~ Befic? Sz Bl

Solar: Neutrino Puzzle

g4 5?‘-5‘,?1:
in & ¢ Athar Husain o4z
HEH w#®

g ® 93 <



Solar Neutrino Puzzle

. ilka Student * Yue-Lin Tasi

?Flﬁl??%‘? - Athar Husain Advisor = Athar Husain

ﬁ?l T Guey-Lin Lin

ERR TR
PR

e

A Thesis
Submitted to Institute of Physics
College of Science
National Chiao Tung University
in partial Fulfillment of the Requirements
For the Degree of
Master

in
Institute of Physics

June 2004

Hsinchu, Taiwan, Republic of China



Acknowledgments

Studying theoretical physics is an important decision for me. My parents
played an important role in such a decision. Due to their support, I am able
to make up my mind without hesitation. I like to dedicate this thesis to
them.

I thank my advisors, Prof. Athar Husain and Prof. Guey-Lin Lin for
their patience. During my first year in graduate school, Professor Guey-Lin
Lin taught me the right attitude and essential physics needed to work on
this thesis. He also provided an opportunity for me to do the thesis work
with Prof. Athar Husain. I am grateful to Prof. Athar Husain for his kind
guidance with great patience on my numerous mistakes. Step by step, he
helped me to overcome various difficulties in this work.

Finally, I thank my girl friend, Yi-Chuen, for her encouragement during
my difficult time. I like to share with her my pleasure of finishing up this
thesis.



Abstract

The solar neutrino puzzle consists in observing a lower than expected solar
electron neutrino flux by all solar neutrino detectors on earth. We study a
particle physics solution to solve this puzzle. This solution assumes that the
solar electron neutrinos oscillate into muon neutrinos during their journey
to earth and thus remain unobserved. After briefly reviewing the essential
standard solar model, the neutrino flavor oscillation probability in vacuum
and in matter (the MSW effect ineluding its Landau-Zener correction) is ex-
amined in some detail. Using'these probability expressions, the solar electron
neutrino event rates for vdrious detectors aré calculated and are compared
with various observations#ineluding the'day-night effect for solar neutrinos.
A good agreement between them is found.

Key words: Standard Solar Model, Solar néutrino puzzle, Neutrino oscilla-
tions
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Chapter 1

Introduction

The observed solar electron neutrino flux is different from what the theory
predicts, this problem is commonly referred to as the Solar Neutrino Puzzle.
In this thesis, we discuss the neutrino oscillations to solve the solar neutrino
puzzle.

In 1930, Wolfgang Pauli postulated te the existence of a light neutral
fermion, which he then called the neutrone tordescribe the continuous spectra
of (-decay process. In modern terminology; the fundamental beta-decay
process is: neutron goes to proton plus electron plus anti-neutrino

xS NEES B (1.1)

After the advent of standard model of particle physics, the above process
became
n—p+e +r.. (1.2)

The interaction between the neutrino and matter is extreme weakly, so the
direct neutrino detection was difficult. In 1956, Cowan and Reines set up a
large tank of water and watched for the inverse beta-decay reaction

Vo+p—mn+et, (1.3)

thus discovering .. In 1962, Lederman, Schwartz, Steinberger and their
collaborators found the second type of neutrino, v, [1, 2].

This thesis is organized as follows: In chapter 1, we provide basic stan-
dard solar model knowledge. In chapter 2, we present the neutrino oscillation
description with the vacuum condition and the survival probabilities are ob-
tain from them by integration of the evolution equation. In chapter 3, we
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consider more realistic condition. We rewrite the evolution equation for neu-
trino propagation and the survival probability in matter. In chapter 4, we
calculate the ratio of solar electron neutrino event rates predicted in the neu-
trino oscillation scenario to the standard solar model event rate for the Ga
and the Super-Kamiokande (SKK) experiments. Finally, in chapter 5, it is
the summary and conclusion for this thesis.

1.1 Standard Solar Model

To investigate the puzzle of solar neutrinos, we must mention solar model
first. Neutrinos are produced by core of sun, then pass through the whole
mantle to arrive at surface. In such a process the solar influence on neutrinos
could not be neglected. Thus, solar model is very important for studying the
solar neutrino problem|3].

In 1939, a Standard Solar Model by Bethe detailed the formulation of the
nuclear reaction cycles. A recent prediction is given by J. Bahcall and his
collaboration. The “StandardsSolar Medel” is result of best physics input
parameters that are available at the.time the model is constructed. The
set of numbers that correspond to the Standard Solar Model vary with time
hopefully always getting closer to the true Standard Solar Model.

Here, we should emphasize ‘that it would: be impossible to summarize
them in this thesis. We “eoncentrate-specifically on Bahcall-Pinsonneault
2004 (BP04) version of the standard solarmodel and call it SSM. We list the
essential relevant parameters suchas the electron number density profile and
the neutrino energy spectrum in this model in next two subsection.

1.1.1 Properties of the Sun

The sun is a very useful astronomical laboratory. Because it is so close
to earth, so that we can obtain information from the light which is being
emitting from sun. From this information, we can determine precise values
for solar mass, radius, geometric shape, photon spectrum, total luminosity,
surface chemical composition and age.

From the photon spectrum, we can know the composition of sun. Because
every element has it’s own unique eigen spectrum. The experimental results
tell us that it is mostly composition is hydrogen, second is helium. The solar
energy is provided by nuclear reaction which we discuss in next subsection.



Table 1.1 summarizes some of these properties. The principal assumptions

Parameter Value
Luminosity 3.86 x 10%erg/s
Baryon number ~ 10°7
Radius(R) 6.96 x 10* cm
Surface Temperature 5.78 x 10° K
Core Temperature 1.56 x 10" K
Age ~ 4.55 x 107 yr
Core density 148 g/cm?
Depth of convective zone 0.26R

Table 1.1: Some important solar quantities[3].

that go into the calculation of these parameters are the following:
e Hydrostatic equilibrium of sun.
e Energy transport by photons:
e Energy generation by nuclear fusion.

e Relative abundance-of different-elements that is determined solely by
nuclear reaction.

Additionally, we should refer to'electron number density of sun. Because
the electron number density distribution plays an important role in the dy-
namics of neutrino propagation inside the sun, as it’s value depend on solar
radius. The electron number density is calculated in standard solar model,
the logarithm of the electron density divided by Avogadro’s number can be
approximated by the expression|[3]

log(ne/Na) = 2.32 — 4.17x — 0.000125/[z* + (0.5)?], (1.4)

where x = R/Rs < 0.25 and N4 = 6.02 x 10?® is the Avogadro’s number.
The unit of n. is cm™3. For the range between 0.25 < x < 0.75, the equation
for electron number density is

ne/N, = 245¢~ 1054, (1.5)

In this thesis, we take the location of core at 0.1 R where Ry ~ 6.96x10% m.
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1.1.2 Solar Neutrino Flux Spectrum

In subsection (1.1.1), we have tabulated several parameters for sun. An-
other most important for our study is the solar neutrinos source and their
propagation behavior inside the sun.

Sun is a huge fusion reactor. Hydrogen transforms into helium accompa-
nying energy and neutrinos. In which the neutrino luminosity is 2.3% of the
total photon luminosity.

er-1) p+ pHyet vy, | 20 er-0 | pre +ptHiv| (Pep

99.6% 0.4%

(p-Dff *E+ p—He+y

85% 2x107°%
Cppl) 1r15%\l

(ep-1D| *He+'He—"Be + -
‘Het’He—'He+2p : FHe + p—'He+e' 4,
99, 87%% 0.13% Chep)
(op-1D| "Be+e =" Li+v, |(Be) (op-1ID) | *Re+ p—*Be +
(op-ID  Li+p—2'He (pp-1ID | Re"+e® +1. | CB)

!

(op-1I0 [ g st

Figure 1.1: The solar pp cycle. The percentage means the fraction of contri-
bution. We label the type of process at right side near the box.

There are two main cycles that occur in the sun, they are the pp cycle
and the CNO cycle. In Fig. (1.1), the v, sources of pp cycle are shown.
These are pp, pep, "Be, 8B and hep. The two most important contribution



of v, fluxes are the pp flux with an average neutrino energy of 0.267 MeV
and the "Be line with energy 0.863 MeV. The net reaction for pp cycle in
the sun is given by

4p +2¢~ — *He+2v, +26.73 MeV. (1.6)

In Fig. 1.1, the main branches to produce *He go via 3He +* He and >He +*
He. The first one, has a probability 85% and the second one is 15%. Note
that ®B neutrinos have higher energy but they are much rarer. The CNO
cycle is a small contribution for electron neutrino sources, it is about 1.6%
of energy. CNO cycle dominates over the pp chain only if the temperature
exceeds 1.8 x 107 K. For the sun, this condition is not met[4, 5]. In this
thesis, we don’t consider the CNO cycle contribution.

Experiment | v.-detection method | E/MeV | Main source
GALLEX | v,+"Ga — e + "Ge 0.233 pp, Be,’B

SKK Vet+e —v,+e” 4.74 5B
Ve + € s VU, € 5.24
SNO Ve + dio e~ smpetsp 6.4 5B

Vpe 2 — v d=0p £ 0 6.25

Table 1.2: Some important. expéeriments description that are used in this
thesis. B is the threshold energy in MeV.

The pp cycle can be fractionized in three type, and we call them be pp— 1
(85%), pp — I1 (15%) and pp — I11 (1.95x107%). According to Fig. 1.2,
the pp process maximum energy is 0.42 MeV, pep is 1.44 MeV, hep is 18.77
MeV, "Be is 0.861 and ®B is 14.06 MeV. Table 1.2 summarizes the main solar
electron neutrino sources including the brief description of experiments, we
consider in this thesis.
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Chapter 2

Neutrino Oscillation In Vacuum

2.1 Schrodinger Equation For Neutrino
Propagation

Neutrinos may have either a Dirae'ora’Majorana mass, but for propagation
of ultra-relativistic neutrinogithe full.spin sttucture is not probed. The weak
interactions couple only te'the leftrhanded. component of the neutrino state.
For neutrino with p > m, ‘we shall-deal the neutrino as wultra-relativistic
neutrino for which the spinsstrueture is not revealed anyway|6].

The equation of motionrin mass-eigenstate basis is given by

(0" ¥y = E*|v). (2.1)

Eq. (2.1) has two solution corresponding to waves traveling in opposite
direction. However, the reflected solution shall not be relevant. Thus we
throw away the reflected solution to get

E=\/p?+m> (2.2)

In the first-order approximation for p > m, we obtain

2

m
E ~ — 2.3
p+ 2% (2.3)

Using the substitution —i% — P, i% — F and p ~ F ,we obtain
2

0 m
en v) = (E+ ﬁ)h/} = Hlv). (2.4)
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This equation describes the propagation of an ultra-relativistic neutrino.
There H is diagonal in this basis and is given by

mi
p= (5 9 \opy( 22 9 ) (2.5)
0 B 0 5

The plan-wave solution of Eq. (2.4) in usual notation is
vz, t) = e”'fHdtl/(:U, 0). (2.6)

Next, we examine the survival probability using this information.

2.2 The Survival Probability In Vacuum

If the mass eigenstates are not the same as the weak-interaction eigenstates,
then the neutrino mixing will occur. This behavior is so-called neutrinos
oscillation. In other words, the néutrinos oscillation means that the neutrino
flavour change from one flayour to_the other, flavour. We aim to discuss the
survival probability below;

Consider the relation=of linear combination between weak-interaction
eigenstates and mass eigenstates for two flavotrs as

Pt

Where v, and v, are weak-interaction eigenstates, and v; and v, are mass
eigenstates. U a 2x2 unitary matrix and is given by

_ ([ Co Sp

here Cy denote by cosf and Sy denote by sinf. The 6 we call it be vacuum
mixing angle and we can choose 0 < 6 < 7.

The solution (2.6) for the neutrino wave function can be rewritten for two
neutrino species as

(H0) - () e
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If we produce an electron neutrino, the probability of detecting this neutrino
as an electron after a time t, can be written as

P(ve —ve) = [{ve(t) | ve(0)],

_ ( 1 0 ) 09 59 e_iElt 0 Cg —Sg 1
- —Sp Cy 0 e~ it So Cy 0

From matrix form (2.10) we get the concise formula of survival probability
as follows

2

(2.10)

1
Plve —v,) =1— 3 sin? 20[1 — cos(Ey — Fy)t], (2.11)

where Ey — F; approach to (m3 — m?)/2E, using Eq. (2.5). Hereafter, we
shall use the symbol dm? instead of (m3 — m?) and X instead of 47E/dm?
and call it the oscillation length A\, which can show below in numerical form.
It is given by

E eV?

Using these notations Eq. 52.11) becomes
P(v, = v,) = 1= sin* 20 sin” (;:c) ) (2.13)

here x is propagation distanee: If propagation distance equal to oscillation
length or mixing angle equal to zero, then we can find oscillation almost
disappear. Oppositely, when 6 = 7 and x ~ % the oscillation is maximum.
For example, if neutrinos energy about 10° MeV and dm? = 10~°eV? then A
equal to 2.48 x 10® m. In other words, A is about radius of earth.

In the next section we shall figure out the behavior of A, dm? and survival
probability in light of data of Super-Kamiokande detector.

If the production or detection positions extend over a distance much larger
than the wavelength, the phase information shall be averaged out. If the
phase information is lost, then the probability is just the classical probability.
The phase acquired during neutrino propagation is averaged out; so we can
sum incoherently over the propagation eigenstates, the mass eigenstates:

Pve —v.) =Y P — v3)P(v; — ve), (2.14)

i=1,2

11
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After average out of phase, then

1
Plve —v,)=1-— 3 sin® 26. (2.16)

2.3 Vacuum Oscillation For Solar Neutrinos

In Section 2.1 and 2.2, we discussed the vacuum oscillations qualitatively.
Here, we have interest in applying the result to solve the solar neutrino
problem in quantitative terms.

Neutrino was produced inside the sun, then it propagated from sun to
earth. Finally, the neutrino was detected by detector. This process of propa-
gation has a long distance between sun surface and earth surface in vacuum.
In this section, we shall try to know how to explain the range of dm? and
sin? 20 to explain the Super-Kamiokande observation of ®B flux in compari-
son with standard solar model#B flux.

In standard model BP04J5], the-#B fuxs

OM =579(1 £ 0.23) x10% cm 257 (2.17)
And the flux detected by SupersKamiokande[7] and SNO(8] respectively are

P = (2.32%0:03)% 10° cm %7,
SN0 = (176 £39¢ +0.09) x 10° cm 2L, (2.18)

If we follow standard model prediction and don’t consider the Oscillation
effect we get the @M. The ®7KX tokes into account the elastic (v.e — v.e)
scattering. The ®3VO takes into account the change current scattering also
in v, +d — e + p+p (see Table 1.2 also). But, in fact the experiment
reminds us that indeed this is not the case. If we add the vacuum oscillation
so that the ratio of flux is equal to oscillation probability using Eq. (2.13),
we can then use the ratio to fix the probability.

PEP = P(v, — v,)0M, (2.19)

In Fig. 2.1, below the curve is non-allowed region, as the neutrino energy
is smaller than threshold energy. So, in this situation, we get the following

12



range of dm? and sin® 26 for SKK is

223 x 10711
0.6

dm?/eV? < 3.85 x 1071,

<
< sin?20 < 1. (2.20)
We also obtain the result for SNO as follows

3.34 x 1071
0.70

dm?/eV? < 524 x 1071
sin?26 < 1. (2.21)

<
<

13
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Figure 2.1: The figure consider vacuum oscillations only. We fix the value of
probability as 0.40 for SKK and 0.30 for SNO, see Eq. (2.19). The distance
between earth and sun is about 1.5 x 10*® cm. The threshold energy of SKK
is 4.74 MeV and SNO is 6.4 MeV.
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Chapter 3

Neutrino Oscillation In Matter

To analyze the propagation of solar neutrinos, we can separate three compo-
nents of process. First one is neutrino produced inside the core of sun then
pass through the mantle arriving at the surface. Second is from sun surface
to earth surface, which is what we discuss in preceding chapter. Last com-
ponent is passage through that whole earth. In which, first part and third
part must consider the effeet of neutrines imteraction with matter. Solving
the wave equation analytieally is difficult so that we need an approximation
method. Mikheyev, Smirnov-and Wolfenstein {MSW) developed an approx-
imation method to avoid_solving “wave function directly. In this chapter,
we shall pay our attention“fe useMSW method for solving solar neutrinos
problem.

3.1 Schrodinger Equation For Neutrino
Propagation in Matter

When neutrinos propagate through matter v, and v, feel different potentials,
because v, scatters off electron via both neutral and charge currents, whereas
v, scatters only via the neutral current (see Fig. 3.1). There are two types of
weak interactions, the charge current interaction, which is mediated by the
exchange of W¥ gauge bosons, and the neutral current interaction, which is
mediated by the exchange of Z gauge bosons.

The neutral current contribution is the same for all flavours of neutrinos,
whereas the charge current contribution affect v, only. The contribution of
charge current for neutrino propagation is contained in the parameter A,

15



Ve = Ve:uﬁ\/ Ve T

ZD
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Figure 3.1: Feynman diagrams for charge current and neutral current ex-
change.

=

=

:
H

m
=
™

given by
Y.
A = 2\/§GFN6E = 2\/§GF c

pE, (3.1)

n
where G is Fermi-constant, p-the density, Y. the number of electrons per
nucleon, and m,, the nuclegn massm#A is. potential for charge current in the
so-called nature units. The neutrino propagation Eq. (2.4) withc=1,¢t — =
in weak-interaction eigenstate basis and neglecting non-important constant
term, can be rewritten as

L0 [ v, 1 mi 0 A0 Ve
ar () =ae [0 (e (50)] () o

Let us to write down the eigenvalue of the Hamiltonian as

Ae = {(m? + m2+ A) £ \J[(A — 0m2Cp)? + (6m2S9)2|} JAE.  (3.3)

To mimic the situation of the vacuum for convenience, we should have new
parameter for mixing-matrix and mass-matrix in medium. The mass-matrix

1S
o ME 0
M‘(o M22>’

M22,1 = {(mi+m5+A) £ \/[(A — 0m2Cq)? + (dm?2Sq9)?|}/2. (3.4)

M can be diagonalized by mixing-matrix, it’s similar to Eq. (2.7) and (2.8),

16
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Figure 3.2: Plot of sin” 26,,"as function of A for two different value of . The
0, is the effective neutrino mixing angle in matter. The large mixing angle
corresponds to 32.5°.

and is given by

Ve \ 7| V1" ) Co,, Se,, "
()=o) = (% &) () oo

The mass eigenstates in the medium are |v*) and |v)"). Here 6,, is the
neutrino mixing angle in matter. From Eq. (3.5), we can see that the diag-
onalizing angle[1] is given by

— A+ om?Coyy
VI(A = 6m2Co)2 + (9m2S56)2]

cos20,, =

17
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Figure 3.3: The result of combining Eq.. (1.5), (3.1) and (3.7). We take the
energy of neutrino as 4.74 MeVi. When log(0m?/eV?) is less then -8.18, there
is no resonance inside Sun.

2
sin 26, = om” oo : (3.6)

VI(A = 0m2Cag)2 + (6m2S59)?]

We find the mixing angle is modified substantially by the coherent scattering
of a medium, as show in Fig. 3.2.
In Fig. 3.2, we are interested in the following three main limits for A, A —
0, A — oo and A = 6m2Cs. When A — 0, that means neutrinos propagate
in vacuum, so that the mixing matrix is just the vacuum expression. When
A — oo, we obtain, ¢, — 5. When A = dm?2Chay, we can see a peak value
in sin? 26,, which is so-called resonance. So, the resonance condition is given
by
A = 6m2Cyy. (3.7)

18



In resonance, as sin®26,, is maximum and thus, it can enhance neutrino
oscillations maximally. In Eq. (3.7), we find the resonance occurs essentially
irrespective of whether or not the mixing angle is small. The resonance would
not occur if ¢ is greater as then 7. In that case the resonance would occur
for anti-neutrinos. Since for anti-neutrinos the resonance condition must be
changed by the substitution A to —A. Eq. (3.1) shows that A is function of
electron number density. The density of sun is give by Eq. (1.5).

Applying the Eq. (1.5) into resonance condition, then we can find the
range where is resonance (Fig. 3.3). The figure tells us when dm?/eV? small
then 107318 there is no resonance region inside the sun. According to this
result, we can check the range of vacuum oscillation for Eq. (2.20). The
vacuum oscillation range is between 3.85 x 107! eV? and 2.61 x 107! eV?
which is outside the prediction of Fig. 3.3.

If we assume dm?/eV? is set inside the range and we can use the same
condition as Fig. (3.2). Here, we just consider one particle is produced in
core and carry 5 MeV energy to propagate. When it travels from core to
surface, the sin®26,, is changed with.the radius and the resonance position

is about 0.26 R under this cendition.

3.2 The MSW: Effect

In section 3.1, we discussed the Schrodinger Fquation in matter and where
the resonance region is. Let'tis:now examine the experimentally observable
quantity P(v. — v,), which is the probability for a produced v, to remain a
v, after propagation.

Eq. (2.9) is time-evolution for mass-eigenstate propagating in vacuum.
For neutrinos propagating in matter, the Eq. (2.9) needs to be modified.
Indeed, we may write the neutrinos propagation Eq. (3.2) in the form

. 8 1%} 1 M2 O T 1%}
— |U™ = — U™ ! um o™ . 3.8
a0 ()] =2 [ (0 n) e
Here, neutrinos are propagating in matter, the density change is in x, so that
U™ depends on x. Then, we may rewrite Eq. (3.8) as

M} ,
iD= e _Zixfm 7). (3.9)
Or \ 12 i 0, =2 Vo
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Figure 3.4: This figure describes‘the resonance position inside the sun. The
peak value is about x = 0.26 R¢ and the mixing angle we take § = 32.5°.

We can always take out a common diagonal phase factor so that Eq. (3.9)

become .
/ Mzs—M ) /
D)o —E i) (1), (3.10)
Ox \ Uy i20, M24—EM 1 Uy

The diagonal phase factor is

2 e 0 v
()= (0 )0, =

where the a is phase factor given by

M3 + M
i———tu.

“ = AE
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For the case of solar neutrinos, the oscillation distance is large enough. There-
fore, the phase factor was dropped during the derivation of the wave equa-
tion. But, how to solve Eq. (3.10)7 It’s difficult to get the exact solution.
Mikheyev, Smirnov and Wolfenstein assume the condition M224_EM12 > i%,
then we can solve equation under this condition. This effect is so-call MSW
effect, and the condition we call it be adiabatic condition. The MSW effect
describes how matter can enhance the flavor oscillation of neutrinos[9, 10].

Using Egs. (3.4) and (3.6) we have

Figure 3.5: Schematic diagram for the effective neutrino mass squared of two
flavors of neutrinos as function of A. Here we take m2 = 25m?, sin®260 =
1 x 1072, More details are given in the text.

(M2 —M2) = \J[(A—0m2Cag)? + (6m2Sag)?, (3.12)
0w _ 1 Om*Sap 04 (3.13)
Or  2(A—6m2Cy)% + (0m2Sy)? Oz '
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Substituting Eq. (3.12) and Eq. (3.13) back in adiabatic condition, we obtain

2F Adm2Ssyy Ne dr

o 9 2 2 213/2
L [(A = 9m?Coy)? + (9282 1 dne (3.14)

This inequality is very useful for next section, here we just keep this form.
According to inequality (3.14), the density changes slowly enough so that the
propagation is adiabatic. Then we should pay our attention in Eq. (3.12).
Because M7 and M? are eigenvalues of neutrinos flavor eigenstate. Now,
they vary with A as can be seen form Fig. 3.5. The flavor eigenstate |v,) is
created at larger A in solar interior where it is approximately the same as the
heavier mass eigenstate |v5). As the electron density decreases slowly, the
flavor remains close to the mass eigenstate |v). The probabilities of v, to
either 14 or 1, are given by sin?6,, and cos?#6,,, respectively. Let us assume
that, after production, a v, propagates adiabatically until reaching a location
for which electron density equal to zero and the mixing angle is the vacuum
angle. The probability of v; or 15 to be a v, is then given by sin? # and cos? 0,
respectively.
Now, we consider the evélution.equation.again in the following form

< 253 ) A ( 6"2%2‘” e%x ) < Z;Egi ) (3.15)

here, we define the dM? as Mg — M?._.@ompared to Eq. (2.11), change is
to replace dm? with §M?. Using it, we can get the survival probability for
constant density. At far distance, we can average out the phase term

1
Plve—rv,)=1-— 5 sin? 26,,,. (3.16)

This is the generalization of Eq. (2.11) with the replacement § — 6,,.

For adiabatic condition, as the same result with Eq. (2.14), the survival
probability for neutrinos propagation between vacuum and matter in the
adiabatic approximation is

P(I/e N Ve) = Z Pm(ye — VZ-)P(l/i — Ve),

i=1,2

c: S 1 0\ [/ C: S 1
S8 a) G &) G e



Evaluating the matrix, we can get the probability as %(1 + cos 26 cos 20,,).
In general, if an electron neutrino propagate adiabatically from one region
with mixing-angle 6;, to another region with mixing-angle 65, then

1
Py, — v,) = 5(1 + cos 26, cos 26). (3.18)

3.3 Landau-Zener Probability

The MSW effect is valid only when the matter density changes slowly, so
that the adiabatic approximation is valid. When MSW approximation breaks
down, we must go back and solve the wave equation directly. We can see Eq.
(3.13), “o has a sharply peaked maximum, and Eq. (3.12), M3 — M} has a
minimum in resonance. Therefore, we should check the validity of adiabatic
condition.

Eq. (3.14) can be rewritten as

5m25220

i dn,
205

W, AT

(3.19)

TES

The subscript res indicates that this-quantity should be evaluated at the
resonance. Here, we mové the term 'nl%r to left hand side and denotes
[ TES

all this by the 7 called the.adiabatic parameter, so that Eq. (3.19) become
TiEA . (3.20)

The ~ is very important for discussion of Landau-Zener effect.

In preceding section, we have discussed the case of adiabatic condition,
namely v > 1. Now, if v &~ 1, there shall be considerable corrections to the
probabilities obtained using the adiabatic approximation.

Referring again to Fig.(3.5), the electron neutrinos produced in core
passes through resonance region and then arrival to vacuum region. We
can correct the Eq. (3.17) accordingly

Plve = v.) = > Pu(ve = 1) Pres(vi = 1) P(v; — ve), (3.21)

i,j=1,2

_ G, i 1-Pr; Pz c2 52 1
—‘(1 0)<53 o P, 1-D., s o o )l (322)

m
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We expand the above matrix after averaging, and get

1 1
Pv. — v,) = 5 + (5 — Ppz) cos 26 cos 20,,, (3.23)

where the Ppz is crossing resonance probability, and the definition is

Prz = [(va(x )| (z ). (3.24)

Here, x4 refer to two faraway points on either side of the resonance position.

Such a level-crossing solution was first worked out by Landau and Zener
in 1932[11] . So, we also call it Landau-Zener probability. To briefly sketch
its derivation, we start with a mixed system of two neutrinos in flavor basis
ve and v, the Hamilitonian is given by Eq. (3.2)

HU = ( a cn )qf (3.25)

€12 €2

here we ignore the constant term and take elzﬁGFne(t) — (%) cos 20,
62:% cos 20 and 612:% sill20. Let W.be such linear combination of an

orthonormal basis (C1,Cy),=wejcan rewrite W-as

4 e—ifeldt
T = ( 22526—2‘ B, ) . (3.26)

We set resonance position at t/=0.the initial condition for |C(—o0)|* = 1
and |Cy(—00)|> = 0. We can see in Fig. 3.5, Cy has the characteristics which
|ve) has at A > A,.s, while C has the characteristics which |v,) has at
A < A,cs. Then, the problem is to find the probability that ¥ jump from
the upper to the lower branch in the resonance region. We emphasize here,
these subscriptions 1,2 are opposite with Fig. 3.5. We just need to find
|C1(4+00)|* = Py (that is Landau-Zener probability).
The Schrodinger equation is written

€1 €19 Cl (t>e—z’fth . d Cl (t)e—ifeldt
ifea | =i Cifea | (3.27)
€12 €2 Csy(t)e i [ codt dt \ Cy(t)e i [ codt
We now eliminate C(t) to get a relation for Cy(t) only

d?Cy(t) dCs(t)
gz ema) =

+ 2,Cy(t) = 0. (3.28)

24



Let us recall the resonance condition,

5 2
V2Genre = [ 27 cos 20. (3.29)
2E
Using resonance condition, we note that e; —e; = \/iGpne(t) — (%) cos 26.
Here, we assume n,(t) be linear function
d Tes
ne(t) = n7® + ’;; (t = Tyes). (3.30)

. d Tes
We introduce a new parameter a, a = V2Gy T:;t , and €3 — €; = ot then we

rewrite Eq. (3.28) by letting Cy(t) = €T fereldtU(t). We then obtain

) (n S %) U(z) = 0. (3.31)

Eq. (3.31) is called it Weber Equations swith z = \/ae 5t and n = ze% The
details of how to solve Eq. (3.31) are givem.in appendix A. Here we use the
results obtained there.

The solution of Eq. (8.31) is U(z)= A,D_, (—iz), where A is nor-
malization factor and the value is‘equal to y/ve 7 with v = —in = %2
Here we take z = Re'7, and R is-the teéal number as function of time. After
substitute these parameters; we obtain

Co(t) = ez J2me)dig D (—iz), (3.32)
Where

V21
I'(n+1)

.3(n+1)mw
L

g2 2
e e T R + e e T Rl (3.33)

D_ 1(iRe"T) ~

When ¢t — oo then R — oo then we obtain

|C5(00) > = 2sinh(rv)e™™ =1 — e 2™, (3.34)
Asv=—in= %2 and for t = x as previously, v can simplify as
€1

dm? sin® 26 ol
V=—= = —,
4

1
i (3.35)
«Q 49F cos 20 ‘%

Tes
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Figure 3.6: The survival probability P(ve = v,) as function as x for small
and large mixing MSW solutionswusing Eq. (3.23). The p = 100g cm™3 is
adopted.

Finally, |C}(oc0) ]2 = Piz=e 2™, in which the v is dimensionless and is exactly
the adiabatic parameter. Thus when v > 1, P;,=0, and we go back to the
adiabatic approximation. The Pig=e 2™ applies only when the variation in
density is linear in x. But in case of sun, the density is exponential form, see
Eq. (1.5). The Landau-Zener probability should be generalized as

exp[—7yF/2] — exp[—myF/(257)]
1 — exp[-m7F/(257)]

Py = (3.36)

Here, the function F is calculated by Landau’s method[12]. When A o r
then the F = 1, and A oc exp(—r) then the F = 1 — tan?6. If we apply
Eq. (3.23) and (3.36) into the solar neutrino problem we get Fig. 3.6. The
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vEF ~ O(10%) for Sun. In Fig. 3.6, the resonance is at z=1. When x > 1,
and thus 7/ < 1, the survival probability approaches the vacuum oscillation.
For x < 1, the vF > 1, P,z — 0 and then we recover the adiabatic limit.
Therefore, the Landau-Zener probability just apply between them.

3.4 Day-Night Effect

Neutrino propagation in matter must consider the matter effect. This par-
ticularly applies to solar electron neutrinos when they pass through earth
before reaching the detector in night. The experiments SNO and SKK have
found that the flux is different between day and night. The effect of difference
between day and night, is called the Day-Night effect or earth effect.

If we consider the matter effect in earth, the Eq. (3.21) should be modified
as

Pve = ve)= > Pn(e — 1) Pres(vi — v;)Pe(v; — ve), (3.37)
ij=1,2
— 1 0 0029,1 50291 1—=Prz Pz 1— Py Py 1
- ( ) S;@ C§® Prz » Pae 1— Py 0 ’
(3.38)

Here, we donate the symbol &'t6 berearth and © to be sun. And we always
detect at far away source, then we expand the above matrix after averaging
over phase as

1 1
Py, — v,) = 5 + [5 — (Ppz + (Pae) — 2Pp7(Py.))] cos 20%. (3.39)
The Ppy is given by Eq. (3.36). The cos 262 is mixing angle in matter for
sun, and is given by Eq. (3.6). And the P, we shall deriver in appendix B
(Pie = 1 — Ps), here we just use the result

A@6m2

4
A2 =3 A55miCo + ot 040

1
(Pyo) = Sp + 3 sin® 20

the sin® 20% is mixing angle in matter for earth.

Fig. 3.7 shows the different path lengths traversed by solar electron neu-
trinos when they pass through the earth in day and night. In this thesis,
we just consider the zenith angle equal to zero. We discuss the day and
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Figure 3.7: This is an 1llust1‘at1fv
during day and night in the ear‘t’h—'R_ ° 4
radius. S

of ‘fc’he solar neutrino propagation
6537 x 10® km denotes the earth

night probability, and apply Eq. (3.23) for day and (3.39) for night to ob-
tain Fig. 3.8. At the neutrinos energy between 10* eV~ 10° eV, the night
probability is almost the same as for the day, because the contribution of
the earth effect is small for this region. For energy greater than 10° eV, the
earth effect emerges. The Day-Night effect provide a chance to check the
LMA MSW solution. There are two solution to satisfy Eq. (3.23), one is
Large-Mixing-Angle solution and the other is Small-Mixing-Angle. In night,
the LMA solution enhance the P(v, — v.) at high energy. Thus, we can
say that we can ignore the SMA solution, because it is not supported by
experiments.

In Fig. 3.9, we also show the different density of earth. We see the
SMA solution in night was not change with density. For LMA solution, the
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probabilities were enhanced by earth-effect. After comparing three kinds of
density, we shall get the results that when p=>5.52 g/ cm®, the enhancement
is larger than density in mantle and core.
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Figure 3.8: The P(v, — 1.) as a function of neutrino energy. Here, a) is SMA
solution and b) is LMA solution. The earth effect enhances the probability
at high energy in night for a), but nothing change at high energy in night for
b). The average density of earth is about 5.52 g/cm® and the mixing angle
in vacuum we take sin? 20 = 8.8 x 1072 for a) and sin? 260 = 0.60 for b). The
mass square is equal to 1.52 x 107 eV2. We use Eq. (3.23) for day and
(3.39) for night.
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the Earth’s mantle (1a, 1b) and about 11 g/cm® in the core (2a, 2b).
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Chapter 4

Predicted Event Rates for Solar
Neutrino Experiments

In preceding chapter, we have provided enough basics of neutrinos oscillation
theory. Now, we shall use these oscillation results to calculate the event
rates, and then we should compare with experiment data. The main method
to detect solar neutrinos is using themeutrino interaction with the target. If
we know the interaction cross-section; then we can obtain the flux. But the
interaction is weak-interaetion, so the cross-section is small. That mean the
amount of target must belarge.

There are two main types of experiments for detection of solar neutrinos|13].
One type is based on neutrino-electron seattering such as Kamiokande, Super-
Kamiokande and SNO, the other one is geochemical and radiochemical ex-
periments such as SAGE, GALLEX and Homestake. In this chapter, we
shall predict solar electon neutrino event rate for Super-Kamiokande (the
neutrino-electron scattering experiment) and Ga experiments (the geochem-
ical and radiochemical experiment).

4.1 Ga Experiments

Two radiochemical solar neutrino experiments using "'Ga are under way, one
by a primarily Western European collaboration (GALLEX) and the second
is the Russian-American Gallium solar neutrino experiment (SAGE). The
GALLEX operated between 1991 and 1997. It used 30 tons of gallium in an
aqueous solution and is located in hall A of Gran Sasso Laboratory in Italy.
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The SAGE used about 60 tons of gallium metal as a detector target and is in
a high mountain in the Baksan Valley in the northern Caucasus Mountains
of the Southern Russia.

The neutrino absorption reaction in the gallium experiments is:

Ve + ™ Ga — e+ Ge. (4.1)

The threshold for absorption of neutrinos by "*Ga is 0.233 MeV, which is
below the maximum energy of the pp reaction (see Fig. 1.2). The predicted
capture rate for a 'Ga detector in solar standard model without neutrino
oscillation is .
Nssy =Y /E ,(E)oi(E)dE, (4.2)
B th
where the sum extends over the relevant neutrino flux, (i=pp, pep, 'Be, 8B,
hep) and Ey, = 0.233 MeV. The cross-section o(F) and the flux ®(F) are
taken from the web site of J. N. Bahcall[4]. We list our result as below:

Source ®(101° em 2s7h) o(10~* cm?) | Ga (SNU)
pp 5.94(1 + 0.01) 0.1T7 £0.003 | 66.422
pep | 1.401 4:0.02) x 102 2.0410% 2.224
hep | 7.88(1 £0.16) x 10T 74738 0.02
"Be | 4.86(1 4 0.12) x 1074 07171555, 31.824
B | 5.82(140.23)x 104 240757 14.097

Total 114.587

Table 4.1: the ® is total flux, and the ¢ is neutrino capture cross sections
averaged over the energy spectra[l4]. The event rate of Ga we calculated by
numerical method.

In order to show the event rates, we introduce a unit SNU (Solar Neutrinos
Unit). 1 SNU=10"2% times interaction per one target per second. Here we
should emphasize the above result is according to the solar standard model.
The Ga based experimental result is 74.7+£5.13 SNU and is therefore different
from SSM result.

We consider “neutrino oscillations” to resolve this discrepancy . We use
the survival probability given by Eq. (3.23), and we take sin®20 = 0.6,
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dm? =3 x 107° eV? and consider detection in day. Then Eq. (4.2) becomes

N:Z/

E,

Emaz'

®,(E)oi(E)P(E)dE. (4.3)

Substituting various quantity we can obtain the value of N,,. as 61.37 SNU.
Hence, neutrinos flavor oscillations can explain the experiment.
The ratio of event rate of gallium experiment by theory calculation is

NOSC

R, —
"7 Nssu

= 0.54. (4.4)

On the other hand, the experimental result divided by solar standard model
is

NB(L’

Rezp = N =
SSM

The error AR = Reyp — Ry, is about 0.04 (which is just 6.8%). Thus, we are

able to explain the experimental results using neutrino oscillation.

= 0.58 £ 0.06. (4.5)

4.2 Super-Kamiokande Experiment

It is a v, — e scattering experiment. SKK is: Super-Kamiokande in Japan
(and SNO is Sudbury Neutrino-Observatory'in Canada). These are different
from neutrino absorption experiments. Here we discuss Super-Kamiokande
in some detail as a representative' example, where the solar neutrinos are
detected using the Cherenkov light emitted by the recoiling electron from
neutrino electron elastic scattering. They have the advantages of detecting
neutrinos with some information on their time, direction, and energy all
simultaneously.

The reaction of neutral current in Fig. 3.1 is

v4e — U +e . (4.6)

Super-Kamiokande analyzes data above a threshold of 5 MeV of the total
energy of the recoil energy[15]. For this threshold energy, we just consider
process °B and hep. However, according to SSM, the 8B neutrino flux is
larger than hep neutrino flux. So, the contribution of hep flux for Super-
Kamiokande could be ignored.
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The recoil electrons in Eq. (4.6) are primarily scattered in the forward
direction in which the neutrinos are arriving. If solar neutrinos produce scat-
tering events in a detector, reconstruction of electron tracks must determine
a vector that points back to the sun.

The predicted capture rate for Super-Kamiokande by standard solar model
is [16]

FEemax ) , , E
NSSM :/ dEe/ dEef(EevEe)/ N dE(I)(E> do-(yee)' (47>

Eemin Me m dT/
In first integral, the ®(E) is the standard solar model ® B neutrino flux with

neutrino energy F, and the % is the differential cross section of v-e scat-
tering
N\ 2 ’
do(ve) o9 | 5 o T meT
_ 0 1—— | — 4.8
o0 = 88 x107% cm?,

1
JEr— :|:§ + sin*Oy,
gr = sin2 9W

The upper sign applies t@ v.-¢ seattering, the low sign to v, ,-e scattering
and sin’ Oy = 0.229. The Ey; and F;,-are given as

Ey = "15MeV (for °B),

T +T?+2m.T
E,, TVE wemel (4.9)

2

In second integral, the quantity f(E,, F,) is the energy resolution function
of the detector in terms of the physical (E,) and the measured (£,), which

is given by
1 (T —T')?
———exp | ——5—" |, 4.10
AT/ \/ 27'[' p ( 2A§.,/ ) ( )
where A, is energy resolution at the electron kinetic energy T', and the

relation for T and E, is £, = T + m, (m. = 0.511 MeV). The energy
resolution function of SKK, we use

Ay = 1.6 MeVy/T' /(10 MeV). (4.11)
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The lower limit of the first integral is the detector threshold energy, E. .. =
Eireshold — 5 MeV and the upper limit is Fepnar = 20 MeV.

Similar to Ga experiment, we should also introduce the oscillation result
here. Then, the Eq. (4.7) become

do-l’sola'r

Eemax oo ’ , E
Nose = / dEe/ dEef(Ee>Ee)/ " dE(I)(E) V) (4'12>
Eemin Mme m dT
where da:;% is given by
do,,, do(vee) do(v, re)
solar _ P E 1 — P E - 0 7 41

here the P(E) is electron-neutrinos survival probability at the detector. We
can also calculate the ratio of the event rate similar to Eq. (4.4) and Eq.

(4.5).
The ratio of oscillation and standard solar model is
NOSC
=:(),448, 4.14
Ngsr (4.14)

with the condition dm? = 3 x 10=2 eV2 and sin® 20 = 0.60. The experimental
result divide by solar standard model for Stuper-Kamiokande is
Ne:cp
Ngsn

Using Eq. (4.14) and Eq. (4.15); the error AN is 2%. thus, neutrino flavor
oscillations of the type v. — v, can explain the discrepancy for SKK also.

= 0459+ 0.005. (4.15)

4.2.1 Calculation of Recoil Electron Energy Spectrum

In this thesis, we also calculate the ratio, R(F;), of the number of observed
events, N in a given energy bin Ej;, to the number, N7*M expected from
the solar standard model, where

obs
N 7

R(E}) = ~sr- (4.16)

Then, we can rewrite Eq. (4.12) as

Ej4+me 00 , , Em do,
o / dE, [~ dE.f(E. E.) / AE®(B)= e, (4.17)
Ei Me m
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here, every parameter was defined as before, and for the N2 we just set

P(F) =1, and the E; is any energy in spectrum. We apply these result to
produce the figures that follow.

In Fig. 4.1, we show the dm? and sin® 26 both for SKK and SNO. The
comparison between theoretical prediction and experimental data are quite
different. The vacuum oscillation alone thus tend to fail to explain the data.
In Fig. 4.2 a) and Fig. 4.2 b), we compare with LMA solution and SMA
solution in day time. The figure indicates that, the LMA is much better then
SMA. And Fig. 4.3 show as the night effect for LMA and SMA. The SMA
fail to explain the night effect also. We show the day and night event rate
for LMA respectively in the Fig. 4.4. The figure show that LMA can explain
both the day and night effect.
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Figure 4.1: The best fit electron recoil energy spectrum for vacuum oscillation
and its comparison with SKK and SNO experiments. We use Eq. (2.13), here
the SKK data is for 1258 days and is taken from Ref.[17]. The sin® 26 and
dm? in Fig. 4.1 a), are taken from Eq. (2.20). For Fig. 4.1 b), we use Eq.
(2.21).
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Figure 4.2: The comparison between the MSW solutions and the data a) for
MSW (SMA), b) for MSW (LMA) in day time. Eq. (3.23) is used here. The
data is for 1258 days for SuperKamiokande experiment [17]. Note that the
MSW (LMA) explain the data batter than MSW (SMA).
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Figure 4.3: This is LMA and SMA comparison for night. The survival prob-
ability for night is given by Eq. (3.39). The experimental data is for 1258
days of SuperKamiokande observations [17].
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Figure 4.4: The Day-Night Spectrum Test. Here, we used LMA solution,
and Eq. (3.23) for survival probability in day and Eq. (3.39) in night. At
high energy, the earth effect enhance events in night, (see Fig. 3.8 also). The
experimental data is take from Ref.[17].
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Chapter 5

Results and Discussion

The solar electron neutrino flux is less than the predicted one in the standard
solar model. Our Eq. (4.4) and Eq. (4.5) indeed confirm this. In this thesis,
assuming that the solar neutrinos undergo v, — v, transitions, we have
treated the solution of solar neutrino problem step by step.

First, we make the assumption that the background condition in which
neutrinos are propagating is vacuuwms < I'hesrelevant oscillation probability
expression is discussed inschapter 2, :This.result tell us that the oscillation
length is very important for explaining the observed solar v, deficit. For solar
neutrinos, the oscillation length’is-comparable to the distance between the
sun and the earth, if Jm?<x 10-1°eV2" Fixing the oscillation length, we
can estimate the range of neuttino mixing parameters to explain the various
experimental results. In this thesis,” we have applied this procedure for the
latest SKK as well as the SNO results. Eq. (2.20) gives the range of the two
neutrino mixing parameters for the SKK experiment, whereas Eq. (2.21)
gives the same for the SNO experiment.

Next, we turn to more realistic situation. We consider the effects of neu-
trino interactions for a system of mixed neutrinos during their propagation in
chapter 3. This leads us to corrections in the vacuum result. This includes
the analytic description of the process that involve the neutrino propaga-
tion inside the sun. The Mikheyev Smirnov Wolfenstein (MSW) effect is
introduced including its Landau-Zener correction. For a resonance occur-
ring inside the sun, the Landau-Zener effect shall enhance the solar electron
neutrino survival probability obtained under the MSW approximation. Two
types of solutions within the MSW effect are found to explain the experimen-
tal results. These are called the Large Mixing Angle (LMA) solution and the
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Small Mixing Angle (SMA) solution.

The next step to the solve neutrino problem in this thesis is to study the
Day-Night effect. The analytic description of this effect is given in chapter 3.
The experiments have found that the solar v, flux is different in day w.r.t to
that in night for neutrino energy greater than 1 MeV. We consider the solar
neutrino survival probability at mid night and compare it with the one in mid
day (Fig. 3.8). We find that the survival probability at the night with LMA
solution is compatible with the experimental observations. It thus excludes
the SMA solution.

We also calculate the solar electron neutrino event rates for the two main
type of experiments. To do this, parameterizations for the solar neutrino flux,
and the neutrino nucleon/electron cross section were found first. These are
then convolved with the solar electron neutrino survival probability obtained
in previous chapters. Our results are given by Eq. (4.4) and Eq. (4.14) in
chapter 4. These are then compared with the observations also. As a last
observable, the recoil electron energy spectrum for SKK experiment is also
calculated in chapter 4. We depict.results for our calculation of the recoil
electron energy spectrum in+Fig. 4.1 to Fig. 4.4 along with experimental
observations.

In summary, the v, — 2, neutrino flavor oseillation channel with neutrino
mixing parameters (sin® 26, dm?)=(0.81, 5x107° eV?) is found to be the
most favorable to explain all thé-selai-neufrino diagnostic measurements.
These include the average flux in" Ga, SNOand SKK experiments, the recoil
electron energy spectrum and’the day might effect in SKK.
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Appendix A

How to Solve the Weber
Equation

A.1 The Weber Equation

When we study Landau-Zener Probabilityswe encounter some difficulty, es-
2
pecially for Weber Eq. dcggz) +(n— % +.2)U(z) = 0 given by Eq. (3.31).
Below we provide some details of .its solution. Then we apply Weber
Function to solve for Landau-Zener Formula.

Consider differential equation-ofthe-form

o
dax?

=(r)w, (A.1)

in which z is a real or complex variable, and f(z) a prescribed function. All
homogeneous linear differential equation of the second order can be put in
this form by appropriate change of dependent or independent variable.

But above equation we do not know how to solve exactly. Then we use a
tricky way to solve to it. That is, make Eq. (A.1) of the form [18§]

d*w

@ (1+¢)w. (A.2)

If ¢ is enough small then we can neglect it. Then the solution of Eq. (A.2)
can approach to @ = Aef + Be~¢. Here we can let

w = {€(z)}7w. (A.3)
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Then w satisfies
d*w
dg?
where dots signify differentiations with respect to &.
We can compare with Eq. (A.2) and Eq. (A.4). We compromise by
choosing &(z) so that the term #?f(z) is a constant, which we take to be
unity. Thus

L1
;dQ.T 2

= (1) + # g ),

(A4)

@) = [ fHaar (A5)
Until now, we get the solution of Eq. (A.4) as
o =~ Aele 73 (a)da’ + Be~ Jo+ f%(wl)dxl.
In terms of w, we obtain
w= {f'(x)}_le =~ Af_Tlefom+ rAaaa +Bfie Jor f%(z/)dx/. (A.6)

Eq. (A.6) we call Liouville-Green Function:

A.2 Relevance of Weber Equation for P;,
The Eq. (A.1) can be write in 'the form

d*w 1
Rl R (A7)

as we take f = 1z% 4 a, then using Eq. (A.5)

For large x, 0" is plus time and approach to zero. Thus
1
£ = ZxQ + alnx + constant + O(z~?). (A.9)
Hence the principal solution U (a, x) is specified by the condition

Ula,z) ~ 2% @e T, (A.10)



when z — +00. We also denote U(a, z) by Dfa%(i’?')-
Now Eq. (3.31) is

d*U 21
I

Where z = \/ae it and n = z% We apply Eq. (A.10) here. We get

2 . .
Ui(z) ~ 27" teT and U_(2) ~ z"e "+ but we want to know probability
when time is positive infinite. Because probability must be converge so the
solution U, (z) must be dropped. As a result, we get back Eq. (3.32).
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Appendix B

Derivation of the P, in
Day-Night effect

Here we discuss the problem of finding P.. The Ag donate the shift potential
became of interaction with matter in earth, and we assume the density of
earth is constant. Therefore, the neutring:propagation in earth is

d [ 1 mi | 0 Ag 0 21
z%<y2>=ﬁl< A m3>+UT< i 0>U]<V2>. (B.1)

The U matrix is define as‘Eq. (2:8);-then we can obtain the Hamiltonian in
the mass-eigenstate

Hy,

1 <m§+A@(Jg AgSpCl ) (B.2)

TOE\ ApSeCy  mE+ ApS2

Here, we neglects non-important term. Adding a phase factor still unaffect
the probability Ps.. So, we can rewrite the Hamiltonian as

1 ( m% + A@Cg — %TT(Hm) A@S@C@

Hm =55 A0SyCh m3+ ApS3 — \Tr(H,,) ) - (B3)

Or in terms of Pauli-matrices

H _ L —(5m2 —+ A@Cg@ A@SQQ
m 4E A@SQ@ (5m2 — A@CQ@ ’
1
= E [A@SQ@ c 01 + (—5m2 -+ A@029)03:| s
= (a-o0). (B.4)
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The Pauli-matrices and a vector are defined as

0 1 0 —i 1 0
01:(1 0)’ "2:(2' 0)’ US:(O —1)’ (B.5)

X A Sog
a = — 0
A _5m2 4 AuChy

The time evolution operator is given by
T (t) = exp(—iHt). (B.6)
Now, we have two properties[19] of Pauli-matrices to obtain time-evolution

function

(a-0) = a’,

T(t) = exp(—ia-ot) = 1cos(at) — i " sin(at). (B.7)

a

Thus, we may easily calculaté-the amplitude..Ao.=(v.|v2(L)) by using the the
explicit form of the Pauli-matricés. Combining the result of Eq. (2.8) and
Eq. (B.7) we obtain
As. = (vl sin T(L)jvs). (B.8)

L is the length of neutriné-propagation. From which we can get the proba-
bility

P2e = ‘A2€|2 )

A@5m2
A% — 2A56m2Co + (0m?)

= S +sin®20 ssin*(aL),  (B.9)

(B.10)
with
1
“« = 1z (A — dm2Co)? + dm?2S3,. (B.11)
The average probability using above equation is
1 Agom?
Py.) = S7 + - sin? 20 - : B.12
(o) = S5 o S 2 STy & (32 (B.12)

It is the same as Eq. (3.40).
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