-
ent of the potential function for m = 3 with

φ(x, y, z) = 1
z tan– 1 xz

y x2 + y2 + z2
, (10)

where the xi – yi – z coordinate system is determined
by the right-hand rule for each edge i of the polygon
such that z is measured along the normal direction
and xi is measured along edge i of the polygon,
respectively.  Hence, the repulsive force at point (x,
y, z) due to polygon j can be denoted as

f j = ( fx
j, fy

j, fz
j) = (∂Φ j

∂x
, ∂Φ j

∂y
, ∂Φ j

∂z
) . (11)

For the potential-based path planning of
manipulators, the evaluation of the repulsion between
manipulators and obstacles involves the calculation
of the repulsion between pairs of polygons; each pair
has a polygon from the manipulator and the other from
obstacles.  To simplify the mathematics, links of
manipulator are approximately represented by a set
of point samples on their surfaces in this paper.
Usually, as shown in Fig. 3, the sampling points are
located on the vertexes and edges of links and their
distribution should be as uniform as possible.

Assume that a link has m point samples and the
obstacles have n polygon surfaces.  If the repulsive
force between point sample pk and surface Sj is de-
noted as f

j
k, the repulsive force exerted on p is equal

to

fk = ( fk x

jΣ
j

n
, fk y

jΣ
j

n
, fk z

jΣ
j

n
) (12)

according to Eq. (11), and the total repulsive force

1 Detailed discussions concerning some special cases for the potential calculation, e.g., for Pi
0 = 0 or d = 0, etc., as well as the associated

collision avoidance property can be found in (Chuang, 1998).  In this paper, only m = 3 is considered.

P0

d

R–

l–

r

r′

l+

R0 P

rQ

R+

Q

R

O (origin)

C

n

l

u

P0

R
P

Fig. 2 Geometric quantities associated with a point, an edge Ci

(subscript i is omitted) of S shown in Fig. 1 and the plane
Q containing S
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exerted on the link can be evaluated as

f = fkΣ
k

m
. (13)

The repulsion expressed by Eq. (13) will be used in
the potential-based path planning for robot manipu-
lators in 3-D workspace, as discussed next.  The total
repulsive torque exerted on a link with respect to a
point, say a joint, can be derived similarly.  These
are omitted for brevity.

III. PATH PLANNING

The application of the potential model reviewed
in the previous section for path planning of manipu-
lators will be discussed in this section.  The approach
computes repulsive forces and torques experienced
by each rigid component, e.g., a link, of a manipulator.
A collision-free path of the manipulator can then be
obtained by locally adjusting its configuration along
the path for minimum potential using these force and
torque.  In this paper, spherical joints are adopted to
connect links of a manipulator since its high DOF can
take full advantage of the proposed potential mini-
mization algorithm.

For a rough description of a manipulator path,
the proposed approach uses one or more guide planes
(GPs) as final or intermediate goals in the 3-D workspace.
The GPs are polygons among obstacles in the free
space, providing the manipulator a general direction
to move forward2 (see Fig. 4).  A collision-free

traversal of a given sequence of GPs by the end-ef-
fector is regarded as a global solution of the path planning
problem for a manipulator.

1. Generation and Selection of initial GPs

In the proposed algorithm, the GPs provide the
robot a general direction to move forward.  The se-
lection of the initial GPs may be based on (i) their
density along the passage, (ii) the visibility between
two adjacent GPs, or (iii) the angular variation of two
adjacent GPs.  For the examples considered in this
paper, the initial GPs are selected arbitrarily and the
algorithm seems to work reasonably well in terms of
the sensitivity of the planned path to the selection of
initial GPs.  Often, these initial GPs can also be ob-
tained from the Generalized Cylinder (GC) (Nevatia
and Binford, 1977) representation as crosssections
perpendicular to the GC axis.  Fig. 5(a) shows a pas-
sage which has approximately rectangular cross-
sections, and an axis of its GC representation.  In
general, there is no limit on the number of cross-sec-
tions and their shapes are not explicitly specified in
advance.

In the proposed approach, the shape of the GPs
is usually not critical as long as the GPs are confined
in the free space. In fact, only the normal direction of
a GP, e.g., the direction of the GC axis, is  important.
Such an axial representation can also be derived from
(i) the global navigation function as in (Barraquand
and Latombe, 1991; Koditschek, 1987; Yeh and Lu,

2 The local minimum in potential is not a problem since the proposed algorithm uses GPs as the global planner.  The potential function is
only used to adjust the configuration of the manipulator to avoid obstacles.

Fig. 3  The sampling model for a link of a manipulator

GP2
GP1

GP2
GP1

(a) (b)

Fig. 4  A manipulator is moved toward the goal (not shown) by sequentially traversing a sequence of GPs
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2003; Lai et al., 2007), as well as (ii) the tree struc-
ture representation of free space obtained from the
wavefront expansion presented in (Brock and
Kavraki, 2001).  While the gradient of (i) leads a point
object to the goal, global connectivity of free space
is available in (ii) and is used in (Brock and Kavraki,
2001) to solve a planning problem in low dimensions.

2. Basic Procedure of Path Planning

In this paper, the proposed path planning approach
derives a series of minimum potential configurations
along the path of a manipulator by locally adjusting
its configuration for minimum potential using the re-
sults given in Section II.  Assuming that a guide plane
GP1 is given as an intermediate goal, the basic path
planning procedures for moving the end-effector p′
of a manipulator onto GP1 include (see Fig. 6):

(i) Translate the distal links of the manipulator to
move its end-effector p′ toward the GP1.  If p′
can not reach GP1 directly, e.g., due to collision,
a virtual intermediate plane GP′1 is inserted as
shown in Fig. 6(a).  In this step, an intermediate

simple solution of the inverse kinematics prob-
lem is obtained by translating all manipulator
links except for the two base links, the base link
and the link connected to it.  For each translation,
the two base links, together, can have at most
three DOFs.

(ii) Search for the minimum potential configuration
of the manipulator for p ∈ GP′1 by repeatedly
executing:

(a) Search for the minimum potential configura-
tion of the manipulator with the distal link
fixed in orientation.  The minimization is per-
formed by sliding p along two orthogonal di-
rections on GP′1, e.g., →u and →v. (Fig. 6(b))

(b) Search for the minimum potential configura-
tion of the manipulator with the endeffector
p fixed in position.  The minimization is per-
formed by changing the orientation of the distal
link with p as its rotation center. (Fig. 6(c))

In this step, the problem is solved by finding a
sequence of sub-optimal solutions with mono-
tonically decreasing potential.  Finally, the minimal
potential solution is found in (iii).  (iii) Repeat
(i) and (ii) until p reaches GP1.

(a) (b)

Fig. 5  The generalized cylinder presentation of a passage

(b) (c)(a)

c
p

p′

GP1

GP1′ GP1′ GP1′

p p

u

v

Fig. 6 Basic path planning procedure for a given GP (see text).  (a) Moving toward the intermediate goal.  (b)-(c) two univariant optimi-
zation procedures
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In general, there are different ways to change
the manipulator configuration to move p toward GP1.
A simple translation of distal links is adopted in (i)
as a preliminary implementation of our algorithm.  As
shown in Fig. 6(a), the translation of the distal links
is carried out to move the end-effector from p′ to c,
where c is the centroid of GP1.  If collision occurs or
if the connectivity of manipulator can not be maintained,
the distance of the translation is reduced until the trans-
lation is collision-free while the manipulator remains
connected.  Accordingly, a new GP is inserted, e.g.,
GP′1.  No configuration improvement to reduce the
repulsive potential is considered at this stage.

As for the search for the minimum potential con-
figuration of the manipulator in (ii), links of the ma-
nipulator are adjusted from the distal link to the base
link using the repulsion experienced by the manipulator.
The distal link has five DOFs, i.e., two for its loca-
tion for p ∈ GP′1 and three for its orientation.  While
each of other distal links has three DOFs for its
orientation, the two base links, together, have at most
three DOFs with their connecting joint being constrained
to lie on a circle.

In (ii), the associated constrained optimization
problem is divided into two iterative univariant opti-
mization procedures (Beveridge and Schechter, 1970),
as in (ii-a) and (ii-b).  In (ii-a), the distal link is fixed
in its orientation (see Fig. 6(b)) as p slides on GP′1 to
search for the minimal potential configuration and
other distal links are sequentially adjusted in orienta-
tion, staring from the link connected to the distal link.
In (ii-b), the distal link is adjusted in orientation while
fixed in position (see Fig. 6(c)) and the procedure for
adjusting the rest of the links is similar to that in (ii-
a).  For a particular GP, say GP′1 in Fig. 6, (ii-a) and
(ii-b) are repeatedly performed until negligible
changes in the manipulator configuration are
obtained.  Then, another intermediate GP which is
closer to GP1 is obtained with (i) and the process
repeats.  The path planning algorithm, as summarized
below, ends as the end-effector reaches the given GP1

or an infeasible problem.  Detailed implementation
of the algorithm is presented in the next subsection.

Algorithm End_Effector_to_GP
Step 0 Initialize δ = p′c and GP ← GP1.
Step 1 Translate the distal links of the manipula-

tor with distance δ to move p′ to p along
the direction of p′c .  Find the smallest n
≥0 such that δ ← δ /2n corresponds to a fea-
sible and collision-free translation.  If δ <
δmin, go to Step 6; otherwise, construct GP′1
with GP′1 || GP1 and p ∈ GP′1, and let GP ←
GP′1. (see Fig. 6(a))

Step 2 Translate the distal link by sliding p on GP
to minimize the potential. (see Fig. 6(b))

Step 3 Adjust joint angle of the manipulator for the
minimum potential configuration with p
fixed in position. (see Fig. 6(c))

Step 4 Go to Step 2 if the translation in Step 2 or
the joint angle adjustment in Step 3 is not
negligible.

Step 5 If p reaches GP1, the planning is completed.
Otherwise, p′ ← p and go to Step 1 with δ
= p′c.

Step 6 Exit and report that GP1 is unreachable.

For path planning involving multiple GPs, the
above algorithm will be executed for each of them
sequentially.  It is assumed that the planning for a GP
starts as the planning of the previous GP is accomplished.
The path planning ends as the end-effector reaches the
goal, which is usually a (goal) GP in the path plan-
ning problems considered in this paper.

3. Implementation Details

1) Step 1 of Algorithm End_effector_to_GP: In
Step 1 of End_effector_to_GP, as mentioned earlier,
the translation of distal links is achieved in the imple-
mentation by translating every link except the two
base links.  The configuration of the two base links is
determined simply by considering a planar motion on
the plane formed by J0 (the base joint), the old posi-
tion of J1 and J2 such that an additional rotation will
move J2 to its new location.  On the other hand, there
are different ways to move p′ toward GP1.  For
example, p′ can be moved toward GP1 in the direc-
tion perpendicular to GP1.  In our simulation, for
simplicity, the end-effector is translated from p′ to p
by distance δ = max(p′c/2n); n ≥ 0, along the direc-
tion of p′c .  If GP1 is directly reachable without any
collision and disconnection of the manipulator, p and
c are identical.  A threshold, i.e., δmin = 1% of
workspace size, is established to set a lower bound
of the magnitude of allowed translation.  A transla-
tion which requires a smaller movement, δ < δmin,
indicates an infeasible path planning problem.

While no configuration improvement to reduce
the repulsive potential is considered in the above trans-
lation procedure, Steps 2 and 3 minimize the poten-
tial through constrained optimization procedures.  To
that end, an intermediate GP, GP′1, is added along the
path to serve as a geometric constraint for successive
adjustments of manipulator configuration.  Again, as
long as p ∈ GP′1, the choice of the orientation of GP′1
is not unique.  For simplicity, GP′1 || GP1 is adopted
in our simulation.

2) Adjusting end-effector position in Step 2:
After the end-effector reaches p, as shown in Fig.
6(b), one of the univariant procedures, which allows
the distal link to adjust its location, but not its
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orientation, in minimizing the repulsive potential, is
performed in Step 2 of End_effector_to_GP.  Since
the minimization is constrained by p ∈ GP, only the
projection of the resultant force experienced by the
distal link on GP is taken into account.

Consider the forces exerted on the distal link
lnkn, as shown in more detail in Fig. 7.  Let f1 be the
repulsive force exerted on lnkn due to the repulsion
between lnkn and the obstacles, and f2 be the force
exerted on Jn – 1 due to the repulsive torque, denoted
as τ0, between other manipulator links (lnk1 through
lnkn – 1) and obstacles.  For a univariant minimization
approach, only one variable is adjusted at a time.  To
determine the minimum potential location of lnkn as
p sliding on GP, all of the joint angles of the mani-
pulator, except the base joint J0, are assumed to be
fixed.  Therefore, τ0 can be calculated by consider-
ing a single rigid composite link formed by lnk1

through lnkn – 1 with respect to J0.  Thus,

f2 =
τ 0
l0

, (14)

where l0 is the length of J0Jn – 1.
To determine the direction in which p should

slide on GP, and thus lnkn should translate, to reduce
the repulsive potential, the projection of the result-
ant force exerted on lnkn along an arbitrary →u || GP

fu = f1u + f2u (15)

is calculated, where subscript u denotes the projec-
tion along →u.  To move linkn such that the potential
will have maximum rate of reduction, →u can be cho-
sen as the projection of 

→
f1 + 

→
f2 on GP.  A gradientbased

binary search for the minimum potential location of
p along →u can then be performed using (11).  The ini-
tial step of sliding is arbitrarily chosen as 10% of the
workspace size.  If the movement of lnkn along →u or
fu is negligible, e.g., the movement is smaller than
1% of workspace size, another minimizing scheme
along →v ∈ GP, which is orthogonal to →u, is performed
to minimize fv.  Step 2 ends when two consecutive
binary searches along the two orthogonal directions
result in negligible movement of lnkn.

In the above search processes, each time the
position of p is changed, the orientation of rest links,
i.e., joint angles at J0 through Jn –1 , need to be ad-
justed for connectivity and for minimum potential of
the manipulator.  Such a procedure is very similar to
the joint angle adjustment performed in Step 3 of
End_effector_to_GP, as discussed next.

3) Adjusting joint angle in Step 3: Once the mini-
mum potential position of lnkn is determined with Step
2 of End_effector_to_GP, another univariant procedure,
which allows the distal link to adjust its orientation
with end-effector p fixed in position is performed to

reduce the potential further, as shown in Fig. 6(c).
Under such a constraint, the distal link can rotate with
respect to p to reduce the repulsive potential.  The
direction in which the distal link should rotate is de-
termined by the repulsive torque experienced by the
distal link with respect to p.  Let τn be the repulsive
torque experienced by lnkn with respect to p due to
the repulsion between lnkn and let f2, as described in
the previous subsection, be the force exerted on Jn –1

due to the repulsive torque between other manipula-
tor links and obstacles.  The resultant torque experi-
enced by lnkn with respect to p is equal to

τn
* = τn + f2⊥ . ln, (16)

where ln is the length of lnkn and f2⊥ is the projection
of f2 onto a plane perpendicular to lnkn.

To find the minimum potential orientation of
lnkn for p fixed in position, gradient-based binary
searches are performed using the projection of τn

*

along three orthogonal axes of rotation, one axis at a
time.  For each binary search, the initial rotating angle
is arbitrarily chosen as 5°, while the accuracy in iden-
tifying the 1-D potential is chosen as 0.5°.  Each time
the orientation of lnkn is changed, the orientation of
the rest links are adjusted recursively for connectiv-
ity and for minimum potential using τn –1

*, τn –2
* ....,

etc.  Step 3 ends if a binary search using τn
* results in

a negligible change in the orientation of lnkn, i.e.,
0.5°.

As for the computation complexity, if every link
needs k binary searches on the average to find the
best orientation, the total number of binary searches
needed for the derivation of the minimum potential
configuration of an n-link manipulator is equal to

k1 + k2 + ... + kn – 2 = (kn – 1 – k)/(k –1) (17)

which appears to have a fairly large value.  Fortunately,
much lower computation complexity is often observed,
as in the examples considered in the next section.

Base
Joint

J0

Jn – 1

P

lnkn

f1

fu

u
GP

v

f2

Fig. 7 Sliding p on GP1′, by translating lnkn to reduce the repul-
sive potential
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IV. SIMULATION RESULTS

In this section, simulation results are presented
for path planning performed on a Windows system
for manipulators in a 3D environment.  Fig. 8(a)
shows the three GPs predetermined through global
path planning.  Side views of intermediate configu-
rations of the manipulator are shown as it grabs an
object at GP2 (Figs. 8(b)-(d)) and transports it to GP3

(Figs. 8(e)-(j)).  The simulation takes a total of 3.624
seconds to plan a 10-configuration collision-free path.
Due to the repulsion of the cubic obstacle on the top
of the passage, the manipulator detours around the

obstacle with its links basically lying in the middle
of the workspace.  It is readily observable that these
trajectories are safe and smooth.

Figures 9(a)-(c) show the initial and final con-
figurations of the path planning for another 6-link
manipulator stretching into a tapered passage with 4
GPs.  The passage makes up, down and right turns at
GP1, GP2 and GP3, respectively.  Fig. 9(a) shows the
initial configuration of the manipulator which lies in
a plane parallel to GP1.  Figs. 9(b)-(c) show top and
side views, respectively, of the final configuration
indicating that the end-effector of the manipulator
reaches the final GP safely.  Figs. 9(d)-(h) show the

(a)

(f)

(b)

(g)

(c)

(h)

(d)

(i)

(e)

( j)

GP2

GP1

GP3

Fig. 8 A path planning example for a 6-link manipulator in a 3-GP workspace.  (a) The three predetermined GPs.  (b)-(j) Side views of
intermediate configurations of the manipulator which grabs an object at GP2 and transports it to GP3

(a) (b) (c)

(e)(d) (f) (g) (h)

GP4

GP3

GP2

GP1

Fig. 9 A path planning example for a 6-link manipulator in a 4-GP workspace.  (a) The initial configuration.  (b)-(c) Two different views
of the final configuration.  (d)-(h) Top views of the initial configuration of the manipulator, as well as intermediate configurations
as its end-effector reaches each of the four GPs
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top views of the initial configuration of the manipulator,
as well as intermediate configurations as its end-ef-
fector reaches each of the four GPs.

Figures 10(a)-(e) show complete as well as par-
tial manipulator trajectories.  In order to show the
manipulator trajectory more clearly, configurations
obtained by End_Effector_to_GP are shown in dif-
ferent gray levels, i.e., the initial configuration is
shown in white while final configuration is shown in
black.  The planned manipulator path is also observed
to be safe and smooth.  The simulation takes a total
of 26.648 seconds to plan the 12-configuration colli-
sion-free path and the computation time for each con-
figuration is shown in Table 1.  While the differences
in the amount of CPU time required to compute dif-
ferent manipulator configurations are mostly insigni-
ficant, it takes much more time to compute the first
configuration.  This is because the first configuration,
which can be seen clearly in Fig. 10(b), requires the
most adjustments in manipulator joint angles from the
previous (initial) configuration.

Figures 11(a)-(c) show the initial (from two dif-
ferent views) and final configurations, respectively,
of the path obtained for a 6-link manipulator work-
ing in a blocked workspace.  Figs. 11(d)-(f) show side

views of the intermediate configurations as its
end-effector reaches each of the three GPs.  Figs.
11(g)-(i) show top views of the same manipulator con-
figurations.  It can be seen clearly from Figs. 11(d)-
(i) that the end-effector of the manipulator reaches

Table 1 Computation time for manipulator con-
figurations shown in Fig. 10

Computation times (sec)

config. 1: 5.988 config. 7: 1.963
config. 2: 3.245 config. 8: 1.612
config. 3: 1.612 config. 9: 1.472
config. 4: 2.184 config. 10: 1.502
config. 5: 1.592 config. 11: 2.374
config. 6: 1.492 config. 12: 1.612

Total time: 26.648

Fig. 10 (a) The complete manipulator trajectory.  (b) The partial trajectory between Figs. 9(d) and (e).  (c) The partial trajectory between
Figs. 9(e) and (f).  (d) The partial trajectory between Figs. 9(f) and (g).  (e) The partial trajectory between Figs 9(g) and (h)

the three GPs safely.
Figures 12 show side views and top views, respec-

tively, of some partial trajectories of the manipulator.
The safety and smoothness of the manipulator trajectory
is also observed.  The simulation takes a total of 34.199
seconds to plan a 11-configuration collision-free path.
Because the workspace is more complex, the path plan-
ning is more time-consuming than other examples.

V. EXTEND TO DUAL-ARM SYSTEM

While only one robot in a workspace limits the
classes of tasks that can be performed, a multi-robot
system can expand the application area of robots.  For
example, a dual-manipulator system is more efficient
than a single-manipulator system since the tasks can
be processed in parallel.  In this section, the proposed
algorithm is extended to a dual-arm system.  The pro-
posed method uses a master-slave scheme to deal with
the coordination of two manipulators, by alternately
identifying the two manipulators as a master robot and
a slave robot, respectively.  The alternate priority al-
gorithm has two stages.  In the first stage, the master
manipulator adjusts its configuration by using the re-
pulsion between the master manipulator and obstacles,
including the slave manipulator.  Once the adjustment
of the master is done, the slave begins to move toward
its intermediate goal and adjusts its configuration by
using the repulsion between the slave and obstacles,
including the master.  These two stages are processed

(a) (b) (c)

(e)(d)
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iteratively until both manipulators reach their goals.
Considering two manipulators trying to position

their end-effectors to their goals while avoiding ob-
stacles (including another manipulator), as shown in
Fig. 13.  The two manipulators are specified as the master
manipulator and the slave manipulator, respectively.
Fig. 14 shows the planned trajectories of a dual-arm
system.  The initial configuration of this example is
shown in Fig. 14(a).  The proposed algorithm plans a
nine-configuration path for the master and a seventeen-
configuration path for the slave.  The total computa-
tion time is 6.547 seconds (0.235s for the master and
6.312s for the slave).

VI. CONCLUSIONS

In this paper, a potential-based algorithm for a
robot manipulator is proposed to solve path planning

problems in variant 3-D workspace.  The proposed
algorithm uses an artificial potential field to model
the workspace wherein obstacles’ surfaces are assumed
to be charged uniformly and the manipulator is rep-
resented as a set of charged sampling points.  The
repulsive force and torque between manipulator and
obstacles thus modeled are analytically tractable, which
makes the algorithm efficient.  To give a general path
direction, a sequence of GPs to be reached by the
manipulator are assumed to be given in advance in
the workspace.  As a GP is an intermediate or final
goal for the end-effector of a manipulator to reach, it
also helps to establish certain motion constraints for
adjusting manipulator configuration during path
planning.  According to such constraints, the proposed
approach derives the path for a manipulator by ad-
justing its configurations at different locations along
the path to minimize the potential using the above

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

GP3 GP3 GP1

GP2

GP2

GP1

Fig. 11 A path planning example for a 6-link manipulator in a 3-GP blocked workspace.  (a)-(b) Two different views of the initial
configuration.  (c) The final configuration.  (d)-(f) Side views of the intermediate configurations as its end-effector reaches each of
the three GPs.  (g)-(i) Manipulator configurations observed from a different viewing angle
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forces and torques.
Simulations show that a path thus derived is al-

ways spatially smooth and effective.  Since the pro-
posed approach uses workspace information directly,
it is readily applicable to hyper-redundant manipulators.
Furthermore, the proposed algorithm can be extended
to multi-arm systems.  An example of a dual-arm system
is also given in this paper.  In the proposed algorithm,
the master robot plans a local path to its intermediate
goal using the repulsion from obstacles and the slave
robot firstly.  Then, the slave plans its local path us-
ing the repulsion from obstacles and the master.  The
paths can be obtained by executing these two stages
iteratively until both manipulators reach their goals.

While only static environments are considered

in this paper, the proposed approach can be extended
to a workspace with moving obstacles with essentially
no change in the path planning algorithm.
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NOMENCLATURE

f total repulsive force exerted on a link
f j repulsive force at point (x, y, z) due to poly-

gon j
f

j
k repulsive force between a point sample pk

and a obstacle surface Sj

fk repulsive force exerted on a point sample
pk

m order of the potential function
P position vector of r′ with respect to the pro-

jection of r on Q
Pi

0 distance between rQ and Ci

S planar surface of obstacles in the 3-D space
Sε intersection of S and a small circular region

Fig. 12 (a) The partial trajectory between Figs. 11(a) and (d).  (b) The partial trajectory between Figs. 11(d) and (e).  (c) The partial
trajectory between Figs. 11(e) and (f).  (d)-(f) Manipulator trajectories observed from a different viewing angle.  It is easy to see
that the manipulator does not collide with obstacles from these figures.  For example, the distal link seems to collide with a face of
the obstacle in (a) and (b), but, as one can see in (d)-(e), it is collision-free.  In (c), two distal links seem to collide with another
face, but (f) shows that the two distal links do not collide with that face

Goal of Slave Slave

Goal of Master
Master

Fig. 13 A dual-manipulator system has two 7-link manipulators,
Master and Slave, their goals

(a) (b) (c)

(d) (e) (f)
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on Q of radius ε
∆S boundary of a planar surface
φ(x, y, z) gradient of the potential function
Φ(x, y, z) repulsive force exerted on a point charge

at (x, y, z) due to polygon j
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