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Nonparametric Bayes Risk Estimation for
Pattern Classification
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Abstract—The performance of a pattern classification system is
often evaluated based on the risk committed by the classification
procedure. The minimum attainable risk is the Bayes risk. Therefore,
the Bayes risk can be used as a measure of the intrinsic complexity of
the system, and it also serves as a reference of the optimality measure
of a classification procedure. There are many practical situations in
which the nonparametric methods may have to be called upon to
estimate the Bayes risk. One of the nonparametric methods is via the
probability density estimation technique. The convergence properties
of this estimation technique are studied under fairly general assump-
tions. In the computer experiments reported, the estimate of the
Bayes risk is taken as the sample mean of the density estimate by
making use of the leave-one-out method. The probability density
estimate used is the one proposed by Loftsgaarden and Quesenberry.
This estimate is shown to be, in general, superior to the risk
associated with a Bayes-like decision rule based on the error-counting
scheme. This estimate is also compared experimentally with the risk
estimate associated with the nearest neighbor rule.
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1. INTRODUCTION

SSUME there exists a class of conditional probability
Adensities F={fi, f2, -**, fu} in a probability space
{S,B,P}, where S is the sample space, B is a c-algebra of
subsets of §, and P is a probability measure on B. Let NiM2s
M =0, YL, 1, =1, be the prior probabilities of
occurrence of the M pattern classes. Also let L(i, ) be the loss
incurred by classifying a sample from class i into class Jj A
pattern classification procedure is to assign a new sample in
the sample space (usually in the form of measurement
vectors) to one of the M pattern classes. The performance of
a pattern classification system is properly evaluated based
on the risk (ie., the expected value of the loss due to
misclassification) committed by the classification
procedure. The minimum attainable risk is the Bayes risk.
Therefore, the Bayes risk can be used as a measure of the
intrinsic complexity of the system, and it also serves as a
reference of an optimality measure of a procedure.

The Bayes risk is a function of a priori probabilities and
the underlying conditional probability densities. In the case
where {r;} and {;} are known completely, it is well known
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[21] that the following randomized decision rule d® attains
the Bayes risk:

1, if _; 1 L(i.j) fi(x)

< min f n: L(ik) fi(x)

k#j i=1

0 Y L))

>min Y n,L(i.k)fi(x)

k#j i=1

o, if '; 1 L(i,j) fi(x)

M

= min Z niL(i,k)ﬁ(X)

k#j i=1

(1)

where x is the observable measurement of the new sample X,
and

™Mz
K.‘Q
I

j=1

The Bayes risk Ry is given by

M
Rp= Z UiEi}'B(i»X)’

i=1

valbX) = 3, LX)

where y4(i,x) is the risk associated with class i committed by
the decision rule d?, given that the random vector X takes on
the value x, and E, is the expectation taken over S with
respect to f; € F.

In the real world, there is often a lack of the exact
knowledge of {;} and { f;}; instead only partial information
is available. For instance, there are situations in which only
the parametric forms of the underlying distributions and/or
a set of correctly classified samples from the distributions are
known. Based on this partial information, parametric and
nonparametric methods have been studied by many resear-
chers to solve the pattern classification problem. Nonpar-
ametric methods are used under the condition that no
parametric forms of underlying distributions are known or
can be assumed, [1]}-[11].

In this paper the focus is placed on the nonparametric
Bayes risk estimation via the sample mean of an estimator of
the conditional Bayes risk which, in turn, employs the
density estimation technique. Various asymptotic proper-
ties of the above conditional risk estimator are studied under
fairly general assumptions. The nonparametric Bayes risk
estimation is implemented with the given correctly classified
samples on a digital computer. The experimental results are
then discussed.
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II. NONPARAMETRIC CLASSIFICATION PROCEDURE
WITH DENSITY ESTIMATION

In classifying a new sample into one of the M possible
pattern classes, there are two categories of nonparametric
classification procedures. On the one hand, there are
procedures which do not involve the use of any form of the
underlying probability densities. Under this category there
are i) the nearest neighbor decision rule [1], [2], [4]-[7]: ii)
classification procedures based on statistically equivalent
blocks [3], [18]; iii) the classification by linear or piecewise
linear discriminant functions [19]; and others. On the other
hand, there are procedures which employ density estimation
techniques [8]-[10]. These procedures are conceptually
simple and are analogous to those parametric methods in
statistical decision theory. To facilitate later discussion, one
of the general forms of these procedures is given here.

Assume that the density functions f; e F,i=1,2,---, M,
are estimated from the training sample sets by making use of
some density estimation technique. Let f;_,,i(.\‘) denote the
estimate of f{(x),i = 1,2,--+, M froma et of training samples

{X};, e Xilii)}’iA: 1,2, M. LetX,,é{X(l“,-~, )(1"1‘)’..‘~
X0 XM 2 AX X, X ny 4+ iy =0, and
let §; =n;/n, i=1,2,--, M. Based on these estimates, a

decision rule, denoted by d°(x), which is directed by the
Bayes rule, is defined as follows:
. M s
19 lf z f’tL(l’J)/tm(x)
i=1
M ~

< min Z f]lL(l,k)f,m(X)

k#¥j i=1

e LAis ) finX)

L
=
M=

1]

omin 3 LK) o)

k#j i=1

Y L) )

—min Y A LK) (%)

ktj i=1

where a; >0,j=1,2,---, M,and 3jL, o; = 1.

III. ESTIMATION OF BAYES RiIsK

Once the classification procedure is devised, the perfor-
mance is mainly evaluated by the misclassification com-
mitted by the procedure. In certain cases the estimation of
misclassification can be related to the Bayes risk and is
therefore used to estimate the latter. It was shown [4] thatin
a two-class problem, the risk of the 1-nearest neighbor rule
R with the (0,1)-loss function is related to the Bayes risk R*
by R* <R < 2R*(1 — R*). Let S, /n be an estimate of R,
then the interval [(1 — \/1 — 2S,/n)/2, S,/n] is an estimate
of R*.

The risk associated with the decision rule d° given by (2)
using the error-counting scheme was indicated to converge
to the Bayes risk in quadratic mean [9].
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A different estimation of the Bayes risk can be built upon  where L is the maximum value of L(i,j), i, j= 1, -, M.
an estimator of the conditional Bayes risk. The conditional By Lebesgue’s dominated convergence theorem,
Bayes risk y(x) corresponding to (1) is given by
lim Ey (x| X,) = 75(x)

n;—aoo

M
)= min |3 L)
jett, -, Myli=1

M Vx except for a set of points with zero probability measure.
pix) = {n; filx)} / Y ni filx); Theorem 1: RY converges to the Bayes risk Ry in the

i=1 ordinary sense, as n; — 0.
Now define Proof: Since Ey y9(x|X,) < L almost everywhere and

A Vn by Lebesque’s dominated convergence theorem,
Do ) = i i) | )

i=1

lim RY = lim ExE, y2(X|X,)

and "r-’w ni— o . i
. =Ey lim E,y)(X|X,)
0 : RN ni— o
| X) =" min Y L(i,j)pia(x] X,)
jefl, -, My li=1 = Ex75(x) = Rp.

Notice that p; (x| X,)and y2(x | X,) are conditioned on X, Theorem 2:
and, therefore, are random variables. R .

It will be shown that y9(x | X,) is a consistent estimator of (x| X,) = Ex,vn (x| X,
78(x). Consequently, Ry can be inferred by an estimator of Proof:

0 _ 0
IV. AsymproTIC PROPERTIES OF 79(X | X,) |7 (] %) = Ex,7i(x [ X,)]

Before the asymptotic properties of yp (X | X,) are studied, = [N(x|X,) — lim Ey y(x|X,) - Ey,pn(x| X,)
some assumptions and notations will be introduced first. In nee
the following it will be assumed that the conditional probab- + lim Ey y2(x| X,)|
ility densities f;, i = 1, 2, -+, M, are absolutely continuous e
and bounded from above, and that their estimates ﬁ‘,,i(x), < [ym(x]X,) — lim Ey y2(x| X,)|
i=1, 2 , M, are nonnegative. In addition, assume mim o
fim(x) f( ) i=1,2 -, M; namely, f.,(x) converges to + |Exyn(x|X,) — lim Eyy9(x|X,)].
fi(x) in probability for i = 1, 2, ---, M. Also assume that the mo e
loss functions L(i,j), i, j=1,2,--, M, are nonnegativeand  Given ¢ > 0, we can find €, >0 and &, > 0 such that

finite. Let the notation n; > oo indicate n; —» oo, fori = 1,2,

: 0 Ior: e=¢; +¢,. By Lemma 1,
", M. Besides, E , y,(x | X,) means the expectation is taken

withrespecttoall X |, X ,," -, X . Analogous interpretations lim Pr{|72(x|X,) — lim E, y%(x |X,)| <& =1
apply to Exy)(X | X,) and Ey Ey70(X | X,). Finally define ni= o0 moo h
RE = Ey(EnS0X X)) = By [ /%) [Z mfi(x)}dx and there exists m, i = 1,2, M. ifn; > my i = 1,2+, M
i=1
Lemma 1: lEX,.))n I )_ n%l_{r:o EX.,yr?(x,Xn)l =g
: 0 _ 0
) 9001 %) 5 av) o PrtllelXo) = B | )] <o)
and > lim Pr {|y(x]|X,) — lim E, 7°(x|X,
ii) lim Eyyd(x|X,) = ys(x) ni= o0 | | oo ] %)
e + |Ex,72(x| X,) — lim E, y°(x|X,)| <e¢
Proof: Since #§; - n;,i = 1,2,---, M, almost everywhere IEx. | how el %) =<4
(ae) by the law of large numbers [17] this, together with > lim Pr{[0(x|X,) = lim E, (x| X,)| <&—e¢,)
Finlo) A0 1= 1,2, M, implics (x| X,) % )
j=1,2 -, M, and, therefore (x| X,) —»yB( x). =1

Furthermore for every n (Vn), with probability 1, . P
Le, (x| X,) = Ex, 73(x| X,

M
190(x ] X,)| = min {Z (L])Pr(x |Xn)} Corollary 1: y,,(x|X)—>Ex”y,, (x]X,) in the kth mean
jelt, - (k > 0).
Proof: Since |y(x|X,)| <L < oo, a.e., ¥n, the conver-
< |min Z Lp;a(x | Xn)} =L<oo gence in probability implies the convergence in the kth mean
i li=t [17]. Therefore, Corollary 1 follows from Theorem 2.
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Theorem 3: Exy3(X | X,) 5 Ex{Ex,70(X | X,)}-
Proof: For any ¢ > 0, by the Markov inequality [17],

lim Pr{|Exy(X|X,) = Ex(Ex, 7 (X | X,))| = ¢}

< lim {Ex,|Exya(X | X,) — Ex(Ex,70(X | X,))|}/e
< lim {Ex,. (cf |79(x| X,) — Exye(x|X,)| dx)}/a

where ¢ is a constant such that

1= % nfe <c

for every x except for a set of points with zero probability
measure, since

IEXVS(Xan) - EXEX,.‘Yr?(Xan)l

= [ 199 X,) = Ex72(x| X,)| £ (x) d
< [ ely2x] X%,) = Ex32(x| X,)] dx.

Now Ey |79(x|X,) — Ex, 7a(x|X,)| < ¢ < 0, ae., Vn, by
Corollary 1,

lim Ey|y5(x|X,) — Ex,72(x| X,)| =0.

ni—aoo
By Lebesgues’s dominated convergence theorem,

lim Pr {|Exy5(X |X,) — Ex(Ex,72(X | X,))| = ¢}

ni— o

hm Ex,.|72(x | Xn) - EX,,VB(xan” dx

n;i—oo

fo=0

ScU

1e.,

Corollary 2: Exy2(X | X,) » Ex{Ex, 7-(X | X,)} in the kth
mean.

Theorem 4: Exy2(X | X,) 5 Rp.
Proof: From above,

Rp= lim Ex.x,.Vr?(XIXn)

and
Exy2(X | X,) 5 Ex{Exy2(X | X))

By a technique similar to the one used in the proof of
Theorem 2, it can be shown that

EX%?(X l Xn) £ Rp.
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Since |Exyo(X|X,)| <L < oo, ae., ¥n, the following
corollary can be shown.

Corollary 3: Exy2(X|X,)— Ry in the kth mean. In
particular,

0< Ex,,(Ex)’r?(X|Xn)) —Rp< Ex,,lEx“/r?(X | X,) = Ryg| -0

as n; - oo and Ey |ExyJ(X|X,) — Ry|* =0 as n, — oo Vi.

The previous theorems and corollaries are the foundation
for y9(X | X,) to be used in the Bayes risk estimation. The
expectation of yJ(X | X,) is shown to converge to the Bayes
risk in probability as well as in the kth mean, in contrast to
the convergence of the risk of the nearest neighbor rule
which is only to a bound on the Bayes risk. This result
indicates the use of a sample mean of y9(X | X,) as a desirable
estimation of the Bayes risk. The empirical comparison of
this estimator with the other estimators will be given in the
next section.

V. UTILIZATION OF GIVEN SAMPLES
IN ESTIMATION

In order to estimate the risk by using the correctly
classified samples, two things must be decided. One is to
choose a probability density estimation technique and the
other is to decide on a method to effectively utilize the
available labeled samples to carry out the estimation
scheme. As far as the first problem is concerned, the density
estimator proposed originally by Parzen [13] and extended
later by Cacoullos [14], the one by Murthy [15], and the one
by Loftsgaarden and Quesenberry [12] all meet the consist-
ency requirement of the density estimation. It is the latter
one which was employed in the computer experiments
reported.

In utilizing given labeled samples to carry out the risk
estimation, there are mainly three methods. They are i) the
resubstitution method; ii) the holdout method, or H
method; and iii) the leave-one-out method, or the U method
[16]. Generally speaking, the first method gives an overly
optimistic estimate, while the second method gives an overly
pessimistic estimate. The third method yields an estimate
with a small amount of bias compared with those of the
previous two methods, although it suffers from requiring
more computation time. It is the third method which was
used in the computer experiments.

The application of the leave-one-out method to the
estimation of the Bayes risk discussed previously leads to an
estimator R%(X,) which is given by

M
ﬁg(Xn)= /n Z yr?—l(Xi!Xla X X s X))
i=1

The use of RO(X,) in estimating the Bayes risk is justified
by the following convergence theorem.

Theorem 5: RY(X,) converges to the Bayes risk Rp in
probability as well as in the kth mean (k > 0).

From Lemma 1, it can be shown that

‘})Y(l)—l(Xileﬁ.."Xi‘—l’ Xi+1s .”9Xn)

P
2 Y2—1(Xf I Xn—l)‘* 78(X3)-
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By the Markov inequality,

Pr: é Yo 1(Xi| X, ‘; e(Xi)| > ¢
<IE| 3 90Xl %) - E X)) |2
b £ |

< (1/e)

i E|yn- (X Xu-1) — yB(Xi)l}.

By the convergence theorem in the kth mean [17],

(1/7’1 Z yn 1

i=1

ian—l)'“g’ 1/n .; VB(Xi)-

Because the X; are iid,
Bernoulli’s law,

the yg(X;) are also iid. By

B(Xi) 5 Exys(X) = Rp.

M:

(1/n)

i

I

1
Thus

(1/n) ‘; Yg—l(X."X ~1)—Rg

in probability as well as in the kth mean.

An interesting remark is in order. Experimental results
indicate that RO(X,) has a smaller variance than does the
Bayes risk estimate by the risk associated with the
classification procedure obtained from the error counting
method. The reason may lie in the fact that R(X,) is a
smoother function compared with the error counting risk
estimate. Therefore, R9(X,,) converges to the Bayes risk more
rapidly.

VI. CoMPUTER EXPERIMENTS

The estimation of the Bayes risk discussed above is
implemented on a digital computer. In the following, the
constant {k,} is referred to as the sequence of positive
integers of the Loftsgaarden and Quesenberry estimator of
the density estimation. Let R, R ;, and R, be the estimators
of the Bayes risk by three different models, namely, those
based on EyyJ(X | X,), the risk associated with the decision
rule d°(x), and the k-NN decision rule, respectively. The data
used in the experiments are bivariate Gaussian data
N(u;,%;), i = 1,2, where

(30 _(-30
M= 0] #2720

21=Zz=(2'0 0)

and

0 20/

Experiment 1: Five sets of samples were generated with
n, = n, = n= 100, 150, 200. R? is obtained by the leave-
one-out method and the holdout method. The holdout
sample sizes corresponding to n = 100, 150, and 200 are 25,
50, and 75, respectively. The results are shown in Table I. As

the results indicate, the U method is better than the H
method.
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TABLE 1
AVERAGE AND STANDARD DEVIATION FOR
R® wrtH k, = (n)°%*

50
Ry
n U Method H Method
Avg. SD Avg. SD
100 {0.1363 0.0259 0.1472 0.0461
150 |0.1275 0.0067 0.1406 0.0357
200 10.1248 0.0067 0.1357 0.0271
TABLE 11

AVERAGE AND STANDARD DEVIATION FOR

RO AND R WITH n, = n, = 150, k, = (n)*
-0 -
. Rn(U Method) RE
1 Avg. SD Avg. SD
0.45 | 0.1168 | 0.0111 | 0.0760 | 0.0134
0.50 | 0.1242 | 0.0113 | 0.0733 | 0.0139
0.55 | 0.1275 | 0.0067 | 0.0700 | 0.0139
TABLE III

AVERAGE AND STANDARD DEVIATION FOR
RS, R, AND R, wiTH k, = (n)°-5*

AO ~ ~
Rn(U Method) RE R3
n1=n;,
Avg. SD Avg. SD Avg. SD
50 0.1562 [ 0.0126 | 0.060 0.0316
75 10.1320 | 0.0152 | 0.0653| 0.0152 | 0.0627 | 0.2433
100 {0.1363 | 0.0259 | 0.064 0.0297 | 0.079 0.0222
150 | 0.1275 | 0.0067 | 0.070 0.0139 1 0.0733|0.0238
200 {0.1248 | 0.0067 | 0.066 0.0133 | 0.077 0.0124

Experiment 2: Five sets of samples were generated with
ny = n, = n = 150. R? is obtained for three different values
of k,, i.e., k, =n*, i =123, with «;, =045, a, = 0.5, and
a3 = 0.55. The results are summarized in Table IL RO is
much closer to the true risk (Rz= 0. 134) than Rj. For the
sample sizes under consideration, R? is superior to R.

Experiment 3: For ny = n, = 25, 50, 75, 100, 150, 200, five
sets of tralmng samples were generated. The three Bayes risk
estimates R, Ry, and R, are computed. The experimental
results are shown in Table IIT and Fig. 1. We can find that R®
is better than R and R;. Both R, and R, are optimistic risk
estimates.

It is important to know that the ability of RI(X,) in
estimating the Bayes risk well relys on the appropriate
choice of the constant k,. An improper choice may lead to
poor results [20].

VII. CONCLUSIONS

In this paper focus is placed on the nonparametric Bayes
risk estimation. The estimate based on the conditional Bayes
risk estimator is employed by making use of the density
estimation. Various asymptotic properties of this estimate
are studied under mild assumptions.
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Fig. 1. Plot of Bayes risk estimates versus n (number of samples per
class).

The computer implementation of the estimate of Bayes
risk with the given samples by the leave-one-out method is
given. The estimate converges to the Bayes risk in probabi-
lity and in the kth mean. It was shown that the risk estimate
based on the conditional Bayes risk is generally superior to
the risk estimate associated with a Bayes-like decision rule
d°. For the Gaussian data used, R® was shown to be closer to
the Bayes risk than R and R, were. However, a bad choice
of constants in the estimate may cause the results
to deteriorate.

The Bayes risk estimation discussed above requires no a
priori information of the pattern underlying distribution.
This point lends the method to a number of applications.

1) The Feature Selection Problem: Quite often in a pat-
tern classification problem there are no clear rules for
selecting an effective set of features. A good practice is to
select a set of feature which yields the smallest value of the
estimated Bayes risk. The set of features thus obtained
generally will lead to an efficient classifier design.

2) The Measure of Separability of Clusters: In cluster
analysis the measure of separability of the resultant clusters
by means of the Bayes risk estimation can provide good
insight into the structure of clusters.

IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS, VOL. SMC-7, NO. 9, SEPTEMBER 1977

REFERENCES

[1] E. Fix and J. L. Hodges, Jr., “Discriminatory analysis, nonparametric
discrimination,” USAF School of Aviation Medicine, Randolph
Field, TX, Project 21-49-004, Rep. 4, Contract AF41 (128)-31, Feb.
1951

[2] — “Discriminatory analysis: Small sample performance,” USAF
School of Aviation Medicine, Randolph Field, TX, Project 21-49-004,
Rep. 11, Aug. 1952.

[3] T. W. Anderson, “Some nonparametric multivariate procedures
based on statistically equivalent blocks,” in Multivariate Analysis, P.
R. Krishnaiah, Ed. New York: Academic Press, 1966, pp. 5-27.

[4] T. M. Cover and P. Hart, “Nearest neighbor pattern classification,”
IEEE Trans. Inform. Theory, vol. IT-13, pp. 21-27, Jan. 1967.

[5] D. W. Paterson, “Some convergence properties of a nearest neighbor
decision rule,” IEEE Trans. Inform. Theory, vol. IT-16, pp. 26-31,
Jan. 1970.

[6] T. J. Wagner, “Convergence of the nearest neighbor rule,” IEEE
Trans. Inform. Theory, vol. IT-17, pp. 566-571, Sept. 1971.

[7] D. L. Wilson, “Asymptotic properties of nearest neighbor rule using
edited data,” IEEE Trans. Syst. Sci. Cybern., vol. SSC-2, pp. 408-421,
July 1972.

[8] J. Van Ryzin, “Bayes risk consistency of classification procedures
using density estimation,” Sankhya, Ser. A, pt. 2-3, vol. 28, pp.
261-270, Sept. 1966.

[9] S. C. Fralick and R. W. Scott, “Nonparametric Bayes risk estima-
tion,” IEEE Trans. Inform. Theory, vol. IT-17, pp. 440-444, July 1971.

[10] E. A. Patric and F. P. Fischer, II, “Introduction to the performance of
distribution free, minimum conditional risk learning systems,”
School of Electrical Engineering, Purdue Univ., Lafayette, IN, Tech.
Rep. EE67-12, July 1967.

[11] T. Cover, “Learning in pattern recognition,” in Methodologies of
Pattern Recognition, S. Watanabe, Ed. New York: Academic Press,
1969, pp. 111-132.

[12] D. O. Loftsgaarden and C. D. Quesenberry, “A nonparametric esti-
mate of a multivariate density function,” Ann. Math. Statist., vol. 36,
pp. 1049-1051, 1965.

[13] E. Parzen, “On the estimation of a probability density function and
the mode,” Ann. Math. Statist., vol. 33, pp. 1065-1076, 1962.

[14] T. Cacoullos, “Estimation of a multivariate density,” Ann. Math.
Statist., vol. 18, pp. 179-189, 1966.

[15] V. Murthy, “Estimation of probability density,” Ann. Math. Statist.,
vol. 36, pp. 1027-1031, 1965.

[16] P. A. Lachenbruch and M. R. Mickey, “Estimation of error rates in
discriminant analysis,” Technometrics, vol. 10, pp. 715-725, Feb.
1968.

[17] M. Loeve, Probability Theory, third ed. Princeton, NJ: Van Nos-
trand, 1963.

[18] G. W. Beakley and F. B. Tuteur, “Distribution-free pattern
verification using statistically equivalent blocks,” IEEE Trans.
Comput., vol. C-21, pp. 1337-1347, Dec. 1973.

[19] K. Fukunaga, Introduction to Statistical Pattern Recognition. New
York: Academic Press, 1972.

[20] Z. Chen, “Nonparametric methods for nonsupervised and supervised
pattern recognition,” Ph.D. dissertation, Purdue Univ., West Lafay-
ette, IN, 1973.

[21] T. S. Ferguson, Mathematical Statistics: A Decision Theoretic
Approach. New York: Academic Press, 1967.




