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A Characteristic Study on Cylindrical Gears with Circular

Arc Tooth Traces

Student: Jui-Tang Tseng Advisor: Dr. Chung-Biau Tsay
Department of Mechanical Engineering

National Chiao Tung University

ABSTRACT

In general, the tooth surfaces of the curvilinear-tooth gear (cylindrical gears with
circular arc tooth trace) are generated by the special machine with gear milling cutters.
However, the efficiency of this type of gear generation is lower than that of hobbing.
The curvilinear-tooth gear cut by ashob cutten is proposed in this study. Since the
generation of gear teeth is a continuous-indexing process, the cutting efficiency of the
curvilinear-tooth gear generated by hobbing will be increased substantially. Therefore,
the proposed hobbing method ‘is applicable® to mass production for the
curvilinear-tooth gear. The proposed method by applying a 6-axis CNC hobbing
machine to generate the curvilinear-tooth gear is a novel method. The angular velocity
of the hob’s swivel must be controllable and correlative with the linear velocity of the
axial feeding motion in the process of gear generation. However, the problems of
tooth undercutting and secondary cutting of tooth surfaces by a hob cutter in the
proposed novel generating process need to be solved.

In this study, the geometry of a hob cutter was constructed at first, and then the
mathematical model of the curvilinear-tooth gear cut by a hob cutter based on
proposed the cutting mechanism for a 6-axis CNC hobbing machine was developed.
Sequentially, the theoretical analysis on the tooth undercutting and secondary cutting
of the gear teeth in the generating process were also investigated. The method
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proposed by Litvin was used to analyze the tooth undercutting of the curvilinear-tooth
gear. The computer algorithm for investigation on the relationship between the outside
diameter of the hob cutter and nominal radius of circular arc tooth trace without
secondary cutting was developed. Because the tooth surfaces of the curvilinear-tooth
gear are the envelope as two-parameter family of surfaces, literature search for the
curvature analysis of the proposed curvilinear-tooth gear is not available. An
algorithm for computerized determination of principal curvatures and directions of the
curvilinear-tooth gear, as the envelope to two-parameter family of surfaces, was also
proposed. Tooth contact analysis was applied to find the contact characteristic of the
curvilinear-tooth gear pair such as bearing contacts, kinematic errors, contact ellipses
of the curvilinear-tooth gear having center distance assembly errors, horizontal axial-
misalignments, and vertical axial- misalignments. Finally, The input file for the
commercial software, ABAQUS/Standard, +was. generated automatically by the
integrated computer programs.=A pair of-three-meshing-teeth finite element model
was formed to investigate the ‘contact. sttesses and bending stresses of the
curvilinear-tooth gears.

The analysis results show that the serious tooth undercutting is at the both-end
sections of face width of the curvilinear-tooth gear, and increasing the normal
pressure angle or decreasing the outside diameter of the hob cutter can avoid
secondary tooth cutting under the same nominal radius of circular arc tooth traces.
The KE of the gear pair is not sensitive to axial misalignments because the contact
type of the proposed curvilinear-tooth gear pair is in point contacts. The maximum
contact stress and bending stress occur when the contact point is near the pitch point,
and increasing the nominal radius of circular arc tooth trace reduces the contact

stresses and bending stresses.
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Nomenclature

half length of the major axes of the contact ellipse, as shown in Fig. 5.2

half length of the minor axes of the contact ellipse, as shown in Fig. 5.2

normal groove width of the hob cutter, as shown in Fig. 2.3

unit vectors of the principal directions of surface X, as shown in Fig. 4.2
unit vectors of the principal directions of surface X,, as shown in Fig. 4.2
principal directions of surface X, (i=p, g)

surface parameter of the hob cutter

parameter of the straight-lined cutting blade surface

shift along the hob’s spindle axis

parameter of the surface coordinate of the convex tooth surface

tooth surface parameters of the gear and pinion

center distance between thé hob cutter and work piece

axial feed displacement

tip of addendum on the tooth surface

parameter of the surface coordinate:of the concave tooth surface

starting point of the working curveon the tooth surface

contact ratio

unit normal vector

n,,n,,n, components of the unit normal vector represented in coordinate system

(p) (g
nf , nf

Sy

' unit normal vectors of pinion and gear represented in coordinate system

Sy

D.» D, p. coordinate components of the instantaneous contact point

(r, 0)
h
h
r

r

o

auxiliary polar coordinate system, as shown in Fig. 5.3(a)

pitch radius of the hob cutter (in mm), as shown in Fig. 2.3

radius of operating pitch cylinder of the work piece (in mm)

root radius of the hob cutter (in mm), as shown in Fig. 2.3

outside radius of the hob cutter (in mm), as shown in Fig. 2.3
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Fy 5Ty Tyy

cg? cp

R

cmin

R(i)

SN
>

partial derivative of surface equation r,"”

surface equation of the hob cutter represented in coordinate system S,
locus of the hob cutter surface represented in coordinate system S,
thickness of tooth at the addendum circle (in mm)

transverse chordal thickness (in mm)

components of the position vector represented in coordinate system S,

ideal center distance of the gear pair (in mm), as shown in Fig. 5.1
operational center distance of the gear pair (in mm), as shown in Fig. 5.1
relative-position vector, as shown in Fig. 2.5

outside diameter of the hob cutter (in mm)

finite element method

mean curvature

Gaussian curvature

kinematic error of the mating gear pair

vector transformation matrix transforming from S, to S,

normal module (in mm)

homogeneous coordmate * transformation matrix transforming from
coordinate system §; to S,

normal vector of surface represented in coordinate system S,
lead-per-radian revolution of the hob cutter’s surface

position vectors, as shown in Fig. 2.5

nominal radius of circular arc tooth trace (in mm)

nominal radii of circular arc tooth trace of the gear and pinion (in mm)
minimum nominal radius of circular arc tooth trace without secondary

cutting (in mm)

position vector of the surfaces X, (i =1, 2), as shown in Fig. 3.1

tooth contact analysis of the gear pair

number of threads of the hob cutter

number of teeth of the generated gear

numbers of teeth of gear and pinion
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S.(X,.Y,,Z,) coordinate system i (i=1,2,b,v,h,p,g,f,q,T)

\%

z

V(i)

abs

12)
Vi

()
Vi

k,,

kh

k,, k

s

(@) (1)
kI ’ kn

A

)
p
o

o

¢

2

p

(2)

linear velocity of axial feed motion of the hob cutter

absolute velocity of the contact point on tooth surface X,

relative velocity of body 1 and body 2, represented in coordinate system
Sy

velocity of point M attached to the body i represented in coordinate
system S,

relative velocity of the contact point over the generated surface

relative velocity of body 1 and body 2, at the instantaneous common
contact point, when parameter j=6€ (or y ) is varied and parameter
w (or @) is fixed

velocity of point M attached to the body i when parameter j=6 (or )
is varied and parameter  (or_ @) is fixed

half-apex blade angle, as shown in Fig.2.3

lead angle of the hob-cutter, as shown in Fig. 2.3

angle measured from the ‘minor axis of the contact ellipse to the first

principal direction of the pinion, as shown in Fig. 5.2

elastic deformation of the material

rotational angle about hob’s swivel axis, as shown in Fig. 2.2
principal curvatures of tool surface X,

principal curvatures of tooth surface X,

principal curvatures of surfaces X, (i=p, g)

angle measured from axis Z , to axis Z,,as shown in Fig. 5.4
position vectors, as shown in Fig. 3.1

angle formed by the vectors e, and e, as shown in Fig. 4.2
angle measured from axis Z, to axis Z_, as shown in Fig. 5.4

angle formed by the first principal directions, e!" and e!”, of the pinion

and gear tooth surfaces, as shown in Fig. 5.2

surface parameters of the hob cutter

rotational angle in relevant screw motion, as shown in Fig. 2.4(b)
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¢ (4)

AC
AZ

Ay,
Ay,
Ag,
Ay (4))
T, X,
221‘

z:2L 2 z:2R

rotational angles of the work piece, as shown in Fig. 2.2

tooth surface parameters of the gear and pinion

rotational angles of the pinion, as shown in Fig. 5.1

rotational angles of the gear, as shown in Fig. 5.1

rotational angle of the pinion corresponding to the point of contact in the
beginning of meshing

rotational angle of the pinion corresponding to the point of contact in the

end of meshing for the same pair of profiles

actual rotational angle of the gear meshing under various assembly
conditions

rotational angle of the hob cutter’s spindle, as shown in Fig. 2.2

angular velocity of work piece

angular velocity with respect to hob’s swivel axis

angular velocity with respect to hob’s spindle axis
angular velocity of hob cutter (vector)

angular velocity of work piece’(vector)

angular velocity of body 7 when patameter j=46 (or ) is varied and
parameter y (or &) is fixed (vector)

center distance variations (in mm)

assembly error along the rotational axis Z,, measured from O, to O,

4

as shown in Fig. 5.1

horizontal axial misaligned angle, as shown in Fig. 5.1

vertical axial misaligned angle, as shown in Fig. 5.1

additional angle of work piece rotation due to the hob’s feed motion
kinematic error of the gear pair (in arc-sec.)

surfaces of cutter and tooth

concave surfaces of the curvilinear-tooth gear (i=a,b), as shown in

Fig.3.4

concave and convex tooth surfaces of the curvilinear-tooth gear, as shown

in Fig. 4.4

-XVi-



CHAPTER 1

Introduction

1.1 Features of the Curvilinear-Tooth Gear

Cylindrical gears are frequently used in industry for transmitting powers with
high efficiency. There are several types of cylindrical gears, such as spur gear, helical
gear, and herringbone gear, that can be used to transmit powers for parallel axis
gearing. The tooth traces on the spur gear, helical gear, and herringbone gear are
shown in Fig. 1.1(a), 1.1(b), and 1.1(c), respectively. The tooth traces of spur gears
are parallel to the rotational axis of the cylindrical gear as shown in Fig. 1.1(a).
Helical gears are widely used as parallel-axis power transmission devices due to its
high contact ratio and thus having a,smaother'transmission action than that of a spur
gear. However, helical gears-transmit powers - with induced axial thrust forces.
Herringbone gears are employed-to obtain‘the-lower noise advantages of helical gears
without the effects of thrust loading. Nevertheless, they need a special machine for
manufacturing and a high assembly requirement for gear meshing. The spur, helical,
and herringbone gear pairs with parallel axes are in line contact, and thus their
kinematic errors are sensitive to the gear axial misalignments. When a gear set
without tooth crowning is axially misaligned, tooth edge contact will occur and this
results in serious stress concentration, and may increase the noise and vibration levels.

The tooth traces of the curvilinear-tooth gears [1], i.e., cylindrical gears with
circular arc tooth traces, are shown in Fig. 1.1(d). Compared with spur gears of the
same size and number of teeth, the curvilinear-tooth gears result in a lower contact
stress and bending stress, and higher contact ratio [1], and offer an improvement in

power density over spur gears and without the axial forces in helical gears. In general,
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(a) Spur gear

(d) Circular-arc tooth gear

Fig. 1.1 Various types of tooth traces for parallel axis gears



the tooth surfaces of the curvilinear-tooth gear are generated by using gear milling
cutter. In this study, the curvilinear-tooth gear pair with point contacts is proposed,
and the characteristics of this type of gears with circular arc tooth traces generated by
hobbing are investigated. Thus, gear edge contact can be avoided because the contact
paths on gear tooth surfaces are located near the middle region of the tooth flank even

when the gear set is meshed with axial misalignments.

1.2 Literature Reviews

The tooth surface of a curvilinear-tooth gear was known in past years. Recently,
there are several successful generating methods to fabricate the curvilinear-tooth gear.
Liu [1] proposed the manufacture of the cylindrical gear with curvilinear shaped teeth
by using a face mill-cutter with.a special machine, and stated that the merits of
curvilinear-tooth gears include higher bending strength, lower noise, better lubrication
effect, and no axial thrust force. Dai-et-al—[2] proposed the manufacture of a
cylindrical gear with curved teeth: by. using-a CNC hobbing machine with an
attachment for the hob head, male and female flying cutters. Andrei et al. [3]
developed a special cutting tool to generate the curved face width gears for
non-metallic materials. As to theoretically study on the curvilinear-tooth gear, Tseng
and Tsay [4] considered an imaginary rack cutter with a curved-tooth to develop the
mathematical model of cylindrical gears with curvilinear shaped teeth, and
investigated the tooth undercutting of curvilinear-tooth gears.

Owing to easy tool settings, high efficiency and reliable quality, hob cutters have
been widely used for manufacturing a variety of gears such as spur, helical, and worm
gears. A hob cutting mechanism is a mechanism with multiple degrees of freedom in

the process of gear generation. Chang et al. [5] proposed a general gear mathematical



model simulating the generation process of a 6-axis CNC hobbing machine when the
hob’s swivel axis is fixed. Fang and Tsay [6] applied an oversized hob cutter to
generate the worm gear and investigated the bearing contacts of the ZN-type worm
gear set. The geometry of a hob and generating simulation of cylindrical gears are
proposed by Kim [7]. However, the tooth surfaces of spur, and helical gear, cut by
hobbing with a feed motion, are one parameter enveloping. The necessary and
sufficient conditions of the envelope for a two-parameter family of surfaces were
proposed by Litvin and Seol [8]. They applied the developed theory to study the
generation of helical gears by a ground involute worm.

As is well known, gears with tooth undercutting may decrease the load capacity
of a gear pair. Kin [9] applied the contact-line envelope and the pressure-angle limit
concepts to prevent the tooth undercutting of worm and worm gear surfaces. Fong and
Tsay [10] utilized surface unit normal vectors-to investigate the tooth undercutting of
spiral bevel gears. Bair and Tsay [11] evaluated the undercutting line of a ZK-type
dual-lead worm gear set by searching.the.zero unit-normal vectors on the tooth
surfaces.

An important contribution to the avoidance of tooth undercutting was made by
Litvin [12-14] who proposed a detailed investigation on the condition of tooth
nonundercutting by considering the relative velocities and the differential equation of
meshing. The approach proposed by Litvin to predict tooth undercutting has been
applied to study the undercutting phenomenon of various types of gears. The tooth
undercutting analysis for noncircular gears generated by shaper cutters was
investigated by Chang and Tsay [15]. Liu and Tsay [16] applied Litvin’s method to
study the tooth undercutting of beveloid gears. Chen and Tsay [17] presented a

mathematical model for modified circular arc helical gears generated by an imaginary



circular arc rack cutter and discussed the tooth undercutting of the proposed helical
gears.

Determination of principal curvatures and directions for conjugate surfaces is an
important issue in tooth surface design. It can be applied to evaluate the contact
deformation, contact stress [18], and minimum oil film thickness of lubricant of the
meshing gears [19]. Litvin and Gutman [20] proposed a local synthesis method based
on the equations relating the principal curvatures of the two mating surfaces and
additional conditions for providing the contact path coincided with a geodesic line on
the gear tooth surface. Colbourne [21] constructed the Mohr’s circle to represent the
curvature at any point of a helicoids, assuming the shapes and the curvatures are
known in the transverse section. Litvin et al. [22] proposed a general approach for
determination of the principal curvatures and directions of two surfaces being in
continuous tangency along a line.at every instant. Kang and Yan [23] derived the
equations for evaluating the curvature-of-variable pitch lead screw transmission
mechanism based on the theory of gearing.and curvature theory. They further applied
the relative normal curvatures to discuss tooth undercutting on the surfaces of variable
pitch lead screw. Yan and Cheng [24] presented the general equations of curvature
analysis for spatial cam-follower mechanisms with various type of motions.

The shape and level of kinematic errors (KE) induced by gear axial
misalignments are the important and efficient factors to predict the noise and vibration
of a mating gear pair. If the KE is a discontinuous function, the jumps of gear angular
velocity will be induced. Tsay [25] applied tooth contact analysis (TCA) techniques to
simulate the meshing conditions for involute helical gears and proposed the
compensation method to reduce the KEs induced by horizontal axial-misalignments.

Liu and Tsay [26] investigated the KE, bearing contact and contact ellipse for



beveloid gears with intersected, crossed and parallel axes. Tseng and Tsay [27] studied
the contact characteristics of cylindrical gears with curvilinear shaped teeth generated
by a rack cutter with a curved-tooth.

To reduce the jumps of gear angular velocity, Litvin et al., [28-32] developed a
method for localization of bearing contacts for various gear pairs, and proposed a
surface synthesis method by utilizing a predesigned parabolic kinematic-error
function to absorb the transmission errors of an approximately linear function of the
designed gear pair induced by gear axial-misalignments. Some researchers minimized
KEs of the mating gears by using the optimization method. Chen and Tsay [33]
proposed a generating method for helical gears with a pre-designed transmission error
and applied the optimization technique to find the adequate gear design parameters to
provide the gear pair with a prescribed transmission error. Fong and Tsay [34] studied
the sensitivity of the tooth profile of spiral bevel.gears due to machine settings, and
minimized the KEs of the mating gears.-Chang et al. [35] discussed the kinematic
optimization for a modified helical gear-train.

The contact analysis of the mating gears with a load is much more realistic.
Zhang and Fang [36-37] considered the elastic deformation of tooth surfaces to
estimate the transmission errors of helical gears under a load. Umeyama et al. [38]
investigated the loaded transmission errors of helical gears and the relationship

between the actual contact ratio and effective contact ratio.

1.3 Motivation
The curvilinear-tooth gear generated by a hob cutter is a new generating method.
The generating method considered the cutting mechanism of a 6-axis CNC hobbing

machine with multiple degrees of freedom may result in complex tooth surfaces. The



problems of tooth undercutting and secondary tooth cutting in the new generating
process need to overcome. The important work for curvature analysis was proposed
by Litvin. He developed a simplified algorithm for computerized determination of
principal and normal curvatures of complex gear tooth surfaces. However, the case for
which the surfaces as the envelope of two-parameter family of surfaces was not
considered.

In this study, a complete mathematical model of the curvilinear-tooth gear cut by
a hob cutter is developed firstly, and then the theoretically analyses on tooth
undercutting and secondary cutting in the generating process are also investigated. An
approach to evaluate principal curvatures and directions for the surfaces of
curvilinear-tooth gear is proposed. Besides, the contact characteristics such as contact
path, KE, dimension and orientation of contact ellipses of the curvilinear-tooth gear
pair under assembly errors are also.investigated by utilizing TCA technology. Finally,
the finite element model is constructed to-investigate the contact and bending stresses

of the curvilinear-tooth gears.

1.4 Overview
This dissertation totally includes seven chapters. Chapter 1 is the introduction to
the contents of the thesis that contains the feature of curvilinear-tooth gear, reviews of

related literatures, research background and the motivation of this thesis.

Chapter 2 derives the mathematical model for ZN worm-type hob cutter surfaces.
According to the cutting mechanism of a CNC hobbing machine, the kinematic
relationship between the hob cutter and work piece can be obtained. The
mathematical model of the curvilinear-tooth gear hobbing simulation for a 6-axis

CNC hobbing machine can be developed based on the proposed cutting mechanism,
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generation concept with multiple degrees of freedom, and theory of mechanisms.
Using computer graphics, a three-dimensional tooth surface of curvilinear-tooth gears
can be plotted. In addition to developing a mathematical model for cylindrical gears
with curvilinear shaped teeth cut by a hob cutter, this chapter investigates the
relationship between tooth surface deviations and nominal radius of circular arc tooth

traces.

In Chapter 3, tooth undercutting of the curvilinear-tooth gear surfaces are
investigated by considering the singularity of the generated tooth surfaces proposed
by Litvin [12]. The kinematic method to calculate the differentiated equations of
meshing is developed for analyzing tooth undercutting. Numerical examples are
presented to demonstrate the tooth undercutting. Due to the geometry character of the
hob cutter, The secondary cutting of the.gear-tooth surface by the hob cutter occurs
when the surface of the curvilinear-tooth gears with asmall nominal radius of circular
arc tooth trace are generated by-the hob cutter-with-a larger outside diameter. To find
the relationship between the outside diameter of the hob cutter and the nominal radius
of circular arc tooth trace without secondary generating, a computer algorithm for

investigation of the secondary cutting is also developed.

Chapter 4 presents investigations on the curvature analysis. An algorithm for
computerized determination of principal curvatures and directions of the
curvilinear-tooth gear with two-parameter family of surfaces is proposed. Rodrigues’
equation and two differential meshing equations are considered to establish the
curvature relationship between the generating surface and the generated surface.
Some illustrative numerical examples are presented to investigate the principal

curvatures and directions of the curvilinear-tooth gear surface.

In Chapter 5, the tooth contact analysis technique is applied to find the contact
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characteristic of the curvilinear-tooth gear pair such as bearing contacts, kinematic
errors, and contact ellipses. Tooth contact simulation model including horizontal axial
misalignment, vertical axial misalignment, and center distance variation of the gear
pair is established. In this thesis, two methods are used to evaluate the contact ellipses.
Several numerical examples are presented to demonstrate the influence of the
assembly errors and gear design parameters on the kinematic errors and contact
ellipses of the mating gear pair.

Chapter 6 investigates the contact stress and the bending stress of the proposed
curvilinear-tooth gear pair by using the commercial software, ABAQUS/Standard.
Firstly, an automatic mesh-generation program is developed to discretize the
three-dimensional tooth model. Then, the finite element models are set up by
constructing the finite element meshes, setting the material properties, defining the
contact surface, and applying the boundary conditions for loading the gear drive with
the desired torque. The input file’for—-ABAQUS computation is generated
automatically by a computer program..Some numerical examples are presented to
demonstrate the tooth stress with different gear design parameters.

Chapter 7 concludes this study by summarizing the major findings of the

accomplished work, and also discusses potential subjects for future study.



CHAPTER 2
Mathematical Model of Cylindrical Gears with Circular Arc Tooth

Traces

2.1 Introduction

The hobbing is an economical method for gear manufacturing due to its
versatility and high efficiency. Hobbing method can be used to cut various types of
gears such as spur, helical, and worm gears. A hob cutter with a given pitch can
generate the tooth surface of all involute spur and helical gears with the same normal
pitch and pressure angle, including all numbers of teeth and helix angles. Different
gear tooth profiles can be generated, on the,same CNC machine by changing the
profile of the hob.

The hobbing process is complicated because -of the generating motion with
multi-degree of freedom. The tooth surface equations such as spur, helical, and worm
can be derived as the envelop to the one-parameter family of hob surfaces. It is not
easy to manufacture curvilinear-tooth gears by using an ordinary hobbing machine
because the motion of the hob cutter is determined with two independent parameters.
In addition to a rotational motion about the hob’s spindle, the hob rotates with an
angular velocity @ about the hob’s swivel axis, and the hob’s swivel translates with
a velocity v along the worktable axis as the curvilinear-tooth gear is generated. It is
noted that the linear velocity v is correlated with angular velocity .

In this chapter, we derived tooth surface equation of the curvilinear-tooth gear is
derived based on the cutting mechanism of the 6-axis CNC hobbing machine,

generation concept with multiple degrees of freedom, and theory of mechanisms.
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Fig. 2.1 A schematic drawing of a 6-axis CNC hobbing machine

2.2 Generation Method for Curvilinear-Tooth Gears

Figure 2.1 depicts a schematic drawing of-a 6-axis CNC hobbing machine, where
axes X, Z, and Y represent the functions of the radial feed, axial feed, and hob shift of
the hob cutter, respectively; axes A, B, and C are the hob’s swivel axis, hob’s spindle
axis, and worktable axis, respectively. Some axes of the CNC hobbing machine are
fixed while some axes are rotated with a specific relationship during the gear
manufacturing process. For example, in the manufacturing of helical and spur gears,
axes X and A are fixed and in the manufacturing of worm gears, axes A, X, and Z are
fixed.

Figure 2.2 illustrates the generating method of a curvilinear-tooth gear cut by

hob cutters. Axes Z, and Z, are the rotation axis of hob cutter and work piece,

respectively. Point O, is located on the middle section of a work piece width. O,
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Fig. 2.2 Generating method of a curvilinear-tooth gear cut by hob cutters

denotes the rotational center of the hob’s swivel. Circular-arc MN stands for the

tooth trace of a curvilinear-tooth gear, O, indicates the curvature center of circular

arc I\TN ,and R_ represents the nominal radius of the circular arc tooth trace.

In addition to a rotation motion about axis Z, for the hob’s spindle, the rotation
center of the hob’s swivel O, translates along axis Z, and the swivel axis rotates
about point O, . The rotational angle of the hob’s swivel and the axial feed

displacement motion are designated by @ and | , and they are related by the

AR
equation:
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|, =[Q0,| =R.sing, =Rsin(@+ B), (2.1)
where £ is the lead angle of the hob cutter, and 6. =6+ £ as shown in Fig. 2.2.

Differentiating Eq. (2.1) with respect to time, the relationship between the linear

velocity of axial feed motion V, and the angular velocity of hob’s swivel @, = C:j—f

can be expressed as follows:

V. :_ddltz k; =-mo,R. cos(@+ p)k; . (2.2)

z

The rotational angles between the work piece and hob can be represented as

follows:

b= 0, (2.3)

where ¢, and w denote rotational angles of the work piece and the spindle of hob
cutter. T, and T, are the numbers of threads of the hob cutter and the number of
teeth of the generated gear, respectively. Ag, represents an additional angle of work

piece rotation due to the feed motion of the hob. According to Fig. 2.2, the

additional angle for cutting curvilinear-tooth gears can be represented by:

_ R.(1—cos(6+ p))

A
4, -

(2.4)

where r, indicates the radius of operating pitch cylinder of the work piece.
Differentiating Eq. (2.3) with respect to time, then the relationship among the angular

velocities @,, wg,and w, can be obtained as follows:

w, = = , 2.5
2 dt -I—2 B r2 A ( )

d : . : :
where @, :d—i/. Equation (2.5) represents the work piece rotation @, in terms of
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two independent variables @, and @g. To generate the curvilinear-tooth gear by a

hob cutter, axes A, B, C, and Z of a hobbing machine must be controllable in the

process of gear generation.

2.3 Equation of the Hob Cutter

The axial profile of the ZA worm-type hob and the normal profile of the ZN
worm-type hob are in straight-lined shapes. These types of hobs are easier to
manufacture the profiles at axial or normal section with straight-lined shapes.
Therefore, the ZA worm-type or ZN worm-type hobs are chosen instead of the ZI
worm-type hob for generation of involute gears.

The ZN worm-type hob cutter is widely used in the gear manufacturing. A
right-hand ZN worm-type hob, scutter is_used-to simulate the manufacture of
curvilinear-tooth gears in this study. The surfaces of-the hob cutter can be generated
by a blade with the straight lined shape, performing a screw motion with respect to the
rotational axis of hob cutter. The “cutting blade is installed on the groove normal

section of the ZN-type worm, as shown in Fig. 2.3(a). Parameter £ designates the
lead angle of the worm. The generating lines can be represented in the coordinate
system S, (X,,Y,,Z,) thatis rigidly connected to the blade, as shown in Fig. 2.3(b),
expressed by:
r,+1, cose,
0

r® — , 2.6
° +1,sina, 26)

1
where symbol 1, is one of the design parameters of the straight-lined cutting blade

surface which represents the distance measured from the initial point M_, moving
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Fig. 2.3 Geometry of the straight-edged cutting blade and worm-type hob
cutter
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along the straight line M M,, to any point M, on the X, —Z, section of the
cutting blade surface. Design parameter «, symbolizes the blade’s half apex angle
formed by the straight-lined blade and X, -axis, as illustrated in Fig. 2.3(b). In Eq.

(2.6), the upper sign represents the left-side cutting blade while the lower sign

indicates the right-side cutting blade. In Fig. 2.3(c), the symbols r,, r, and r,

represent the outside radius, pitch radius, and root radius of the ZN worm-type hob

cutter, respectively. The cutting blade width b, equals the normal groove width of
the hob cutter, and the design parameter r, can be obtained from Fig. 2.3(c) and (d)
as follows:

b

b2 .
r=,r>——"sin>’g-——1"0 2.7
VT g d 2tana, @0

Figure 2.4 shows the relations ‘among’ coordinate systems S,(X,,Y,,Z,),
S,(X,,Y,Z,), and S, (X,,Y,,Z;), wherercoordinate system S, (X,,Y,,Z,) is the
blade coordinate system, coordinate system 'S,(X,,Y,,Z,) is rigidly connected to the
hob cutter’s surface, and coordinate system S,(X,,Y,,Z,) is the reference
coordinate system. Axes Z, and Z, form an angle g that is equal to the lead

angle on the worm pitch cylinder as shown in Fig. 2.4(a). Figure 2.4(b) shows that the

movable coordinate system S,(X,,Y,,Z,) performs a screw motion with respect to
the fixed coordinate system S,(X,,Y,,Z,) along the rotational axis of the hob
cutter, Z,-axis. The locus of the cutting blade can be represented in coordinate
system S,(X,,Y;,Z,) by applying the following homogeneous coordinate

transformation matrix equation:
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Fig. 2.4 Relations between the hob cutter and cutting blade coordinate
systems
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r1(l) =M;:M fbrb(B) ' (2.8)

1 0 0 0
0 cosp —sin 0
where M, = . p 4 :
0 sing cosp O
0 O 0 1
cosg, sing 0 O
—sin cos 0 O
and le — ¢l ¢1 ,
0 0 1 -Ra
0 0 0 1

where P, denotes the lead-per-radian revolution of the hob cutter’s surface, and ¢,
indicates the rotational angle of the hob cutter in relevant screw motion. Substituting
Eq. (2.6) in to Eq. (2.8), the surface, eguiation:of the ZN worm-type hob cutter r®,
represented in coordinate system S, (X, ¥;,Z,),; canbe expressed as:

(r, +1,cose, )eos ¢, Fl;Sine,sin gsin 5
—(r,+l,cose,)sing F1 sina, cos¢, sin f
tl,sina, cos =Ry,

1

rl(l) (., 4)= ) (2.9)

where |, and ¢, are the surface parameters of the hob cutter. In Eq. (2.9), the upper

sign represents the right-side hob cutter surface while the lower sign indicates the

left-side hob cutter surface.
The surface normal vector N® of the hob cutter can be obtained and

represented in coordinate system S,(X,,Y,,Z,) as follows:

1 1
o _ 61'1() y 61‘1()

, (2.10)
Coad o4
" COSa, COS¢, FSina, Sing, sin
I, S .
where o —cosa, sing, Fsinga, cosg, sin S |,

' tsina, cos S
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—(r,+1,cose,)sing, ¥l sina, cosg sin
=|—(r,+1,cose,)cosg £l sine,singsin g |.
1

-

or (€]
and —%

2.4 Relative Velocity and Equation of Meshing Between Hob Cutter and Work
Piece

Figure 2.5 reveals the schematic relationship among coordinate systems
S, (X, Y, Zy) , S, (X, Y, Zy) , S,(X,.Y,,Z,), and S, (X;,Y,,Z,;) for the gear
generation mechanism. Coordinate system S,(X,,Y,;,Z,) is attached to the hob cutter
while coordinate system S,(X,,Y,,Z,) is attached to the gear blank. Coordinate
system S, (X,,Y,,Z,) is the reference coordinate system and coordinate system
S, (X{,Y;,Z;) is the fixed coordinate_system attached to the machine housing.
Symbols y and ¢, are rotational angles of the hob cutter and gear blank,
respectively. @ depicts the rotational’angle ofhob’s swivel axis.

The homogeneous coordinate transformation matrix M; transforms the
coordinates from coordinate system S;(X;,Y;,Z;) to S,(X;,Y;,Z;). According to

the relations as illustrated in Fig. 2.5, matrices M,,,M,,and M,, can be obtained

as follows:
cosy —siny 0 0
sin cos 00
m, =" Y , (2.12)
0 0 1 1,
0 0 0 1
-1 0 0 I,
0 -sind -cosé O
M, = ] , (2.12)
0 -—cos¢ sing -l
0 0 0 1
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Fig. 2.5 Coordinate systems of the hob cutter and CNC hobbing machine
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cosg, sing, 0 O
—sin Ccos 00

and M,, = 0 & O¢2 L ol (2.13)
0 0 01

where |, :‘@‘ l, :‘Of_Q‘,and 1, :‘Q_Oh‘

In Fig. 2.5, point M is a common point to both hob cutter and work piece.
The surface coordinates of the hob cutter can be transformed to the fixed coordinate
system S, (X,,Y;,Z,) as follows:

PP =0 M=MM_r®=x,i, +Vy,j, +2.k,. (2.14)
The velocity of point M attached to the work piece can be obtained by:

VP =@, xP? =—y, 0,i; +X,0,j,, (2.15)
where ®, =,k indicates the @ngular,velogcity. of the work piece. The velocity of
point M attached to the hob cutter can be represented as follows:

VY = (0, +0,)xPY +V 3 (2.16)
where o, =-w,i;,

O, =—m, C0SOj, +wgSindk, ,

PY =P® —(Li, Lk, )=(x; —=L)i; +yj; +(z; +1,)k; .
and V, was expressed in Eq. (2.2).

After some mathematical operations, Eq. (2.16) can be simplified as follows:

—(z; +1,)wz cOSO -y, @, SIN0O
VO = (X, =1 )wgsind+(z, +1)o, . (2.17)
— Y@, + (X =1, )wg c0SO — R @, COS(O + )

Based on Egs. (2.15) and (2.17), the relative velocity V®* represented in coordinate

system S, (X,,Y,,Z,) can be expressed by:
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V§12) _ Vgl) _ng)

—(z; +1,)wgz cOSO -y, 0z SINO+ Y, 0, (2.18)
= (% =)o sin0+(z, +1)o, — X, o, '

— Y0, +(X; —1,)wz c0sO - R @, cos(@+ )
Equation (2.18) shows the relative velocity of hob cutter and work piece at their

common point M . At the common contact point, the common surface normal N

is perpendicular to the relative velocity V. Therefore, the following equation

must be observed [12,13]:
N®.v# =0, (2.19)

Equation (2.19) is the equation of meshing of the gear and hob cutter. This equation
guarantees the tangency of the hob and gear at any instant during the gear generating

process. Substituting Egs. (2.10) and (2.18) into Eg. (2.19) yields:

(—(z; +1,)wg c0sO -y @y SINOF Y, o)z ((%5 —1,)wg Sin 6 e
+(2¢ + 1) 0, =X @0,)Ny + (=Y 0, +(X — | )0 €080 — R, COS(0+ f))n,; =0 !( 29

where n,, n,, and n, symbolize the components of the unit normal vector.

xf 1 yf !

Substituting Eq. (2.5) into Eq. (2.20) and rearranging in terms of two independent

variables, w, and @, yields the following equation:

0,[(~(z, +1,)c0s0 -y, sinG+y, I—l)nxf (% —1)sin g, —x, I—l)nyf

5 2
wnxf _+_(zf _|_|Z — X4 w)nyf (2.21)

2 2

+(X; =1, )coson, ]+ w, [y,

+(_yf _Rc COS(9+ﬂ))an] =0.
Since @, and g are independent variables, two equations of meshing are

obtained and represented in coordinate system S, (X,,Y,,Z;) as follows:
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R.sin(@
f(l ,¢ ,0 ,l//):n.V(lzﬂ) =nyn

xf

_ " (2.22)
R.sin(@ + )
+(z; +1, =X ————)ny; +(=y; =R cos(d + p))n, =0.
r-2
_ o v@y) _ - T
gl ,¢ .0,y )=n-V =(=(z; +1,)cosd —y,sind +y;, T—)nxf
? (2.23)

+((x; —1,)sin@ —x; %)nyf +(x; -1, )cos@n, =0.
2

Equations (2.22) and (2.23) are the equations of meshing that relate the hob

cutter’s surface parameters to the cutting motion parameters.

2.5 Mathematical Model of the Curvilinear-Tooth Gear

The surface equation of the curvilinear-tooth gear is derived as the envelope to
the two-parameter family of hob.thread surfaces. The locus of hob cutter surface,
expressed in coordinate system S,(X,,Y,;Z,),-Can be obtained by applying the
following homogeneous coordinate transformation matrix equation:

=M, M, M, r". (2.24)

According to the gear theory [12], the mathematical model of the generated gear
tooth surfaces is the combination of the equation of meshing and the locus of hob
cutter surfaces. Hence, the mathematical model of the gear tooth surfaces can be

obtained by considering Egs. (2.22), (2.23), and (2.24), simultaneously.

2.6 Computer Graphs of the Curvilinear-Tooth Gear

The tooth surface equation proposed herein for curvilinear-tooth gears can be
verified by plotting the gear profile. The coordinates of the curvilinear-tooth gear
surface points can be calculated by solving the developed gear mathematical model

using numerical methods.
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Table 2.1 Major design parameters for cylindrical gears with circular

arc tooth traces

Hob cutter Curvilinear-tooth gear
Number of teeth 1 25
Normal module 3 mm 3 mm
Normal pressure angle 25° 25°
Lead angle 2.866° —
Face width — 60 mm
Nominal radius of circular _ 100 mm
arc tooth trace
Pitch radius 30 mm 37.5mm
Outside diameter 67.5 mm 81 mm

Fig. 2.6 Computer graph of the curvilinear-tooth gear
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Table 2.1 lists some major design parameters of a curvilinear-tooth gear. Based
on the developed gear mathematical model, a three-dimensional tooth profile of the
curvilinear-tooth gear is plotted as displayed in Fig. 2.6. The figure shows that the
right- and left-side tooth surfaces of a curvilinear-tooth gear are convex and concave

teeth, respectively.

2.7 Surface Deviations of Curvilinear-Tooth Gear

The gear design parameters are chosen the same as those listed in Table 2.1.
Figure 2.7 shows the tooth profiles of the curvilinear-tooth gear generated by nominal
radii of circular arc tooth trace R, =100 mm, 120 mm, and 200 mm at the cross
section Z,=0 mm and Z,=30 mm, respectively. The tooth profiles generated by a
hob cutter with different nominal-radii ofscircular-arc tooth trace are the same at the
cross-section Z,=0 mm as illustrated in Fig. 2.7(a). © The proposed curvilinear-tooth
gear can be viewed as the gear-witha varying helical angle across the whole face
width, and the helical angle at the cross‘section Z,=0 mm is zero. Therefore, the

tooth profiles of the curvilinear-tooth gear generated by different R, at cross section

Z,=0 mm is the same as that of spur gears. The results illustrated in Fig. 2.7(a)
verify that the mathematical models proposed herein are correct. Figure 2.7(b)
shows the tooth profiles generated by a hob cutter with different R_ are not the same
at the cross section Z,=30 mm.

Figure 2.8 reveals the transverse chordal thickness deviations of the
curvilinear-tooth gear generated by nominal radii of circular arc tooth trace R, =100

mm, 120 mm, and 200 mm, respectively. It is found that the transverse chordal

thickness at the middle section of face width, i.e., t.=4.709 mm, is larger than those
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at other sections. A smaller R_ results in a smaller transverse chodal thickness at

the ends of face width as shown in Fig. 2.8. Figure 2.9 illustrates the relationship

between the Z, component of the tooth cross section and the tooth thickness at the
addendum circle, t,. It reveals that the tooth thickness at the middle section of face
width, i.e., t,=1.599 mm, is smaller than those at other sections, and a smaller R,
induces a larger tooth thickness t, at the ends of face width.

The tooth thickness of the curvilinear-tooth gear generated by hob cutters with
different nominal radii of circular arc tooth trace are the same at the middle section of

the tooth flank, i.e., Z,=0 mm. The analysis results shown in Figs. 2.8 and 2.9
indicated that the deviation of tooth thicknesses, t. and t,, at the both ends of the
face width decreased when the neminal radius.of circular arc tooth trace R, is

increased.

It is noted that the herringbone~gears: are: in line contact, however, the
curvilinear-tooth gear pair proposed. herein“is in point contact. Therefore, the
advantage of the proposed gear pair is not sensitive to the axial misalignments.

According to the analysis result shown in Fig. 2.8, the curvilinear shapes of the
teeth are similar to those of crowned gear tooth surfaces. Thus, the phenomenon of

gear edge contact of the curvilinear-tooth gears can be avoided.

2.8 Remarks

The mathematical model of curvilinear-tooth gears has been developed on the
basis of the CNC hobbing machine cutting mechanism and the gear theory. The model
is represented as a function of hob cutter design parameters and generating motion

parameters. The developed mathematical model provides the industry with an
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Fig. 2.7 Different tooth profiles of the curvilinear-tooth gear generated by
R, =100 mm, 120 mm and 200 mm
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efficient method to design and manufacture curvilinear-tooth gears. The illustrated
approach can be further extended to derive the mathematical model of non-circular
face width gears, for example, parabolic or elliptical curved tooth traces.

The tooth surface deviations induced by different nominal radii of circular arc
tooth traces are also investigated. The transverse gear chordal thickness measured at
the middle section is larger than those of other sections, but the tooth thickness at the
addendum circle in the middle section of face width is smaller than those of other
sections. The developed tooth mathematical model helps to explore the possibility for

further investigations, such as sensitivity, kinematic errors and contact stress analyses.
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CHAPTER 3

Tooth Undercutting and Secondary Cutting Analysis

3.1 Introduction

Tooth undercutting is an important issue for gear manufacturers. It is known that
gears with tooth undercutting may result in a lower load capacity of a mating gear pair
and the gear mismatch during gear engagement. The undercutting points on tooth
surfaces are indeed singular points. According to the concept of differential geometry,
a surface point is defined as a singular point if its tangent vector is equal to zero.
Mathematically, the problem to find the undercutting points on tooth surface is the
problem to obtain the points on toothisurface whese tangent vector is zero. The points
on cutter surface generating the singular points on tooth surface will determine a
limited line on the cutter surface. Undercutting of tooth surface can be avoided if the
limited line is out of the working dimensions of cutter surfaces.

The secondary tooth cutting is the special phenomenon in hobbing process. It
means that some regions of tooth surface are cut again by the surface of hob cutter
although the same region of tooth surface has been generated by other surfaces of hob
cutter. The phenomenon of secondary cutting may appear when the cutting path of
hob cutter is under a special cutting condition. When the curvilinear-tooth gears are
generated by the hob cutter, the hob cutter with a larger outside diameter or the
generated curvilinear-tooth gear with a smaller nominal radius of circular arc tooth
trace may induce the secondary tooth cutting.

In this chapter, tooth undercutting is investigated by using the method proposed
by Litvin, and the relationships between the outside diameter of hob cutter and

nominal radius of circular arc tooth trace as secondary cutting appeared on tooth
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surface are also studied.

3.2 Tooth Undercutting of the Curvilinear-Tooth Gear

The tooth undercutting of a curvilinear-tooth gear can be analyzed by applying
the theory of gear singularity proposed by Litvin [12,13]. The concept for checking of
the undercutting of a gear tooth surface is to verify the appearance of singular points
on the generated gear tooth surfaces. Singularities of the generated surface occur

when the relative velocity V' of the contact point over the generated surface equals

zero. The motion of the hob surface that generates the envelope surface is considered
as the two-parameter motion of a rigid body. In the case of two-parameter enveloping,
the condition for the appearance of a singular point on the generated tooth surface can

be described as follows [13]:

or® dl - ar® dg
—+
ol dt a4 dt

L V020 S22 (3.1

Differentiating Egs. (2.22) and (2.23), the two equations of meshing for the hob cutter

and gear tooth surfaces, with respect to time yields that:

df,,0p)_ dl 99 . do . dy

f - - —/ =0, 3.2

dt gt de e 2

dgl..0.p) _ ol 4P dO  dv (3.3)
dt dt Y dt Cdt Y dt '

Equations (3.1), (3.2), and (3.3) yield a system of five equations in four

dl d¢ dé dy , ) .
unknowns: —, —, —, and ——. Equations (3.1)-(3.3) provide a nontrivial
dt = dt dt dt

solution if and only if the rank of the matrix of coefficients for these equations is three.

This yields:
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X 0% a0 V20
a og Y
ot f
9, g¢ Oy g.,,
0%, 0%, V020 020
a oap
oz, 0z (12,0) a2.p)
= | —_— V. ™ Voo —
L=l o : 0, (3.5)
f f¢ f fW
9, g¢ P g(//
% N v120) 029
a op vV
0z, 01
and A, = 6_|1 8_¢j vz yIEnE_ g (3.6)
f| f¢ fg fV/
9 9 9y 9y

To avoid tooth undercutting of-the generated gear tooth surfaces, the generating hob
cutter surface must be limited with the=line’ L. Considering Eqgs. (3.4)-(3.6)
simultaneously and two equations of meshing, one can solve the limited line L on the
hob cutter surface that generates the singular points on tooth surfaces. The line L on
the hob cutter surface can be determined by applying the following expressions [13]:
F(,4,0,p)=A+A,+A, =0,
f,¢,0,y)=0,
and g(l,¢,0,y)=0. (3.7)
Since Eq. (3.7) forms a system of three independent equations with four
unknowns, |, ¢, @, and w, one of these unknowns may be considered as an input

variable, then solving three independent equations with three unknowns. Equations

(3.2) and (3.3) (or Egs. (2.22) and (2.23))can be rewritten by:
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d (i) y732.j) -0 aj) 0 . (12,))
a(n Vi@ )y=n -V +n".v —0. 53)

To derive the differentiated equation of meshing (3.8), let’s consider the tool
surface X, and the envelope surface X, as shown in Fig. 3.1. Axis Z, represents
the rotational axis of the surface X,. The motion of the tool surface X, can be
represented by two independent parameters, rotational angles € and y, while axes
X, and Z, are the rotational axes of the surface X,, respectively. Axes X, and
Z, are intersected at point O, . The point M is a common point to both rotating
bodies. P" is the position vector drawn from point O, to point M. P®
represents a position vector drawn to point M from an arbitrary point on the axis Z,,
e.g., O,. The locations of origin points O, rand O, are specified by the position

O and p®, which® are measured from the fixed coordinate system

vectors p
S;(X4,Ys,Z;). D is the relative-position-vector. drawn from point O, to point O, .

The velocity of point M attached'to the body i (i=h,2) can be obtained by:

~ aR(i) ﬂ_ a(p(i) +P(i))ﬂ

: : =VOD 4 ) x P, (3.9)
0] dt 0] dt

The symbol V"7 represents the velocity of point M attached to the body i

when parameter j=6 (or y ) is varied and another parameter w (or @) is fixed.
V@ s the velocity of point O, (i=h,2) when parameter j=6(or ) is varied
and parameter w (or @) is fixed. Similarly, " depicts the angular velocity of

body i when parameter j=6 (or ) is varied and parameter y (or @) is fixed.

The relative velocity is:
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Fig. 3.1 Simulation of a generation mechanism with two-parameter
motion
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V(12,i) — V(l’j) _V(Z,J')
— V(O“’j) + m(l,J) % P(l) _ (V(Ozvj) + 0)(2’]) x P(Z)) (3.10)

— ((,!)(l’j) _(D(ZJ))>< PY —0®) xD+ V(Oh,J') —V(Oz’j),

where P® =D+ P" . The differentiation of Eq. (3.10) gives:

o (20 ) e (LD .2 _ _ O]
V =—V®=(e -0 )xPY+0""-0®")xP
dt (3.11)

o (2.1) . e (OL)) o (On])

—o xD —0®xD+(V -V ).

The absolute velocity of contact point M may be represented as:

o (D ()

Hh_R —vhivhH_yO, o 0, p
Vie=R =V'"+V/'" =V +p +0"xP (3.12)
zv(i)+V(0i)+m(i)xP(i)
- ORVdl ORY d¢
where V" = —+ ,
o dt  oJ¢ dt
oR" do oR" d
and V" = + < Iy
00 dt oy dt
Similarly,
g OB OB _ _
n =an(')(l 0,0 . )=n; +ny =nr +®" xn", (3.13)
where
<O on® dl on® d¢
n = —+ —_,
o dt oJ¢ dt
<O on®” do  on” dy
and ny = + .
06 dt oy dt
The relative velocity of point M with respect to point O, can be obtained by:
SO I A ()
P =R —p =VO4+VP_V® v " xp?, (3.14)

0
where R =V + V) 1 @0 xp®,
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Differentiating the relative-position vector D with respect to time, it yields:

- d d
D=—D=— I _ 42 :V(Oh) _V(Oz). 3.15
il P -p7) (3.15)

Substituting Egs. (3.10), (3.11), and (3.13) into Eq. (3.8), the differentiated equation

of meshing can be simplified as follows:

N0 _ _ _ _ _ _ RNCEN
ne V2D _yO L (020 5y ) 1 V2D (0@ xn@) - PO (@ xn®)

) ) o (2,]) )
_(m(l) % P(l)),(m(lll) ><n(l)) + (p(l) _p(Z))_(m xn(')) (3.16)
e On.J) o (03.))

+(V(0h)_V(Oz)).((,)@,i)xn(i))_i_(v -V )_n(i) =0.

It is noted that the schematic mechanism of a CNC hobbing machine for the

curvilinear-tooth gear generation can be referred to Fig. 2.5. Coordinate system

S,(X,,Y,,Z,) is attached to the hob cutter while coordinate system S,(X,,Y,,Z,) is
attached to the gear blank. Coordinate system-:S,(X,,Y,,Z,) is the reference
coordinate system and coordinate system S, (X,,Y,,Z,) is the fixed coordinate

system attached to the machine housing. Symbols y and ¢, are rotational angles

of the hob cutter and gear blank, respectively. € indicates the rotational angle of
hob’s swivel axis. This schematic gear generation mechanism as compared with Fig.

3.1, the following position vectors can be found as:

p"=D=[, 0 -LJ, p?=0,
and P“)z[xf—lX Y zf+IZ]T, (3.17)

where |, :‘OfQ

, and |, :‘QOh‘:RC sin(@+ f) . Then, the velocity of point O,

(i=h,2) can be found:

(Oh)_.(l)_ do
V@ =p =0 0 —Rccos(9+ﬂ)]TE,
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«(2)
and V% =p =0. (3.18)

Then differentiating Eq. (3.18) with respect to time by considering that % and

dd_l/t/ are constants. It yields:

o (On)

v =[o o Rcsin(9+ﬂ)T(%—f)2,

« (02)

and V. =0. (3.19)

According to the hobbing mechanism of the curvilinear-tooth gear mentioned in

section 2.4, the angular velocity of hob cutter ®" and work piece ®® can be
represented as follows:
0" =[-1 0 o 9940 2 cosomsime] 2, (3.20)
dt dt
@) : dg dy
and ®®=[0 0 R, s1n(6?+ﬂ)/r2]TE+[O 0 TI/TZ]TE, (3.21)

Then the relative angular velocity can be expressed by:

o =[-1 0 —Rcsin(<9+,6’)/r2]Tc:j—f+[0 —cos@ sin@—Tl/Tz]Tdd—!i/- (3.22)

Similarly, by considering ?j—f and dd_l/t/ as constants, the differentiation of

angular velocity can be obtained by:

. (2.0) do )

o =[0 0 R cos@+p)/r,] (E) , (3.23)
o )

o =0, (3.24)
o (12,p)

[0) =[0 sin@ cosOf dy 49 (3.25)

dt dt’
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o (12,0)

and ® =[0 0 —R.cos(@+ ,B)/rz]T(C;—f)z. (3.26)

According to Fig. 3.1 and Eq. (3.10), the following velocities can be obtained by:

V829 = 029 « PO _ ) D + (V(Ohﬁ) _ V(Ozﬁ))

y;R sin(@+ p)/r,

(3.27)
=|-XR,sin(@+p)/r,+z, +1, o
—Y; —R,cos(8+ )
and
VO — o020 PO _ o) 5 4 (VO _y Oy
—(z; +1,)cos@ -y, (sin@—T,/T,)
~ ' % (3.28)
= (X; —=1,)sin@ —x,T, /T, e
(X; —1,)cosd
Then, the relative velocity can be obtainediby:
VO @5 PV _o® xD + (VO =0
y¢Rsin(@+ p)/r, . =(z;+1,)cos@ -y, sin@+y,T, /T,
=z, +1, =X, Rsin(@+ p) 15, | —+ (X¢=1,)sin@—x,T, /T, d_l/t/
—Y; —Rcos(@+ p) (X; —1,)cos@
(3.29)
Let i=1 and j=6 in Eq. (3.16), the coefficients of Eq. (3.2), f,, f,, f,,

and f,, can be found. Similarly, the coefficients of Eq. (3.3), ¢,, 9,, 9,,and @,

v

can also be obtained by considering i=1 and j=w .

3.3 Numerical Examples for Tooth Undercutting of Curvilinear-Tooth Gears

Example 3.1: A numerical example is given to find a set of singular points (i.e., line
of tooth undercutting) on the convex and concave tooth surfaces of the
curvilinear-tooth gear. Major parameters of a ZA worm-type hob cutter are given as

follows: single thread, normal module M =3 mm, lead angle=2.866 degrees, pitch
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Table 3.1 Location of singular points on tooth surfaces under different design
parameters (unit: mm)

s(;gisn @, =20deg., R, =110mm| &, =20deg., R, =5000mm| &, =25deg., R, =110mm
Z, 1, I, I, I, 1, I
30.0 8.834 9.669 | 10.045 10.045 9.477 10.239
25.0 9.273 9.747 | 10.045 10.045 9.885 10.331
20.0 9.581 9.838 | 10.045 10.045 10.164 10.415
15.0 9.796 9.923 | 10.045 10.045 10.356 10.485
10.0 9.938 9.990 | 10.046 10.046 10.482 10.536

5.0 10.019 10.032 10.046 10.046 10.554 10.567

0.0 10.046 10.046 10.046 10.046 10.577 10.577

-5.0 10.019 10.032 10.046 10.046 10.554 10.567

-10.0 9.796 9.990 10.046 10.046 10.482 10.536
-15.0 9.581 9.920 10.045 10.045 10.356 10.484
-20.0 9.274 9.825 10,045 10.045 10.164 10.412
-25.0 8.837 9.712 10.045 10.045 9.886 10.322
-30.0 8.834 9.592 10:045 10.045 9.481 10.218

radius r,=30 mm, and the numbers of teeth'of the generated gear =17.

Based on the previous derivations and the developed computer simulation
programs, the singular points can be found and shown in Table 3.1. Table 3.1

expresses the relationship between the Z, component of the gear tooth cross section
and the hob cutter surface coordinate | under different design parameters, normal
pressure angle ¢, and nominal radius of circular arc tooth trace R., when the
singular point is appeared. Symbol | represents the parameter of the surface
coordinate of the convex tooth surface, while |, indicates the surface coordinate of

the concave tooth surface.

When the normal pressure angle «,=20 degrees, the range of the hob cutter
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design parameter | is I¢ <| <l which is obtained by surface mathematical model

proposed in chapter 2, where |.=3.697 mm indicates the tip of addendum while
I;=10.354 mm depicts the starting point of the working curve on the tooth surface.

The tooth undercutting occurs on the gear surface as the location of singular

points, defined by |, is in the range of 3.697 mm to 10.354 mm. According to the

second column of Table 3.1, it is found that the location of singular points on the
central section ( Z,=0 mm) of convex tooth surface is equal to 10.046 mm.

Since the convex and concave tooth surfaces of the curvilinear-tooth gear are
different, the location of singular points on convex and concave tooth surfaces,
expressed by |, and I, are not the same. As shown in Table 3.1, the undercutting
phenomenon becomes more severé near the end sections of the face width, and
compared with the concave tooth sutfaces, the convex tooth surfaces are much easier
to undercut. However, near to the central section of the face width, the locations of
singular points on the convex and coneave surfaces are quite similar.

When the nominal radius of the tooth trace is very large (e.g. R,=5000 mm as
shown in the fourth and fifth columns of Table 3.1), the profile of a curvilinear-tooth
gear approaches to that of a spur gear. According to the analytical results shown in
Table 3.1, the conditions of tooth undercutting for convex and concave tooth surfaces
are very similar as R, =5000 mm. It is found that the undercutting characteristic of
a curvilinear-tooth gear with R, =5000 mm is quite similar to that of a spur gear.

When the normal pressure angle «,=25 degrees, the range of the hob cutter

design parameter | is 2.265 mm <| < 9.235 mm. Based on the sixth and seventh

columns of Table 3.1, it is found that no singular points are appeared on the convex or
concave tooth surface in this case.
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Figure 3.2 shows the relationship between the cross section Z, of the gear tooth
and the hob cutter surface coordinate | under different numbers of gear teeth when

the singular point is appeared on the convex tooth surface. It is found that when the
numbers of gear teeth are less than 18, the tooth undercutting appears across the entire
tooth flank and a larger numbers of teeth results in a smaller region of undercutting on

the convex tooth surface.

Example 3.2: For the case of a gear with the numbers of teeth is 24 and the design
parameters of hob cutter are the same as those given in the above example.

Figure 3.3 shows the location of singular points on different tooth cross sections
of the convex tooth surface, when the curvilinear-tooth gear generated by the nominal

radii R,=100 mm, 110 mm, and*120 mmiWhen the nominal radius R, equals 120
mm, the tooth undercutting appears at ctoss sections |Zz|>24.84 mm. The tooth
undercutting appears at cross sections |ZZ|>20 mm as the nominal radius R, is 100

mm. It is found that a smaller nominal radius R_ results in a larger region of tooth

undercutting on the gear convex tooth surface.

3.4 Secondary Cutting

The proposed tooth surfaces of the curvilinear-tooth gear are generated by a hob
cutter. It is clear that the minimum nominal radius of circular arc tooth trace of the
gear must be limited. Otherwise, some regions of the tooth surfaces will be cut again

by the hob cutter.
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Fig. 3.2 Location of singular points under different numbers of teeth
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Fig. 3.3 Location of singular points under different nominal radii
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The tooth surfaces shown in Fig. 3.4, denoted by X,, and X, , are two
successive concave surfaces of the curvilinear-tooth gear. Axis Z, is the rotational
axis of the hob cutter. The curve L, is one of the helixes on the hob tooth surface
with radius r;. Figure 3.4 shows that the tip of hob tooth penetrates into the gear
tooth surface X, when the gear tooth surface X,, is generated. The helix L,

intersects the tooth surface X,  and the point M is an intersection point.

To check for possible secondary tooth cutting, the following algorithm is used
for hobbing process:

Step 1. Represent the hob cutter surface X,, gear tooth surface X,, and the unit
normal of the gear tooth surface in the fixed coordinate system S,(X,,Y;,Z;) by
vector functions

r’ (g, 0,y.1,), r’(l, ¢ j8,R), n(l 4, J6,R,), (3.30)
Where o =27/T, is the pitch ‘angle;'and | is the tooth number. Vector function
r’(l, 4, j6 ,R.) represents the tooth surface ¥, when j=1. Symbols | and ¢
are the surface parameters of the hob cutter while & and y are the parameters of

motion for hobbing process.

Step 2. Determine the parameters, 6, and y;, expressed in equations of meshing
(2.22) and (2.23). 6, and y, depict the motion parameters of the hob cutter when

the point i on the tooth surface is generated by the hob cutter. Index i=ig

represents the last point to be check for possible tooth secondary cutting.
Step 3. Check secondary tooth cutting. The secondary tooth cutting occurs if the

following condition is satisfied.
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Fig. 3.4 Secondary cutting occurs on the tooth surface X,, when the tooth
surface X,, is generated
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()] (2)
(ry’ =ri”)

(2)
W'nf >, (331)
i =)

)

where ¢ is a positive value smaller than 1. The vectors r; )

~ri” and n{? are

shown in Fig 3.5. Equation (3.31) shows that the angle between the unit vector of

M (2)

vector ri’ —rf )

and unit normal vector ny’ is less than 90 degrees. It implies that

the helix L; intersects the tooth surface.

Step 4. Determine r, and R if the solution of equation (3.31) exists. The

cmin

secondary tooth cutting for the curvilinear-tooth gear can be avoid when the

R >R

¢ > Renin » is the minimum nominal radius of circular arc tooth trace

where R,
allowed for secondary cutting. Figure 3.6 illustrates the corresponding flowchart for
the discussed algorithm.

An example for secondary tooth cutting is-shown in Fig. 3.7 (a). The design data

are: M, =3.5 mm, normal pressure angle =25 deg., lead angle =3.567 deg., D,

0

=65.3 mm, numbers of teeth =14, face width =80 mm, and R =80 mm. The regions

with green or red color on the tooth surfaces are the secondary cutting regions. Figure
3.7 (b) depicts the analysis result for secondary tooth cutting. It is found the secondary
cutting region with red color is near the middle section of the tooth flank.

The ZA worm-type hob cutter with single thread and normal module M _ =3 mm
is used to generated the curvilinear-tooth gears with numbers of teeth= 35 and face
width= 60 mm. The analysis results for secondary tooth cutting are shown in Fig. 3.8.

D, and R, are the outside diameter of hob cutter and nominal radius of circular arc
tooth trace, respectively. If the outside diameter of hob cutter D, and normal

pressure angle are 67.5 mm and 20 deg., respectively, the minimum nominal radius of
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circular arc tooth trace allowed for secondary tooth cutting is 103 mm. When the

tooth surface of the curvilinear-tooth gear are generated by a hob cutter with R, =118

mm and normal pressure angle= 20 deg., the outside diameter D, without secondary

tooth cutting must be smaller than 79.5 mm. According to Fig. 3.8, there are two

methods to avoid secondary tooth cutting. One method is to decrease the outside

L
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I
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1D e
T e

—

Fig. 3.5 Relations between the vector r{” —r{* and unit normal vector n!"’
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v

Input design parameters of the hob cutter and

the curvilinear-tooth gear: r, and R,

v

Determine vector functions rﬁ”(l, $,0,p.1,),

r®(,4,j0,R.), n?(l,4,j5,R,) andset i=1

> v, , by using Eqgs. (2.22) and (2.23)

'

Determine the motion parameters, 6, and

Check

Update
i=i+1

(r" =r) Secondary cutting occurs

-n > e

1) (2),
Iy =T

END |q

Fig. 3.6 Flowchart for determination of secondary cutting
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diameter of the hob cutter, and the other method is to increase the normal pressure
angle of the hob cutter. The Figure 3.8 can be considered for the hobbing process of

the curvilinear-tooth gear to avoid secondary tooth cutting.

3.5 Remarks

The tooth surface of the proposed curvilinear-tooth gear is the envelope to the
two-parameter family of surfaces. The kinematic method to find the differentiated
equations of meshing has been developed for analyzing tooth undercutting. According
to the undercutting analysis results, the occurrence of tooth undercutting at both-end
sections of the face width of the curvilinear-tooth gear is much easier than other
sections. The convex tooth surfaces compared with the concave tooth surfaces are
much easier to be undercut. The tooth undercutting of the curvilinear-tooth gear can
be avoided with a larger number of teeth or a.larger pressure angle. Besides, the tooth
undercutting may be reduced by increasing-the nominal radius of circular arc tooth
traces.

Owning to the geometric character of the hob cutter, the hob cutter with a larger
outside diameter or a curvilinear-tooth gear with a smaller nominal radius of circular
arc tooth trace will result in secondary tooth cutting when the curvilinear-tooth gears
are generated by a hob cutter. Increasing the normal pressure angle or decreasing the
outside diameter of the hob cutter can avoid secondary tooth cutting under the same

nominal radius of circular arc tooth traces.
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Fig. 3.7 (a) An example for secondary tooth cutting

(Courtesy of Professor Ariga, Nippon Institute of Technology, Japan)
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Fig. 3.7 (b) The analysis result for secondary tooth cutting region

on tooth surfaces
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Fig. 3.8 Relationship between the outside diameter of hob cutter and nominal

radius of circular tooth trace for secondary cutting
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