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圓弧齒線圓柱型齒輪之特性研究 

研究生：曾瑞堂  指導教授：蔡忠杓博士 

國立交通大學機械工程學系 

摘要 

曲線齒輪(具有圓弧齒線之圓柱型齒輪)通常是由專用機配合盤

狀銑刀來加工製作，其切削效率較低，本研究提出另一種製造方式，

即利用六軸 CNC 滾齒機配合一般滾刀來切製曲線齒輪。由於滾齒切削

過程為連續分度，其切削效率將大幅提高。使用六軸 CNC 滾齒機來創

成曲線齒輪是一新的製造方式，在創成的過程中，滾刀座之角速度必

須是可以控制的，而使得滾刀座之旋轉角速度可與滾刀軸向進給速度

互相配合來滾製曲線齒輪。然而，本研究所提以滾刀來創成曲線齒輪

之新方法，必須克服齒面過切及齒面二次切削等問題。 

本文依據六軸 CNC滾齒機之創成機構及滾刀之幾何外形來建立曲

線齒輪之齒面數學模式，並探討製造過程中的齒面過切現象及齒面二

次切削等問題。其中，曲線齒輪之齒面過切問題係以 Litvin 教授所提

之方法來分析，而本文也建立分析齒面二次切削之程式，討論齒面發

生二次切削時滾刀外徑與圓弧齒線半徑之間的關係。由於本研究所探

討之曲線齒輪其齒面為雙參數之包絡曲面，對於齒面之曲率分析，目

前文獻中並無相關之計算式，故本文亦推導曲線齒輪之齒面曲率分析
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計算式及其電腦模擬程式。齒輪接觸分析技術將應用於討探曲線齒輪

對之齒面嚙合特性。對於曲線齒輪對在具有水平軸、垂直軸及中心距

組裝偏差時，其齒面接觸位置、運動誤差及接觸齒印之變化情形均加

以研究。最後，依據所推導出之曲線齒輪數學模式，發展建構具有三

對齒之有限單元應力分析模型程式，並利用有限單元分析軟體

ABAQUS，進行三對齒之齒面接觸應力及齒根彎曲應力分析。 

分析結果顯示曲線齒輪之齒面寬兩端容易產生較嚴重的齒面過

切。在相同的齒線圓弧半徑下，使用較大的壓力角或較小的滾刀外徑

可以避免齒面發生二次切削。本研究之曲線齒輪組為點接觸，故齒輪

組對於組裝偏差並不敏感。應力分析之結果則顯示當接觸點接近節點

時，齒面將有最大的接觸應力及齒根彎曲應力，而使用較大的齒線圓

弧半徑將可降低齒面接觸應力及齒根彎曲應力。 
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ABSTRACT 

In general, the tooth surfaces of the curvilinear-tooth gear (cylindrical gears with 

circular arc tooth trace) are generated by the special machine with gear milling cutters. 

However, the efficiency of this type of gear generation is lower than that of hobbing. 

The curvilinear-tooth gear cut by a hob cutter is proposed in this study. Since the 

generation of gear teeth is a continuous-indexing process, the cutting efficiency of the 

curvilinear-tooth gear generated by hobbing will be increased substantially. Therefore, 

the proposed hobbing method is applicable to mass production for the 

curvilinear-tooth gear. The proposed method by applying a 6-axis CNC hobbing 

machine to generate the curvilinear-tooth gear is a novel method. The angular velocity 

of the hob’s swivel must be controllable and correlative with the linear velocity of the 

axial feeding motion in the process of gear generation. However, the problems of 

tooth undercutting and secondary cutting of tooth surfaces by a hob cutter in the 

proposed novel generating process need to be solved. 

In this study, the geometry of a hob cutter was constructed at first, and then the 

mathematical model of the curvilinear-tooth gear cut by a hob cutter based on 

proposed the cutting mechanism for a 6-axis CNC hobbing machine was developed. 

Sequentially, the theoretical analysis on the tooth undercutting and secondary cutting 

of the gear teeth in the generating process were also investigated. The method 
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proposed by Litvin was used to analyze the tooth undercutting of the curvilinear-tooth 

gear. The computer algorithm for investigation on the relationship between the outside 

diameter of the hob cutter and nominal radius of circular arc tooth trace without 

secondary cutting was developed. Because the tooth surfaces of the curvilinear-tooth 

gear are the envelope as two-parameter family of surfaces, literature search for the 

curvature analysis of the proposed curvilinear-tooth gear is not available. An 

algorithm for computerized determination of principal curvatures and directions of the 

curvilinear-tooth gear, as the envelope to two-parameter family of surfaces, was also 

proposed. Tooth contact analysis was applied to find the contact characteristic of the 

curvilinear-tooth gear pair such as bearing contacts, kinematic errors, contact ellipses 

of the curvilinear-tooth gear having center distance assembly errors, horizontal axial- 

misalignments, and vertical axial misalignments. Finally, The input file for the 

commercial software, ABAQUS/Standard, was generated automatically by the 

integrated computer programs. A pair of three-meshing-teeth finite element model 

was formed to investigate the contact stresses and bending stresses of the 

curvilinear-tooth gears.  

The analysis results show that the serious tooth undercutting is at the both-end 

sections of face width of the curvilinear-tooth gear, and increasing the normal 

pressure angle or decreasing the outside diameter of the hob cutter can avoid 

secondary tooth cutting under the same nominal radius of circular arc tooth traces. 

The KE of the gear pair is not sensitive to axial misalignments because the contact 

type of the proposed curvilinear-tooth gear pair is in point contacts. The maximum 

contact stress and bending stress occur when the contact point is near the pitch point, 

and increasing the nominal radius of circular arc tooth trace reduces the contact 

stresses and bending stresses. 
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σ   angle measured from axis  to axis , as shown in Fig. 5.4 pZ qZ

σ  angle formed by the first principal directions,  and , of the pinion 

and gear tooth surfaces, as shown in Fig. 5.2 

)1(
Ιe )2(

Ιe

φ   surface parameters of the hob cutter  

1φ   rotational angle in relevant screw motion, as shown in Fig. 2.4(b)  

 -xv- 



2φ   rotational angles of the work piece, as shown in Fig. 2.2 

gφ , pφ   tooth surface parameters of the gear and pinion  

1φ′   rotational angles of the pinion, as shown in Fig. 5.1 

2φ′   rotational angles of the gear, as shown in Fig. 5.1 

B1φ′   rotational angle of the pinion corresponding to the point of contact in the 

beginning of meshing  

E1φ′   rotational angle of the pinion corresponding to the point of contact in the 

end of meshing for the same pair of profiles 

)( 12 φφ ′′   actual rotational angle of the gear meshing under various assembly 

conditions 

ψ   rotational angle of the hob cutter’s spindle, as shown in Fig. 2.2  

2ω   angular velocity of work piece 

Aω   angular velocity with respect to hob’s swivel axis 

Bω  angular velocity with respect to hob’s spindle axis 
)1(ω   angular velocity of hob cutter (vector) 
)2(ω   angular velocity of work piece (vector) 

),( jiω   angular velocity of body  when parameter i θ=j (or ψ ) is varied and 

parameter ψ (or θ ) is fixed (vector) 

CΔ   center distance variations (in mm) 
ZΔ   assembly error along the rotational axis , measured from  to , 

as shown in Fig. 5.1 

gZ gO′ gO

hγΔ   horizontal axial misaligned angle, as shown in Fig. 5.1 

vγΔ   vertical axial misaligned angle, as shown in Fig. 5.1 

2φΔ   additional angle of work piece rotation due to the hob’s feed motion 

)( 12 φφ ′′Δ   kinematic error of the gear pair (in arc-sec.) 

1Σ ,   surfaces of cutter and tooth  2Σ

i2Σ   concave surfaces of the curvilinear-tooth gear ( bai ,= ), as shown in 

Fig.3.4 

L2Σ ,  concave and convex tooth surfaces of the curvilinear-tooth gear, as shown 

in Fig. 4.4 

R2Σ
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CHAPTER 1 

Introduction 

 

1.1 Features of the Curvilinear-Tooth Gear 

Cylindrical gears are frequently used in industry for transmitting powers with 

high efficiency. There are several types of cylindrical gears, such as spur gear, helical 

gear, and herringbone gear, that can be used to transmit powers for parallel axis 

gearing. The tooth traces on the spur gear, helical gear, and herringbone gear are 

shown in Fig. 1.1(a), 1.1(b), and 1.1(c), respectively. The tooth traces of spur gears 

are parallel to the rotational axis of the cylindrical gear as shown in Fig. 1.1(a). 

Helical gears are widely used as parallel-axis power transmission devices due to its 

high contact ratio and thus having a smoother transmission action than that of a spur 

gear. However, helical gears transmit powers with induced axial thrust forces. 

Herringbone gears are employed to obtain the lower noise advantages of helical gears 

without the effects of thrust loading. Nevertheless, they need a special machine for 

manufacturing and a high assembly requirement for gear meshing. The spur, helical, 

and herringbone gear pairs with parallel axes are in line contact, and thus their 

kinematic errors are sensitive to the gear axial misalignments. When a gear set 

without tooth crowning is axially misaligned, tooth edge contact will occur and this 

results in serious stress concentration, and may increase the noise and vibration levels. 

The tooth traces of the curvilinear-tooth gears [1], i.e., cylindrical gears with 

circular arc tooth traces, are shown in Fig. 1.1(d). Compared with spur gears of the 

same size and number of teeth, the curvilinear-tooth gears result in a lower contact 

stress and bending stress, and higher contact ratio [1], and offer an improvement in 

power density over spur gears and without the axial forces in helical gears. In general, 
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(a) Spur gear 

       

 
(b) Helical gear 

       

 
(c) Herringbone gear 

       

 
(d) Circular-arc tooth gear 

Fig. 1.1 Various types of tooth traces for parallel axis gears 
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the tooth surfaces of the curvilinear-tooth gear are generated by using gear milling 

cutter. In this study, the curvilinear-tooth gear pair with point contacts is proposed, 

and the characteristics of this type of gears with circular arc tooth traces generated by 

hobbing are investigated. Thus, gear edge contact can be avoided because the contact 

paths on gear tooth surfaces are located near the middle region of the tooth flank even 

when the gear set is meshed with axial misalignments. 

 

1.2 Literature Reviews 

The tooth surface of a curvilinear-tooth gear was known in past years. Recently, 

there are several successful generating methods to fabricate the curvilinear-tooth gear. 

Liu [1] proposed the manufacture of the cylindrical gear with curvilinear shaped teeth 

by using a face mill-cutter with a special machine, and stated that the merits of 

curvilinear-tooth gears include higher bending strength, lower noise, better lubrication 

effect, and no axial thrust force. Dai et al. [2] proposed the manufacture of a 

cylindrical gear with curved teeth by using a CNC hobbing machine with an 

attachment for the hob head, male and female flying cutters. Andrei et al. [3] 

developed a special cutting tool to generate the curved face width gears for 

non-metallic materials. As to theoretically study on the curvilinear-tooth gear, Tseng 

and Tsay [4] considered an imaginary rack cutter with a curved-tooth to develop the 

mathematical model of cylindrical gears with curvilinear shaped teeth, and 

investigated the tooth undercutting of curvilinear-tooth gears.  

Owing to easy tool settings, high efficiency and reliable quality, hob cutters have 

been widely used for manufacturing a variety of gears such as spur, helical, and worm 

gears. A hob cutting mechanism is a mechanism with multiple degrees of freedom in 

the process of gear generation. Chang et al. [5] proposed a general gear mathematical 
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model simulating the generation process of a 6-axis CNC hobbing machine when the 

hob’s swivel axis is fixed. Fang and Tsay [6] applied an oversized hob cutter to 

generate the worm gear and investigated the bearing contacts of the ZN-type worm 

gear set. The geometry of a hob and generating simulation of cylindrical gears are 

proposed by Kim [7]. However, the tooth surfaces of spur, and helical gear, cut by 

hobbing with a feed motion, are one parameter enveloping. The necessary and 

sufficient conditions of the envelope for a two-parameter family of surfaces were 

proposed by Litvin and Seol [8]. They applied the developed theory to study the 

generation of helical gears by a ground involute worm. 

As is well known, gears with tooth undercutting may decrease the load capacity 

of a gear pair. Kin [9] applied the contact-line envelope and the pressure-angle limit 

concepts to prevent the tooth undercutting of worm and worm gear surfaces. Fong and 

Tsay [10] utilized surface unit normal vectors to investigate the tooth undercutting of 

spiral bevel gears. Bair and Tsay [11] evaluated the undercutting line of a ZK-type 

dual-lead worm gear set by searching the zero unit-normal vectors on the tooth 

surfaces. 

An important contribution to the avoidance of tooth undercutting was made by 

Litvin [12-14] who proposed a detailed investigation on the condition of tooth 

nonundercutting by considering the relative velocities and the differential equation of 

meshing. The approach proposed by Litvin to predict tooth undercutting has been 

applied to study the undercutting phenomenon of various types of gears. The tooth 

undercutting analysis for noncircular gears generated by shaper cutters was 

investigated by Chang and Tsay [15]. Liu and Tsay [16] applied Litvin’s method to 

study the tooth undercutting of beveloid gears. Chen and Tsay [17] presented a 

mathematical model for modified circular arc helical gears generated by an imaginary 
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circular arc rack cutter and discussed the tooth undercutting of the proposed helical 

gears.  

Determination of principal curvatures and directions for conjugate surfaces is an 

important issue in tooth surface design. It can be applied to evaluate the contact 

deformation, contact stress [18], and minimum oil film thickness of lubricant of the 

meshing gears [19]. Litvin and Gutman [20] proposed a local synthesis method based 

on the equations relating the principal curvatures of the two mating surfaces and 

additional conditions for providing the contact path coincided with a geodesic line on 

the gear tooth surface. Colbourne [21] constructed the Mohr’s circle to represent the 

curvature at any point of a helicoids, assuming the shapes and the curvatures are 

known in the transverse section. Litvin et al. [22] proposed a general approach for 

determination of the principal curvatures and directions of two surfaces being in 

continuous tangency along a line at every instant. Kang and Yan [23] derived the 

equations for evaluating the curvature of variable pitch lead screw transmission 

mechanism based on the theory of gearing and curvature theory. They further applied 

the relative normal curvatures to discuss tooth undercutting on the surfaces of variable 

pitch lead screw. Yan and Cheng [24] presented the general equations of curvature 

analysis for spatial cam-follower mechanisms with various type of motions. 

The shape and level of kinematic errors (KE) induced by gear axial 

misalignments are the important and efficient factors to predict the noise and vibration 

of a mating gear pair. If the KE is a discontinuous function, the jumps of gear angular 

velocity will be induced. Tsay [25] applied tooth contact analysis (TCA) techniques to 

simulate the meshing conditions for involute helical gears and proposed the 

compensation method to reduce the KEs induced by horizontal axial-misalignments. 

Liu and Tsay [26] investigated the KE, bearing contact and contact ellipse for 
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beveloid gears with intersected, crossed and parallel axes. Tseng and Tsay [27] studied 

the contact characteristics of cylindrical gears with curvilinear shaped teeth generated 

by a rack cutter with a curved-tooth. 

To reduce the jumps of gear angular velocity, Litvin et al., [28-32] developed a 

method for localization of bearing contacts for various gear pairs, and proposed a 

surface synthesis method by utilizing a predesigned parabolic kinematic-error 

function to absorb the transmission errors of an approximately linear function of the 

designed gear pair induced by gear axial-misalignments. Some researchers minimized 

KEs of the mating gears by using the optimization method. Chen and Tsay [33] 

proposed a generating method for helical gears with a pre-designed transmission error 

and applied the optimization technique to find the adequate gear design parameters to 

provide the gear pair with a prescribed transmission error. Fong and Tsay [34] studied 

the sensitivity of the tooth profile of spiral bevel gears due to machine settings, and 

minimized the KEs of the mating gears. Chang et al. [35] discussed the kinematic 

optimization for a modified helical gear train.  

The contact analysis of the mating gears with a load is much more realistic. 

Zhang and Fang [36-37] considered the elastic deformation of tooth surfaces to 

estimate the transmission errors of helical gears under a load. Umeyama et al. [38] 

investigated the loaded transmission errors of helical gears and the relationship 

between the actual contact ratio and effective contact ratio.  

 

1.3 Motivation  

The curvilinear-tooth gear generated by a hob cutter is a new generating method. 

The generating method considered the cutting mechanism of a 6-axis CNC hobbing 

machine with multiple degrees of freedom may result in complex tooth surfaces. The 
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problems of tooth undercutting and secondary tooth cutting in the new generating 

process need to overcome. The important work for curvature analysis was proposed 

by Litvin. He developed a simplified algorithm for computerized determination of 

principal and normal curvatures of complex gear tooth surfaces. However, the case for 

which the surfaces as the envelope of two-parameter family of surfaces was not 

considered. 

In this study, a complete mathematical model of the curvilinear-tooth gear cut by 

a hob cutter is developed firstly, and then the theoretically analyses on tooth 

undercutting and secondary cutting in the generating process are also investigated. An 

approach to evaluate principal curvatures and directions for the surfaces of 

curvilinear-tooth gear is proposed. Besides, the contact characteristics such as contact 

path, KE, dimension and orientation of contact ellipses of the curvilinear-tooth gear 

pair under assembly errors are also investigated by utilizing TCA technology. Finally, 

the finite element model is constructed to investigate the contact and bending stresses 

of the curvilinear-tooth gears.  

 

1.4 Overview 

This dissertation totally includes seven chapters. Chapter 1 is the introduction to 

the contents of the thesis that contains the feature of curvilinear-tooth gear, reviews of 

related literatures, research background and the motivation of this thesis. 

Chapter 2 derives the mathematical model for ZN worm-type hob cutter surfaces. 

According to the cutting mechanism of a CNC hobbing machine, the kinematic 

relationship between the hob cutter and work piece can be obtained. The 

mathematical model of the curvilinear-tooth gear hobbing simulation for a 6-axis 

CNC hobbing machine can be developed based on the proposed cutting mechanism, 
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generation concept with multiple degrees of freedom, and theory of mechanisms. 

Using computer graphics, a three-dimensional tooth surface of curvilinear-tooth gears 

can be plotted. In addition to developing a mathematical model for cylindrical gears 

with curvilinear shaped teeth cut by a hob cutter, this chapter investigates the 

relationship between tooth surface deviations and nominal radius of circular arc tooth 

traces.  

In Chapter 3, tooth undercutting of the curvilinear-tooth gear surfaces are 

investigated by considering the singularity of the generated tooth surfaces proposed 

by Litvin [12]. The kinematic method to calculate the differentiated equations of 

meshing is developed for analyzing tooth undercutting. Numerical examples are 

presented to demonstrate the tooth undercutting. Due to the geometry character of the 

hob cutter, The secondary cutting of the gear tooth surface by the hob cutter occurs 

when the surface of the curvilinear-tooth gears with a small nominal radius of circular 

arc tooth trace are generated by the hob cutter with a larger outside diameter. To find 

the relationship between the outside diameter of the hob cutter and the nominal radius 

of circular arc tooth trace without secondary generating, a computer algorithm for 

investigation of the secondary cutting is also developed. 

Chapter 4 presents investigations on the curvature analysis. An algorithm for 

computerized determination of principal curvatures and directions of the 

curvilinear-tooth gear with two-parameter family of surfaces is proposed. Rodrigues’ 

equation and two differential meshing equations are considered to establish the 

curvature relationship between the generating surface and the generated surface. 

Some illustrative numerical examples are presented to investigate the principal 

curvatures and directions of the curvilinear-tooth gear surface. 

In Chapter 5, the tooth contact analysis technique is applied to find the contact 
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characteristic of the curvilinear-tooth gear pair such as bearing contacts, kinematic 

errors, and contact ellipses. Tooth contact simulation model including horizontal axial 

misalignment, vertical axial misalignment, and center distance variation of the gear 

pair is established. In this thesis, two methods are used to evaluate the contact ellipses. 

Several numerical examples are presented to demonstrate the influence of the 

assembly errors and gear design parameters on the kinematic errors and contact 

ellipses of the mating gear pair. 

Chapter 6 investigates the contact stress and the bending stress of the proposed 

curvilinear-tooth gear pair by using the commercial software, ABAQUS/Standard. 

Firstly, an automatic mesh-generation program is developed to discretize the 

three-dimensional tooth model. Then, the finite element models are set up by 

constructing the finite element meshes, setting the material properties, defining the 

contact surface, and applying the boundary conditions for loading the gear drive with 

the desired torque. The input file for ABAQUS computation is generated 

automatically by a computer program. Some numerical examples are presented to 

demonstrate the tooth stress with different gear design parameters. 

Chapter 7 concludes this study by summarizing the major findings of the 

accomplished work, and also discusses potential subjects for future study. 
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CHAPTER 2 

Mathematical Model of Cylindrical Gears with Circular Arc Tooth 

Traces 

 

2.1 Introduction 

The hobbing is an economical method for gear manufacturing due to its 

versatility and high efficiency. Hobbing method can be used to cut various types of 

gears such as spur, helical, and worm gears. A hob cutter with a given pitch can 

generate the tooth surface of all involute spur and helical gears with the same normal 

pitch and pressure angle, including all numbers of teeth and helix angles. Different 

gear tooth profiles can be generated on the same CNC machine by changing the 

profile of the hob.  

The hobbing process is complicated because of the generating motion with 

multi-degree of freedom. The tooth surface equations such as spur, helical, and worm 

can be derived as the envelop to the one-parameter family of hob surfaces. It is not 

easy to manufacture curvilinear-tooth gears by using an ordinary hobbing machine 

because the motion of the hob cutter is determined with two independent parameters. 

In addition to a rotational motion about the hob’s spindle, the hob rotates with an 

angular velocity ω  about the hob’s swivel axis, and the hob’s swivel translates with 

a velocity  along the worktable axis as the curvilinear-tooth gear is generated. It is 

noted that the linear velocity  is correlated with angular velocity 

v

v ω .  

In this chapter, we derived tooth surface equation of the curvilinear-tooth gear is 

derived based on the cutting mechanism of the 6-axis CNC hobbing machine, 

generation concept with multiple degrees of freedom, and theory of mechanisms.  
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Fig. 2.1 A schematic drawing of a 6-axis CNC hobbing machine 

 

 

2.2 Generation Method for Curvilinear-Tooth Gears 

Figure 2.1 depicts a schematic drawing of a 6-axis CNC hobbing machine, where 

axes X, Z, and Y represent the functions of the radial feed, axial feed, and hob shift of 

the hob cutter, respectively; axes A, B, and C are the hob’s swivel axis, hob’s spindle 

axis, and worktable axis, respectively.  Some axes of the CNC hobbing machine are 

fixed while some axes are rotated with a specific relationship during the gear 

manufacturing process. For example, in the manufacturing of helical and spur gears, 

axes X and A are fixed and in the manufacturing of worm gears, axes A, X, and Z are 

fixed. 

Figure 2.2 illustrates the generating method of a curvilinear-tooth gear cut by 

hob cutters. Axes  and  are the rotation axis of hob cutter and work piece, 

respectively.  Point  is located on the middle section of a work piece width.   

hZ fZ

fO hO
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Fig. 2.2 Generating method of a curvilinear-tooth gear cut by hob cutters 

 

denotes the rotational center of the hob’s swivel. Circular-arc MN
︵

 stands for the 

tooth trace of a curvilinear-tooth gear,  indicates the curvature center of circular 

arc 

cO

MN
︵

, and  represents the nominal radius of the circular arc tooth trace. cR

In addition to a rotation motion about axis  for the hob’s spindle, the rotation 

center of the hob’s swivel  translates along axis  and the swivel axis rotates 

about point .  The rotational angle of the hob’s swivel and the axial feed 

displacement motion are designated by 

hZ

hO fZ

hO

θ  and , and they are related by the 

equation: 

zl
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)sin(sin βθθ +=== ccchz RRQOl , (2.1) 

where β  is the lead angle of the hob cutter, and βθθ +=c  as shown in Fig. 2.2. 

Differentiating Eq. (2.1) with respect to time, the relationship between the linear 

velocity of axial feed motion  and the angular velocity of hob’s swivel zV
dt
d

A
θω =  

can be expressed as follows: 

fcAf
z

z R
dt
ld kkV )cos( βθω +−=−= .   (2.2) 

 The rotational angles between the work piece and hob can be represented as 

follows: 

2
2

1
2 φψφ Δ+=

T
T .               (2.3) 

where 2φ  and ψ  denote rotational angles of the work piece and the spindle of hob 

cutter.   and  are the numbers of threads of the hob cutter and the number of 

teeth of the generated gear, respectively. 

1T 2T

2φΔ  represents an additional angle of work 

piece rotation due to the feed motion of the hob.  According to Fig. 2.2, the 

additional angle for cutting curvilinear-tooth gears can be represented by: 

2
2

))cos(1(
r

Rc βθφ +−
=Δ ,        (2.4) 

where  indicates the radius of operating pitch cylinder of the work piece. 

Differentiating Eq. (2.3) with respect to time, then the relationship among the angular 

velocities 

2r

Aω , Bω , and 2ω  can be obtained as follows: 

A
c

B r
R

T
T

dt
d ωβθωφω

22

12
2

)sin( +
+== ,   (2.5) 

where 
dt

d
B

ψω = . Equation (2.5) represents the work piece rotation 2ω  in terms of 
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two independent variables Aω  and Bω .  To generate the curvilinear-tooth gear by a 

hob cutter, axes A, B, C, and Z of a hobbing machine must be controllable in the 

process of gear generation. 

 

2.3 Equation of the Hob Cutter 

The axial profile of the ZA worm-type hob and the normal profile of the ZN 

worm-type hob are in straight-lined shapes. These types of hobs are easier to 

manufacture the profiles at axial or normal section with straight-lined shapes. 

Therefore, the ZA worm-type or ZN worm-type hobs are chosen instead of the ZI 

worm-type hob for generation of involute gears. 

The ZN worm-type hob cutter is widely used in the gear manufacturing. A 

right-hand ZN worm-type hob cutter is used to simulate the manufacture of 

curvilinear-tooth gears in this study. The surfaces of the hob cutter can be generated 

by a blade with the straight lined shape, performing a screw motion with respect to the 

rotational axis of hob cutter. The cutting blade is installed on the groove normal 

section of the ZN-type worm, as shown in Fig. 2.3(a). Parameter β  designates the 

lead angle of the worm. The generating lines can be represented in the coordinate 

system  that is rigidly connected to the blade, as shown in Fig. 2.3(b), 

expressed by: 

),,( bbbb ZYXS

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

±

+

=

1
sin
0
cos

1

1

)(

n

nt

B
b l

lr

α

α

r , (2.6) 

where symbol  is one of the design parameters of the  straight-lined cutting blade 

surface which represents the distance measured from the initial point , moving  

1l

oM
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Fig. 2.3 Geometry of the straight-edged cutting blade and worm-type hob  
 cutter 
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along the straight line 1MM o , to any point  on the 1M bb ZX −  section of the 

cutting blade surface.  Design parameter nα  symbolizes the blade’s half apex angle 

formed by the straight-lined blade and -axis, as illustrated in Fig. 2.3(b).  In Eq. 

(2.6), the upper sign represents the left-side cutting blade while the lower sign 

indicates the right-side cutting blade.  In Fig. 2.3(c), the symbols , , and  

represent the outside radius, pitch radius, and root radius of the ZN worm-type hob 

cutter, respectively. The cutting blade width  equals the normal groove width of 

the hob cutter, and the design parameter  can be obtained from Fig. 2.3(c) and (d) 

as follows: 

bX

or 1r fr

nb

tr

n

nn
t

bbrr
α

β
tan2

sin
4

2
2

2
1 −−= .   (2.7) 

Figure 2.4 shows the relations among coordinate systems , 

, and , where coordinate system  is the 

blade coordinate system, coordinate system  is rigidly connected to the 

hob cutter’s surface, and coordinate system  is the reference 

coordinate system. Axes  and  form an angle 

),,( bbbb ZYXS

),,( 1111 ZYXS ),,( ffff ZYXS ),,( bbbb ZYXS

),,( 1111 ZYXS

),,( ffff ZYXS

bZ fZ β  that is equal to the lead 

angle on the worm pitch cylinder as shown in Fig. 2.4(a). Figure 2.4(b) shows that the 

movable coordinate system  performs a screw motion with respect to 

the fixed coordinate system  along the rotational axis of the hob 

cutter, -axis. The locus of the cutting blade can be represented in coordinate 

system  by applying the following homogeneous coordinate 

transformation matrix equation: 

),,( 1111 ZYXS

),,( ffff ZYXS

1Z

),,( 1111 ZYXS
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Fig. 2.4 Relations between the hob cutter and cutting blade coordinate 
 systems 
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where  denotes the lead-per-radian revolution of the hob cutter’s surface, and 1P 1φ  

indicates the rotational angle of the hob cutter in relevant screw motion. Substituting 

Eq. (2.6) in to Eq. (2.8), the surface equation of the ZN worm-type hob cutter , 

represented in coordinate system , can be expressed as: 
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where  and 1l 1φ  are the surface parameters of the hob cutter. In Eq. (2.9), the upper 

sign represents the right-side hob cutter surface while the lower sign indicates the 

left-side hob cutter surface.  

The surface normal vector  of the hob cutter can be obtained and 

represented in coordinate system  as follows: 
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2.4 Relative Velocity and Equation of Meshing Between Hob Cutter and Work 

Piece 

Figure 2.5 reveals the schematic relationship among coordinate systems 

, , , and  for the gear 

generation mechanism. Coordinate system  is attached to the hob cutter 

while coordinate system  is attached to the gear blank. Coordinate 

system  is the reference coordinate system and coordinate system 

 is the fixed coordinate system attached to the machine housing.   

Symbols  

),,( 1111 ZYXS ),,( hhhh ZYXS ),,( 2222 ZYXS ),,( ffff ZYXS

),,( 1111 ZYXS

),,( 2222 ZYXS

),,( hhhh ZYXS

),,( ffff ZYXS

ψ  and 2φ  are rotational angles of the hob cutter and gear blank, 

respectively. θ  depicts the rotational angle of hob’s swivel axis. 

The homogeneous coordinate transformation matrix  transforms the 

coordinates from coordinate system  to .  According to 

the relations as illustrated in Fig. 2.5, matrices , , and  can be obtained 

as follows: 

ijM

),,( jjjj ZYXS ),,( iiii ZYXS

1hM fhM f2M

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡ −

=
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00sincos

1
h

h l
ψψ
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M ,     (2.11) 
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Fig. 2.5 Coordinate systems of the hob cutter and CNC hobbing machine 

 

 

 -20-



and ,         (2.13) 

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡
−

=

1000
0100
00cossin
00sincos

22

22

2

φφ
φφ

fM

where hh OOl 1= , QOl fx = , and hz QOl = .  

In Fig. 2.5, point M  is a common point to both hob cutter and work piece.  

The surface coordinates of the hob cutter can be transformed to the fixed coordinate 

system  as follows: ),,( ffff ZYXS

ffffffhfhf zyxMO kjirMMP ++=== )1(
11

)2( .  (2.14) 

The velocity of point M  attached to the work piece can be obtained by: 

fffff xy jiPωV 22
)2(

2
)2( ωω +−=×= ,     (2.15) 

where fkω 22 ω=  indicates the angular velocity of the work piece. The velocity of 

point M  attached to the hob cutter can be represented as follows: 

zBAf VPωωV +×+= )1()1( )( ,       (2.16) 

where fAA iω ω−= , 

fBfBB kjω θωθω sincos +−= , 

fzffffxffzfx lzylxll kjikiPP )()()()2()1( +++−=−−= . 

and  was expressed in Eq. (2.2). zV

After some mathematical operations, Eq. (2.16) can be simplified as follows: 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

+−−+−
++−

+−
=

−

)cos(cos)(
)(sin)(
sincos)(

)1(

βθωθωω
ωθω
θωθω

AcBxfAf

AzfBxf

BfBzf

f

Rlxy
lzlx

ylz
V . (2.17) 

Based on Eqs. (2.15) and (2.17), the relative velocity  represented in coordinate 

system  can be expressed by: 

)12(
fV

),,( ffff ZYXS
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VVV

.  (2.18) 

Equation (2.18) shows the relative velocity of hob cutter and work piece at their 

common point M .  At the common contact point, the common surface normal  

is perpendicular to the relative velocity .  Therefore, the following equation 

must be observed [12,13]: 

)1(
fN

)12(
fV

0)12()1( =⋅ ff VN .  (2.19) 

Equation (2.19) is the equation of meshing of the gear and hob cutter. This equation 

guarantees the tangency of the hob and gear at any instant during the gear generating 

process. Substituting Eqs. (2.10) and (2.18) into Eq. (2.19) yields: 

 

,0))cos(cos)(())(

sin)(()sincos)((

2

2

=+−−+−+−++

−++−+−

zfAcBxfAfyffAzf

BxfxffBfBzf

nRlxynxlz
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βθωθωωωω

θωωθωθω
(2.20) 

where , , and  symbolize the components of the unit normal vector.  

Substituting Eq. (2.5) into Eq. (2.20) and rearranging in terms of two independent 

variables, 

xfn yfn zfn

Aω  and Bω , yields the following equation: 
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r
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n
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βθ
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φθθω

 (2.21) 

Since Aω  and Bω  are independent variables, two equations of meshing are 

obtained and represented in coordinate system  as follows: ),,( ffff ZYXS
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zfxfyffxf

xfffzf
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Tyylzlg

θθ

θθψθφ ψVn
 (2.23) 

Equations (2.22) and (2.23) are the equations of meshing that relate the hob 

cutter’s surface parameters to the cutting motion parameters. 

 

2.5 Mathematical Model of the Curvilinear-Tooth Gear 

The surface equation of the curvilinear-tooth gear is derived as the envelope to 

the two-parameter family of hob thread surfaces. The locus of hob cutter surface, 

expressed in coordinate system , can be obtained by applying the 

following homogeneous coordinate transformation matrix equation: 

),,( 2222 ZYXS

)1(
112

)2(
2 rMMMr hfhf= .  (2.24) 

According to the gear theory [12], the mathematical model of the generated gear 

tooth surfaces is the combination of the equation of meshing and the locus of hob 

cutter surfaces.  Hence, the mathematical model of the gear tooth surfaces can be 

obtained by considering Eqs. (2.22), (2.23), and (2.24), simultaneously. 

 

2.6 Computer Graphs of the Curvilinear-Tooth Gear 

The tooth surface equation proposed herein for curvilinear-tooth gears can be 

verified by plotting the gear profile.  The coordinates of the curvilinear-tooth gear 

surface points can be calculated by solving the developed gear mathematical model 

using numerical methods.  
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Table 2.1 Major design parameters for cylindrical gears with circular 
 arc tooth traces 

 Hob cutter Curvilinear-tooth gear 
Number of teeth 1 25 
Normal module 3 mm 3 mm 

Normal pressure angle 25°  25°  
Lead angle 2.866°  ━ 
Face width ━ 60 mm 

Nominal radius of circular 
arc tooth trace ━ 100 mm 

Pitch radius 30 mm 37.5 mm 
Outside diameter 67.5 mm 81 mm 

 

 

 

Fig. 2.6 Computer graph of the curvilinear-tooth gear 
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Table 2.1 lists some major design parameters of a curvilinear-tooth gear.  Based 

on the developed gear mathematical model, a three-dimensional tooth profile of the 

curvilinear-tooth gear is plotted as displayed in Fig. 2.6.  The figure shows that the 

right- and left-side tooth surfaces of a curvilinear-tooth gear are convex and concave 

teeth, respectively. 

 

2.7 Surface Deviations of Curvilinear-Tooth Gear 

The gear design parameters are chosen the same as those listed in Table 2.1.  

Figure 2.7 shows the tooth profiles of the curvilinear-tooth gear generated by nominal 

radii of circular arc tooth trace =100 mm, 120 mm, and 200 mm at the cross 

section =0 mm and =30 mm, respectively.  The tooth profiles generated by a 

hob cutter with different nominal radii of circular arc tooth trace are the same at the 

cross-section =0 mm as illustrated in Fig. 2.7(a).  The proposed curvilinear-tooth 

gear can be viewed as the gear with a varying helical angle across the whole face 

width, and the helical angle at the cross section =0 mm is zero. Therefore, the 

tooth profiles of the curvilinear-tooth gear generated by different  at cross section 

=0 mm is the same as that of spur gears.  The results illustrated in Fig. 2.7(a) 

verify that the mathematical models proposed herein are correct.  Figure 2.7(b) 

shows the tooth profiles generated by a hob cutter with different  are not the same 

at the cross section =30 mm. 

cR

2Z 2Z

2Z

2Z

cR

2Z

cR

2Z

Figure 2.8 reveals the transverse chordal thickness deviations of the 

curvilinear-tooth gear generated by nominal radii of circular arc tooth trace =100 

mm, 120 mm, and 200 mm, respectively.  It is found that the transverse chordal 

thickness at the middle section of face width, i.e., =4.709 mm, is larger than those 

cR

ct
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at other sections.  A smaller  results in a smaller transverse chodal thickness at 

the ends of face width as shown in Fig. 2.8. Figure 2.9 illustrates the relationship 

between the  component of the tooth cross section and the tooth thickness at the 

addendum circle, . It reveals that the tooth thickness at the middle section of face 

width, i.e., =1.599 mm, is smaller than those at other sections, and a smaller  

induces a larger tooth thickness  at the ends of face width. 

cR

2Z

at

at cR

at

The tooth thickness of the curvilinear-tooth gear generated by hob cutters with 

different nominal radii of circular arc tooth trace are the same at the middle section of 

the tooth flank, i.e., =0 mm.  The analysis results shown in Figs. 2.8 and 2.9 

indicated that the deviation of tooth thicknesses,  and , at the both ends of the 

face width decreased when the nominal radius of circular arc tooth trace  is 

increased. 

2Z

ct at

cR

It is noted that the herringbone gears are in line contact, however, the 

curvilinear-tooth gear pair proposed herein is in point contact. Therefore, the 

advantage of the proposed gear pair is not sensitive to the axial misalignments.  

According to the analysis result shown in Fig. 2.8, the curvilinear shapes of the 

teeth are similar to those of crowned gear tooth surfaces. Thus, the phenomenon of 

gear edge contact of the curvilinear-tooth gears can be avoided. 

 

2.8 Remarks  

The mathematical model of curvilinear-tooth gears has been developed on the 

basis of the CNC hobbing machine cutting mechanism and the gear theory. The model 

is represented as a function of hob cutter design parameters and generating motion 

parameters. The developed mathematical model provides the industry with an 
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(b) Tooth profile at cross section =30 mm 2Z

 

Fig. 2.7 Different tooth profiles of the curvilinear-tooth gear generated by 
 cR =100 mm, 120 mm and 200 mm 
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Fig. 2.8 Transverse chordal thickness on different cross section 
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Fig. 2.9 Thickness of tooth at addendum circle on different cross section 
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efficient method to design and manufacture curvilinear-tooth gears.  The illustrated 

approach can be further extended to derive the mathematical model of non-circular 

face width gears, for example, parabolic or elliptical curved tooth traces. 

The tooth surface deviations induced by different nominal radii of circular arc 

tooth traces are also investigated. The transverse gear chordal thickness measured at 

the middle section is larger than those of other sections, but the tooth thickness at the 

addendum circle in the middle section of face width is smaller than those of other 

sections. The developed tooth mathematical model helps to explore the possibility for 

further investigations, such as sensitivity, kinematic errors and contact stress analyses. 
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CHAPTER 3 

Tooth Undercutting and Secondary Cutting Analysis 

 

3.1 Introduction 

Tooth undercutting is an important issue for gear manufacturers. It is known that 

gears with tooth undercutting may result in a lower load capacity of a mating gear pair 

and the gear mismatch during gear engagement. The undercutting points on tooth 

surfaces are indeed singular points. According to the concept of differential geometry, 

a surface point is defined as a singular point if its tangent vector is equal to zero. 

Mathematically, the problem to find the undercutting points on tooth surface is the 

problem to obtain the points on tooth surface whose tangent vector is zero. The points 

on cutter surface generating the singular points on tooth surface will determine a 

limited line on the cutter surface. Undercutting of tooth surface can be avoided if the 

limited line is out of the working dimensions of cutter surfaces. 

 The secondary tooth cutting is the special phenomenon in hobbing process. It 

means that some regions of tooth surface are cut again by the surface of hob cutter 

although the same region of tooth surface has been generated by other surfaces of hob 

cutter. The phenomenon of secondary cutting may appear when the cutting path of 

hob cutter is under a special cutting condition. When the curvilinear-tooth gears are 

generated by the hob cutter, the hob cutter with a larger outside diameter or the 

generated curvilinear-tooth gear with a smaller nominal radius of circular arc tooth 

trace may induce the secondary tooth cutting. 

In this chapter, tooth undercutting is investigated by using the method proposed 

by Litvin, and the relationships between the outside diameter of hob cutter and 

nominal radius of circular arc tooth trace as secondary cutting appeared on tooth 
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surface are also studied.  

 

3.2 Tooth Undercutting of the Curvilinear-Tooth Gear 

The tooth undercutting of a curvilinear-tooth gear can be analyzed by applying 

the theory of gear singularity proposed by Litvin [12,13]. The concept for checking of 

the undercutting of a gear tooth surface is to verify the appearance of singular points 

on the generated gear tooth surfaces. Singularities of the generated surface occur 

when the relative velocity  of the contact point over the generated surface equals 

zero. The motion of the hob surface that generates the envelope surface is considered 

as the two-parameter motion of a rigid body. In the case of two-parameter enveloping, 

the condition for the appearance of a singular point on the generated tooth surface can 

be described as follows [13]: 

)2(
rV

0),12(),12(
)1()1(

=++
∂
∂

+
∂
∂ ψθφ

φ
VV

rr
dt

d
dt
dl

l
. (3.1) 

Differentiating Eqs. (2.22) and (2.23), the two equations of meshing for the hob cutter 

and gear tooth surfaces, with respect to time yields that: 

0),,,(
=+++=

dt
df

dt
df

dt
d

f
dt
dlf

dt
ldf

l
ψθφψθφ

ψθφ , (3.2) 

0),,,(
=+++=

dt
dg

dt
dg

dt
d

g
dt
dlg

dt
ldg

l
ψθφψθφ

ψθφ , (3.3) 

Equations (3.1), (3.2), and (3.3) yield a system of five equations in four 

unknowns:
dt
dl

, 
dt

dφ
, 

dt
dθ

, and 
dt

dψ
.  Equations (3.1)-(3.3) provide a nontrivial 

solution if and only if the rank of the matrix of coefficients for these equations is three. 

This yields: 

 -31-



0),12(),12(11

),12(),12(11

1 =∂
∂

∂
∂

∂
∂

∂
∂

=Δ

ψθφ

ψθφ

ψθ

ψθ

φ

φ

gggg
ffff

vvy
l
y

vvx
l
x

l

l

yy

xx

, (3.4) 

0),12(),12(11

),12(),12(11

2 =∂
∂

∂
∂

∂
∂

∂
∂

=Δ

ψθφ

ψθφ

ψθ

ψθ

φ

φ

gggg
ffff

vvz
l
z

vvx
l
x

l

l

zz

xx

, (3.5) 
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To avoid tooth undercutting of the generated gear tooth surfaces, the generating hob 

cutter surface must be limited with the line L. Considering Eqs. (3.4)-(3.6) 

simultaneously and two equations of meshing, one can solve the limited line L on the 

hob cutter surface that generates the singular points on tooth surfaces. The line L on 

the hob cutter surface can be determined by applying the following expressions [13]: 

0),,,( 2
3

2
2

2
1 =Δ+Δ+Δ=ψθφlF , 

0),,,( =ψθφlf , 

and 0),,,( =ψθφlg . (3.7) 

Since Eq. (3.7) forms a system of three independent equations with four 

unknowns, , l φ , θ , and ψ , one of these unknowns may be considered as an input 

variable, then solving three independent equations with three unknowns. Equations 

(3.2) and (3.3) (or Eqs. (2.22) and (2.23))can be rewritten by: 
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)(

),12()( =⋅+⋅=⋅
•• j

ij
i

ji

dt
d VnVnVn .   (3.8) 

To derive the differentiated equation of meshing (3.8), let’s consider the tool 

surface  and the envelope surface  as shown in Fig. 3.1. Axis  represents 

the rotational axis of the surface .  The motion of the tool surface  can be 

represented by two independent parameters, rotational angles 

1Σ 2Σ 2Z

2Σ 1Σ

θ  and ψ , while axes 

 and  are the rotational axes of the surface , respectively. Axes  and 

 are intersected at point . The point M is a common point to both rotating 

bodies.  is the position vector drawn from point  to point M.  

represents a position vector drawn to point M from an arbitrary point on the axis , 

e.g., .  The locations of origin points  and  are specified by the position 

vectors  and , which are measured from the fixed coordinate system 

. D is the relative-position vector drawn from point  to point . 

hX hZ 1Σ hX

hZ hO

)1(P hO )2(P

2Z

2O hO 2O

)1(ρ )2(ρ

),,( ffff ZYXS 2O hO

The velocity of point M attached to the body  ( 2i ,hi = ) can be obtained by: 
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ji i

dt
dj

jdt
dj

j
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PρR
V ×+=
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∂
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The symbol  represents the velocity of point M attached to the body  

when parameter 

),( jiV i

θ=j (or ψ ) is varied and another parameter ψ (or θ ) is fixed. 

 is the velocity of point  ( 2),( jOiV iO ,hi = ) when parameter θ=j (or ψ ) is varied 

and parameter ψ (or θ ) is fixed. Similarly, depicts the angular velocity of 

body  when parameter 

),( jiω

i θ=j (or ψ ) is varied and parameter ψ (or θ ) is fixed. 

The relative velocity is: 
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Fig. 3.1 Simulation of a generation mechanism with two-parameter  
 motion 
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where . The differentiation of Eq. (3.10) gives: )1()2( PDP +=
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The absolute velocity of contact point M may be represented as: 
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The relative velocity of point M with respect to point  can be obtained by: hO
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Differentiating the relative-position vector D with respect to time, it yields: 
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Substituting Eqs. (3.10), (3.11), and (3.13) into Eq. (3.8), the differentiated equation 

of meshing can be simplified as follows:  
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It is noted that the schematic mechanism of a CNC hobbing machine for the 

curvilinear-tooth gear generation can be referred to Fig. 2.5. Coordinate system 

 is attached to the hob cutter while coordinate system  is 

attached to the gear blank. Coordinate system  is the reference 

coordinate system and coordinate system  is the fixed coordinate 

system attached to the machine housing. Symbols 

),,( 1111 ZYXS ),,( 2222 ZYXS

),,( hhhh ZYXS

),,( ffff ZYXS

ψ  and 2φ  are rotational angles 

of the hob cutter and gear blank, respectively. θ  indicates the rotational angle of 

hob’s swivel axis. This schematic gear generation mechanism as compared with Fig. 

3.1, the following position vectors can be found as: 
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Then differentiating Eq. (3.18) with respect to time by considering that 
dt
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dψ  are constants. It yields: 
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According to the hobbing mechanism of the curvilinear-tooth gear mentioned in 

section 2.4, the angular velocity of hob cutter  and work piece  can be 

represented as follows: 

)1(ω )2(ω

[ ] [ ]
dt

d
dt
d TT ψθθθ sincos0001)1( −+−=ω ,  (3.20) 

and [ ] [ ]
dt

dTT
dt
drR TT

c
ψθβθ 212

)2( /00/)sin(00 ++=ω , (3.21) 

Then the relative angular velocity can be expressed by: 

[ ] [ ] ./sincos0/)sin(01 212
)12(

dt
dTT

dt
drR TT

c
ψθθθβθ −−++−−=ω   (3.22) 

Similarly, by considering 
dt
dθ  and 

dt
dψ  as constants, the differentiation of 

angular velocity can be obtained by: 

[ ] 2
2

),2(

)(/)cos(00
dt
drR T

c
θβθ

θ

+=
•

ω , (3.23) 

0
),2(

=
• ψ

ω ,  (3.24) 

[ ]
dt
d
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dT θψθθ

ψ

cossin0
),12(

=
•

ω ,  (3.25) 
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and [ ] 2
2

),12(

)(/)cos(00
dt
drR T

C
θβθ

θ

+−=
•

ω .   (3.26) 

According to Fig. 3.1 and Eq. (3.10), the following velocities can be obtained by: 

,
)cos(

/)sin(
/)sin(

)(

2

2

),(),(),2()1(),12(),12( 2

dt
d

Ry
lzrRx

rRy

cf

zfcf

cf

OOh

θ

βθ
βθ

βθ

θθθθθ

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

+−−
+++−

+
=

−+×−×= VVDωPωV

  (3.27) 

and  
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  (3.28) 

Then, the relative velocity can be obtained by: 
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 (3.29) 

Let  and 1=i θ=j  in Eq. (3.16), the coefficients of Eq. (3.2), , , , 

and , can be found. Similarly, the coefficients of Eq. (3.3), , , , and , 

can also be obtained by considering 

lf φf θf

ψf lg φg θg ψg

1=i  and ψ=j . 

 

3.3 Numerical Examples for Tooth Undercutting of Curvilinear-Tooth Gears 

Example 3.1: A numerical example is given to find a set of singular points (i.e., line 

of tooth undercutting) on the convex and concave tooth surfaces of the 

curvilinear-tooth gear. Major parameters of a ZA worm-type hob cutter are given as 

follows: single thread, normal module =3 mm, lead angle=2.866 degrees, pitch nM
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Table 3.1 Location of singular points on tooth surfaces under different design 
parameters (unit: mm)            

Cross 
section nα =20deg., =110mmC nR α =20deg., =5000mmC nR α =25deg., =110mmCR

2Z  Ll  Rl  Ll  Rl  Ll  Rl  

 30.0  8.834  9.669 10.045 10.045  9.477 10.239 
 25.0  9.273  9.747 10.045 10.045  9.885 10.331 
 20.0  9.581  9.838 10.045 10.045 10.164 10.415 
 15.0  9.796  9.923 10.045 10.045 10.356 10.485 
 10.0  9.938  9.990 10.046 10.046 10.482 10.536 
  5.0 10.019 10.032 10.046 10.046 10.554 10.567 
  0.0 10.046 10.046 10.046 10.046 10.577 10.577 
 -5.0 10.019 10.032 10.046 10.046 10.554 10.567 
-10.0  9.796  9.990 10.046 10.046 10.482 10.536 
-15.0  9.581  9.920 10.045 10.045 10.356 10.484 
-20.0  9.274  9.825 10.045 10.045 10.164 10.412 
-25.0  8.837  9.712 10.045 10.045  9.886 10.322 
-30.0  8.834  9.592 10.045 10.045  9.481 10.218 

 

 

radius =30 mm, and the numbers of teeth of the generated gear =17.  1r

Based on the previous derivations and the developed computer simulation 

programs, the singular points can be found and shown in Table 3.1. Table 3.1 

expresses the relationship between the  component of the gear tooth cross section 

and the hob cutter surface coordinate under different design parameters, normal 

pressure angle 

2Z

l

nα  and nominal radius of circular arc tooth trace , when the 

singular point is appeared. Symbol  represents the parameter of the surface 

coordinate of the convex tooth surface, while  indicates the surface coordinate of 

the concave tooth surface.  

cR

Ll

Rl

When the normal pressure angle nα =20 degrees, the range of the hob cutter 
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design parameter is  which is obtained by surface mathematical model 

proposed in chapter 2, where =3.697 mm indicates the tip of addendum while 

=10.354 mm depicts the starting point of the working curve on the tooth surface. 

l El ≤≤ l Sl

El

Sl

The tooth undercutting occurs on the gear surface as the location of singular 

points, defined by , is in the range of 3.697 mm to 10.354 mm. According to the 

second column of Table 3.1, it is found that the location of singular points on the 

central section ( =0 mm) of convex tooth surface is equal to 10.046 mm. 

l

2Z

Since the convex and concave tooth surfaces of the curvilinear-tooth gear are 

different, the location of singular points on convex and concave tooth surfaces, 

expressed by  and , are not the same. As shown in Table 3.1, the undercutting 

phenomenon becomes more severe near the end sections of the face width, and 

compared with the concave tooth surfaces, the convex tooth surfaces are much easier 

to undercut. However, near to the central section of the face width, the locations of 

singular points on the convex and concave surfaces are quite similar. 

Ll Rl

When the nominal radius of the tooth trace is very large (e.g. =5000 mm as 

shown in the fourth and fifth columns of Table 3.1), the profile of a curvilinear-tooth 

gear approaches to that of a spur gear.  According to the analytical results shown in 

Table 3.1, the conditions of tooth undercutting for convex and concave tooth surfaces 

are very similar as =5000 mm.  It is found that the undercutting characteristic of 

a curvilinear-tooth gear with =5000 mm is quite similar to that of a spur gear. 

cR

cR

cR

When the normal pressure angle nα =25 degrees, the range of the hob cutter 

design parameter is 2.265 mm l ≤≤ l  9.235 mm. Based on the sixth and seventh 

columns of Table 3.1, it is found that no singular points are appeared on the convex or 

concave tooth surface in this case. 
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Figure 3.2 shows the relationship between the cross section  of the gear tooth 

and the hob cutter surface coordinate under different numbers of gear teeth when 

the singular point is appeared on the convex tooth surface. It is found that when the 

numbers of gear teeth are less than 18, the tooth undercutting appears across the entire 

tooth flank and a larger numbers of teeth results in a smaller region of undercutting on 

the convex tooth surface. 

2Z

l

 

Example 3.2: For the case of a gear with the numbers of teeth is 24 and the design 

parameters of hob cutter are the same as those given in the above example. 

Figure 3.3 shows the location of singular points on different tooth cross sections 

of the convex tooth surface, when the curvilinear-tooth gear generated by the nominal 

radii =100 mm, 110 mm, and 120 mm. When the nominal radius  equals 120 

mm, the tooth undercutting appears at cross sections 

cR cR

2Z >24.84 mm.  The tooth 

undercutting appears at cross sections 2Z >20 mm as the nominal radius  is 100 

mm. It is found that a smaller nominal radius  results in a larger region of tooth 

undercutting on the gear convex tooth surface. 

cR

cR

 

3.4 Secondary Cutting 

 The proposed tooth surfaces of the curvilinear-tooth gear are generated by a hob 

cutter. It is clear that the minimum nominal radius of circular arc tooth trace of the 

gear must be limited. Otherwise, some regions of the tooth surfaces will be cut again 

by the hob cutter. 
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Fig. 3.2 Location of singular points under different numbers of teeth 
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Fig. 3.3 Location of singular points under different nominal radii 
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The tooth surfaces shown in Fig. 3.4, denoted by a2Σ  and , are two 

successive concave surfaces of the curvilinear-tooth gear. Axis  is the rotational 

axis of the hob cutter. The curve  is one of the helixes on the hob tooth surface 

with radius . Figure 3.4 shows that the tip of hob tooth penetrates into the gear 

tooth surface  when the gear tooth surface 

b2Σ

hZ

iL

ir

b2Σ a2Σ  is generated. The helix  

intersects the tooth surface  and the point M is an intersection point. 

iL

b2Σ

To check for possible secondary tooth cutting, the following algorithm is used 

for hobbing process: 

Step 1. Represent the hob cutter surface 1Σ , gear tooth surface , and the unit 

normal of the gear tooth surface in the fixed coordinate system  by 

vector functions 

2Σ

),,( ffff ZYXS

),,,,()1(
of rl ψθφr , , ,  (3.30) ),,,()2(

cf Rjl δφr ),,,()2(
cf Rjl δφn

Where 2/2 Tπδ =  is the pitch angle, and j  is the tooth number. Vector function 

 represents the tooth surface ),,,()2(
cf Rjl δφr b2Σ  when j =1. Symbols  and l φ  

are the surface parameters of the hob cutter while θ  and ψ  are the parameters of 

motion for hobbing process. 

Step 2. Determine the parameters, iθ  and iψ , expressed in equations of meshing 

(2.22) and (2.23). iθ  and iψ  depict the motion parameters of the hob cutter when 

the point  on the tooth surface is generated by the hob cutter. Index  

represents the last point to be check for possible tooth secondary cutting. 

i Eii =

Step 3. Check secondary tooth cutting. The secondary tooth cutting occurs if the 

following condition is satisfied.  
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Fig. 3.4 Secondary cutting occurs on the tooth surface b2Σ  when the tooth  
 surface  is generated a2Σ
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ε>⋅
−

− )2(
)2()1(

)2()1( )(
f

ff

ff n
rr
rr

,  (3.31) 

 

where ε  is a positive value smaller than 1. The vectors  and  are 

shown in Fig 3.5. Equation (3.31) shows that the angle between the unit vector of 

vector  and unit normal vector  is less than 90 degrees. It implies that 

the helix  intersects the tooth surface. 

)2()1(
ff rr − )2(

fn

)2()1(
ff rr − )2(

fn

iL

Step 4. Determine  and  if the solution of equation (3.31) exists. The 

secondary tooth cutting for the curvilinear-tooth gear can be avoid when the 

, where  is the minimum nominal radius of circular arc tooth trace 

allowed for secondary cutting. Figure 3.6 illustrates the corresponding flowchart for 

the discussed algorithm. 

or cminR

cminc RR > cminR

An example for secondary tooth cutting is shown in Fig. 3.7 (a). The design data 

are: =3.5 mm, normal pressure angle =25 deg., lead angle =3.567 deg.,  

=65.3 mm, numbers of teeth =14, face width =80 mm, and =80 mm. The regions 

with green or red color on the tooth surfaces are the secondary cutting regions. Figure 

3.7 (b) depicts the analysis result for secondary tooth cutting. It is found the secondary 

cutting region with red color is near the middle section of the tooth flank. 

nM oD

cR

The ZA worm-type hob cutter with single thread and normal module =3 mm 

is used to generated the curvilinear-tooth gears with numbers of teeth= 35 and face 

width= 60 mm. The analysis results for secondary tooth cutting are shown in Fig. 3.8. 

 and  are the outside diameter of hob cutter and nominal radius of circular arc 

tooth trace, respectively. If the outside diameter of hob cutter  and normal 

pressure angle are 67.5 mm and 20 deg., respectively, the minimum nominal radius of 

nM

oD cR

oD
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circular arc tooth trace allowed for secondary tooth cutting is 103 mm. When the 

tooth surface of the curvilinear-tooth gear are generated by a hob cutter with = 118 

mm and normal pressure angle= 20 deg., the outside diameter  without secondary 

tooth cutting must be smaller than 79.5 mm. According to Fig. 3.8, there are two 

methods to avoid secondary tooth cutting. One method is to decrease the outside  

cR

oD
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Fig. 3.5 Relations between the vector )2()1(
ff rr −  and unit normal vector )2(

fn  
  

 

 

 

 -46-



 

 

 

 

 

 

 

 

 

 

 

 

Check 

 

 

 

 

 

 

 

 

 

START 

Determine vector functions ),,,,()1(
of rl ψθφr , 

),,,()2(
cf Rjl δφr , ),,,()2(

cf Rjl δφn  and set 1=i  

Input design parameters of the hob cutter and 
the curvilinear-tooth gear: or  and cR  

END 

Determine the motion parameters, iθ and 

iψ , by using Eqs. (2.22) and (2.23) 

ε>⋅
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Update 
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Fig. 3.6 Flowchart for determination of secondary cutting 
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diameter of the hob cutter, and the other method is to increase the normal pressure 

angle of the hob cutter. The Figure 3.8 can be considered for the hobbing process of 

the curvilinear-tooth gear to avoid secondary tooth cutting. 

 

3.5 Remarks 

The tooth surface of the proposed curvilinear-tooth gear is the envelope to the 

two-parameter family of surfaces. The kinematic method to find the differentiated 

equations of meshing has been developed for analyzing tooth undercutting. According 

to the undercutting analysis results, the occurrence of tooth undercutting at both-end 

sections of the face width of the curvilinear-tooth gear is much easier than other 

sections. The convex tooth surfaces compared with the concave tooth surfaces are 

much easier to be undercut. The tooth undercutting of the curvilinear-tooth gear can 

be avoided with a larger number of teeth or a larger pressure angle. Besides, the tooth 

undercutting may be reduced by increasing the nominal radius of circular arc tooth 

traces. 

Owning to the geometric character of the hob cutter, the hob cutter with a larger 

outside diameter or a curvilinear-tooth gear with a smaller nominal radius of circular 

arc tooth trace will result in secondary tooth cutting when the curvilinear-tooth gears 

are generated by a hob cutter. Increasing the normal pressure angle or decreasing the 

outside diameter of the hob cutter can avoid secondary tooth cutting under the same 

nominal radius of circular arc tooth traces. 
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            Fig. 3.7 (a) An example for secondary tooth cutting  

(Courtesy of Professor Ariga, Nippon Institute of Technology, Japan) 

 

Z  =0 mm  2

 

Fig. 3.7 (b) The analysis result for secondary tooth cutting region 

on tooth surfaces 

 -49-



 

 

 

 

 

 

 

0

20

40

60

80

100

120

140

160

40 50 60 70 80 90 100 110

Outside diameter of hob cutter Do (mm)

N
om

in
al

 ra
di

us
 R

c (
m

m
)

Normal Pressure Angle=20 deg. Normal Pressure Angle=25 deg.

 

Fig. 3.8 Relationship between the outside diameter of hob cutter and nominal 

 radius of circular tooth trace for secondary cutting 
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