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Elliptic equations in highly heterogeneous
porous media

Li-Ming Yeh**

Communicated by R. Showalter

Uniform estimate and convergence for highly heterogeneous elliptic equations are concerned. The domain considered
consists of a connected fractured subregion (with high permeability) and a disconnected matrix block subregion (with
low permeability). Let £ denote the size ratio of one matrix block to the whole domain and let the permeability ratio of
the matrix block region to the fractured region be of the order ¢2. In the fractured region, uniform Holder and uniform
Lipschitz estimates in ¢ of the elliptic solutions are derived; the convergence of the solutions in L norm is obtained as
well. Copyright © 2009 John Wiley & Sons, Ltd.
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1. Introduction

Uniform estimate and convergence for highly heterogeneous elliptic equations are concerned. The domain QCR3 contains two
subregions: a connected fractured region (with high permeability) and a disconnected matrix block region (with low permeability). Let
Y=[0,113 be a cell consisting of a sub-domain Yy, completely surrounded by another connected sub-domain Ye (=Y \Ym), Z be the
characteristic function of Y, and be extended Y-periodically to R3, ¢ (<1) be the size ratio of one matrix block to the whole medium,
and Q(2¢)={x € Q:dist(x, 0Q)>2¢}. The disconnected matrix block region is Qf, ={x:x€&(Ym+j) CQ(2¢) for jeZ3}, the connected
fractured region is Q:=Q\ Q},, and the boundary of Q (resp. Q,) is represented by 0Q (resp. 0€2%,). The elliptic equations in Q are
(see [1])

=V (Ko (VU + Q)+ U =F; in Q¢

—&V-(ky(eVu,+q,) +ou, =éf; in QF,

K.(VU,+Q,) -1 =ck;(cVu,+q;)-n° on 0Q%, (1
Us=ug on Q%

Ue=Up, on 0Q

where o is a non-negative constant, K;(x) =K(x/¢), k.(x)=k(x/¢), K(1—%Z)+kZ is a periodic positive function in R3 with period Y,
and n° is the unit outward normal vector on 0Q%,. It is known that if K k,Q;, gz, F., f;, Up, are smooth, a piecewise regular solution
of (1) exists uniquely and the H' estimate of the solution is bounded uniformly in & [2]. Convergence problem for (1) was considered in
L2 space in [1]. Uniform estimate in ¢ in Hilbert space for elliptic diffraction equation was considered in [3]. Convergence problem for
uniform elliptic equations in perforated domains was considered in L2 space in [4]. Uniform Lipschitz estimate in ¢ for Laplace equation
in perforated domains was given in [5], and the uniform LP estimate of the same problem was claimed in [6]. Lipschitz estimate for
uniform elliptic equations was studied in [7]. Holder and Lipschitz estimates uniform in ¢ for uniform elliptic equations in periodic
domains were obtained in [8]. This work presents uniform estimate and convergence for the non-uniform elliptic equations (1). In
the fractured region, uniform Holder and Lipschitz estimates in ¢ of the solutions are derived; the convergence of the solutions in L*
norm is also obtained.
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The rest of the work is organized as follows: Notation and main results are stated in Section 2. Some auxiliary lemmas are given in
Section 3. Uniform Holder estimate of the solutions with Lipschitz boundary condition in the fractured region is derived in Section 4.
Lipschitz estimate of the solutions in fractured region is obtained in Section 5. By the results in Sections 4 and 5, uniform Holder
estimate in fractured region for the solutions with Holder boundary condition is given in Section 6. L°® convergence for solutions in
fractured region is presented in Section 7.

2. Notation and main result

Let Ck* denote the Holder space and L5, Hi WS denote the Sobolev spaces for k>0,0€(0,1),i>1, and_s>0 [9]. Define ||f1, ..., fmll=
I+l +---+1Ifmll and B(x,r) represents a ball centered at x with radius r. For any domain D, D is the closure of D, D/r={x:
rxeD}, |D| is the volume of D, Z'p is the characteristic function on D, and D(x,r)=DNB(x,r). For any gL' (D), we define

(9 z][ ()d /
g D(x,r)gy Y= |D(Xr| xr

Next we recall an extension result.

Lemma 2.1 (Acerbi et al. [10])

(1) For 1<s<oo, there is a constant y;(Ys,s) and a linear continuous extension operator HE:W1'5(Q§)0L°°(Q;)—> WsS(@Q)NL>®(Q)
such that (1) If g€ W"S(Q5)NL>®(Q) and 7,<g<73, then

I[I,g=g in Q*‘ almost everywhere
ITLglls @) <71 19llLs(0)
IVILgllis) <71 11Vglls )

72sHeg<73

Ig={ inQif g:C|Q; for some linear function { in Q
(2) For any constant r>0, I1,/{(x)=(I1.g)(rx), where {(x)=g(rx).

It is known that if 0<K ke CO1(R3), QSQ"Q;; converges to Q in L2(©) strongly, and ||Ubs||H1(Q)+||Og,F3||L2(Q?)+||qs,sfg||Lz(Qfﬂ)
< (independent of ¢), then the solution of (1) exists uniquely and ||U; |41 (Q;)+ ||8VU3||L2(Q%)+||U£||L2(Q%)§C2 (independent of &).
By compactness principle [1, 4, 9]

.U, — U in L2(Q) strongly
K.(VU; +Q,) 2 o — K(VU+Q) in L2(Q) weakly
Fsl%”g; +efe Loy, —F in L2(Q) weakly ase¢—0

ugﬁ"gﬁn,sfg‘%’gin,qgﬁ"gin —u,f,g in L2(Q>< Ym) in two scale

Up, — Up in H'(Q) weakly
where K is a constant positive-definite matrix. Moreover, the functions U, u satisfy

—V-(K(VU+Q)+o|YfU+wi=F inQ

—Vy - (k(Vyu+q))+ou=f in QxYm @)
u=U on Qx0Ym
U=Uy on 0Q

where u= fY u(x,y)dy and |Y¢| is the volume of Ys.

Lemma 2.2
The solution of (2) satisfies

Ul wrr e <CUIQ. Flliriey 19, Fllir@se v + 1Up i) 3)

where r>2 and c is a constant depending on K k, w.

Copyright © 2009 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2010, 33 198-223




L.-M. YEH
I EEE————————————————————————————

Proof
By energy method, we see

Ul @ <UIQ Fll 20y + 19, Fll 205 v,y + 1 Ub I ) @
For any fixed point x € Q, we consider the following problem:
—Vy - (k(Vyu+g))+owu=f inYnp
u=U(Kx) on 0Ym
By [9]
NuCe Mgy, <cliqe ), £ ey, +UX) (5)
where c is a constant depending on k w. If 2<r<6, then, by (4) and (5)
Il r @) <clluller@x v, <CUQ Fll 2y + 16, Fllr@@x vm) + 1 Ub ll 1 () (6)
Employing (4) and (6) to the following problem:
—V-(K(VU+Q)=—0|YflU—wi+F inQ
U=Uy on 0Q
we obtain (3) for 2<r<6. For r>6, Equation (3) can obtained by repeating the above process. a

For any 6€(0,3) and a€(y, 1), where u=1-3/(3+), we assume that

A1. Domain Qis C"* and Yy, is a smooth, simply connected domain.
A2. K ke CO1(R3) are positive periodic functions with period Y and || VK| .o (y,) + | VK| oo v, is small compared with min, g3 {K k}.

A3. Q, V-Q, F, e310(Q2),q,, V- q, f, e 3T0(Q5), Up, €CM*(Q).

The main results are:

Theorem 2.1
Under A1-A3, the solution of (1) satisfies

[Ug]co/u(gxf:)@(llos,sv-O.s, F£||L3+5(Q?) +19e EZV'QsI 8fs||L3+«>‘(Q;’n) + [UbE]COJ(Q))
where u=1-3/(3+4) and constant c is independent of ¢.

Theorem 2.2
Under A1-A3, the solution of (1) with w=Q, =g, =0 satisfies

VU, ||L°°(Q?)<C(||FS%Q; +f.n:3{jSn ||L3+6(Q) + [Ubl;]CW(Q))
where constant c is independent of .
Indeed, the Dirichlet boundary of (1) can be Holder continuous, that is,

Theorem 2.3
Under A1-A3, the solution of (1) with w =0 satisfies

2
[UJI]CO,#(Q;)<C(||Q£/ eV-Qg F; ”L3+r5(Q‘;) + ||Cle;, eV e Sfa ”[_3+<5(Qin) + [Ubl;]CO,u(Q))
where u=1-3/(3+J) and constant c is independent of ¢.

For given FeL2(Q), we consider the following problem:

—V.(K,VU,)=F in Q¢

—&2V - (k,Vu,) =0 in QF

K. VU, -0 =e?k,Vu,-n¢ on oQ, (7)
U.=u; on 0%,

Ul::O on 0Q

Copyright © 2009 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2010, 33 198-223
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It is known that (7) is solvable, IT.U; converges to Uy in L2(Q) strongly, and

—V-(KVUp)=|Y|F inQ
Up=0 on 0Q

We have the following convergence result.

Theorem 2.4 )
Under A1-A2, domain Q is in C>%, and F e W2319(Q), the solutions of (7) and (8) satisfy

1U; = ol <ce' ~*IIFlly3+sqy

where u=1-3/(3+J) and constant c is independent of ¢.

3. Some auxiliary result

First we recall a result.

Lemma 3.1 (Giaquinta [11, p. 68])
For any €(0,1), there are 74,75 depending on f and the geometry of domain D so that for any Holder continuous function g in D,

1 ) 1/2
4l9] o5y < SUPSUP (— 1g—(g)x/I dy) <y5l9lcosp
419.¢c0r(D) xeD/r>0 \ 228 Jops) X S91c0s(D)

Let G(x—y) denote the fundamental solution of Laplace equation, see Section 6.2 [12]. Define single-layer and double-layer potentials
as for any smooth function g on the boundary dD of a smooth bounded domain D

Eaplg)x)= / 5 Glx—y)g(y)day

for xe dD
7 ipl@x)= /o  OyGx=y)ny gly)day

where ﬁy is the unit vector outward normal to dD.

Lemma 3.2
For any bounded smooth domain D,

1. é4p, 7 5p are pseudo-differential operators of order —1 on dD.
2. For any |ﬁ|>% and s € (2, 00), the linear operators

&op:WV55(0D) — W' V55(0D)

Bl— T op:W=V55(0D) — W= 1/55(aD)

are bounded and fii— 7, is invertible in W1=1/55(0D).
3. For any |/3|>% and y€(0, 1), the linear operators

&2p:C%7(0D)— C'7 (D) o)
10
Bl—T ;p:C"7(0D)— C"7 (D)

are bounded and fI—.7 ,p is invertible in C17(dD).

Proof

By [3,12], both &;p, 7 ;p are pseudo-differential operators of order —1. By theorem in Section 2.3.4 [13] and following the proof of
Theorem 2.5, Chapter XI [14], &p of (9) is a bounded linear operator. From Section 1.6 and Proposition 5.2, Chapter XI [14], I—7 ;p
of (9) is a bounded linear operator. Tracing the proof of Theorem 4.6.5 [12], we see that fil—7 ,p is a Fredholm operator. Since
pl—T ;p is invertible in L2 [15], it is one-to-one and bounded, and has closed range. By inverse mapping theorem [16], pl—T qpis
invertible in W=1/55(3D). That &5 and i— 7 ;p of (10) are bounded linear operators is due to Theorem 2.5, Chapter XI of [14]. By
an analogous argument as that for (9), we see that /l—7 ;p is invertible in c7(éD). a

]
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Now we consider the following problem:

—V-(K(VP;+Qy)+ &2 wP,=F, in ¢
—&V - (k(Vp,+3) +elop,=f,  inYm o
K(VP,+Q,)-fy =ck(eVp,+§.) -y on dVm
P.=p; on dYm

where ﬁy is the unit vector normal to dYm. Let Yy CDCY=YfUYp satisfy

¢/ =min{dist(Yny, ¢D), dist(D, 0Y)}>0
Define D1 = {x € Y¢|dist(x, Ym)>Z/4,dist(x, 0Y)>// 4}.

Lemma 3.3
If w<wg and ||P,;||Lz(yf)+||82p,;||Lz(Ym)+IIQ,-,V-Q;, I:};||Lr(yf)+llsfh;, eV-Ge f:llir(y,,) is bounded independently of & for re(3,00), then
the solutions of (11) satisfy

IPellwrr ) SC1 (12)

where ¢1 is a constant independent of ¢ . In addition to w:é,;:c}gzo

IPell c11-3/r(py v, SC2 (13)
where ¢, is a constant independent of &.
Proof
Theorem 8.17 of [9] implies that for r € (3, 00),
1P llyrrpy)<c (14)

where the constant c is independent of ¢ w. We assume that the coefficients and solution of (11) are smooth in Y¢ and Y. Let b be
a solution of

—V - (2kVP+ 2 (k—K)Vp, +ekds) +e2wp, =F,  in Ym 15)
Play,, =0

and P a solution of
—V-(KVP+(K—K)VP,+KQ,) +e2wP;=F;, in D\Ym

Play,, =0 (16)

’ﬁ_PzzlaD =0
where R,ﬂ are two constants in (mings {K, k}, maxgs {K k}). Then, by (14)

IPlwry,,y<c(l /& +llopgllir(y,) + I(k—k)Vp, lry,m)) a7
P WD\ Y,y S+ le2 P, i\ Y T K—K)VP, lLro\Y,m)

where c is a constant independent of ¢ w. Define p=p,—p in Yy, and P=P,—Pin D\ Ym. Equations (11) and (15)-(16) imply
Ap=0 in Ym

AP=0 in D\ Ym

Play, =Play,, (18)
VP-Rylay, —EVP-Ryloy, =F /K

Pl,p=0
where i=:2k/K and by (14), (17), and [17]
17 -1y, < € +82||(k—E)VPs||Lr(Ym)+||(K—R)VP3||U(D\Y,,,)

+le2peliiry,) + 182 0Ps lrD\Y,y)) (19)

Copyright © 2009 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2010, 33 198-223
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where c is a constant independent of ¢ w. By Green’s formula, (18), and Theorem 6.5.1 [12], we see that

p/2+ faYm p)= @(daym (3nyﬁ)

. . . . on 0Ym
P/Z—yaym(P)z—(/)@(aym(anyp)-{—(/)@(ﬁD(anbeD)
where 5ny/3|g|) is the normal derivative of P on dD. Therefore,
E+1 . EponPlop)  Epy, (7)
-7, = —m v, 20
<2(1—5) ‘Ym>p 1-% (1—pk onom 20
Equations (14), (17), (20), Lemma 3.2, and [14] imply
1Bl w-vir(ay,y < CUF Nl y—1sr(ay,y + 110n, Plly—1/er(opy) (21)
190, Plly-1/1r 0y < €1+ 1K=K)VP [l 1r(p\v,p) (22)

By Equations (14), (17), (19), (21), and (22), we obtain
1Pl w22 IPel Wiy, <€+ (k=K Ve 7y,

HIK=K)VP, I r (Y, + 12 0Pellir(vy) + 1E2Pslliryv,)

By interpolation theorem [9], we obtain (12) for the smooth coefficient and solution case.
The estimate (12) for non-smooth coefficient case is directly from above result, Section 16, Chapter 3 [2], energy method, and
approximation method. Equation (13) can be proved by a similar argument as (12). We omit it. a

Though Lemma 3.3 is just a result for one sub-domain Yy, case, an analogous argument proves the same conclusion if Y contains
several non-overlapping sub-domains. Moreover, an analogous argument also works for the following boundary-value problem.
Define a boundary portion of Y by I'={yeY:y=(y1,y>,0)}, and consider the following problem:

—V-(K(VP+Q) + &2 wP, =F, in Y¢

—eV-(k(eVp:+G)+e2op.=F,  in Ym

K(VP,+Q,)-fy =ck(eVp, +4,)-Ry  on dYpm (23)
P.';:pli on 6Ym
P;=Pp, onT

where ﬁy is the unit vector normal to Y. Let Ym C Dcy satisfy
min{dist(Ym, éD), dist(D, oY \I)}>0
Lemma 3.4 A o A
If w<wy and ||P6||L2(Yf)+ ||52p8||L2(Ym)+ Qs V- Qs Fellr(ve) + lleGe, €V - G, fellerev + Py, ||W1,,(Yf) is bounded independently
of ¢ for re (3, 00), then the solutions of (23) satisfy
||Ps||W1,r(5\ym)<C1
where ¢; is independent of ¢ w. In addition, [Py, ||C1,1—3/r(Yf) is bounded independently of ¢ and w:ég:&gzo
||Ps||c1,1—3/r(ﬁ\ym)<c2

where ¢ is a constant independent of ¢.

4. Uniform Holder estimate

In this section we prove Theorem 2.1. It includes two Sections 4.1 and 4.2. The Holder estimate in the interior region is derived in
Section 4.1, and the Holder estimate around the boundary is in Section 4.2.

4.1. Interior estimate

For convenience we assume B(0,1) C Q.

Copyright © 2009 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2010, 33 198-223
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Lemma 4.1
For any 6>0 and y €[0, wg], there are constants 6 € (0, 1) (depending on J, wg, K k) and ¢g €(0, 1) (depending on 6, wg, 6, k) such that
if Ug,v, Ug,v, Qg vs Geyvr Fepv, iy satisfy

=V (Ky(VUg v+ Qg ) +yUs v =Fyy in B(0, 1)09;
—&eV- (kv(svuz;,v +q1:,v))+yuz;,v = 8fz:,v in B(0, ”man (24)
Ky(VUyy+Q;0) - R =2k, (eVUsy+G40) R on BO,1)N0QY,
Us,v =Ugy on B(0, 1)(7@9;,,
and if
max { | Ue,v ”LZ(B((),])QQ;)/ &llug,y ||L2(B(0,1)OQ;’H)
Qo b ain o, Tt T <1 (25)
Il % Q‘f+q.s,v Qv P Q % Gy Q) ||L3+<>(B(0,1)) <
then, for any e<v<gg and u=1-3/(34+9)
_ 2 2u
[T1, U,y (Hst,v)O,9| dx<0
B(0,0)
(26)
][ & Uy — (T, Uy, ), dx <02
B(0,0)NCY,
Proof
Consider the following problem:
—V - (KVYU)+79|Yf|lU+7a=0 in B(0,1)
—Vy - (kVyu)+yu=0 in B(0,1) X Y (27)

U=u on B(0,1)x 0Ym

where l_l(X)Eme u(x,y)dy and K is the positive-definite matrix in (2). If (U,u) is a solution of (27), then by following the argument of
Lemma 2.2, we have

Ul 0,120 <1Vl 2(8(0,1)n02)

where r>2 and ¢ depends on K, k, wg. If W satisfies u<y' <1, then, by Lemma 3.1

][ U= (Ul dx<6? ][ U2dx (28)
B(0,0) B(0,1)

for 0 (depending on 5,R,kw0) sufficiently small. Fix a value 0, and we claim (26)1. If not, there is a sequence {U,,y, Ug,v, Qg,v, Ge,vs Fevs o v}
satisfying (24) and

max{”Us,v||L2(B(0,1)mg;),8||us,v||L2(B(o,1)mg;n)/ ”qS,V”L3+5(B(0,1)QQ;‘71)}<1

lim 0 Il Qs,v: Fs,v ||L3+r>(B(0,1)nQ;) =+l st,v ”L3+‘5(B(0,1 nay,) =0

e<v— (29)
][ |T1,U,,y — (IT,Ug,y)o,01* dx> 02
B(0,0)
By Lemma 2.1 and compactness principle, we extract a subsequence (same notation for subsequence) such that, as e<v—0
IM,U,,— U in L2(B(0,0)) strongly
Uy Ly —>u in L2(B(0, 0) x Ym) in two scale
Ky Z oy VU, — KVU in L%(B(0, 0)) weakly 0

Qv Zay FopZ Vi, =0 i L%(B(0, 1)) strongly

_____________________________________________________________________________________________________________________|]
Copyright © 2009 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2010, 33 198-223



L.-M. YEH
I EEE————————————————————————————

][ Udx
B(0,0)
Thus we get (92"<02"/, which is absurd. Therefore we prove (26);.
Define U=0""(I1,U,,, — (IT,U,)0,0) and 0=0""(u,,, — (I1,U,)0,0). Then (24) implies, for any smooth function g with support in
W(Ym +j) CB(0, 0)NQY, for some jeZ3,

We also see that (U, u) is a solution of (27). Equations (28)-(30) then imply

2
o tim Uy~ (LU o= Uk o
B(0,0) B(0,0) B(0,0)

e<v—0

&2 / (@—0)V-(k,Vg)dx—7 / (@—0)g dx
V(Ym+j) V(Ym+j)

_ / Ky (2V0+20"q,,)Vg dx— / 0= (ef, y—9TT,U)g dx
"(Ym+j) \’(Ym+j)

If g is the solution of

V- (k,Vg)=0—0U in v(Ym+))
g=0 on v(0Ym+j))

then cyv! ||9||L2(V(Ym+j))< ||VgIILz(V(Ym+j))<c2v||0— U“LZ(V(Ym_,’_j)), where c1, ¢y are independent of v. By integration by part and Holder
inequality

— -0 _ 172 2
: /v<ym+,-)(“ Ogax = 71k>Va 1%y 1)

/(Y ) 07Ty Ugygdx < Ceiﬂ”/vz"”r{vu&v||1_2(v(ym+j))||“/V2Vg||L2(v(ym+j))
v(¥Ym+J

Equation (26); follows from above estimates if ¢y is small enough. a

Lemma 4.2
For any 6 €(0,3) and w€[0, wg], there are constants 0 < (0, 1) (depending on 6, wg, K, k) and &g €(0, 1) (depending on 0, wq, J, k) such
that if
e12 . 2
—V-(K;.(VUS,;~+QS,;V))+‘3‘ oU,;=F,;  inB(0,1)NQ}
2 2
—8V~(k;b(8VUs,;b—|—qg/)v))+‘%‘ ou,,;=¢f,; in B(O,T)ﬂQ;ln

K;(VU,,+Q,;)-i*=ek;(eVu, ;+q,,)-7*  on BO,1)NIY,

UJZ,). =Ug,, on B(0,1)N aQﬁ,

then, for all e<A<¢p and k satisfying /I/Hkgao

2 2k 12
]ﬁ(o,ek) IT1, Uy = (T,U 1) gk | X <074 J7
(31
2 2 2k 2
&% |ug, ; —(H1U21~) k| cdx<0° 2,
]éz(o,ok)rm;;1 v #4700 &
where
Jes = 2( Ua,/lg{Q; —|—8u8113{9;:n l128(0,1)) ||g(;1 Qm%Q? +q811%9;1n l13+5(8(0,1))
=1 g N a .
+eg ||F£,,1$Q;. +j'f8,/1'}(2;n ”L3+’5(B(O,1)))
Proof

We only consider J, ;,<oo case. For k=1, define

<
~

Qs, A
J &4 J [ &A

&

[

U=

~ Ug, ), A
, U=—, Q=
J.s,/l

-
9’\ $
~

Copyright © 2009 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2010, 33 198-223
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Then these functions satisfy (24) and (25) with v=4 and y= le/ 712 o. By Lemma 4.1

][ IT1;, 0, — (11, 0,)g,01 2 dx<0?#
B(0,0)

][ &210; — (11,0,)0,0|2dx<6?*
B(0,0)NQY:,

This implies (31) for k=1. If (31) holds for some k satisfying )»/Gkgso, we define

000 =1 0758 (U, 10550 — (TT,U, ) o)

Q=4 0K =1q, ;(0%x) in B(0,1)NQ} / 0¥
~ _ _ g12
Fal =17 021 (Fe,z(GkX) -] w(HAUg,uO,Uk)

8,00 =7, 07w, 10530 — (T,U, 1) o)

g.00=J7)0K1=1q, (0K in B(0, 1)NQY, /0¥

Hi

=
i

(&)

fib)=J, ) 0@=H (fa,;.(HkX) - (U g, g )

Then these functions satisfy

212 A ~
~| wl=F,  in BO,1HNO}/ 6"

L

—V(K, (VO +Q) + 0%

PO E12 . 4.
-k, (eV 8,440+ 0 | 2| "0l =f, in B0, 1)NQ, /0¥

K, (VU:+Qy) - R=ck, ,x (eV,+3)- B on BO,1)NQ,/ 0

U, =, on B(0, 1)N QL / 0¥
where n is the unit vector normal to 6an/0k. By induction,
max{”US”LZ(B(O,'l)ﬁQ;‘/Hk)'SHUS||L2(B(0,1)09;h/9k)}<1
=148 o . a . N
leg " Qe o +ac gz gkl i3+80,1))
—1F g —kz% 7 N
teg WFeZ o)+ 20" feZl op s lis+spi0,1) ST

By Lemma 4.1 (take v=2/6K and y:@zk |a/i|2cu), we obtain

T,k U — (T1, i U)o, 612 dx <62
][[;(010) 2/0Ke Vilad

(32)
25 Y 2
&0, —(IT, , k Ug)o, 01 “dx <0 H
][t;(o,e)m;‘h/ek e W okVe
Note by Lemma 2.1,
][ L 0o (T, 4 D)ool ][ IT1,U, = (T3U; 1) s 2 33)
wUs— kU:ool” =
Boo YU AT B(0,0<+) N
][ Gy, 4 Didogl? ][ 1Ug, . — (13U 2) g ghern 12 34
Uz — kUzdo,0l” = ‘
Boona, ok Y0 B(0,0A+ )N, 12, 0%ke

Equations (32)-(34) imply the inequality (31) for k41 case.

Lemma 4.3
Under the same assumptions as Lemma 4.2,

[Us;,z]co,u(g(o,1/2)09;) SCUg a1+ AV ngfg;; +eV- qf:,).%g;in ”L3+‘5(B(0,1 )))

where the constant c is independent of ¢, 4, w.

_____________________________________________________________________________________________________________________|]
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Proof
Let ¢ denote a constant independent of ¢ 4, w. Lemma 4.2 implies that for r>1/¢g

][ ITL,U,; — (TL,U, o Pdx<cr? 2,
B(O,r) .

(35)
][ 2y, —(HAUs,;.)o,rlzdxécrz“Jf i
B(0,NNQy, i
Set jg,g =), +AIV- Qg,),%'g)/; +eV 'q&ig{qu‘q ll13+5(8(0,1))
U (x) Ej;; A7 (U 1 (X) — (T3 U;, 1)0,2/50 )
~ ~ 2 5
Q.0=J12171Q, () in B (0, —) NQ¢/
; P
T 7—192—u 7 ak
Fa)=J_, 2 Fe, 5 (Ax) — ‘ j‘ o(IL;U,, 10,274
800 =T 27 (U 1000 — (T1,U,, )0,21/5)
N All,1— . 2 )
G:.00=J"121""1q, ;0 in B (o, —) NQL /7
) %
2
Fw=i 2 (0 - 20, )
eKI=J, ) &2 - B AY¢,210,2)/ g
Then those functions satisfy
N ~ N ~ 2
VK (V040N + 20l =F, in B<O,—>me;/,1
)
A A A . 2
—eV- (K (eV U 43e) + 2 0l = ef, in B<0,5>mgfh/,1
A AL oa o 2 ]
K,/;(VU:+Q;)-n=¢k;/;(eVi,+G,)-n onB (0, —) NoQy,/ 2
£0
A 2 ~
U. =0, on B(O,—)ﬂaﬂfn/k
€0
where n is the unit vector normal to 69,&,,/2. Take r=21/¢g in (35) to get
Ve o202 07 /3 12(8(0,2/000) + Qe 05+ 8% 0y 1 13480, 2)
HIV-Q gy +6V-:Z oz /31340810, 27200 + 1FeZ s +1eX 0 /3 1113+5(8(0,2/20) <€
where the constant c is independent of ¢, 4, w. By Lemma 3.3,
Welcongio,1/:0n05/) <€ (36)

The lemma follows from Lemma 3.1 and Equations (35) and (36).

4.2. Boundary estimate

Let ¢:RZ — R be a function satisfying [Plcrz(ry <G $(0)=|V¢(0)|=0. Define Dy = {(X, x3) € R3|x3>p(x)}. For the purpose of proving
boundary estimate, we assume

0€0Q and B(0,1)ﬂQ=B(O,1)ﬂD¢ (37)
For teRY, if p.(x)=1""¢(wx), we have

[¢I]C1I“(R2)<Ta[¢]C1'“(R2) (38)
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Lemma 4.4 B
For any 6>0 and y € [0, wo], there are constants 0 € (0, 1) (depending on 6, %, wg, K k) and & € (0, 1) (depending on 0, wy, 3, k) satisfying
0<0, Eg<eg (0, ¢o are those in Lemma 4.1) such that if Uy, Uz, Qg v, G,y Fe,v fe,v Satisfy

— V- (Ky(VUsy 4+ Q) +7Us v =Fey in B(0,1)NQY

—&eV - (ky(eVUgy +qep) +Ugy =efiy in B(O, 1)NQy,

Ky(VUgy+ Q) -1 =eky(6Vu,, +;)-R” on B(O,1)NoQy, (39)
Ue,v=Usy on B(0,1)NoQY},

Usv=Up,, on B(0, 1)NoQ

and if
max { I1Usvll2(810, 100 llUev 280,100y, Wb, o 810,100
1 o 1 y £ <
+ ||%Qs,vg{£2;+q£,vz(2;‘n/ %F&v%g;—l—% s, Ni3+opo,1) { <1

then, for all e<v<gy and u=1-3/(3+9)

~2
][ Uy —Up, ()Pdx<0™
B(0,0)nQ v

5 (40)
][ gy —Up,, (0)2dx<0™"
B(0,0)nQy, ”
Proof
Consider the following problem:
—V-(KVU)+7y|Ye|U+ya=0 in B(0,1)NQ
—Vy - (kVyu)+7u=0 in (B0, NNQ) X Ym )
41
U=u on (B(0,1)NQ) x dYm
U=U, on B(0,1)NdQ

where U(x)zfym u(x,y)dy and K is the positive-definite matrix in (2). If (U, u) is a solution of (41), then by following the argument of
Lemma 2.2, we have

2
IUlwrg0,1720n0) UV 2810, 1)n0) T+ Wblco1 50,170

where r>2 and ¢ depends on % KK, wo. It is possible to pick a small number 0 (depending on o, a,k,kwo) such that 0<0 and

=24 2 2
 U=Up(0)Pdx<0 <][ U%dx +[Up]2, ) (42)
]é(o,o)m B(0,1)NQ o1 (BN

holds for some 1/, u<u/'<1. Fix a value 0, and the proof of (40); is done by contradiction. If not, there is a sequence {U,,, Uy, Qs v, Gz, v,
Fe,v. fe,, Up, ) satisfying (39) and

max{||Us,y ||L2(B(0,1)m£2,‘;)' &llug,y ||L2(B(O,1)OQ;',,)' 9e,v ”L3+‘5(B(0,1)QQ,",")'

Wb, 1co180,1)ne <1

agli\mo 1Qe,v, Fe,v ||L3+o‘(3(0’1)mg;) +vEe,y ”L3+‘5(B(0,1)ﬂﬂfn) =0 (43)

][ Uy — Uy, (0)2dx>0""
B(0,0)NQ “

_____________________________________________________________________________________________________________________|]
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After extraction of subsequence (same notation for subsequence), as e<v— 0,

,U,,— U in L2(B(0,0)NQ) strongly

U2y, —u in L2((B(0,0)NQ) x Ym) in two scale

K 0y VU, — KVU in L2(B(0,0)NQ) weakly (44)
Up,, — Up in C%1(B(0,1)NQ) weakly star

Qv FonZ oy vy =0 in L%(B(0,1)NQ) strongly

Note (U, u) is a solution of (41). By (42)-(44), we conclude

~2u f 5 =2,/ ) 5
P'<f  U-Up0)2dx<i (f U2t [Up] ) us)
B(0,6nQ b B(0,1)NQ b’co1(8(0,1)n0)

But (45) is impossible if we take 0 small enough. Therefore, there is a &y such that (40)1 holds for ¢<&g. Clearly, g can be chosen so
that £g<eg. The proof of (40), is similar to that of (26),. We skip it. ]

Lemma 4.5

For any 6€(0,3) and w€[0,wp], there are constants 0e(0,1) (depending on &,a, wg, K, k) and & €(0,1) (depending on 6, wg, 5, k)
satisfying <0, €g<eg (0, & are those in Lemma 4.1) such that if

12
~V-Ky(VU,; +Q, )+ |5 | 0, =F,,  inBO,1NNG;

g2 .
—5V-(kg(6Vug,i+qg,;~))+‘z‘ wu,;=¢f,;  in BO,1)NY,

K;(VU,,;+Q,;)-i*=ek;(eVu, ; +q,,)-7*  on BO,1)NQ%,
Ugz=Us,) on B(0,1)N %Y,

Usi=Up,, on B(0,1)NoQ

then, for all e<A<gp and k satisfying i/ékgéo

~2ku~
b UL~y R0,
B(0,0")NQ ’
2k (46)
][ ey —Up,, (0)Pdx<0T T2,
B(0,0°)NQ, ’
where
Jos = 201U 3% o +2Us 1. X o |2 Sy S
& & Qg &4 Qe 1L2(B(0,1)) %0 Q¢ &4 Qe I31H9(B(0,1))
1 )
+ o IFes % o + 2602 o Nli3+o(80,1) Wb, Jcor 80,10 0)
Proof

The proof is similar to that of Lemma 4.2 and is done by induction on k. For k=1, Equation (46) is deduced from Lemma 4.4 with

, P S
v=1Aand y=|¢/ 1|2 w. Suppose (46) holds for some k satisfying /0 <&, then we define

A~

0.00=T 0,0 — s, O)

k(1—u

A k(- ok N
Q=107 1000 in B0, )G/ "

k- e
Foo=3 19" <Fm(0 x)_H wagl/,'(O))
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N ~ 12—k ~k
us(x)zj&}]@ M(u&g(e x)—Up,,(0)
_-| k(1—w) ~
4:0=J,0 q,,(0"x) in B(O 1)09,2/9’(

12
f ()= J—1 Hk (2—u) <fs,i(ékx)_ MTCUUbM(O)>

Up, 00 =77} é‘k“(ubm @ - Up,,(0) in B(0,1)NQ/ 7"

By changing scaling and employing Lemma 4.4 with v:i/ék and y:g)zk e/ 212 », we obtain (46) with k+1 in place of k. g

Lemma 4.6
Under the same assumptions as Lemma 4.5

U, )]co .14(B(O, 1/2)09/)\Cjz 2 (47)

where jm Ejg,;(—l—)»”V.QM%‘Q;+sV-q8,,13£”Q;‘h ll13+5(8(0,1)) and constant c is independent of ¢, 4, w.

Proof
~k ~k+41
Take k so that /0 <gy<A/0 * . For any x €B(0, ;)HQ” define n(x)=|x— x0| where xg € 0Q satisfying |[x —xg| = mlnyem [x—y|. Then

we have either case (1) 9l/2<’7 <9’ /2 for 1<j<k or case (2) n(x )<0 /2.
For case (1), by Lemma 4.5

1
]{3( 7 1na [V, — Up,, (Xo)lzdy<(9(l )”_I
Xor

2(j—1)
]é( 7 ey, 105~ Uo,, (X°)|2dy<9(l "7
X0, I

This implies

][ . MU = (MU, 5 [2dy<cO 1”12
X, 9’/2 nQ
2j (48)
2 ) 2 ~2Jpu~2
][ /2 ﬁang lug”l_(H‘U”"l)x,é’n' dy<cd™J7;

where c is independent of ¢, 4, . Clearly, (48) also holds for any radius r>(~9’/2. We shift the coordinate such that the origin is at x.

For radius r<(~)l/2, we define

- .
| 4
_ 51
Ua()/)=-/£,L 3 Us,i E y —(I1,U, s) |01/2|
A -1 é’ 1_” é’ . i é’
Q=1 3 Q. 1 in Bx, )NQ¢/ 7
12—p y
4 4 e
A1 . .
O LY N o R AT
éi —H ~
Ay A
Us(Y)=J8,;‘ 5 Ug, ) ( 2 y (IT,U,,;) z|éi/2|
~ A ﬂ 17‘“ 6’ . A y
W=l 5| Gz||5|Y in B NNQp/ |
-2*,14 .
L | 7 FIRS
e N N _ 14 ) .
fs(Y)=JSI/1 5 fz,A > y B (H).US,A)X’N}I/Zl
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Then these functions satisfy

12

g 7
_ : i v
VK i VUEJFQ&)H‘ ’ ‘ wl;=F,  inBx1)NQ}/ 5

)

~ ~ 6/ g2 2. )
@V +a+ |5 | |5[ wlo=dd in BxINDh/
A

| R

—eVelk )

N

(49)

(VUz; + O;;) -n=c¢k

N | 2

(Vi +3d:)-n  on Blx,1)NQL/

K ”
1972 M|6’/2|

>
>
N R,

Up =10, on B(x, )N,/

where n is the unit vector normal to 6(2,%,,/|é’/2|. Equation (48) implies

N

P Q; R
U2 212 @0 ) TIE E 0 T2 oy 13 +0080 1)

- el 2
] el

1 K ) . . A N . .a .
+A2/9’||ZQ?/|(~),/2|V Qg"‘&IQﬁn/W/Z‘V qg||L3+0(B(XI1))

A

+||~ I +||

[3+5(B(x,1 mQ//w’/zn 8’ ”L3+<>(B(x1 nQ’ /\9’/2\

where c is independent of ¢ 4, w. Apply Lemma 4.3 to (49) to obtain

][ IT1,U,,, — (U, )x, [ dy<cr®J2,
B(x,r)NQ ~j
for r<0’ /2 (50)
][ 21u,.; — (MU, )y 2dy<cr 2,

B(x,r)NQY "

Equations (48), (50), and Lemma 3.1 imply the estimate (47) for case (1).
For case (2), we observe, by Lemma 4.5,

H;LU&/{ — Ub&/_.(Xo)|2dy<CI’2”j{2;,)'

|
Xo nn -
forr>2/%g
][ g |um—Ub”(xo)lzdygcrz“lfz
B(xo,r) ﬂQ’ - !

where the constant c is independent of ¢, 4, w. This implies

][ IT1,U,,; — (1,0, )y 72 2y <cr 72,
(x,r/2)NQ ’ -
forr=21/%g (51)
][ ) 82'“1:,2_(H/lUl:,ﬂ)X,r/2|2dygcr 2”13,1
(x,r/2)NQY,

We shift the coordinate so that the origin is at x. Take r=24/%p in (51) and define

Ue) =0 371U, 1Gy) — (U, )y, 172,)
Quly) =T 417y 1(2y) . (X, 1 ) N0k
&0

P A—1,2— &2
R =3, 27 (Fuat) = 5| o U, g

]
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0oy) =T, 7 1) = (T Up )y i)
G.)=J1"121""q, ,(ly) 1
9:W=J,; e, 104y in B (x, T) NQf/ 4
. £ |2 ) 0
f.(y) EJ;; J2H (fs,;,(ly)— £ . (HAUE,A)X,A/50>
N ) 1 ,
Up, =07 271 Up, , ) = (T,U,, 1)y, 1/7) in Blx, - INQ/ 2
Then these functions satisfy
V(K (VU +Q.) + 200, =F, in B()c , )ﬂﬂﬁ/ 2

—&V (K, (Vi +§,) + e iy = ef,

Ky (VU,+Q,) - hi=ck,/;(eVi,+3,)-h  onB (x, ﬂ@an/)
N R ‘I ;
Us=0, on B(x, — )N,/ A
&0
~ ~ 1
Ug=Up, onB (x, ~—) noQY/ J
: %

where R is the unit vector normal to 4Q,, /7, and
00:2 ;4402 013128031500 1 Qe 22+ e a1 l13-+0(8051 /)
HIV-Qe g+ -0 gy 1l 13+9(6061/50)
HIFe g, o 1113 40(8061/500 + b, o1 B0, 1/200n i <€

where c is independent of ¢, 4, . Lemma 8.29 [9] and Lemma 3.4 imply [Us]corﬂ(B(x 1/250)09?1/2)<c. Combining with (51) and Lemma
3.1, we obtain the local Holder estimate (47) for case (2). O

By energy method, partition of unity, Lemma 4.3, and Lemma 4.6, we conclude:

Corollary 4.1
Under A1-A2, the solution of

€12 .
—v.(K;V(vus,;~+os,;,))+H Uy =F,; inQ}
g2 . 2
—gV»(k;b(sVusli+qg,;v))+‘I‘ ou,;=¢f,; inQp,
Ki(VU,,; +Q, ) -7 =ek;(eVu,; +q,,,)-0*  on 60}
Uy, =ug, on 69%
Us,).:UbE,,; on 0Q

satisfies
Uz, 2)couiay SCUlQu i 2V - Qo0 Foill 34500y 190,048V - Qi 20 2,1l 1340(0) +LUb, )01 (@)
where u=1-3/(3+9),0>0,w>0,1>¢>0, and c is independent of ¢, 4.

Theorem 2.1 is a direct consequence of Corollary 4.1.

5. Uniform Holder gradient estimate

In this section, we prove Theorem 2.2. The Holder gradient estimate in the interior region is derived in Section 5.1, and the estimate
around the boundary region is in Section 5.2. Define the left and the right limits, {_ and &4, on dYp as E_(x)=lim o EXx+X)
x+x'e¥m
|
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and &y (X)=lim o &x+xX') for xedYm. For each i=1,2,3, we define a periodic function Xf’i in R3 with period Y as the solution
x+x'eYg

of the following problem: In each cell Y, function X:’i satisfies

—V - (KV(X¥ 4y)=0 in Yy
—2V-(kV(X 4y) =0 in Ym
KV +y7) -y =2 kV (X +y)) Ry on 0Vm (52)
X = on Ym
/Xf’idy:O
Y

where ﬁy denotes the unit outward normal vector on 0Yp,. Clearly, Xf’i is solvable [2]. We define Xg)v(x) vaz"i(x/v) inQ X= (Xj’i),
and Xy =(xY).

5.1. Interior gradient estimate

We assume B(0,1) C Q.

Lemma 5.1
For any 6>0, there are constants 0 € (0, 1) (depending on 6,K) and ¢y € (0, 1) (depending on 0, 4, k) such that if U, u,y, Fe,v, f,v satisfy

_v'(KvVUs,v)=Fs,v in 3(0,1)09;
—2V (K, Vug,) =¢f, in B(O,1)NQY,
(53)
K,VU,, i’ =&?k,Vu,,-n" on B0,1)NQ},
Ugy=Ugy on B(0, 1) NoQy,
and if
max{|| U,y ||L°°(B(0,1)OQ;): &llug,y ||L2(B(0,1)DQ;’,,)8(;1 ||Fs:,v%9)‘; —|—vf,;,v9£"9;n ll13+5(8(0,1))} <1 (54)
then, for any e<v<gg and u=1-3/(349)
sup |TT, Ui () — TT,Ug, (0) — (x+IT, X (X)) | <O /2
B(0,0)
(55)
][ €U0 (X) =TT, U (0) — (x4 X0 ()b [2dx <021 F12)
B(0,0NQy,
— (k=1 v ;
where b, =(K™'/|B(0, 6)|)f3(0,6)m9;; K,VU,,dx and K is the one in (2).
Proof 5
If U is a solution of ZU=-V-(KVU)=0 in B(0, 1), then
||U||c2,/f(3(o,1/2))<c||U||L°°(B(0,1))
where f€(0,1) and ¢ depends on K. If 1/’ satisfies u<u/ <1, then by [9]
sup [U(x) — U(0) —x(V U)o, g1 <0 /2| Ul o g(0,1) (56)

x|<0

for 0 (depending on 5,K) sufficiently small. Fix a value 6 and we prove (55); by contradiction. If not, there is a sequence
{Ug v, Ug,y, e, £} satisfying (53) and

max{|| Uyl e B(0,1 ey &llugyll 2(g(0,1 )QQP};)}<1

ggli‘]'\_'\)o IFe,v ||L3+6(3(0,1)mg;) +Ivfy ”L3+“(B(0,1)ﬁ(2;'n) =0 (57)
sup [TT,Ug,y () = IT,Ug,(0) — (x+T1, X5, ()b | > 07 T2
B(0,0)
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After extraction of a subsequence (same notation for subsequence), we have, by Lemma 4.3

m,u,, - U in L°°(B(0, 0)) strongly
KiZqVU,,—KVU  in L2(B(0,0) weakly  as s<v—0 (58)

FE,VSZ"Q;, vf;;,v&"g% 0 inL2(B(0,1) strongly
Note U is a solution of ZU=0. Together with (56), (57)3, and (58), we get contradiction. Thus (55)1 holds. Define

U:00= 0~ T IT,U, , (x) — T, U, (0) — (X + T, X, () by )

in Q,
8,00 =0~ T2 Uy, (0 — T1,U,,(0) — (x+ X4 ()b )
Then &,(x) satisfies, in v(Ym+j) CB(0,0)NQYy,, for some jeZ3
—2V - (ky Vi) =0~ 2ef, - in vV +))
U, =U, on v(0Ym+j)
An analogous argument as that in Lemma 4.1 implies 8||06||L2(B(0,0)m§2;‘,,)<1~ Thus (55); holds in €}),. a

Lemma 5.2
For any 6>0, there are constants 0€(0,1) (depending on §,K) and ¢y € (0, 1) (depending on 0, J, k) such that if

—V-(K;VU,,;)=F,, in B(0,1)NQY
-2V (k;Vu,;)=¢f, ; in B0, 1)NQ}:
(59)
K;VU,; -0*=¢k,Vu,;-n* on B0,1)NQY,
Ugi=Us,) on B(0,1)N A0,
then, for any e<A<¢g and k satisfying /l/()kgso, there are constants af(’)', bf(”1 so that the solutions of (59) satisfy
).

lai |+ b} <),

sup [TV, ; —TT,U, 5(0) — 7@’ — (x+T1; X, G)bi <00 +#/2) ),

B(0,0K) (60)

v

][ Pl =L (0) = Fay” = (x+ X, 0y Pdx < O+ 2
B(0,0K)N<Y,

where u=1-3/(3+49), c is independent of ¢, 4, and
Js,/l =| Us,/l ||L°°(B(O,1)DQ)’}) +8||Us,i||L2(B(0,1)mQ;in) + ||361 Fs,igg; “‘faa,)vgfpg;’-r7 ”L3+5(B(0,1))

Proof
This is done by induction. Define

~ &) N Ug,), [
U= , U= , F.=
Js,/l Js,/l

~
~

FS/ - ’ ?6 = fs’
Js, J [

~

Then these functions satisfy (53) and (54) with v=21. By Lemma 5.1, we obtain (60) for k=1 case, where

a‘{”l =0, b;;’i K;LVU&;'dX

K1
1B, 0)| /t;(o,())mg;

If (60) holds for some k satisfying /I/Hkgao, then we define, in B(O,1)ﬂQ?'/6k

g—K1+w2)

000 = ————— Uy (090 = TT,U,,,(0) — 72" = (0Fx+ X, 104y )
&
. gk(1—w2)
Fol) = ———F, ,(0K0)
Js,/l

_____________________________________________________________________________________________________________________|]
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and, in B(0, 1)NQY,/ 0k

gk P -
(%)= T(um(@ X)—T1;U,,;(0) = ay” — (0"x+ X, (0"x))b}")
&
. ok —w/2)
==, 2(0%)
&L
They satisfy
~V-(K,,x VU =F, in B0, 1)NQ}/ 0¥
—e?V- (K, Vi) =ef, in B0, 1)NQ,/ 0¥

K,k VU; - =2’k Vil;- B on BO,1)NoQ,/ 0

U, =0, on B(0,1)NaQ%, / 0k
where i is the unit vector normal to 69,&,/0". By induction,

max{ ” Us ||L°°(B(0,'I)ﬁQ;:/(ik)’ F” Ug ||L2(B(O,'I )QQ;Zn/(.)k)}<1

e Folt qpyop +Ee o e iz +aigio <! o
Apply Lemma 5.1 (take v=2/6¥) to obtain
sup [T, 0y =TT 05(0) — (T X (0B} <0 T2
B(0,0) A N 62)
]ﬁ(o,e)ﬂfz;;,/ek 2105 =1, U0) = 0+ X, G0y 2021172
where
. K1
b} = B0, )| ./(o onas/ok Ky Uud
By Lemma 2.1, (62)1 can be written as
Bs(gg) |1, U, 1(0K%) =TT, U, (0)+ 21Ty X(0)bfy* — (0Kx+T1; X, , (0K x))b
Sy OO D (4 9K, X 5 (0F50) B <, 0% DA+ (63)
Define
ay’  =—THXObj" and by =bi"+J,,08/ b (64)

By (61) and (62), |l3;’(’i| are bounded uniformly in ¢, 4, k. Thus (60)¢ holds. Substituting (64) into (63) and making the change of variables
0kx — x, we obtain (60)5. (60)3 is derived in a similar way as (60),. g

Lemma 5.3
Under the assumptions of Lemma 5.2

VU, ”[_00(3(011/2)09;) <dy,, (65)
where constant c is independent of .

Proof
Let keN such that 4/ 0X<eg<i/0kt1. By Lemma 5.2

) 14+u/2
sup. (11U, ~T1,U,,;(0)— 7y — (e+T1;, 1 00)bj | <c | —
B(0,//¢p)

)

Cr

(66)
][ U, —T1,U,,,(0) — 28" —(x+ X, 1) b*'*|2dx<c| | 21+w2) 2,
(0,7/e9)NCY: ’
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Define, in B(0,1/20)NQf/ 4
0.00=17 1 27D, ,(0x) — TL,U,, 1 (0) — 28" — (Ux+ X, ,0x)bi )
Fo)=07 12V 2F, 00
and, in B(0,1/e0) QY / /.
a,00=J 2=, (00— T1,U,, 5 (0) — 28" — Ux+ X, ,(2x)b)
Fo) =0 A1 I2E, 1 0)

Then these functions satisfy (53) in domain B(0, 1 /so)ﬁ(Qngan)/i and, by (66)

1Uell oo 80,1720/ MUl 2(8(0,1/c0)007,0) T IFeZ 0 T 1% 0z /3l 13+3(810,1/760) <€

where c is independent of &. Lemma 3.3 implies

IUellcrugi0,1/2000n0 1 <€ (67)

VUH,;.(AX)*(HVX(X))bZ;.

Since VU,(x)= 7

, we obtain |VU, ;(/x)|<cJ,, for x e B(O, %0 )ﬂQ;//l by (67) and Lemma 5.2. We conclude (65).
O

5.2. Boundary gradient estimate

As in Section 4.2, we assume (37)-(38). Let p be a smooth non-negative function satisfying peCSO(R3), p=1o0on{|x|<1},and p=0o0n
|x|> For each i=1,2,3 and s>0, we consider the following problem: Find W eH1 (B(0,2)N€Q/s) such that

—V-(Kes VW () +x) =0 in B(0,2)NQ/s
—2V (K5 V(W S,F/S(X)_FX,)):o in B(0,2)NQy,/s
Kys VOV x)- =2k s VWD x)-5 on B0,2)N00Q, /s )
ng/s,+ = ng/s,_ on B(0,2)NdQy, /s
0 0 B(0,2)NQ/ s
W )=(1—px)X on
oils oils 0B(0,2)NQ/s
where XO/S is defined at the beginning of Section 5, i is the unit vector normal to 0Q%,/s, and both Ws s sz’.)w_ are defined

at the beginning of Section 5.

Lemma 5.4 .
Solution of (68) exists and ||W£’l/s||Loo(B(0’2)mgy5)<C8/S, where c is independent of .

Proof
Existence of the solution of (68) is clear. Define Z l/s_W‘(s )S/S—Xs /s Then 77 o/ satisfies
—V-KysvZD )=0 in B0,2)NQ;/s
—e2V-(kysVZ" ) =0 in B(0,2)NQ, /s
K2 h=k,vZ® R on B0,2)N00%, /s )
2, =2, _ on B(0,2)N0Q%, /s
. B(0,2)NdQ/ s
20, =0, on | 702178
B(0,2)NQ/s

Copyright © 2009 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2010, 33 198-223



L.-M. YEH
I EEE————————————————————————————

We claim the maximal value of Zg)?/s is on the boundary B(0,2)N0Q/'s and 0B(0, 2)NQ/s. By Theorem 3.5 [9], the maximal value cannot
be in the interior regions of B(0, Z)HQ?/S and B(0,2)NQY,/s. Hence, it is on the boundary B(0,2)NdQ, /s or the boundary B(0,2)N
0Q/s and 6B(0,2)NQ/ s. If the maximal value appears at xg € B(0,2) N6, /s, then kF/SVZ('zjs “f|x=x, >0 and Kf/sVZfz’)l/S “fi|x=x, <0 by

&

Lemma 3.4 [9]. But this is inconsistent with (69)s. Thus we know that the maximal value appears on the boundary B(0,2)NdQ/s and
0B(0,2)NQ/s. Similarly, the minimum value of Zg’l/s is also on the boundary B(0,2)N0Q/s and dB(0,2)NQ/s. This implies

Wl e0.2n0/9 <2IXY, i B0.2n0s9 <ce/s

|

éf)Tg:\ayiS.iO, there are constants ée(o, 1) (depending on 6, K, k) and £y € (0, 1) (depending on 6, , k) satisfying 9<9, go<eg (0, eg
are those in Lemma 5.1) such that if Uy, ug,, Fev, f,y satisfy

—V-(K,VU,)=F, in B(O,)NQ;

—2V-(k,Vu,,) =¢f, , in B(0,1)NQ},

K,VU,, i’ =&’k,Vu,,-R" on B(0,1)NQ},

Ugv=ugy on B(0,1)NdQy,

Usy=Up,, on B(0,1)NoQ

and if

Up,,(0)=VrUp,,(0)=0

max{l|UgyvllLoo 80, nnep) ellUevll 2800, 1)ney,)

- o P
lleg Fs,vzg;; vl Xy lli3+0(8(0,1) T Ub,, Jc18(0,1)n0) <1

where VrUp,_ (0) is the tangential derivative of Uy, at 0, then, for e<v<Ey, t=min(0/ 2, u/2),

~1+
sup |1, Uy, — (63 +TL,WE ), <0
B(0,0)NQ

~2(1+4
][ 2l — 0+ W0, 2dx<d™
B(0,0)NQYy,

where d;, is the third component of

Proof
The proof is similar to that of Lemma 5.1. Let (U, Up) satisfy

—V.(KVU)=0 inB(0,1)NQ
U=U, on B(0,1)NoQ

and Up(0)= V7Up(0)=0. By regularity theory, there exists " satisfying t<t’<min(y, «) and 0€(0,1) such that

. 2147
sup  [U—x3(d3U)q 51<0 (Il 810,919 + Ublc12((0,1)10) (70)
B0,/)NQ

If we fix 6 so that (70) holds, the conclusion will follow by contradiction provided we prove lim,_, ¢ ||W'(5,3‘?||LOO(B(O,2)QQ) =0. But that
is the result of Lemma 5.4. Thus we prove this lemma. a
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Lemma 5.6

For any >0, there are constants 0 < (0,1) (depending on &, K, k) and & € (0, 1) (depending on 6,8, k) satisfying 0<0, gy<éo (0, o

are those in Lemma 5.1) such that if U, u;, F, f,, Up, satisfies
-V. (KgVUa) = Fs
—EZV-(kSVug)zsf6

U.=u,

Ueg=Up,
and if Uy, (0)=

Id; | <cJ,

B(O,F)Na j=0

]g(o,ék e,

where 7 is same as that in Lemma 5.5 and

j=0

K.VU,-h¢ =2k, Vu, -n*

sup T1.U, — ZH X3-|-9IH é’

s|u—29 x—|—6’W

in B(0, )NQY

in B0, 1)N<Y,

~ P ~k . R
VrUp,(0)=0, then, for all e<Zy and k satisfying ¢/ 0" <&, there exists constant dj satisfying

on B(0, )N, 71)
on B(0,1)NdQ;,
on B(0,1)NoQ

NORE) )di|<0 k1425
8,1_./9’ (72)
d(@ Tod:2dx<i® K95

Jo = ”U«‘I”LOO(B(O,'I)QQ;)+8”u8”L2(B(0"|)ﬂQin)+[Ubg]c1,x(B(0,’|)ﬁQ)

+Ey o o+ Z 0, l13+5(800,1)

Proof

This is done by induction on k. When k=1, (72) holds by Lemma 5.5 with v=e¢. d{ is the third component of

K1
180, 0)]

/ K, VU,dx
B(0, 0 ﬂQF

If (72) holds for some k satisfying s/ékgéo, then we define, in B(0, 1)ﬂQ§-/(~9k,

. o =k(—7) K
RUTALRRINC %

and, in B(0, 1)09;’”/51(,

Then those functions satisfy

Copyright © 2009 John Wiley & Sons, Ltd.

k—1__: _ i
> i e+

~—k(1+1) (U; ex)—ze 9X3+9’W p/e ) 1)

j=0

k—1__;_
Y 0"X3d;>

j=0

B) k=i €
(07 “x)d:

U ,)

in B0, 1NNQL/ "
. o ok
in B(0,1)NQ,/0
on B0, )Na, /i

on B(0, 1), /

on B(0, 1)NaQ/ i
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where n is the unit vector normal to 6Q‘,’n/ék. Note that by (38), [Ub] k. <C*, where ¢* depends only on domain. If

B Ch#(B(O,1)NQ/T")
necessary, one may adjust the J; so that, by induction,

max{|| Ul oy Bl e, [0p,]

Loo(B(0,1)NQ¢/0°) (B(O, )N, /0") Cch2(B(0, 1)0W0 )

+leg Fot o b o lieogo)<T (73)

~k
Apply Lemma 5.5 (in this case v=¢/0"),

sup I o0 —(+11 W™ (0)d a<i'
sonait 7 el
(74)
][ e 21a,— 0+ WS (0)dE | 2dx<d 204
B(0,0)NQ:,/ o/l
where &f( is the third component of
K~! .
_ / K 4 VUdx
B0, 0)| JBo,)ney/* &0
Equations (73) and (74) imply that |d | are bounded uniformly in ¢, k. Rewrite (74)1 in terms of U, in B(0, )to obtain, by Lemma 2.1,
k=14 < < <k < (k+1)(14+1)~
sup (MU, — 3 070+ W @ s - 7,065+ 0 mw® 0 <k
B(O, 0k+1) na j=0 &/ z:,:/O/ ss/0

Set df(zjgaf(, we conclude that (72)1 7 hold for k+1. By a similar argument as above, we obtain (72)3 holds for k+1 by (74),. O

Lemma 5.7
Under the assumptions of Lemma 5.6 except Up, (0)= V71U (0)=

IV UellLo(8(0,1/2)n02) <CJe (75)

where constant ¢ is independent of e.

Proof
Because of (37), we introduce a local coordinate x=(x’,x3) so that

B(0, 1) NQ={(x,x3) € Q|IX'|* +x3]> <1, p(x) <x3}
To obtain the Lipschitz estimate (75), it is suffice to show

sup [VU,(0,x3)|<cJ; 76)
(0,x3)€B(0,1/2)NQ%

The reason is that one can repeat the same argument by varying the origin along the boundary B(0, 1)NJQ and by adjusting the
constant ¢ to obtain the estimate.

Define W, =W, W )eH' (B0, 1)NQ/5,R?) for s>0, and

0,00 = U, () — Up, (0)— (X +W,,,(x)VTUp, (0) in B(O, )N
aé:(X)Eux;(X)_Ubu(o)_(X/+W;:,8(X))VTUb(;(O) in B(O/ 1)09;11 (77)
Up, =Up,(X) = Up, (0) =X V7 Up, (0) on B(0,1)NQ

Then 0,, Oy, F., f., Ubﬁ satisfy (71) and ch(o)z VTUbE (0)=0. Hence, the assumptions of Lemma 5.6 hold for U,, 0y, Fe, £, Ub,,- Let k satisfy
~k ~k+1 . ~/ ~/—1 ~k
e/0 <gg<e/0 + . For any x=(0,x3) € B(0, %)OQE, we have either case (1): %9 <X3<%9 for 1</ <k or case (2): 0<X3<%9 .

]
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For case (1): By Lemma 5.6, we have

sup  |T,0,— z ik (y3+0’n w 4(0 y))d‘ <0/
80,7 Hna j=
) (78)
f . Z 01:_[(y +9’W 9 y))d£ ygéZK('l—l—r)j{z:
B(0,0 )ﬂQ’ 0’
Hence, by Lemma 5.4 and (78),
sup |Uz|<C0 J;+cJ,(n(X)+s Z 0" <cJﬂ7()
B0, )ne: J=0 (79)
][~,_1 &2 2 dy <2 (x)
BO,0" )Nz,
o=k o/
In (79), we use the smoothness of the domain, 7(x) = |x —xg|, where xg € 0Q so that |x—xg| = minyem [x—yl|, and e<&ol <280%0/<
28gx3<cépn(x). By (77) and (79), we conclude that
sup U —Up, (0)|<cJpn(x)
B(x,n(x)/2)NQ%
(80)

][ &2 |u; — Up, (012 dy<cT21(x)
B(x,n(x)/2)NQ%, '

Following the reasoning of case (1) in the proof of Lemma 4.6 as well as employing (80) and Lemma 5.3, we see || VU, ||L00(B(X,,7(X)/4)QQL)<

cJ. This proves (76) for case (1).
For case (2): Apply Lemma 5.6 to obtain

sup |ILU 20”(;/ +9’H -«w 4(0 y))d <3, 5K+
B(0,)n0 j=0 6/
2 K Ho 5 I ~972k(141)
][ ~k 2o— > 073+ WS (@ yNds| dy<J;0
B(0,6° )N, j=0 1:,1/0’

By (77) and Lemma 5.4,

sup  |Us— Up, (0)|<cee
80,70
(81)

f~k &%|u, —Up, (0)|2dy<cJ?e?
0,0")NQ:, '

where c is independent of ¢. Define

Usly) =707 (Usley) — Up,(0)  in Qi
Foy)=el; ' Foley) in Qe
o) =¢"" 07 (Usley) = Up,(0)  in Q5 /e
AVETRACY in Q, /¢

Up, ) =¢""7; " (Up,(ey)— Up, (0) on Q/e

By (81)

10zl 5080, 19n/6) + el |l 280, 1y, /) + 0b, Jcrai0, 116+ IFeZ e+ FoZ 2l 343810, 17) <C
where c is independent of &. Ug, U, IA-}, fi Ub“ satisfy (71) in domain B(0, 1)NQ/e. Lemma 3.4 implies ||Ug||c1,ﬂ(3(0,1)mg;/c)<c. This gives
the proof of (76) for case (2). a

Theorem 2.2 is a direct consequence of energy method, partition of unity, Lemma 5.3, and Lemma 5.7.
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6. Proof of Theorem 2.3

Let 9.(x,y) be Green’s function of
—Vx-(K:Vx%)=06(x—y) in Q¢
—2Vy- (K V%) =d(x—y) in Q,

K. Vx%, -0° =e’k,Vx%, -0’ on oQ, (82)
Gt =Y, — on 0Qy,
%.=0 on 0Q

The left and the right limits, 4, and %, _, on 0Q}, are defined at the beginning of Section 5.

Lemma 6.1
If x,yeQf, |%9.:(x,y)|<c/|x—y|, where c is independent of &.

Proof
If x,y € Q%, define |x—y|=r. Let FeC8°(B(x, r/3)) and U;;Et’g;+u,;%gfn be the solution of

—V-(K,VU,)=F in Q¢
—&2V-(k;Vu,) =¢F in QF,
K.VU,-n¢=¢2k,Vu,-h* on o
U.=u, on 0Q%,
U,=0 on dQ

By Green's theorem [9] and Lemmas 4.3 and 4.6

U= [ e oA, )z
B(x,1/3)NQ
12 foryeQg (83)
Us(y)|<c ][ V2@ % i + 20 (DX ¢ dz
B(y,1/3)NQ f m

By (83), Lemma 2.1, and Sobolev inequality [9]

1/2
<c

‘/ (gg(z,y)Fﬂ"st: +6@g(z,y)F5[Q§n)dz ][ |U§(z)@"§2;+32ug(z)ﬂ”gﬁn |dz
B(x,1/3)NQ Bly,r/3)NQ

1/6

C
<c U oy + DTy, °dz) - < (IVUall 2oy + el Veliziag ) <r 2 IFll2(q) (84)

]Lt;(y,r/3)ﬂQ

Multiply (84) by r—3 to obtain

1/2
‘][ Gz FX 0 +%.:(2,y)F2 o: dz <E ‘][ F2(2)dz (85)
B(x,1/3)NQ f m r /B r3)ne
Equations (82), (85) and Lemmas 4.3, 4.6 imply, for x € Qf

1/2 ¢

G oyl<c ][ ooy +252 ) e dz| <

Bx,r/3)NQ f r
Thus we prove this lemma. a

Lemma 6.2
If %;(x,y)EKEVy{é(x,y)ﬁ, there is a constant ¢ independent of ¢ such that, for all xe Q% y € 0Q,

cn(x)

|Z:(x Y)I< 3
Ix—y

where n is the unit outward normal vector on dQ and #(x) is the distance from x to Q.
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Proof
If x,yeQ? and r=|x—y|, then |%,(x,y)|<c/r, where c is independent of ¢ by Lemma 6.1. We first claim if x,yle;

cnty )2 (86)
Ix—yl

|G:(x, y)I<

It suffices to consider n(y)<%|x—y| case. Let y* € 9Q satisfy n(y)=|y —y™*|. Since %.(x,-) is an adjoint solution of (82) in B(y*, %r)ﬂQ
and by Lemma 5.7, |{43(x,z)|<dz+y*| for zeB(y™*, %r)ﬂQ. In particular, if we take z=y, then (86) holds for n(y)<%|x—y|.
We next claim if x,y € Qf

cn(x)n(y) @7)
Ix—y[3

1%:(x Y)I<

It suffices to consider n(x)<%|x—y| case. Indeed (87) can be seen by (86) and by tracing the argument for (86). The lemma follows
from (87). O

By Theorem 2.1, Theorem 2.3 can be proved by showing that the solutions of

—V-(K;VU,)=0 in Q?
—&2V - (k;Vu,) =0 in Q,
K.VU, #°=¢2k,Vu,-n° on Q8.
Ue=u; on 0%,
Ueg=Up, on 0Q

satisfy [Ug]co,u(glf;)gc[Ubg]Co,“(aQ), where constant c is independent of ¢. By Green's theorem

U;;(y):/ 2 y)Up, (x)day  for yeQ;é
oQ )

By Lemma 6.2, maximal principle [9], and argument in Section 3, Theorem 2.3 can be proved by a standard procedure (see [18, pp.
101-103 ] and [8, pp. 841-843]).

7. Proof of Theorem 2.4

If the domain Q is in C3* and Fe W%319(Q), the solution Uy of (8) satisfies, by Calderon-Zygmund estimate [9], [|Uo |l y43+s(q) <€
IFllw23+(q) where c is a constant depending on Q. Define

Vo(x) = Uy(0) — Up () — X s () VU () — Y () V2Up (x)  in O

VeX) =ug(x) — Ug(x) — X, () VUp (x) — Y, (X)V2 Uolx) in QF, (®%
where X, is defined in (52), Y.()=¢e2Y(x/¢), and Y is a matrix function satisfying
V-(KVYH—V(KX):%—K(H—VX) in Y¢
V- (kVY)+e2V(kX)=—e?k(+VX)  in Ym
K(VY -y +Xny) =e?k(VY -Ry+Xny)  on 0Vm (89)

Yyi=Y_ on d¥m

Y is 1—periodic in y and Y(y)dy=0
Y

ﬁy denotes the unit outward normal vector on dYp,. By energy method, Y is solvable uniquely. Equations (7)-(8) and (88)-(89) imply
that

—V-(K(VV,+ Y V3Up) =K, (X, VAU + VY, V3 Up) in Q¢
—e2V - (Ko (VV, + Y, V3Up)) = £2K,(X,, . VAU + VY, V3Up)  in Q)
Ko(VV,+ Y, V3Up)- R = 2k, (Vv, + Y, V3Up) - i on dQ¥,
Vi=v, on Q%
Vo=—X,,VUg—Y,V2Up on 0Q

By Theorem 2.3, ||Vg||[_oo(g;g)<C£1_H||F||W2,3+0(Q). Thus we get Theorem 2.4.
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