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Cascaded four-wave mixing was theoretically and experimentally studied in transparent bulk media. The
obtained sidebands show small angle dispersion, but have good beam quality with M2 factor better than
1.1 in the measurement. The center wavelength of the generated multicolor sideband can be conve-
niently tuned by replacing the nonlinear medium with one of several different materials. Theoretical
analysis and calculation based on the phase-matching condition with the consideration of broadband
spectra of the two incident pulses clarified the mechanism of this process. Self-compressed multicolor
20-fs pulses, which were nearly transform-limited, were obtained when one of the two input beams
was appropriately negatively chirped and the other was positively chirped.

Crown Copyright � 2009 Published by Elsevier B.V. All rights reserved.
1. Introduction

Wavelength-tunable laser pulses with ultrashort durations are
needed to investigate the electronic and vibrational dynamics of
atoms and molecules in a wide range of applications in the fields
of photochemistry, physics, and biology [1,2]. There has been an
ongoing effort to develop new and convenient methods for produc-
ing tunable ultrashort laser pulses. Four-wave mixing (FWM) has
been studied in many various media and extensively used in a
wide range of fields [3–5]. It has recently been studied in various
optically transparent media as a new generation method of ultra-
broadband and tunable ultrashort pulses [6–33]. Tunable visible
ultrashort pulses were generated by FWM through filamentation
in a gas cell [6]. Femtosecond pulses in deep UV and mid-IR have
also been generated by FWM through filamentation or by using a
hollow fiber in various gases [7–9].

It was recently discovered that ultrabroadband spectra and
tunable ultrashort pulses can also be generated in various trans-
parent bulk media [10–33]. In the case of solid-state bulk media,
due to high material dispersion, phase-matching can be obtained
only if the pump beams have a finite crossing angle in the media.
By using picosecond pump pulses, highly efficient high-energy
noncollinear four-wave optical parametric amplification was
achieved in a transparent bulk Kerr medium [10,11]. Tunable
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shi).
mid-IR pulses were obtained in the range 2.4–7.7 lm using
FWM in CaF2 and BaF2 plates [12]. Cascaded FWM sidebands
were generated in BK7 glass [13], fused silica [14,15] and a sap-
phire plate [16,17] with two intersecting femtosecond laser
beams. Sidebands extending from the UV to the near IR (a spec-
tral range of more than 1.5 octaves) were obtained. Tunable mul-
ticolor femtosecond pulses with durations of about 45 fs were
obtained in a fused silica plate when the two input beams were
either positively chirped or not chirped [14,15]. Different-fre-
quency resonant FWM, known as cascaded stimulated Raman
scattering and coherent anti-Stokes Raman scattering, have been
demonstrated, and sidebands with high-efficiency, broadband
spectra have been generated in many nonlinear crystals including
PbWO4 [18], LiNbO3 [19], KNbO3 [20], TiO2 [21], KTaO3 [22,23],
YFeO3 [24], SrTiO3 [25], diamond [26], and BBO [27]. As many
as 20 anti-Stokes (AS) and two Stokes (S) coherent sidebands
were generated by focusing dichromatic ultrashort pulses into a
Raman-active crystal, lead tungstate (PbWO4) [18,28]. A pair of
isolated 25 fs and 13 fs pulses were obtained by combining these
sidebands into a single beam in a LiNbO3 crystal and KTaO3 at
room temperature, respectively [19,23].

In the present paper, the cascaded FWM was studied theoreti-
cally and experimentally in several transparent bulk media. We
demonstrated that the center wavelength of the generated multi-
color sidebands can be tuned by simply changing the nonlinear
medium. Self-compressed multicolor femtosecond pulses with
durations close to the transform-limited pulse width were ob-
tained using cascaded FWM when one of the two input beams
was negatively chirped and the other was positively chirped. A the-
rights reserved.
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oretical analysis and calculation based on the phase-matching con-
dition clarified the mechanism of this process. These calculation
and analysis revealed why the frequency gap between two adja-
cent sidebands decreases as the order number increases.
2. Theoretical analysis

Cascaded FWM processes are schematically shown in Fig. 1a
under the perfect phase-matching condition. The wave vectors of
k1 and k2 are corresponding to the two input beams with respec-
tive frequencies of x1, x2 (x1 > x2). The cascaded FWM can be dis-
assembled step by step as follows. In the first step, two kð1Þ1 photons
and one kð1Þ2 photon generate a first-order anti-Stokes photon kAS1;
the phase-matching condition of this FWM process can be de-
scribed as kAS1 ¼ 2kð1Þ1 � kð1Þ2 and xAS1 ¼ 2xð1Þ1 �xð1Þ2 , as shown in
Fig. 1b. Here, kð1Þ1 and kð1Þ2 are the wave vectors of the photons with
the corresponding wavelength satisfying the phase-matching con-
dition and frequency relation in the first FWM process. Then, suc-
ceeding FWM process among the generated kAS1 photon, one kð2Þ1

photon and one kð2Þ2 photon generate a second-order anti-Stokes
photon kAS2. It is needed to note that the frequency and wave vec-
tor of kð2Þ1 photon and kð2Þ2 photon in this step are different from kð1Þ1

photon and kð1Þ2 photon that generated kAS1 photon. The phase-
matching condition of this second step of cascaded FWM process
is given by kAS2 ¼ kAS1 þ kð2Þ1 � kð2Þ2 � 3kð1Þ1 � 2kð1Þ2 , in which the
directions of kð2Þ1 and kð2Þ2 are the same as those in kð1Þ1 and kð1Þ2

but their modulus are different. Because of the differences in wave-
lengths of kð2Þ1 and kð2Þ2 in the second process, the value of kAS2 is
slightly different from 3kð1Þ1 � 2kð1Þ2 . Therefore the value of kAS2 is
given by kAS2 � 3kð1Þ1 � 2kð1Þ2 and the frequency is given by
xAS2 ¼ xAS1 þxð2Þ1 �xð2Þ2 � 3xð1Þ1 � 2xð1Þ2 , as shown in Fig. 1c. Sub-
sequently, as shown in Fig. 1d, one kAS2 photon together with one
kð3Þ1 photon and one kð3Þ2 photon generate a kAS3 photon; the phase-
matching condition is kAS3 ¼ kAS2 þ kð3Þ1 � kð3Þ2 � 4kð1Þ1 � 3kð1Þ2 ;

xAS3 ¼ xAS2 þxð3Þ1 �xð3Þ2 � 4xð1Þ1 � 3xð1Þ2 . To simplify the expres-
Fig. 1. (a) Phase-matching geometry for cascaded four-wave mixing process. Phase-matc
two input beams. The angle a is the crossing angle between the two input beams in the
sion, the mth-order anti-Stokes sideband will have the following
phase-matching condition: kASm ¼ kASðm�1Þ þ kðmÞ1 � kðmÞ2 � ðmþ 1Þ
kð1Þ1 �mkð1Þ2 ;xASm � ðmþ 1Þxð1Þ1 �mxð1Þ2 . We need keep in mind
that in every step, even the direction of kðmÞ1 photon and kðmÞ2 photon
are the same, the frequency and wave vector value of
xðmÞ1 ; xðmÞ2 ; j kðmÞ1 j, and j kðmÞ2 j are different in every FWM step of
m. On the Stokes side, two kð�1Þ

2 photons with one kð�1Þ
1 photon gen-

erate a first-order Stokes photon kS1, as shown in Fig. 1e. Then the
generated kS1 photon together with a kð�2Þ

1 photon and a kð�2Þ
2 pho-

ton generate a second-order Stokes photon kS2. Therefore, the mth-
order Stokes sideband will have the following phase-matching
condition: kSm ¼ kSðm�1Þ þ kð�mÞ

2 � kð�mÞ
1 � ðmþ 1Þkð�1Þ

2 �mkð�1Þ
1 ;

xSm � ðmþ 1Þxð�1Þ
2 �mxð�1Þ

1 . Thus, all the processes are FWM
processes with third-order nonlinearity. Higher-order signals are
obtained from the generated adjacent lower-order signals; hence
the process is called cascaded FWM.

Fig. 1 shows that the required length of wave vector jk(m)j for
generating a FWM signal increases on both anti-Stokes and Stokes
sides when the order number increases. For anti-Stokes beams, the
wavelength is blue-shifted as the order number increases, which
accords with the need of increasing length of jk(m)j. In this case,
phase-matching can be achieved up to higher-order sidebands.
However, the wavelengths of the Stokes beams increase with an
increase of the order number. This red-shifted wavelength does
not accord with the need of increasing length of jk(�m)j. As a result,
the phase mismatch for the Stokes signal increases rapidly with the
order number. Consequently, there are fewer Stokes sidebands
than anti-Stokes sidebands generated in the output signal. The
calculation described below gives the same result. We also
can see that the maximum exit angle in the medium will be
limited by the angle b (see Fig. 1b) on the anti-Stokes side
due to the phase-matching condition. Based on the trigono-
metric formula, b can be expressed as: b ¼ aþ sin�1

jk2j sin a=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jk1j2 þ jk2j2 � 2jk1jjk2j cos a

q� �
, where a is the crossing

angle between the two incident beams in the medium (see Fig. 1b).
hing geometries for generating (b) AS1, (c) AS2, (d) AS3, and (e) S1. k1 and k2 are the
medium.
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As for the generated signals, there are many routes for generat-
ing every sideband including the backward process as seen from
Fig. 1a. In principle, every closed loop that includes the generated
signal vector is a route. Take kAS2 as an example; there are many
possible routes for generating kAS2 : kAS2 ¼ kAS1 þ kð2Þ1 � kð2Þ2 ;kAS2 ¼
kð1Þ1 þkð2Þ1 �kS1;kAS2 ¼ kð1Þ1 þkð1Þ1 þkð2Þ1 �kð1Þ2 �kð2Þ2 ;kAS2 ¼ kð3Þ2 þkAS3�
kð3Þ1 , and so on. In a medium, intrinsic fifth- and higher-order
nonlinear processes are frequently ignored since the effects are
much smaller than that third-order nonlinearity process. As de-
scribed above, the higher-order Stokes signal is very weak due to
the large phase mismatch and also because the crossing angle be-
tween the higher-order Stokes beam and the anti-Stokes beam is
very large, making the interaction length short. Therefore, pro-
cesses due to higher-order Stokes signals can also be ignored. Thus,
the mth-order anti-Stokes signal is mainly generated by the cas-
cading kASm ¼ kASðm�1Þ þ kðmÞ1 � kðmÞ2 process. In the process, the con-
tribution from the feedback process kASm ¼ kASðmþ1Þ � kðmÞ1 þ kðmÞ2 is
small and can be neglected for higher-order signals. However, it
is necessary to consider the contribution from the strong first-or-
der Stokes or anti-Stokes signals for low-order anti-Stokes or
Stokes signals. The small interference observable in the spectra of
the low-order sidebands given in previous reports [16,27] demon-
strates the importance of these two contributions.
3. Theoretical calculation

In previous experimental studies [13–18,26–29] and present
work we found that the frequency difference between two adja-
cent sidebands decreased with increasing order number. Both in-
put beams are femtosecond pulses and they thus have wide
spectral bandwidths. As a result, different spectral band was se-
lected from the broad input spectra, which induced this variable
frequency gap between two adjacent sidebands with increasing or-
der number. The following calculation explains this phenomenon
semi-quantitatively. To simplify the calculation, we set the wave-
length of one input beam to 800 nm (x2) (beam 2) and the wave-
length of the other input beam to a wide bandwidth from 660 to
740 nm with a center wavelength at 700 nm (x1) (beam 1); this
accords with the frequency parameters for the two input beams
in our experiment [14]. For a given external crossing angle in the
same material, the frequencies and wave vectors of cascaded
FWM sidebands are determined by the phase-matching condi-
tions: kASm ¼ kASðm�1Þ þ kðmÞ1 � kðmÞ2 ;xASm ¼ xASðm�1Þ þ xðmÞ1 � xðmÞ2

and kSm ¼ kSðm�1Þ þ kð�mÞ
2 � kð�mÞ

1 ;xSm ¼ xSðm�1Þ þ xð�mÞ
2 � xð�mÞ

1 .
We calculated this process step by step. In every step of cascaded
FWM process, we scan the wavelength of x1 from 660 to 740 nm
to find the minimum phase mismatching DkASm ¼ kASðm�1Þþ
kðmÞ1 � kðmÞ2 � kASm or DkSm ¼ kSðm�1Þ þ kð�mÞ

2 � kð�mÞ
1 � kSm. For

example, from Fig. 1b, the phase mismatch DkAS1 depends only
on the wavelength of x1 from 660 to 740 nm when all the other
input parameters are fixed. Then, the output parameters, including
direction and wavelength, of the first-order sideband (AS1) can be
determined by finding the minimum phase mismatch DkAS1 when
scanning the wavelength of x1 from 660 to 740 nm. After the
parameters of AS1 have been determined, the output parameters
of AS2 can be determined in the same way of finding the minimum
phase mismatch DkAS2 through scanning the wavelength of x1

from 660 to 740 nm, as shown in Fig. 1c. It can be concluded that
all the output parameters of the sidebands can be determined by
finding the minimum phase mismatch DkASm or DkSm. In this
way, we can calculate the exit angle and wavelength of the gener-
ated cascaded FWM sidebands, the wavelength of x1 at the mini-
mum phase mismatch, and the minimum phase mismatching for
every step of cascaded FWM.
Here, we calculated the output parameters of the generated
sidebands when the material is a 1-mm fused silica plate for sev-
eral external crossing angles (1.40�, 1.64�, 1.87�, 2.10�, 2.34�, and
2.57�) which are the same conditions as those in Ref. [14]. Fig. 2
shows the calculation results, where an order number of 0 refers
to beam 2 with 800 nm (x2), an order number of 1 refers to the
wavelength of beam 1 between 660 and 740 nm (x1) when the
minimum phase mismatching DkAS1 are obtained, and an order
number of 2 refers to the first-order anti-Stokes sideband (AS1),
etc. Fig. 2a shows the wavelength of beam 1 for generating differ-
ent order sidebands in the case of the phase mismatching is the
minimum. In Fig. 2a, the order numbers 0 and 1 refer to beam 2
and beam 1, respectively. The wavelength related to order number
2 refers to the wavelength of x1 for generating AS1 in the case of
the phase mismatching is the minimum, and so on. We can see that
the optimal external crossing angle that the minimum phase mis-
matching for AS1 was obtained at the center wavelength of x1

700 nm in this case is about 1.87� which is accord with the exper-
iment data. The wavelength of beam 1 increases with the order
number of the anti-Stokes sideband. This explains why the wave-
length gap between two adjacent sidebands decreases with
increasing order number. For the higher-order numbers, the fre-
quency difference between two adjacent sidebands becomes equal.
This is because the two input pulses have limited spectral bands.
The wavelength of beam 1 increases and fixed at the maximum
wavelength of 740 nm in this calculation at higher-order numbers
(see Fig. 2a). For the same order number, the wavelength difference
of x1 induces also a different wavelength gap between two adja-
cent sidebands for different external crossing angles. We also can
see that the wavelength of beam 1 decreases for the same-order
sideband with the increase of the external crossing angles. This is
the reason that the spectra of the generated sidebands are tunable
by changing the external crossing angles. It also can explain the
evolution of output power of sidebands at different external cross-
ing angle in Fig. 4a in Ref. [14]. It is because both input pulses have
Gaussian spectral profile that the highest intensity of x1 locate at
center wavelength 700 nm and decreasing on both sides. Then, the
output power of the sideband will be higher when the wavelength
of x1 close to 700 nm and lower when it far from 700 nm. When
the external crossing angle is 1.4�, the S1 and AS1 have high output
power and decreasing quickly with the order number increasing.
When the external crossing angle is 1.87�, the S1 and AS1 also have
high output power. However, the output powers from AS2 to AS5
are higher and decreasing more slowly with the order number
increasing compare with that at 1.4� crossing angle. These results
in accords with wavelength of x1 in Fig. 2a. We can see that it
can be explained in the same way when the external crossing an-
gles are 2.10� and 2.57�. It explains that it is difficult to obtain high-
er-order Stokes sideband. Fig. 2b shows the evolution of the
wavelength of the generated sidebands with the order number at
several different external crossing angles (1.40�, 1.64�, 1.87�,
2.10�, 2.34�, and 2.57�). It clearly shows that the wavelength of
the same order sideband can be tuned by changing the external
crossing angle. Fig. 2c shows the exit angles of different sidebands
at several different external crossing angles, the evolution agrees
well with the experiment data given in Ref. [14]. Fig. 2d shows
the curve of the dependence of the exit angle of the generated side-
bands on the center wavelength of generated sidebands for several
different media. It is interesting to see that the curves are almost
overlapped for different external crossing angles for the same med-
ium. Here, in Fig. 2d, we only display the curves at 1.40�, 1.87�, and
2.57� three different angles. This result is in accordance with Fig. 4
in Ref. [27]. Fig. 2e shows the phase mismatching in 1 mm thick
fused silica from AS1 to AS4 at 1.87� and 2.34�. The slope of the
curves increased with the order number increasing. It means that
the gain bandwidth of the sideband will decrease with the order



Fig. 2. Dependence of (a) the wavelength of generated sidebands, (b) the wavelength of beam 1 for optimal phase-matching, and (c) the exit angles of the generated
sidebands on the order number at six different crossing angles (1.40�, 1.64�, 1.87�, 2.10�, 2.34�, and 2.57�) in a 1-mm thick fused silica plate. (d) The dependence of the exit
angle of the generated sidebands on the center wavelength of generated sidebands at 1.40�, 1.87�, and 2.57� three different crossing angles in five different media (CaF2, fused
silica, BK7, sapphire plate, and BBO crystal). (e) The phase mismatching in 1 mm thick fused silica from AS1 to AS4 at 1.87� and 2.34�.
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number increasing for the same crossing angle. The slope increases
also with the input crossing angle for the same sideband.

Fig. 3a shows the dependence of the wavelength of every side-
band on the order number at several different transparent bulk
media (CaF2, fused silica, BK7, sapphire plate, and BBO crystal)
when the crossing angle fixed at 1.8�. It is obvious that the wave-
length of every sideband is tunable at a fixed external crossing an-
gle in various transparent bulk media. This means that the center
wavelength of the generated multicolor sideband can be conve-
niently tuned by simply replacing the nonlinear medium. We also
calculated the group delay between beam 2 (800 nm) and other
wavelength in CaF2, fused silica, BK7, and sapphire plate, as shown
in Fig. 3b. If we want to obtain broadband sidebands [32,33], it can
be concluded that it is more advantageous to use a bulk medium
with low dispersion, for example CaF2 and fused silica, and use a
thin (�150 lm) glass as the nonlinear medium in the process to re-
duce time delay.

The above calculations are all based on the phase-matching con-
dition which only indicates the important role of the phase-match-
ing in this process. Although it can qualitatively explain the process,
this is inadequate when the two input pulses are femtosecond
pulses with broadband spectrum. For a much more precise descrip-
tion and to understand the process fully, the analysis should begin
with an integral description of the FWM nonlinear polarization
density just the same as Refs. [34,35]. The third-order dielectric
polarization induced at frequency X by the input beams can be ex-



Fig. 3. (a) Dependence of the wavelength of generated sidebands on the order
number in five different media (CaF2, fused silica, BK7, sapphire plate, and BBO
crystal) when the crossing angle is 1.8�. (b) The group delay between beam 2
(800 nm) and other wavelength in CaF2, fused silica, BK7, and sapphire plate with
1 mm thickness. (c) The black solid line is the ideal AS1 signal intensity. The dash-
dot line, dotted line, and short-dashed line refer to curves related to phase
mismatching sinc2(Dkz(X,x1,x2)L/2) at 1.4�, 1.9�, and 2.4�, respectively.

Fig. 4. (a) The curves are spectra of the sidebands from AS1 through AS4 and two
input beams when the crossing angle between the two input beams is 1.8�. B1 and
B2 refer to beam 1 and beam 2, respectively. The top picture of Fig. 4a is a
photograph of the sidebands on a sheet of white paper behind a 1-mm thick fused
silica plate. (b) Dependence of sideband wavelength on the order number:
experimental result (black square line), optimized theoretical result considering
the spectral bandwidth of input pulses (red circle line), and theoretical result
without considering the spectral bandwidth (green triangle line), where an order
number of 0 refers to beam 2, an order number of 1 refers to beam 1, and an order
number of 2 refers to AS1, etc.
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pressed by summing over all possible permutations of the input fre-
quencies according to the third-order susceptibility [35]:

eP ð3Þðz;XÞ ¼ ZZ dx1dx2 ~vð3Þðxeg �x1;x1 �x2;

�xeg þXÞeE�1ðz;x1ÞeE2ðz;x2ÞeE3ðz;X�x2 þx1Þ
� exp½ið�k1zðx1Þ þ k2zðx2Þ þ k3zðX�x2 þx1ÞÞz�:

ð3:1Þ

In the expression, we assume the pulses are overlapped very well in
time. Representation of the frequency-dependent third-order non-
linear susceptibility, ~vð3Þðxeg �x1;x1 �x2;�xeg þXÞ, is based on
the interaction of the input fields with an electronic transition with
the frequency xeg. In the case of a nonlinear process with a low effi-
ciency (E1,2,3 = const), the four-wave mixing signal field can be ob-
tained through integrate the signal intensity over the longitudinal
coordinate z, as follows:

eE4ðL;XÞ ¼ i
cl0X

2n4ðXÞ

Z L

0

eP ð3Þðz;XÞ expð�ik4zðXÞzÞdz

¼ i
cl0XL
2n4ðXÞ

ZZ
dx1dx2 ~vð3Þðxeg �x1;x1 �x2;

�xeg þXÞeE�1ðz;x1ÞeE2ðz;x2ÞeE3ðz;X�x2 þx1Þ
� sin cðDkzðX;x1;x2ÞL=2Þ expðiDkzðX;x1;x2ÞL=2Þ:

ð3:2Þ

Here, Dkz(X,x1,x2) = �k1z(x1) + k2z(x2) + k3z(X �x2 + x1) � k4z(X)
is the phase mismatch, L is length of medium. As a result, the
obtained four-wave mixing signal intensity can be expressed:

Ið3Þ4 ðXÞ ¼
e0n4ðXÞQðXÞ

c
jeE4ðL;XÞj2 / RðXÞIideal

4 ðXÞ; ð3:3Þ



Fig. 5. The inset pattern in figure (a) shows the five different positions on the beam
we measured. C0 is the center of the beam. N5 and N2 refer to the side close to the
two input beams. F2 and F5 refer to the side far from the two input beams. (a) and
(b) show the spectra at the five different positions on the AS1 and AS2 sidebands,
respectively. The inset of (b) shows the phase-matching geometry which indicates
longer wavelength on the side far from the two input beams.

Fig. 6. Measured beam diameters and M2 in both X and Y directions for (a) AS1 and
(b) AS2 sideband, respectively.
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where c is the vacuum light speed. n4(X) is the index of generated
signal at frequency X. Q(X) is the response function of the detector.
Iideal
4 ðXÞ is an ideal four-wave mixing signal intensity and can be

expressed:

Iideal
4 ðXÞ ¼

ZZ
dx1dx2

eE�1ðz;x1ÞeE2ðz;x2ÞeE3ðz;X�x2 þx1Þ
����

����2
ð3:4Þ

and

RðXÞ ¼ QðXÞX2

n4ðXÞ
sin c2ðDkzðX;x1;x2ÞL=2Þ: ð3:5Þ

In the calculation, the input parameters are the same as above
calculation. The ideal AS1 signal intensity was shown in Fig. 3c
with black solid line. The curves related to phase mismatching
sinc2(Dkz(X,x1,x2)L/2) at 1.4�, 1.9�, and 2.4� were shown in
Fig. 3c with dash-dot line, dotted line, and short dash line, respec-
tively. The same as above calculation, the phase mismatching was
calculated through fixed one wavelength of beam 1 and scan the
wavelength of beam 2 in several spectral bandwidth region in a
0.2 mm fused silica glass. It shows obviously the dependence of
the spectrum of AS1 on the crossing angle of the two input beams.
We can see that the output wavelength not only dependent on the
phase mismatching but also the ideal curve (or the spectra of input

pulses). The same as description in Refs. [34,35], QðXÞX2

n4ðXÞ
will also
introduce blue-shift of the signal wavelength. As a result, the cen-
ter wavelength of the generated sideband was not exact the wave-
length that the phase mismatching was zero but a little shift to the
center wavelength of the ideal spectrum.

4. Experiment

The experimental setup is the same as that in used in previous
studies [14,15]. The source was a Ti:sapphire regenerative ampli-
fier laser system (Legend-USP, Coherent) with a pulse duration of
40 fs, 1-kHz repetition rate, and an average power of 2.5-W. The la-
ser pulse was split into several beams. One of the beams (beam 1)
was spectrally broadened in a 60-cm hollow fiber with an inner
diameter of 250 lm that was filled with krypton gas. The broad-
band spectrum after the hollow fiber was dispersion compensated
using a pair of chirped mirrors and a pair of glass wedges. The
pulse was negatively chirped by the chirped mirror pairs. After
passing through a 40-nm-bandpass filter centered at 700 nm,
beam 1 was focused into a transparent bulk medium by a 60-
cm-focal-length concave mirror. Another beam (beam 2) passed
through a delay stage having a resolution of less than 3 fs. Beam
2 was first attenuated by a variable neutral density (VND) filter
and it was then focused into the transparent bulk medium by a
1-m focal-length lens. Positive chirp was induced due to the dis-
persions in lenses, beam splitters, and a VND filter. A third beam
(beam 3) was used to measure the pulse duration using the
cross-correlation frequency resolved optical gating technique by
mixing it with the two input beams or the generated sidebands
in a 10-lm thick BBO crystal.

The pulse duration of beam 2 was 75 fs with positive chirp,
while that of beam 1 was 50 fs with negative chirp. The input
power of beam 1 (beam 2) was 8 (24) mW and its diameter on



Fig. 7. Spectra of (a) the first-order anti-Stokes sideband (c) the third-order anti-Stokes sideband of CaF2, fused silica, BK7, sapphire plate, and BBO crystal at 1.8� crossing
angle. (b) Spectra of the first-order anti-Stokes sideband of fused silica at different crossing angles in the range 1.11�–2.56�.
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the surface of the transparent bulk medium was 250 lm (300 lm)
in the vertical direction and 300 lm (550 lm) in the horizontal
direction, as measured using a CCD camera (BeamStar FX33, Ophir
Optronics). The beam intensities on the glass surface were more
than one order of magnitude lower than the optical breakdown
threshold for all of the transparent bulk media used and no damage
was found during or after irradiation by the beams. Both input
beams were horizontally polarized. The position of beam 2 was
fixed and the crossing angle between beams 1 and 2 was varied
with a precision of ±0.02� by adjusting the position of beam 1 on
the surface of a concave mirror in front of the transparent bulk
medium.
1 For interpretation of color in Figs. 1-8, the reader is referred to the web version of
this article.
5. Results and discussion

As beams 1 and 2 were synchronously focused on the transpar-
ent bulk medium in time and overlapped in space, separate cas-
caded FWM signals at different wavelengths were generated and
they were well separated in a line next to the input beams. The
top of Fig. 4a shows a photograph of the FWM sideband spots on
a white sheet of paper behind a 1-mm thick fused silica plate. Cas-
caded signals could be obtained from plates as thin as 150 lm if
the peak intensity on the glass surface exceeded 2 TW cm�2 [13].
The first, second, and third spots in the figure from the right-hand
edge are beam 2, beam 1, and AS1, respectively. The signal beam
profiles of the sidebands have good Gaussian mode patterns.
Fig. 4a shows the spectra of the sidebands and the two input
beams. B1 and B2 refer to beams 1 and 2, respectively. All the spec-
tra of the sidebands have smooth profiles. The dependence of the
wavelengths of different sidebands on the order number is shown
in Fig. 4b. The experiment data accords with the optimized
calculation that the broad spectra of the input pulses are consid-
ered. The slightly shift between the experimental and optimized
calculation data due to the Gaussian profile of the spectra of the
two input pulses. If the spectral bandwidth of the input pulses
were not considered xASm ¼ ðmþ 1Þxð1Þ1 �mxð1Þ2 , the wavelength
error of the same order sideband between the normal calculation
and experimental results increased with increasing order number,
as shown in Fig. 4b (green1 triangle line).

In the experiment, we measured the spectra of AS1 and AS2 at
five different positions on the sideband, as shown in the inset of
Fig. 5a. The beam diameter was expanded to about 11 mm after
propagating about 1.5 m in the air. C0 was the center measurement
position. N2 and N5 were the two positions 2 mm and 5 mm,
respectively, away from C0 on the side close to the input beams.
F2 and F5 were the two positions on the side far from the input
beams. Fig. 5a and b demonstrated the normalized spectra profile
at N5, N2, C0, F2, and F5 five different positions on the AS1 and
AS2 sideband, respectively. All the spectra owed nice Gaussian pro-
file for different positions. Longer wavelength located on the posi-
tion far away from the two input beams and the shorter
wavelength generated on the position close to the two input
beams. The center wavelength was shifted for about 15 nm be-
tween the two edge points F5 and N5. It indicated that there was
small angle dispersion in the sidebands. The angle dispersion can
be explained by the different angles for phase-matching condition
to be deflected upon transmission from the crystal to air, as shown
in inset of Fig. 5b.

The M2 factors of AS1 and AS2 were measured using a CCD cam-
era (BeamStar FX33, Ophir Optronics) to measure the beam diam-
eters at more than 10 different positions on both sides of the focal



Table 1
The output power of different sidebands for several different bulk media when the external crossing angle is about 1.8�. In the case, the input power of beam 1 and beam 2 are
7 mW and 25 mW, respectively.

CaF2 (lW) Fused silica (lW) BK7 (lW) Sapphire plate (lW) BBO (lW)

AS1 480 700 715 750 780
AS2 210 315 295 210 135
AS3 125 90 60 40 10

Fig. 8. Recovered intensity profile and phase of (a) AS1 and (c) AS2. Recovered spectrum (black solid curve), spectral phase (blue solid curve), and measured spectrum (red
dotted curve) of (b) AS1 and (d) AS2.
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point. The measured beam diameter data were curve fitting into
hyperbola and obtained the value of M2 factor [36,37]. Fig. 6a
shows the obtained M2 factor value of AS1 at X and Y directions
were about 1.01 and 1.06, respectively. Fig. 6b shows that the M2

factor value of AS2 at X and Y directions were about 1.04 and
1.06, respectively. Both AS1 and AS2 owed perfect beam quality.
These good beam qualities owe to the soliton effect in the mixing
process [38,39].

In the experiment, we replaced the fused silica plate with other
transparent bulk media: a CaF2 plate, a BK7 glass plate, a sapphire
plate, and a BBO crystal cut at h = 20.4�, / = 0� (o light) all with a
thickness of 1 mm. When the two input beams were the same
and the crossing angle was fixed at 1.8�, the spectra for the same
order sideband differed greatly for the different transparent bulk
media. Fig. 7a shows the spectra of the first-order anti-Stokes sig-
nals for transparent bulk medium of CaF2, fused silica, BK7, sap-
phire plate, and BBO crystal. The signal generated by CaF2 has
the shortest wavelength among them, while the BBO crystal in-
duces the longest wavelength signal. Fig. 7b shows the spectra of
the first-order anti-Stokes sideband for fused silica by varying
the crossing angle between 1.11 and 2.56�. As mentioned above,
the difference in the center wavelength increases as the order
number increases. Fig. 7c shows the spectra of the third-order
anti-Stokes signals of CaF2, fused silica, BK7, sapphire plate, and
BBO crystal. The difference in the center wavelengths of CaF2 and
BBO crystal increased from 40 nm to about 65 nm. The wavelength
ranges of different order signals from different bulk media overlap
with each other. This means it is possible to continuously tune the
spectrum both by simply replacing the medium and by varying the
crossing angle. Table 1 showed the output power of different side-
bands for several different bulk media when the external crossing
angle is about 1.8�. In the case, the input powers of beam 1 and
beam 2 were 6.5 mW and 25 mW, respectively. Even the output
power of AS1 was the lowest for CaF2, the powers of AS2 and
AS3 were still very high. For BBO, the power of the sideband de-
creased quickly as the order number increase. This output power
dependent phenomenon was almost the same as that of by chang-
ing the external crossing angle in Fig. 4a in Ref. [14]. In the case,
1.8� is a large crossing angle for CaF2 and a small angle for BBO.

Self-compressed multicolor femtosecond pulses that were
nearly transform-limited were obtained when beam 1 was nega-
tively chirped (@2/1(t)/@t2 < 0) and beam 2 (@2/2(t)/@t2 > 0) was
positively chirped. By using the phase-matching condition:
kAS1 = 2k1 � k2 and xAS1 = 2x1 �x2, the leading edges of the up-
shifted anti-Stokes sidebands (AS1) will have shorter wavelengths
when the two chirped input beams are focused into a medium to
generate cascaded FWM sidebands. As a result, the anti-Stokes
sidebands will be negatively chirped. This can be described using
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following expressions [29]. Both chirped input pulses can be writ-
ten as:

E1ðtÞ / expfi½x10t þ /1ðtÞ�g; E2ðtÞ / expfi½x20t þ /2ðtÞ�g:

The mth (m > 0) order anti-Stokes signal can be expressed as:

EASmðtÞ / expfi½ððmþ 1Þx10 �mx20Þt þ ððmþ 1Þ/1ðtÞ �m/2ðtÞÞ�g

and

@2/ASmðtÞ=@t2 ¼ ðmþ 1Þ@2/1ðtÞ=@t2 �m@2/2ðtÞ=@t2 < 0:

Given @2/1(t)/@t2 < 0 and @2/2(t)/@t2 > 0, the mth-order anti-Stokes
signal is also negatively chirped. Nearly transform-limited pulses
could be achieved when the negative chirp of the anti-Stokes side-
bands just compensates the dispersion of the transparent bulk med-
ia, group velocity delay of two pump pulses induced phase change,
and the nonlinear phase change in the medium. This method can be
used in all FWM process.

The pulse durations of AS1 and AS2 were measured by XFROG.
The spectral and temporal profile and the phase were retrieved
using a commercial software (FROG 3.0, Femtosoft Technologies)
with a 256 � 256 grid. The retrieval error was smaller than 0.010.
Fig. 8a and c shows the temporal profiles and phases of AS1 and
AS2. The pulse durations of AS1 and AS2 are 20 fs and 22 fs respec-
tively, which are very close to the transform-limited pulse dura-
tions of AS1 and AS2 (18 fs and 19 fs, respectively). It is obvious
that the spectrum of the sideband can also a little be broadened
due to the chirp of the input pulses. The nonlinear phase changes
in the medium combine with 1-mm thick compensate the chirps
of the generated sidebands. The obtained pulse duration is a factor
of two shorter than that obtained in a previous report for about 45
pulses with nearly no chirped pulse input [14]. The obtained pulse
durations are even shorter than the transform-limited pulse dura-
tions of the two input beams, which are 32 fs and 33 fs for beams
1 and 2, respectively. Fig. 8b and d shows the retrieved spectra
and the spectral phases of AS1 and AS2, respectively. The retrieved
spectra reproduced the measured spectra very well. The retrieved
phase shows a small positive chirp and some high-order dispersion.
No dispersive compensation in the optical component for the out-
put sideband was used in this process. In the process, the 1-mm
glass can only induce limited dispersion that can compress the
pulse for about 1 fs in this case. Then, the group velocity delay be-
tween two input pulse and the nonlinear phase in the process
maybe contribute the compression a lot. More detail analysis will
be done through numerical simulation in the future.

6. Conclusion and future prospect

In conclusion, the cascaded FWM process was theoretically ana-
lyzed and an experiment was performed using several different
bulk transparent media. Theoretical analysis and calculation based
on the phase-matching condition taking into account of the broad-
band spectra of the two incident pulses explained puzzling phe-
nomena at first glance taking place in this process. The obtained
sidebands show small angle dispersion and perfect beam quality
with M2 factor better than 1.1. The wavelength of the generated
multicolor sidebands can be conveniently tuned by simply replac-
ing the medium. Self-compressed multicolor femtosecond pulses
that were nearly transform-limited were obtained when one of
the two input beams was negatively chirped and the other was
positively chirped. Dispersive compensation is not needed to ob-
tain compressed pulses in this process. In addition, there are sev-
eral other features of using cascaded FWM to generate tunable
femtosecond pulses:

First, several up- and down-shifted multicolor femtosecond
pulses can be simultaneously obtained and spatially separated
from the input beams. They are thus self-synchronized and conve-
nient for multicolor pump–probe experiments [40], femtosecond
CARS spectroscopy [41] and two-dimensional spectroscopy [42].

Second, FWM can be applied more universally to nearly all
transparent media over a broad wavelength range from UV to MIR.

Third, cascaded FWM can in principle be scaled up to much
higher energies if the energies of the two input beams are high en-
ough because there is no theoretical limit to the size of the glass
materials used.

Fourth, the M2 factor of the generated sideband using cascaded
FWM can be less than 1.1 in our measurement, which indicates a
perfect beam quality.

Furthermore, these broadband sidebands can be used to obtain
near single cycle pulse chain through Fourier synthesis of the side-
bands [19,23,32,33]. If the input beams are carrier-envelope phase
(CEP) stabilized, all the generated sidebands would be CEP stabi-
lized. As a result, CEP stabilized near single cycle pulse chain can
be obtained in this way [32].
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