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Abstract

The development and Application of Groundwater

Management Model Considering Land Subsidence

Student: Yin-Lung Chang Advisors: Dr. Jinn-Chuang Yang
Dr. Yeou-Koung Tung
Department of Civil Engineering

National Chiao Tung University

Abstract

Groundwater is one of the major water resources in the world. Today, many
groundwater aquifer systems are over-developed resulting in serious hazards of land
subsidence. Although groundwater management models have been extensively applied
to establish the optimal groundwater development.or remediation strategies, only a few
studies explicitly considered the land ‘subsidence* effect. This study presents a
groundwater management madel explicitly Considering'land subsidence.

From the simulation-optimization-approach, the=response matrix technique and
one-dimensional consolidation “equation--are adopted to develop a deterministic
management model. Due to the phenomenon-that'soil is hardly swelled, the nature of
groundwater management considering ‘subsidence is a non-smooth optimization
problem. To improve the efficiency of solution technique, the non-smooth optimization
is transferred into mixed-integer linear programming (MILP) by introducing the binary
variables.

By Latin Hypercubic Sampling (LHS) technique, along with numerical
subsurface flow simulation, statistical features of unit response coefficients due to
random hydrogeologic parameters, including hydraulic conductivity (K) and Lame
constants (x and 2), are quantified. The first-order-variance-estimation (FOVE) method
is adopted to analyze the uncertainties of drawdown and land subsidence based on
which the concept of chance-constrained programming (CCP) is applied to transfer the
original deterministic management model into its stochastic form. The stochastic

management model enables the determination of optimal total pumpage subject to the



Abstract

constraints that drawdown and land subsidence do not exceed the allowable values
with stipulated compliance reliability.

Hypothetical examples are utilized to verify the developed management model.
The verification is using numerical model simulation by trial-and-error. The results
indicate that the deterministic model can provide accurate optimal total pumpage in
steady, transient state or multi-layer aquifer system. Besides, the deterministic model
also enables the determination of maximum pumping capacity and optimal allocation
of pumping wells.

A hypothetical example is utilized to demonstrate the applicability of the
stochastic model to five scenarios in which various levels of parameter uncertainty are
considered. The results indicate that joint consideration of drawdown and land
subsidence is essential, and the proposed stochastic management model can be
generally applied for regional groundwater resources management in conjunction with
controlling land subsidence.

After the proposed management model have been verified, it is applied to
Choshui alluvial fan located in mid-west™ Taiwan “which is facing serious land
subsidence hazard due to*groundwater over-pumping:*Several management strategies
have been considered based on“the policy,“groundwater demand, and profile of land
subsidence. The optimal solutions:to all management strategies considered, whether
deterministically or stochastically, indicate that the groundwater demand and land
subsidence controlling cannot be satisfied simultaneously. The application considers
present situation of Choshui alluvial fan which shows that the proposed management

model is applicable to real world problems.

Keywords: Groundwater Management, Land Subsidence, Optimization, Uncertainty,

Reliability, Stochastic model
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SR 2 f‘?‘”’v\#;}h‘%”&ﬁ‘“%w)@“ﬁ P P F e A oR TP R AR

BB F A e Ry 1 B2 R SE TR, T
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FoR BEHmAHSENZE
2.1 ¥ & TR E RS A

fz‘g%%?_'ﬁqgl-m«)ég7p\%($]2b%@3) ? 72 HoN 2 _,ftl—ng_.r;,\,
For o HEHG o AT MY FEL (200105 B2 TR
B ToRAR ERE R TR 0 TR ER TRk AR R T Y2
Lo AERLHEIEN TR ER E 2 FNE G FERIT- 4 o
BT oRZ G B¢ i3 2 2 R8It T4 oK B (Pore Water Pressure)z. T FE 0 @ et BEA
' H 4

sz fis 4 (Effective Stress)#-¢ #f +v > & d H R 1 H3 4 R

>3
Y
B
)
w
il

A B2 FIRT
B2 % o 4 j- 42frr & v (Isotropic)i=iE (Homogeneous)z. Z -k & - & &% i
BE 4 2o ¥ Bk 2 8 R Rg(Elastic Body) > RIFL KR L8 2 - E
2 BT N (1)-(4)2 = gl S m N AT e

0*P 0°P 0°P o°U aU GZUSZ oP
Kl —F+—F+—|=p.g +ny (1)
ox° Oy 0z o at 6y6t 0z0t o
0 (. =) xoP
VU, +(u+1)—V-UjJ=— 2
WU+ s 2) 00 @
o (. —) OP
VU, +(u+1)=—\V.-U,|)=— 3
WU s D20 3
o, —\ oP
VU, +(u+21)=—\V-U,)=— 4
WU+ 2) e 00)=- 2 @

F¢ K Aok WEARLTD P SIHKRSFHREMLITY S p, k2 g
(ML®) 5 g2E€4 %d AUT?; U, 22 HEBEL) 5 Uy Upfe U A 55 3
Bhx - yfrz2 2 2#B8E2L)in 3 2 EIHF 5t 5FR(T) pBA3EEY
#<(Lame Constants, ML™'T?) 2 2 y & jif 48 &5 (3 (M7LT?) -
PGz aBEd BIART PRI MICHRBRYR £ BT e
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T. = Cijk,gk, (8)

i
He s N L R4 B2 R¥2%E 5 C % % B - Reismann and Pawlik (1980)
Fa o F A ME G B OB S 2% ¥ Beu=E/20+v) 1 2 A=vE[[1-2v)1+v)]
z_ Sl 27 E ¥y 4w i Young's and Poisson modules » @ g 27 4 4 B £ 1 B8
% 3 J& # (Shear Stress) 4 2 & = & 4 (Normal Stress) (¥ #* @ & 4 2 255 » Fpt 4
W F O - B F Bl 5 T 4p 2 (Independent) - @ Bear and Verruijt (1987)
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oz  2u+A

%ﬁ®%i%§§%@ﬁﬁ’i&%i@ﬂﬂﬁﬁﬁﬁ%ﬁéii?%m
?”E'J g_Jgé‘v@% s RN T T N A R
p..gB( kAR k, 1) S Ahdet=1)]

2u(1, %)+ A(1,%)
=0 if " A(1, k1)< AR(1 k1 —1)

As(l,k,t) = ift (1, k,t)> AR(L k,t —1)

(10)

R ALk t) R kB B LY -1 RN 2R TR (L) e

Q) Big iV = gr H vy

(£ A TR e L DA {?i%(ZOOlﬁ*J’* 7 'R 472 (Finite Analytic, FA) &2
RN FFEME RS - w2 ks R o £ 5N (10)H R B g S
PR THAE o RNERNZ AR TR R - A g TRz etk
B e A B ARG A A (@) ToRITEE KT R E 23 5
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22 RF B TR FRBA R
2.2.1 fi5svaE =

$AF S h 2 RAIRR TR T o S RB(R T A )N T g T R
B FR AR K E MR R R R A 0 AR Ak

(Performance)s? x L B 2 B ho— Sm = v B d L HSN T de T 2 i SV A

Optimize f(x) (11)
Subject to g, (x)<b, 3 V) (12)
a, <x<a, (13)

A9 x pAR eSS fé_:f(-):%wf—ww () ES T SRS § X

2 (12)# & (13)#735 % 2 iéﬁ; 4 x 2™ 7 f#(Feasible Solution) » ]t & i it f 3k

\,&ﬁr"vmtt ﬁi? N F o PRS2 %‘&
Ay T ng D R AT A bkl R L PR XY RS K
SRR T B MR T ek N A
. . NP NT
Maximize > > 001 (14)
j=1 t=1
Subject to Ah(k,t) < AR" (k,t) t=1...,NT;k=1...,NC (15)
As(k,t) < As”(k,t) t=1...,NT;k=1...,NC (16)
0<0(j,t)<0"(j,1) t=1...,NT;j=1,..., NP (17)

B jEadjof-kd INPZRM-KE 2% Bgamp i NT 558 2k
k2 ESN S kBEFIE NC 5 i digbdc s Ank,e) 2 3 AR (k,t) A ) s 4 ¢
BEIRH AN kB2 P e h L R REESE R @ As(k,r) R As (K, 2) R4 9]

RE -1 rBERP P 2T EEE L LFE R TRAE S 0( ) B 0 ()~ B F
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TAHETRELME  BEEESNT AT G

NT NC

Minimize 3 et An(k, 1)+ As(k, 1)) (18)
t=1 k=1

Subject to Ah(k,t) < AR (k1) t=1,...,.NT;k=1...,NC (15)
As(k,t) < As” (kst) {=%... NT;k=1...,NC (16)

f:Q(j,t)z 0" t=1%. NT (19)

0<0(jit)< 0" (/1) t=1...,NT:j=1,...,NP (17)

AT Gl V395 LR LB ERY AR ERARR B
PlAcE B A B E B R T AR R R B IR B E Tl Tt A

fRIEF ALY € F ERAGHIBRF AR TI0 075 % t%%ﬂﬁﬂﬂfiﬁi
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k2 T fok BEOKREEAEERT R M AT SN(15)7F S
NP i )
A(k,t)=Y"%" Bk, jt—i+2)0(j,i)< A" (k1) t=1..,NT;k=1..,NC (20)
j=1 i=1
H ﬂ(k]t—l-i-l)l‘k‘Z\El"'zm}{%lé‘ﬁi; ﬂ,&%ﬁﬁ‘\t?ﬂﬁp—;‘ k BLF] % 4
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Bz 2R E)AFjr AN F LR Fys k® s LCMS H bk 2 2 fu ok
B0 THBPEF T RN ERK A TN P ES LIS NI FE
WA AIEE k2 REE SR o Pl NI BoKEE ST L kSRR 2
B Gl Bk, 1)t =1... . NT 4 @) E A # B(1) Q)15 - -k 2§15 - frile
A2 ? W Hp 2 H ,«%7@,4&

Zyps(10)2 - w2 R RS AR5 B Flak MoK R T R 2 RS o 4
PRS2 2R A lns LT R S B Erig S 2 v kR g0 R 5 (16)

< As”(k,t) (21)

Ah(k,t)— Ah(k,t —1) fi[ﬂ(k]t—wl Pk, j,t—i)o(j,i)

j=1i=1

Gk,t)= if Ah(k,t)— Ah(k,t-1)> 0 (22)

if Ah(k,t)— Ah(k,t—1)<0

B E55(20)~ (21)# 55 (22) 0 RIS (18)2 P ok 4k A 0k B2 Sl T

Minimize if{ck{zzt:ﬂk]t—HlQ( )}c;tm} (23)

=1 k=1 ) 2u, + 4,
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R2 KR éﬁ"f\?g ]\}é] B R R %L?LEE(?}\T:L),‘%% = fi\'%;\:(ZO)%\z P
gL s
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Wl k)= Lk, j,t—i+1)0(j,i) < AR (1,k,t) VYKl =1,...,L (24)

Jj=1i=1
He LA TR hhg e a e ETRER S LA TR 2 Bfr T

As(lr) = L pwgB(l,k)G(l,k,t)< As” (k1)

= < Vt;Vk 25
=1 Zﬂ(l,k)+/1(l,k) (25)
F(23)2 P RSl E B G
NT NC L
SN SN [elahl, k,t)+ e As( ko)
Minimize t_lNklelclL VPt B G(l i t)
22 csz[ZZﬂ(l’k,J,t—i+1)Q(j,i) vy, LB
=1 koimie) | | ] C2u,, A,
(26)
F(26)¢ o B AR LYERIEA R TR R E A T L R E AT

hag 2 B E il o
d AP R KR4 B G K 2 PR E 2 B PR R U R R T
2 i FAp g %W 1395 Terzaghi (1925) » Rk A FI ApAS 7 K B -R B :c g Ah @ 2
2 KRILIERRE S wERER 2 1Y ¥ B 5 4 1 > Bredehoeft and Pinder (1970)3#
ME o F PR = Ke/S B < 2t 0.5 P PR R BT E ST 2 BT Ae 0 fovk (T
B 5 ¢ KRAT & RABTE M) FIt§ ¥ (247 Bk 2 R EES TR R
CpE s R R TS E 2 B IL R AL JE < 32058 B° /K o 1 3V KRR 20
FFTHRE > WAF AP A THE ME2 kR FRERERG 2 3 ke &
ERE 'iAt>O.5SSBZ/Kif§£. B FORRILR R A 2 R R KT G
Bk o i g R IR TR AT R & R
B8 N(14) ~ (17) ~ (24) ~ (25) & F38(17) ~ (19) ~ (24) ~ (25) ~ (26) T & A AT G
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SE BTN SRR TR A Y B E TGRS D AT R S E A T
.

BTOKFRBEIE BOp R R TR (R kM R) RS e TR R A

X A U T

() 2B AP TRFTREHS P &

NP NT

Maximize ZZQ(j,t) (14)

Subject to Ah(l,k,t) = fz Bk, jt—i+1)0(j,i) < AR (1, k,t) Vt;VE; VI (24)
L pugBULK)GULk) _ .

As(k,t)= Y 2K+ ALA) < As"(k,t) Vi Vk (25)

0<0(j,1)< Qi) vevji o (17)

() B REEBETEF BTIEE 5B R

NT NC L
> lel ALk, )5 el As(l, o)
Minimize - HNHL < o B, Gl k1)
. - .. s p.&B, Gk,
= zz c,}fk,[zzlﬁ(l,k,],t—l+1)Q(j,l) TChs =
=1 k=1 /=L =1 i1 2/"1,1{ + /11,1(
(26)
Subject to h(l,k,t)= Ziﬂz k,j,t—i+1)0(j,i)< AR (1, k,t) VYV (24)
Jj=1i=1
p,gBU k)G k1) _ . _
v < As’(k, Vi Vk 25
;;2y1k+20k) (k1) t (25)
NP
2.00i1)2 07 Vi (19)
j=1
0<0(j,1)<0"(ji1) veyi o (A7)
BERREEP AN TR AP TE R L AR F RGN M
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ME- 7kE

FE Tk AATIE - ZokER o d R E A ER(uEA) K ERB)ME
Bk uiFER BT RAER AsT(ke) B o B PR @D ER T RN e-13 0 3
BE P o iE P A (kr) 2 K EE S E B AR (k,t) 0 B3N (16)F £ovk § 38 (15)2 K #F &
X eE R AR (k)BT G min[Ah*(k,z),Ah*(k,t—1)+Ah**(k,z)] s F] QYT G
SBAREe FoREEMER LI F AN P e R TR AP RS Y
(18)* # "$ °

(2) 5 B¥» Tk ks

dOSRCREEAER TR s R KT REE - R TR SR AT D i
B2 A TRAE o FI A A B TR LAY R AR B Rk
AR (I kyt) » 2800 — Bcld A SN T 7 g S E IR AE AT o EN R T oL
EEREER 2 ’W‘r"vt—?”ﬂ*f"%""‘?m(r‘]%'fl\l”* Rwpe kT RERR)
Fpt gAY T LN (24 B BN25)F Ak ks E T P Rk

VORSE A LI R S A S e BoAR (LK, t) 22 fFm T s T o
Ah*(z,k,z)—Ah (ke =1) % » F(25) 3o K g A & AKEE B E 550 AR (L kr) PEorid
2 BT AR AsT (k) 0 3 A B R AT A R

(@) F A (kt)<As (kyt) BIFI " BRI NE N2 B R RELSF A £

BT OERAE E B% gE BF  F R Q5)F Ak 0 ]

”»

SH

Bwe RS RPN F IS PV g TIER R PR
3,&;2(26):* # u/{rj o o

(b) & As™(k,t)>As"(k,2) » Bl 2% N (25) TR iF2 Btk -K B A F ¢ & 3
BT RaRAREH Boh R3F I A F GG 6 A 'iAs*(k,t)i'hii‘i’“ '
AL R R TR 2Z BN R RN RE LIRS (A RRAT AT F A
P) AL FERS BRRPARE R TIOR 2B R E TR
EANF w T E - 3R 2 BN T T kAR (L k,t) o st 2

S NERERNA R -

o

6]
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222 K3

Rps &g B2 TR R A U T H - 3R RIS At

(B2, FRRB 2RI 2 WARF L2 7T R 2R ER AN
FHRE NG L ERBEF R Sl ERN25) 5 AN T s 2 Sl
* 5 7 i 4 2 & % B %8 (Non-smooth Optimization) - & ¥ = 3 % % f& 2
Non-smooth Optimization z_ % & # % & 11 %> %8 a Uryas’ev (1991) 2 2 Yang (2001)
2 #% 3 45 81 » Non-smooth Optimization 2. 3* ¥ 4p§ FF > 2 HwH 2 55 2 5 it
RE EE TGRS RNA 2R AR EL AR AT Y R o C

[ 5% BT 3 4o P 5N 20 202 > R & Non-smooth Optimization A 424 % 5 R & &

%

#2241 (Mixed Integer Linear Programming, MILP) » H X734 2. "8 7 £ 77 4o

T

Ah(l,k,t)— AW(L k,t —1)+ LOX m(l, k, £) 2 LO. VI, Vk; vt (27)
AR(l,k,t)— Ah(l k,t —1) <UPxm(l, k,t) < 0 VI, Vk; Vit (28)
AR(l,k,t)— Ah(l k,t —1) =G, k,£) <0 VI, Vk; Vit (29)
AR(l,k,t)— Ah(l ke, t —1) - G(I ik, 6)=UP x m(l, kyt) = “UP VI, Vk; Vit (30)
G(l,k,t)-UPxm(l,k,1)< 0 VI, Vk;Vt (31)
G(l,k,t)>0 VI, Vk; Vit (32)

HY LO® UP » W5 8HER 2 ple ol mlk)5% t §29 7 ok

By Iz e HEEZ 08 1o A BRI B B e SRR

(1) AR(Lk,t)—AR(Lk,t-1)>0 1 d £ (28)F e m 2 5 1> @ % m £ 1 pF > d 34(29)
122 FN(30)F 8 G ko) & %0 ARk, t)— AR(L Kkt =1) > ot - € B A e KT
feao

(2) Ah(l,k,t)—Ah(l,k,t—1)<O A RNFEme L 00 E mEAN 0 d 4(31)
2@ 7 A EFER NGk ) <02 GLkt)20 » F Gl k1) #3500 2
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A gL BT e

d it ﬁ'h w2 3V Ao ik is 2. MILP B®Ag 27 g e % 2. Non-smooth
Optimization & % = 24P 2 & & - A4 3 ¢ * Branch-and-Bound (B&B Method)

%%?uiﬁﬁMwPW%’-”zﬂé_#—ﬁ £ #- MILP # 3 % 5420
2 F i R E 2 ARG E -B&B P22 A - Y oA d

FHimIZih &2 o 387 4 Hillier and Lieberman (1974) 2 2 Sierksma (1996) -

23 B F» T

moE AR 2 TFE TOREEF S R g R E R kT I
2ZHFE A d F16)2 F(10)F ek kL Bk p, 2 LE2ZFRT 0 BT AR
gk R (R H R ) 5 2 AR (B) - R ¥ B, A) ok B
(K)re 2 v ok % lie(Sy) 2 e o fgit e Fro ol f B B 55 - TARAR 2§
Bo FL RN - B E AR S TR AR A
B A TR AR A A UL L B T R a2
PR A BRORFAERES A TR P E SR AT R

B TR kA S o d W R TR 2 R R R RS R G R Flt 2
R 2 A FERAET e L5 5 ¥ {45 Tung (1986)2 47§ & d ok
2 R REREE A PERAE T Ao Lvg oom BfER R ¢ R I KRG
TE T2 @ F 0 ot RER TRl B R T b L Bng e

FhATiE o AT P OB K p M ARG E G A REM LR TSk Tie-
#HBEREHIF PR BT S HEY &~ 7 (Log-Normal Distribution) (Gelhar,
1993) » ¥ g B 2 rm e 2 R 2 B e TR B o

232 B 5 i A 4

\

AT A TH R GRS R G O BERE  F AHE T4
BEHE N TR LA TR TR BRE T RS R e

=

22



POk RmAABENEE

R GEE A RIS E AT Y G E R Rl & FE$ £ (Moment) -
BOE S - Rzl MBI SE R Ec Flt A F 4 BG4

PFEEEREGED LR EF T BRI RERS T LM F
PSR IR B AR RAZ I G b TS BCE (TPgR o o e B 2 R fh 2 4
Pob- ZEPAREAETEFRR2EFM FR AT BRE FAETEL G T
Bz z AN T e P AR s k2 FAER L T b o DAL
Fho2z 2 PR B EAS P BEEXPE - T ¥ 1 (Second-Order
Stationary)(Cressie, 1993) » = ¢ 2 ¥ M A A E 2 SR M2 "§R PRI P ERN
ZRENE-BFPE - RN ES B2 £ %8 fic(Covariance) 388 3 gL 2. fEHE

R S L LY L ¥ TN S B
E[ X(s)]|=u, (33)
Cov[)((sl),)((s2 )] =C (| =s31) (34)

BY S XLZEZRRREMZE TR s ATz PR u 2 PFEC5
. % £ 3 #c(Stationary-CovarianCe-Function) > & C(|s,—s,|) & 5 @ BLIEY G 4

%
B2 e PIFEG X R S ol
7

NG W o R AR B TR AN Y E AR LE A
EEF IR A AFTAY KT AR BREF - R - 2R
(S =3 ﬂ&ﬂlﬁ%iﬁ%b:Pa#ﬁfi#ﬁ%ﬂw&pﬁﬁlﬁ

(Wagner and Gorelick, 1989; Mylopoulus etal., 1999) > @ 7 ¢ % & 7 3 & B 5 R
Pz m TR GREENF R - kT A R A KR X)X (3T ks

E[Y,]=u, (35)

|Ax12 |

Cov(Y,.Y,) =0 xexp{——} (36)

a 3

Ao Efo] AR B P B Y=in(X)N AP T El2 il u Bo Auli
S SRS SRR R

12|Z\ Qé-l'*’ﬁé-ZF'& ﬁF’{i}ﬁ-,a p#ﬂfﬁ‘g
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¥R EwmAASNEE

(Correlation Scale) - ¢ 3%(35)¢2 3% (36) % 4v > fr — & T £2 4 f P $8ck H S8z 4
#3-(Random Field) % d w4, ~ o & a, & = B F8A-2 0 F] Apt = B Flh- T
(0 FF A auEd Rt 2 R FARRLY s o RIT s PR 2 T
BTG e TSRO R B2 B o

R Y, B Y, (Y = (Y=g, o, 15 o] 5 $Hick T fdcr R0 (4 (5 2 SE 4
B(mn 56+ afedg) o C,,, ()R, (0)# 5 5 5 R EAEL L E A K
BEL > ZAFE Y G A 2ET)

mnxmn

FTHRY BRI ESZTPMEE THEL 0

WEALGIZ'ERIFW,,, > =
W=T7'Y (37)

P WEG T (DEW]=0; 123 (2)C(W)=R(W)=1I -
d 3t Ap B G licE L DS 2 (Positive Definite) 2. sB R o I BTz 2
(Spectral Decomposition) #- R(Y) & {7 & T f£ 18, > FiF 4o 2_ B (250 ¢

R(Y)=C(Y')=vAV? (38)

2P A, . ERD R(Y)Z 3FgcE(Eigenvalue)de = 25+ & 2 V

mnxmn

mnxmn F' d R(Y)

2_F e £ (Eigenvector) e = 2 it B oV =V o S EESEW LY 2

E ek - SRR

1
W =A 2VY (39)

PIWz2Z Y e @Rl vy 47 5
1 1
E[W']=E[A 2V‘1Y}:A 2V—1E[Y’}=0 (40)

C(W): E|:A_;V—1Y'A_;V—1Y':| _ A—%V_lE[YY]VA_%
(41)
1

1 1 1
—A2VIC(Y VA 2 = A 2VIVAV VA 2 =1

d3040)E AT o W AHRE S 2 N8 2 EApR M Ao 1t RSN

24



(37) \(39)“%'4'7 IR T = VAZ AR ’F’TiﬂiY P

Y=p,+ ayVA;W (42)

gt A Y FHBEAF A N85 M ARt T W B B
EREF AT 2 B8 25 WARM I - 29500 1 P AT R T SR
2R A (D)F AR TE PN &80 ek 4 @ alic P32 B4R Y
B BHEW L2 n a3 (2F1% 38 (36): & il iy 2 &+ %28k
et C(Y)¥ 4p M il R(Y) 5 (3)3 & R(Y)2 #ifee £48L V 10 2 frjicia
AR A G (A)F1% SS(42)H ()P n 2 W i 5 HEE T Y (5)%
Y e IF}%E‘;}’FI&," TEN B2 B '}{*Z}ﬁz&# 0

FU* 3k FG)r 172 n ey FRRRS iz & [ RS2 T kAT RS KT
Fest | 238 > TEE 0 P A B SR Al PIE B Gl Rt

FOUM N BT A AR G e B ho B R BT T N A T

n

DBl ke t=1+1)

E[B(Lk, j,t—i+1)]= 2 1 VI Vk vt (43)

n

Bk, j,t=i+1)- E[B(Lk, j,t —i +1)]}*
n-1

Var[p(L,k, j,t —i+1)] == VI VYt (44)

Nlud
An

Varlo] % # g 1 % 2 % B ¥t -
moaw it ZR(L) ¢ - A8~ 3 1% LHS(Latin Hypercubic Sampling) (McKay, 1988)
F5 Ptz 22 o d 20 LHS £ 5 02 dib B =t i T P~ 4% 7 4% (Unbiased) 2. 4
> McKay etal. (2000)#% ! 4 =[3f & 15 Hoat dy ~ SBcPf2 1 & o

233 kMR A KT AR A BEA
(D) -RE A% EFEHELIT

PR Rk 2 RTE( (24)) KSR L e Al ok B 2 s

25



ok RwmAASN R

BEoa Y R AREL PR E S R Rlikdy e LT
KEE B 2 B3R BT ITMEFAEALTF o

HFRAF 2 "E 3 %cn 7 AP EHIED P 2B fie i

Lo Bk B P e S b > RIREER R 2 Y E R R R e T R

Zom
E[AR(l, k,t)] ZiE[ﬂlk Jt—i+1)]0(/,i) VI Vk;Vt (45)
Var|Ah(l,k,t)] = fim[ﬁ(l, k,j,t—i+1)0%(j,i) VI Vk;Vt (46)

Er ;F AJ\’FF/H %E_Jé =

F(45)2 55 (46)° > H =B iz ToE e R T
AR Q 2 - sy - =

Flpto kg At ez Y B8R E TR B AT &
\Ei'l:gtc’

(2) ¥ & T KaR st A

B A kE A TR L B RAGEREEL AT A BB K TR S AR
THEZ o FU AT IEER R BRI T RS TSR A At L RE B

S é]F’E‘ %TK”’%V%’QT”L)&" '5'3‘%%]'1‘]’“&7ﬁp_{@j%ﬂ&puﬁr—r

FF AT
L
E[As(k,t)]=>" E[As(l, k,t)] Vk; Vit (47)
=1
Var|As ZVar As(l,k,1)] Vk;Vt (48)

FIRZ AL - HAWEARYE R TIR 2 DY B SR Ho dai BT
T%@iﬁf%@oﬁﬁﬁﬁawﬁm’%ﬁ%@f&@iﬁ%ﬁiﬁi%%
BRI G uB Ao B9 u e QPRI TARLI IR 8- HEBEXK G p

ARI S8z > P - e R B driz > A e AT RE 2T EL%E

By TN AR
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p., xgxB(l,k)xG(l,k,t) g
E[As(l,k,t)]= 2R 0.K) VIV vt (49)

L XgXB ’
Var[AS(l,k,l‘)]:{Zzz,k)f/_i(l,k)} parlot kol VIVkY
y VKV

P, xgxBxG(l,k,t) ZX . o
{[zza,k)a(z,k)]z } Warlui, )+ varla 1))

(50)

B e NAREH a2 T I o8 (49)27 38 (50) 2 J1 1B A 3 3 4R = o 1% (49)
BG0)Y > pBEAEE TS B TR RRR T FAL T T REHR
B G2 TEE R o

B RQRLENQEYF A N G AR R ET o T GER LA
Z2_%§ % % #ix(Mixed Random Variable) - ;& & 218 &, 4n WL PR
B4 A Al 2 8 Sl o AR IOk, 1) = ARl k,t) - AR(L Kkt -1) 0 B3¢ (22)
OB Ao g5

Gl k,1)= oll k1) if Wbk )0 VIVEYE (51)
o 0 if ol k;t) <0 Y

Bl 0N EFEWRBEQ2E M QEE R Rz M S (G

=
(22)) EWF ZRAIETBEXSFEAT P B3 Y BEF R AT 77 !

-~

i E[p(L,k, j,t —i+1)]- E[B(L,k, j,t —i)[}0(},i) VIVt (52)

i=1

Var[Q r{fi[ﬂl Ik, j,t—i+1)- ﬂ(l,k,j,t—i)]Q(j,i)}

j=1i=1

~

:Var{i; o(j,i- 1)]ﬂ(l,k,j,t—i+1)} VI;Vk; vt (53)

t

fz 0(,i)-0,i 1) Var|p(l, k, j,t —i +1)]

j=1 i=]
Ftd NG A0 G R BB AR RS R P B AT L pn 2
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¥R EwmAASNEE
¥ 5 5 £ & fc(Probability Mass Function, PMF) ; @ % G >0 BFRI B> % i~ # 2
S EWRE D A FF I BT S po RO S QE G F ador LHH

PeREQZPBFRARIFOAREFRAE G PMFEB T R AR SHOFQ >

-v‘\\

EEE SRR LT S RN
BRI 6 2 551 R G

- A&

R _pmtpe b S EI ] o

"és
z ¥ £ # 3 #ic Mg(Moment Generating Function)#

- v

+ ~ .
Z T & -

Mg (”) = ElenGJ
(54)

e””’f da)+e"X0 Xp.

|
|

e" fw)do+e™® {1— T f(a))da)}

PR FAQZ BF TR SE(TFES F) 2G4 G2 F AR Sk

FEL(FLregz)

0

My ()= [ floMdo -+ x [ lopo

1 waneechn? Lo + oln
=1l+>xe 2 XKeifc| ~H#FT=—22 all ——efc
2 ( \/EO'Q x/iag

B R T (58(52)& ;8 (B3)  erfe i
E-' %ﬂg‘:ﬂ MT}\‘Z\

(55)

#(09)7 g F oA NS QLY

Complementary Error Function - G z_ #p %

E[G(l,k,t)]= M (0)= Ta)f(a))da) = E[Q]- _Ta)f(a))da) VI Vk;Vt (56)

Var[G(1,k,1)] = E[G? (1,k,1)| - {E[G(. k,0)]? = M.(0)- M, (0)

= ? VIV Vit (57)
- D a)f(a))da)}

o0

|
O ey
S
N

B NG5 GO ENGBNT A G 2 B R R Y Sdke 7 Eror
Function » 33 & ™ rag 2 897 B2 % 2 il 5 Close-Form 2o & #ic] i o »#7
0> A G2 ELFREEF Y

1BEKQ <027 et g T PQ<0)>
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T 7] BeiT 0

ElQ)= Y S ELA( &, ot~ i +1)]- E[Ak, it~ )00 1)

E[G]=1 if EJ[Q]>0 (58)
0
if E[Q]<0

Var[m:ig[g<j.f>—Q<j,z-—1>]2Var[ﬂ<z,k,j,r—z-+1>1
var[G]=1 i E[Q]>0 (59)
0

if E[Q]<

d 338 (58) 87 58 (59) i % 1T e B Fph 2 e - A A 4T H T E Rk

L

ZRE WAL F A MG RIS P Rl alide B P ¥R A AT
REHS R AR 0 d Qe (Cw,0)W G e(0,0) r%-:*ﬂz

2 m R e (59)4Rt BTG 2 R R di g st (57) 2 2

THEZ AT B R ERFTIERNR AR R k= 2 Y& > Fpt g

EREA T8N0 EI—2 T -

Vi e ' R, | IR
BRI A B TR PR e T

S
1,\<

L L p, xgxB(l,k)xG(l,k,t) _
;E As(l,k,1)] Sy AV TN Vk; Vit (60)
Var[As(k,t)] = i Var[As(l, k,t)]
{ZZ’ZL,VI:)i%g,kJ X Var[G(l,k,t)]+ Vkve  (61)

M| p xgxBxG(l,k,t) zx . o
{[ZZ(l,k)J(z,k)]z } warluto k) varla( 1))

He Gz w3 ficp] 8 (58)E 0 (59)+ & o
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2.3.4 Hi3viE

23281233 47 ¢ Hip KEESEEE B K T AR AP EEA 2 0 A H
Bql* CCP 2 fnf » #2292 22 T F FIHGVE- Hffe s FFH 0 ®
B Sy FHEr ma 2 P -CCP 2L a3t g 587 rmafiis » B2
B URHE R S Al 0 T TR R T R (KK E R) ] E A
RHFTIOR (AR E )2 WF L AN ENT AL T2V Ra « RER
o BB AR T RERBRL D L B I REAT A A S

. . NP NT

Maximize >3 00.1) (14)

j=1 t=1

Subjectto  Prlan(lk,e)< AR (LK t)]> VI,V Yt (62)

Prlas(k,t) sas™(k, )| o} Vk; Vi (63)
0<0(jat)< 01(/:) V8V (17)
b ORES T B R AT R B B H AT 47
L. . NT NC L

Minimize E{ZZZ[ka,tAh(lik'f)ﬂL C;,,As(l,k,t)]} (64)

t=1 k=1 [=1

Subjectto  Pr|an(t,k,¢)< AR (1, k,1)|> 2/, , VIV Vit (62)

Prlas(k,) < As™ (k1) a;, Vi, Vit (63)

NP

2.00j,1)> Vi (19)

j=1

0<0(j,1)<0"(j.1) V1Y) (17)
B Prl] & kg e kT IaE 2850/, o) »B R A REREEE
PR THARE D ARE R LF BT RAR O HEAN O~ B o SRR
ZARFR A A B D E N2 SR T ok B 2 Sl

2'\7[. ’ '&r-ﬂb "Zﬁ’s' it (ﬁ—ﬁ & Ae 1 1\}?4: °

#-7% (45) ~ (58)#2 X (60) & ~ 3 (64) » R B
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i Byt (64)7 3k 5 4o MR E G Sz F)5

cho 3 Bk ot -1+ 2J0(0)+
Minimize 303 op (k) )
CkYt 2E[ful,k]+E[ﬂ’l,k

- R (62)2 R (B3) S F A2 THIN 5 233§ AFG © BROKT
BUEREA R TIEE AR EAE L Z 5 B EREF A e T R
2Bt FkEEAE R e R TR AN R Z 2 20 RIS (62)2 54 (63)7 A b

ks

o

Pr{z <Z, = Ah (Z’k’t)_E[Ah(l’k’t)]} >a) VI, Vk;Vt (66)
w/VarlAhil,k,z‘” -
o A" (k,t)- EJAs(k,t)]
PriZ<Z = >a) Vk;Vt 67
{ ’ Var|As k,t) £ (67)

(66) N (67) A x 2 i A z 2t ez cote), | B o s B B

W F Sl F oS Flpa
Jarlan( k] x e, < an™ (1 k6= ElAR( k1)) VI Vk; Yt (68)
Jarlas(e, )< @ a;, |< As* (k,¢) - E[as(k,1)] Vk; vt (69)

FEd B ELA P52 POTRT P 50 (68) % 54 (69) 7 2135 Ho 1 LIS 2
AR RIS P2 HET A0S T RET B2 BN BRE
BoEVER  BRARBEHEELIIE RAA G RITT LA B0%FE 02 E
M| 300 Bl B HLA P2 B2 GRS T RR < 50% %
R AW R R Y T LR & RH S M 500 L BEEEL L2 5

TR & KRBT T (T2 RF] L T 2 (5% B3N (68)2 54 (69) ) F) L 2

el N ERALE TP

m

AR (1,k,t)— E[AR(l, k,t)]> 0 VI Vk;Vt (70)
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As™(k,t)— E[As(k,t)] > 0 Vk; Vit (71)

#-38(45) 3 54 (B50) i > 5 (68) SN (TL)E A IE FIL(E > AT THEE S BB A

TR BT

Maximize

b

Minimize

Subject to

riaEAqrEd o4, :ngBl,k/(ZElﬂl,kJ+Elﬁ“l,kJ) COVESE

REF BT L7 40T

NP NT

2.2.00.1) (14)

j=1 =1

=
5
=
9

{Clh,k,t f‘, Zt‘,E[ﬂ(l’ k,jt—i+ 1)]Q(]a i)+ Cli,tdl,kE[Gl,k,t ]} (72)

™

~
1
UN
=~
|
JUN
~
1]
4N

NP

Z::{q)‘l[afk,[ lar[ B k. juezsi+ )] E2[B( K, ot —i + D)0 (i) +

=1i

NP, 't
200y, oY EfA R gt =i+ l0(hi)- 24, < ARy,

| )

~.

Vi, Vk; VI (73)

d, % Var[G(Z k, t)]+

ol 5 {dm} avarlu, Jevala D)
201, + Ak | |
2As; , % idl,kE[Gl,k,t ]_ {i dl,kE[Gl,k,t ]} < ASI:,zZ
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