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) A More precisely, we discuss the nonrelativistic-semiclassical limit of the modulated cubic
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nonlinear Klein-Gordon equation with magnetic field where the Planck’s constant i = &
and the speed of light ¢ are related by ¢ = ¢~ for some « > 1. When « = 1 the limit

fgf;vivfcdj;don equation wave function satisfies the wave map with one extra term coming from the magnetic field.
Magnetic field However, o > 1, the effect of the magnetic filed disappears and the limit is the typical
Wave map equation wave map equation only.

Nonrelativistic-semiclassical limit © 2009 Elsevier Inc. All rights reserved.

1. Introduction

The main concern of this paper is the cubic nonlinear Klein-Gordon equation in the presence of a magnetic field with
vector potential A,

h o,

22w+ (—inv—Ca 2w+mczw+(|m2 1)@ =0 (11)
2me2 ¢ 2m c 2 - )

where m is mass, e is electron charge, c is the speed of light and h is the Planck’s constant. Here ¥ (x, t) is a complex-valued
function over a spatial domain 2 C R". Since the Planck’s constant i has dimension of action [h] = [energy] x [time] =
[action] and eA has dimension of energy [eA] = [energy], it is easy to check that (1.1) is dimensional balance. Furthermore,
we notice that mc2t and the Planck’s constant h have the same dimension of action, [mc2t] = [i] = [action], and we may
consider the modulated wave function [9]

¥ (x,t) = ¥ (x, t) exp(imc’t/h),

where the factor exp(imc?t/h) describes the oscillations of the wave function, then v satisfies the modulated cubic nonlin-
ear Klein-Gordon equation

2
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In this paper we will only discuss the nonrelativistic-semiclassical limit, so the Planck’s constant i and the speed of light
c are chosen such that i =¢ and c =¢~“ for some o > 1, 0 < ¢ « 1. Also after proper rescaling, we also assume the unit
mass m =1 and unit charge e =1, and (1.2) is rewritten as
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1 2
iedyt — Egz““afwg + %(v - ie“—lA)zw —(lyeP? = 1)y =0, (1.3)

where the superscript € in the wave function ¢ indicates the ¢-dependence.

When there is no magnetic field, i.e., A =0, the singular limits including semiclassical, nonrelativistic and nonrelativistic-
semiclassical limits of the Cauchy problem for the modulated defocusing nonlinear Klein-Gordon equation were established
in [7], where the charge-energy inequality and the convergence of the relative and nonrelative linear momentums plays the
most important role. Motivated by [7] and as an extension, we study the nonrelativistic-semiclassical limit of the modulated
Klein-Gordon equation with magnetic field. The asymptotic behavior of the modulated cubic nonlinear Klein-Gordon equa-
tion with magnetic field depends on the scale of the light speed. The hydrodynamical structures and the formal analysis is
referred to [6]. If « =1, then the limit equation is the wave map equation with one extra term coming from the magnetic
field, and the associated phase function satisfies the wave equation with magnetic field. On the other hand, if « > 1, then
the limit equation is the typical wave map equation and the associated phase function satisfies the wave equation. We can
conclude that the magnetic effect occurs only when « = 1.

The singular limits of the nonlinear Klein-Gordon equation and the related equations has received considerable attention
in the last three decades. But most of the researches are focused on the nonrelativistic limit. In particular, Machihara,
Nakanishi and Ozawa [9] gave a very complete answer of the Cauchy problem for the modulated Klein-Gordon equation,
they proved that any finite energy solution converges to the corresponding solution of the nonlinear Schrédinger equation
in the energy space. Let us also mention in [11] Masmaudi and Nakanishi show that the solutions for the nonlinear Klein—
Gordon equation can be described by using a system of two coupled nonlinear Schrédinger equations as the speed of light
¢ tends to infinity.

In addition to the introduction, the paper is organized as follows. We state the existence and the main theorems in
Section 2. The hydrodynamical structures and the associated charge and energy equations are also derived which play the
key roles in the proof of the singular limit. Unlike the Schrédinger type equations [2,3,5], the charge is not positive definite
and the energy is not conserved for Eq. (1.3), so we have to construct the charge-energy inequality (see Theorem 2.1) as the
main estimate to obtain compactness results. In Section 3, we prove the main theorem. Since we only have L?OL,% bound
for e*0.v¢, thus we need more argument (compare with [2,3]) to obtain the strong convergence (see Lemma 3.1). Finally,
the density fluctuation is not definite, we use equation of charge to construct the exact limit function of density fluctuation
(see (3.12), (3.13)).

Notation. In this paper, L?(£2) (p > 1) denotes the classical Lebesgue space with norm | f|, = (f_Q | fIP dx)1/P, the Sobolev

space of functions with all its k-th partial derivatives in L2(s2) will be denoted by H¥(£2), and its dual space is H¥(£2).
We use (f,g) = fQ fgdx to denote the standard inner product on the Hilbert space L2(£2). Given any Banach space X
with norm || - ||x and p > 1, the space of measurable functions u = u(t) from [0, T] into X such that ||u|x € L ([0, T]) will
be denoted LP ([0, T]; X). And C([0, T]; w-H¥(£2)) will denote the space of continuous function from [0, T] into w-H¥(£2).
Finally, we abbreviate “< C” to “<”, where C is a positive constant depending only on fixed parameter.

2. Main result
The modulated cubic nonlinear Klein-Gordon equation (1.3) can be re-written as
iy’ — %5”2“331//8 + g(v — gAYy — <L'z —~ 1>1/f8 =0, (21)
and the initial conditions are supplemented by

¥e(x,0) = y§ (%), Y’ (x,0) =Y (). (2.2)
To avoid the complications at the boundary, we concentrate below on the case where x € 2 =T", the n-dimensional torus.

Notice that the 4th term % of (2.1) can be served as the density fluctuation of the sound wave which is similar to the
acoustic wave as discussed in the low Mach number limit of the compressible fluid [1,4,8,10].

We define some important physical quantities associated with the modulated cubic nonlinear Klein-Gordon equa-
tion (2.1); Schrodinger part charge p§, relativistic part charge ok, momentum (current) J¢ and energy e® as follows:

ps= 1wl k= (AT — ),

J* = L e(y VI~ TEVY),

e 1o o2 1 o ez =12
e :5|s Xy +§|(V—18 TA)ye| +§<4g ) .

The equations of charge and energy associated with (2.1) are given below.
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(A) Equation of charge

9
2. (P5 = Pi) + V- (J* = e%p5A) =0. (2.3)
(B) Equation of energy
d
E/ef(-, t)ydx = —g~2t@ / %A - (J° —e*p§A)dx. (2.4)
™ ™

For the model (2.1)-(2.2) we have the following existence result.
£12_
Theorem 2.1 Let @ >1, A € C'([0,00) x T"), T > 0 and 0 < & < 1. Given (¥¢, ¥¥) € H'(T") @ LX(T") and o1 ¢ 12(Tm),
then there exists a function ¢ such that
¥ e L°([0, T1; H'(T™)) nC([0, T1; L*(T")),
dy® € L([0, T]; L*(T")) N C([0, T]; H~'(T")),

€12 _
W=t 'g ! e L([0, T1; L*(T")),
and it satisfies the weak formulation of (2.1) given by
1+2a

0 =iy (1 t2) = P* (.t ) = (v, t2) = 00 * ( 11), )

ty to
& . a—1 e . a—1 |¢8|2 -1 e
+§/<(V—18 AW, 1), (V+ie A)(p)dt—f (T)l// ¢, 1), 9)dr, (2.5)

t1 t

forevery [tq,t2] C [0, T] and for all ¢ € C5°(T™). Moreover, it satisfies the charge-energy inequality

)2 o |2 ca—1 g2 |w€|2_l 2
sup | [wf[" + [e% oyt [T+ [(V —ie® T A)Y T+ ———— ) dx<C, (2.6)
telo.71.) P

where the constant C = C(y§, ¥y, T, |8 All Lo ([0, T1xT"))-

The proof of Theorem 2.1 is based on the charge and energy equations (2.3) and (2.4), which is similar to the defocusing
cubic nonlinear Klein-Gordon equation without magnetic field as given in the appendix of [7] with modification. Therefore,
we omit the detail.

The limiting behavior of (2.1)-(2.2) depends on the scale of light speed. If @ =1, then the limit equation is the wave
map equation with one extra term coming from the magnetic field,

afu;-mp:[\v¢|2—|atw|2—iv.A]w, lY=1ae. (2.7)
We can write the wave function v = e, then the phase function 6 satisfies the wave equation with magnetic field

320 — A0 =—V-A. (2.8)
However, when « > 1, the limit equation is the typical wave map equation

0y — Ay =[IVY I = 10y Ply,  lvl=1ae. (2.9)
If we write the wave function ¥ = ei?, then the phase function 6 satisfies the wave equation

320 = A6. (2.10)

Now, we state the main theorem in this paper.

Theorem 2.2. Let « > 1, A € C1([0, 00) x T"), (Y&, ¥§) € HI(T™) @ L2(T™), || = 1 a.e., and let y° be the corresponding weak
solution of (2.1)-(2.2). Assume that

(V6. ¥5) = (0.0) inH'(T") @ L*(T"), |yl =1ae.

The weak limit  solves (2.7) if o« = 1 and (2.9) if o > 1 with initial condition (v (0), 9:v¥ (0)) = (0, 0). And the phase function 6
solves (2.8) ifa =1 and (2.10) if &« > 1 with initial condition (6(0), 3;0(0)) = (arg ¥, 0).
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3. Proof of the main theorem

The main proof of the singular limit is based on the charge-energy inequality (2.6) from which we deduce that

{¥*}, isboundedinL*([0, T]; H'(T")). 3.1)

{s"‘aﬁpe}e is bounded in L*([0, T; 12 (™)), (3.2)
€12 _

{w} is bounded in L* ([0, T]; L*(T")). (3.3)

It follows from (3.1) that there exists a subsequence still denoted by {y¢}, and a function ¥ € L>([0, T]; H!(T")) such that
Y& — ¢ weakly *in L*°([0, T]; H'(T")). (3.4)
Next, from (3.3), we have
|v® |2 — 1 ae.and strongly in L?(T"). (3.5)

Note that (3.3) only shows that {%}g is a weakly relative compact set in L°([0, T]; L*(T")). Thus to overcome the
difficulty caused by nonlinearity, i.e., the 4th term on the left-hand side of (2.1), we have to prove ¢ — i strongly in
C([0, T; L*(T™)).

Lemma 3.1. Under the hypothesis of Theorem 2.2, the sequence {y¢}, is a relatively compact set in C([0, T]; w-H!(T")), thus there
exists a function v € C([0, T]; w-H1(T™)) such that

¥® — ¢ inC([0,T]; w-H'(T")) as & — 0. (3.6)
Furthermore, {¢}, is a relatively compact set in C([0, T1; L2(T™)) endowed with its strong topology and

¥® — ¢ inC([0,T1; L*(T")) as& — 0. (3.7)

Proof. We appeal to the Arzela-Ascoli theorem which states that the sequence {y}c is a relatively compact set in
C([0, T1; w-H1(T™)) if and only if

(1) {y2(t)} is a relatively compact set in w-H!(T") for all t > 0;
(2) {¥?} is equicontinuous in C([0, T]; w-H!(T")), i.e., for every ¢ € H~'(T") the sequence {(i/¢, @)} is equicontinuous in
the space C([0, T]).

Since {¢(t)}¢ is uniformly bounded in H'(T"), thus {%(t)}¢ is a relatively compact set in w-H!(T") for every t > 0. In
order to establish condition (2), let B C CZ°(T") be an enumerable set which is dense in H~1, then for any p € B, we have

t
(B ® (. t2) — Ay (. 1), p) + ; /((V —ie® TA)YE(, 1), (V + i1 A)p)dr

f

1+2a

2

i(wa('vtz) - 1/[8('! tl)» 10):

)

WP -1\ .
A G MRS

t1
hence
(W8 t2) =¥ Gt p)| S € Npllzem) + 1t2 — 1l (Lo g (ony + 12 e (o))
Thus for any &g > 0, we can choose § = &g such that if |t; —t1| <& and €!7* < g, then
(¥F (. t2) =¥ (1), p)| S g0
Moreover, by density argument we can prove
(We ) = ¢t @) S go.

for all ¢ € H~1(T"). Thus {y¢}, is equicontinuous in C([0, T]; w-H'(T")) for & smaller, this prove (3.6). The second
statement follows immediately by Rellich lemma which states that H!(T") < L%(T") compactly, i.e., w-H!(T") — L2(T")
continuously. This completes the proof of Lemma 3.1. O
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The quantity w is bounded in L°°([0, T]; L(T")), and hence it converges weakly % to some function w €

L%°([0, T1; L2(T™)). To find the explicit form of w, we define two functions W () and Z(¥¢) respectively by

W(ye) = S(PVEE = TEVYS),  Z(y°) = 56X (FEa® — e,

We rewrite the equation of charge (2.3) as

I [Iye2—1
at [% * ZW)] +V [W(pe) - e ye Al =0, (38)
then integrating (3.8) with respect to t and using the initial condition |w§|2 =1, we have
12 1 !
WP 20+ 297000~ [ 9 [w(?) o1 P 39)

0

Thus to obtain the compactness of the sequence {%}8, we have to treat the compactness of the right-hand side
of (3.9). By (3.1)-(3.2), we have Z(y®) — 0, Z(¥¢(x,0)) — 0 in D’((0, T) x T"). In order to treat the integral part, we need
the following lemma.

Lemma 3.2. Assume the hypothesis of Theorem 2.2, then

t t
/V-(|w€|2A)dr—\/V-Adt, (3.10)
0 0

t t
fV-(wgVW)dTA/V-(wV%dT (3.11)
0 0]

inD'((0,T) x T™).

Proof. For (3.10), using integration by part, Fubini theorem, Lebesgue dominated convergence theorem and (3.5), we con-
clude that

t t tp t
///v.[(ng(x, D> —1)A®, r)]dw(x)dxdt:—///[(W(x, D> = 1)A(x, 1)] - Vo(x) dxdr dt — 0.
tp T 0 t1 0 T"

For (3.11), we observe that V¢ € L°([0, T]; L(T")) implies V¢ € L%([0, T] x T") and V¢ converges weakly to Vi in
L2([0, T] x T™), similar to (3.10), we conclude that

ty t

—///v.[wf(x, T)VYE(x, T) — ¥ (x, T) VY (x, T)]dT @ (x) dxdt
t; ™ 0
ty t

:ff/[l/ra(x,r)—w(x,r)]VF(x,r)-V(p(x)dxdrdt
t;1 0 TN
ty t

+/[/[V1F(x, 7) — V¥ (X, 7)Y (X, T) - Vo (x) dxdt dt — 0.
ty 0 TN
This completes the proof of Lemma 3.2. O

It follows from Lemma 3.2 that the limit function is given explicitly

lyeP -1
&

t

—/V~(W(¢)—A)dr ifo=1 (3.12)
0

and
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t
2 _
M%—lé—/VWW¢Mrﬁa>l (313)
0

in the sense of distribution.
For ¢ =1, by (3.1), (3.2), (3.7) and (3.12), passing the limit to the weak formulation (2.5), the limit wave function
satisfies

t

i + [v.0wwy—Mdrw=o (3.14)
0

in the sense of distribution. Note |y/|? =1, we have ¥V 4+ ¥V =0, hence

1 — _ _
;wvw—wvwr=wvw
Differentiating (3.14) with respect to t, we have

62y —[V- GV —im]y %w o0,

or

RV —[FAY + VY - VY —iV - Al + |9y |2y =0.

Therefore  satisfies the wave map equation with magnetic field

By — Ay =[IVY? — 18y > —iV-Aly, [¥I=1ae.

Using the fact || = 1 and writing ¥ = el shows

30— NO=—V-A.

i.e,, 0 is a distribution solution of wave equation with magnetic field.
The proof for o > 1 is similar and we omit the detail.
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