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A nonlinear boundary value problem (BVP) from the modelling of the transport phenomena in
the cathode catalyst layer of a one-dimensional half-cell single-phase model for proton exchange
membrane (PEM) fuel cells, derived from the 3D model of Zhou and Liu (2000, 2001), is studied. It
is a BVP for a system of three coupled ordinary differential equations of second order. Schauder’s
fixed point theorem is applied to show the existence of a solution in the Sobolev space H'.

1. Introduction

The modelling of fuel cells has been an attractive topic in the field of electrochemical
theory. In the last decade, models for proton exchange membrane (PEM) fuel cells have
been formulated by many scientists (see, e.g., [1]). Among these models, some complicated
systems of partial differential equations (PDEs) were constructed from principles of fluid
mechanics, electrostatics, and heat transfers; however, most of them were solved by
numerical simulations only. We are interested in the mathematical analysis of the system
of differential equations and the discussion is restricted on the transport phenomenon of
a single-phase model given by [2]. The more complicated two-phase models, like those
mentioned in [1, 3], are not in the scope of this paper.

In [4], by reducing space variables to one dimension and making several assumptions,
a system of PDEs in [5] was simplified to a boundary value problem (BVP) for a linear
system of decoupled ordinary differential equations (ODEs), and an exact solution was
constructed. In [6], a 1D half-cell model reduced from [5] is considered; that model is a BVP
for a nonlinear system of three ODEs of second order which are no longer decoupled and it
seems to be hard to find an exact solution. By Schaefer’s fixed point theorem, the study in [6]
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is able to show the existence of a solution in the space of continuously twice differentiable
functions. In this paper, motivated by [4, 6], we will derive a 1D half-cell model from the
3D model of [2]; it is still a BVP for a nonlinear system of three ODEs of second order;
however, the nonlinearity is different from that of [6] and an alternative strategy will be
applied; namely, a weak formulation of the BVP will be considered. In this weak formulation,
the function space is replaced by the Sobolev space H! and an iteration process associated
with Schauder’s fixed point theorem will be adopted. The result of this paper indicates
a direction of attacking the complicated system of PDEs for the modelling of PEM fuel
cells.

Now, we briefly describe the contents of this paper. In Section 2, the governed
equations and boundary conditions in the cathode catalyst layer for the 1D half-cell model of
PEM fuel cells are derived. In Section 3, the weak form of a linear generalized Neumann
problem is described. Existence and uniqueness of the generalized Neumann problem is
guaranteed by the Lax-Milgram theorem and it will be shown that the solution for the linear
problem has an a priori bound. In Section 4, Schauder’s fixed point theorem is applied to
prove the existence of an H' solution for the nonlinear system of ODEs.

2. The Model

In this section, we will reduce a 3D model of Zhou and Liu [2, 7] to a 1D half-cell model. This
3D model was a modification of the 2D model given by Gurau et al. [5], so the derivation of
the 1D model is quite the same with what we did in [6], we describe the derivation here for
the reader’s convenience.

Recall (e.g., see [8]) the species equations are

0, channel and diffusion layers,
0 = epDSIV2Y + (2.1)
epSk, catalyst layer,

where Y is the concentration of kth component gas mixture, and Diff is the effective
diffusivity of the kth component in the gas mixture, which is given by

« Dy, channel,
Deft = . (2.2)
Dye'®, porous media.

At the cathode, the mass generation source terms Sk for oxygen, water, and protons are
je/(2Fc),—j./(2Fc), and j./(Fc), respectively. At the anode, the source terms for hydrogen
molecules and protons are —j,/(2Fc) and j,/Fc, where j, and j. are the transfer current
density at anode and cathode, which represent the reaction rates. Note that the value of j.
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is negative and j, is positive. The relationships between j,, j. and the species concentration
(Yn, and Yp,) are given by the Butler-Volmer equations

1/2
v Y, aF (1-a®)F
_ ref H, — 7
Ja = <a10 >a<_YIr§f> [exp( RT 71a> exp( RT 71a>],
2
= ), (22 ) o (S50 ) -enp(~020,)
Je = 0 c Yéef P RT Ne p RT He ’

where 7 is the active catalyst surface area per unit volume of the catalyst layer, i*' is the
exchange current density under the reference conditions, T is the absolute temperature,
R is the universal gas constant, a® and a¢ are symmetric factors, and 7, and 7. are the
corresponding overpotentials.

The energy equation is

(2.3)

0, channels and diffusion layers,
0 = ks V2T + (24)
Q, catalyst layer and membrane,

with
kg, channels,

keff = 1 . (25)
—2kg + , porous media,
E/(st + kg) +(1-¢)/3kg

where k, is the thermal conductivity of the gas while ks is the thermal conductivity of the
solid matrix of the porous media. The heat generation rates Q in different regions are given

by

. i

Ja:Ma+ —, anode catalyst layer,
cl

2

Q= P membrane (2.6)
m '2
Je e+ ;—, cathode catalyst layer.
1

C

Note that this is a main difference between the 3D model of [2] and the 2D model of [5].
The phase potential satisfies

je, cathode catalyst layer,
V-(oV$) =40, membrane, (2.7)

ja, anode catalyst layer,
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where ¢ is the phase potential, and o is the ionic/electric conductivity which depends on T

_ e _ 11
o(T) = s (0.005139 — 0.00326) exp [1268( 0 T)] (2.8)

The current density is given by
i=-0V¢. (2.9)

Next, we assume that T, @, Y depend on one space variable and restrict to the cathode
side of the catalyst layer, following [4], only one species (the oxygen) (i.e., k = 1, and let
Y1 = Y.) For simplicity, the derivative with respect to x is denoted by ' = d/dx.

From (2.4), the equation for energy becomes

T" - k(T)Y + Af(T)(®')* =0, x¢€(a,b), (2.10)

where @ is the catalyst layer phase potential, T is the energy, and Y is the oxygen mass
fraction; f(T) € Ci(R) is a regularization of 1/ - (0(T)/ket) away from T = 0 so that
f > 61 > 0is required, and k(T) € C},(R) is a regularization of

e (gery (L *F >_ <_(1—“C)F )
keff<a10 >C<Y§f> eXp(RT Te)=&P\"Rrr )| (2.11)

By (2.7), in the cathode catalyst layer, we have the following equation for the phase
potential

(f(D@) +g(T)Y =0, x€(ab), (2.12)

where g(T) € C;(R) is a regularization of

_ 7/[c].c _ He — .ref 1 a‘F > _ <_ (1 - aC)F )]
kettlaY — Kefla (azo >C<Y(r)if> [eXp< RT )~ P RT k)| (2.13)

And for the oxygen mass fraction, via (2.2), we obtain the equation in the cathode catalyst
layer:

Y'-h(T)Y =0, x€ (ab), (2.14)

where h(T) € C;(R) is a regularization of

e Tl ey (L
2FcDfy - Def 2Fc (), vy )1~
2
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We can assume that h > 6, > 0. The boundary conditions for this 1D model are

T (a) —uT'(a) =1, T'(b) =0,
O®) + BF(T(B)) - D' (b) =0, @(a)=0, (2.16)
aY(a) —aY'(a) =1, Y'(b) =0,

where i, pp, a1 a2, p > 0. It is convenient to let [ = b — a in the following discussions.

Note that the derivation of these boundary conditions can be found in [6]; therefore
we do not repeat here.

Now, we formulate a weak form of the boundary value problem (2.10)~(2.16).

Let Q = (a,b) and consider (T, ®,Y) € (Hl(Q))B; thus it is a weak solution of (2.10)~
(2.16) if the following equations hold:

T(a) -1 b b ’
(" (:z) ) -vt@ = Tegax= [ kayvpde-a | @) pax, vpe '@,

1 b b
—50) - p(b) - f FT)(@) - g'dx +f () Ypdx=0, Ve H'(Q),

24

_<M> “p(a) - Ib Y gldx = Ib WT)Ygdx, Vpe H'(Q).

(2.17)

For (2.17), we have the following existence theorem.

Theorem 2.1. There exists at least one solution (T, ®,Y) of (2.17) in (Hl(Q))S.

3. Linear Results

Before we prove Theorem 2.1, some linear results should be proved and we still use the
notation (T,®,Y) for the solution of the following (weak) linear generalized Neumann
problem:

b b
_<a1Y(a) - 1) “p(a) ‘f Y'-g'dx :f W(T.)Yedx, Vo€ HY(Q), (3.1)

an a
1 b b
—Bm(b) -p(b) - f F(T) (D) - ¢'dx + f g(T.)Y.pdx =0, Voe H(Q), (3.2)

_<ﬂ1T(a) -1

b b b )
i > ip(a) - f T - ¢'dx = f k(T.)Y.pdx - )»I FT)(D,) pdx, VYo e HY(Q),

(3.3)

where Ty, Y,, @, € H'(Q). Since the equations for (T, @, Y) are decoupled, they can be treated
separately.
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The existence and uniqueness of the solution for the linear generalized Neumann
problem (3.1)~(3.3) is guaranteed by the following Lax-Milgram Theorem (see [9]).

Theorem 3.1 (A theorem on linear monotone operators). Let &# : X — X* be a linear
continuous operator on the real Hilbert space X. Suppose that &4 is strongly monotone, that is, there
is a ¢ > 0 such that

(Hu,u) > cllul*> VueX, (3.4)

then for each given b e X*, the operator equation
Au=b, ueX, (3.5)

has a unique solution.

Next, we show that the solution for the linear problem has an a priori bound which can
be shown to be independent of (T, ®., Y;) so that a domain for the iteration process exists.

Theorem 3.2. Suppose that (Y, ®, T) is a weak solution for (3.1)~(3.3), then one has

1Yl @) < N1, (3.6)
1P| 1 ) < NallYelloo, (3.7)
Il < N3|| @15 + Nall Yl + N5, (3.8)

where N1, N2, N3, Ny, N5 are positive constants, and they depend on || f|| ., Ig ]l 11l

0°

Proof. (1°) Equation (3.6) holds. Since
aY(a) -1 R !
(—n cp(a)-| Y -¢'dx=| h(T.)Ypdx, Vee H(Q), (3.9)
let p = Y € HY(Q); therefore we have

b b
—%W(a) + alY(a) = f |Y'[*dx +f h(T,)Y?dx > min(5, 1) || Y31 (3.10)
2 2 a a

By (3.10), we can get that

1 ay 1 1 1
Y|P € ——(-22Y2 =Y < ‘ : '
YTl < min(6,,1) < as @)+ as (a)) T min(6y,1) 4aia G40

Set N; = ((1/ min(8,,1)) - (1/4a1a,))"/?, then (3.6) is proved.
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(2°) Equation (3.7) holds. From (3.2),

1

b b
ﬂ(I)(b) ~p(b) - f f(T)(D) - ¢'dx + f g(T.)Y.pdx =0, Ve H(Q). (3.12)

Thus let ¢ = ® € H'(Q) so that
1 b b
—B(I)Z(b) - f F(T) (@) dx + J g(T.)Y.Ddx = 0. (3.13)

It follows that

b b
1
f f(T*)((D')zdx = _B(Dz(b) +I g(T,)Y,Ddx < ||g||oo||l/*||oo||(I)||2 V2, (3.14)
Since 0 < 61 < f, we have
b 2
61f (@) dx < ||g|l Yl ll@ll, - 12 (3.15)

To prove (3.7) we need a lemma (see [10]).

Lemma 3.3. Let X denote a real Banach space, and let u € WP ([0,7]; X) for some 1 < p < oo.
Then

(i) u € C([0,7]; X) (after possibly being redefined on a set of measure zero), and
(if) u(t) = u(s) + [Lu/(x)dx for all 0< s <t < 7.

By Lemma 3.3, we get

b b b T b 2 b
@17, =f |CD(x)|2dx+f |q>'(x)|2dng U |CD'(t)|dt+|CD(b)|] dx+f |CD'(x)|2dx.
(3.16)

By (3.15), for (3.16), we arrive at

b T b 2 b
, 1
||<I>||1%I1 ng‘ U |(I)(t)|dt:| dx+2f |(I)(b)|2dx+6—1||g||w||Y*||oo||cI)||2.11/2
(3.17)

b 2
1
< <f |(13’(t)|dt> 21+ 2(D(b))? + 6—1||g||w||Y*||m||(I)||2.11/2.
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On the other hand, for (3.2), we take ¢ = 1 € H(Q), so we know that
b
D(b) = pj g(T.)Y.dx. (3.18)

Substituting (3.18) into (3.17), we arrive at

b b 2
, 1
11, <2 |<D<t>|2dt-lz+2ﬁ2<f g(T*)Y*dx> LR A [T LA
a a (3.19)

2 1
< ISl @i + 1Y e |l + 26°2 5 I

Set x = | @]l 1, B = 2/6)P?||gll I Yello + /6012 gl N1 Yelloo, € = 2821115 [ YlI2, s0 that
we have

x*-Bx-C<0. (3.20)

Hence, we get that

< B+ VB2 +4C

- 2
1/ 2 1 2 1 2
= E <6_115/2 + 6—111/2 + \/(6—115/2 + 6_111/2> + 8ﬁ212> ”g”oo”Y*”oo

Take N = (1/2)((2/61)1%% + (1/61)1V?* + \/((2/61)15/2 + (1/61)11/2)2 +8p%12)|1gll.., and from
(3.21), we get (3.7).
(3°) Equation (3.8) holds. For (3.3), take ¢ = T € H!(Q); thus we have

X

(3.21)

1 b b b ,
‘%TZ(“) t @ f (T')*dx = f k(T.)Y.Tdx - AL F(T) (@) Tdx. (3.22)

Now we introduce the following lemma (see [9]).

Lemma 3.4. Let G be a bounded region in RN with N > 1, and u € H*(G), set

1/2
lull g = (fc<u2 +Z].111 (D]-u)2>dx> ,

2
o (3.23)
u2d0> ,

lull}y = (f =N (Diu)*dx +f
G

oG

then the two norms in (3.23) are equivalent on H'(G).
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Hence we consider the H!(G) norm with the type

1/2
lully = (| =X aidrs [ iaa) (3.24)
G oG

and estimate by
b 2
J‘ (T') dx + €T*(b) + € T*(a) (¢ is a small positive number to be determined)
M1 1 b 12 b 12 12
= T@ o T(@) ) FT) (@) Tdx — | k(T.)Y.Tdx + £ T2(b) + £ T (a)
2 2 a a

< Mgy L@y J'b F(T) (@) Tdx + ( ¢ fb T2(x)dx + C, fb k||Y.[2dx
=T 0 . * . (3.25)

a

+£T?(b) + €T?*(a)

u 1 ¢ 1/ (" ?
1.2 2 1\2 2
<—— — ~ - 1
<T@+ T@ ( SITIE, + 5 <f F(T)(@L) dx> > +elTIE,

+ CellKIZ YR, - 1+ €T?(b) + €T?(a).
By Lemma 3.3, we have that

() gf IT'()|dt +|T(a)l, Vx € [a,b]. (3.26)
Substituting (3.26) into the bound (3.25), we arrive at
b 2
f (T') dx + €T*(b) + £€'T*(a)

u 1 ¢ 1/ ?
a2 = Ev2 L & 1\2 2
<=L T@+ -T@ +A<2||T||m+ > <Lf(T*)(<D*) dx> > +elTE

b 2
+ CelkAIYLIA T+ <z<f |T’|dt> +2|T(a)|2> +eT?(a) (e<€) (3.27)

2
M1, o 1 Ae 500 A/ 12 2
< = _ - -
#2T (a) + ﬂzT(a) ) T + % af(T*)(d)*) dx ) +¢€||T|[in

b
+ ClkA YA, - 1+ 2¢ f (T'(1))?dt - 1+ 26'T(a) + £€T?(a).
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By (3.27), we have that
b 2
(1-2¢') f (T'(t)) dt + €T*(b) + €T*(a)

: 3.28
§< Z +3£>T2(a)+#—T(a)+ AITI, +—<I F(T.) (@) 2dx > (3.28)

+ ||| + Cellk|Z 1 Yal% - 1

where c; is the constant that appeared in the Sobolev inequality (see [11] and note that Q C R)
lullee < erllell g (3.29)

forallu € HY(Q).
Hence,

b
€T3 £ C <g’f (T'(t))*dt + £T?(b) + g’Tz(a)>

b
G <(1 - 2¢) f (T'(t))*dt + £T?(b) + s’Tz(a)>
(3.30)
<C I:(—“% + 3¢ )Tz(a) + e —T(a) + — Ae 2||T||H1

2
r /[t ,
too <f f(T*)(CD*)de> + €T3 +Cgl||k||i°||Y*llio],

where C; > 0, and €’ is chosen to satisfy ¢ <min{(1/1+21), (41/3p2)}.
From (3.30), we arrive at

Ae
(5 - —c1C1 - £C1>||T||H1

b 2
< C1<_E + 3g'>T2(a) " lclT(a) " icl <f f(T*)(qag)zdx> + C.Crl[k|Z N1 Yall2, - 1
H2 H2 2¢e a
(3.31)

Now we choose € > 0 such that ¢ - (J\E/Z)C%C1 — eC; > 0. Note that, in (3.3), if we
choose test function ¢ = 1 € H'(Q), then

(%) fk(T)de AI F(T)(@,)dx. (3.32)
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Hence, we obtain that T'(a) is bounded by a number depending on [|Y.|[o,, I, [|®x| 1), lIklles
and [|f||_,, and is independent of T.. So

Cy A 2 4 2 2 1
T|?, < — @+ C.||lk Y.l - —mmM8 |,
L e eeey [zgllfllmll L+ CREIIE, _4ﬂ1#2+12£,”%]

(3.33)

where —(1/y§)/4(—y1 / p2+3¢€’) is the maximum of (—p1 / pa+3¢")T?(a) +(1/u2)T(a). By (3.33),
we have that

1/2
A )12 1
Tllin < Ca A — @ C||k||||Y- - , 3.34
Il < z[\/zgllfllwll [l + VClkll ||w+< 4W2_125,ﬂ§> ] (3.34)

where C, = (C1/(¢' - (Ae/2)2Cy - eCy)) .
Let
[A 1 1z
N3 = G/ — , Ny = GV C||K|.., N5s=C( —— ) , (3.35)
3 2 D¢ ”floo 4 2 ” ||oo 5 2<4ﬂ1[42_12*€lﬂ§>
so (3.8) is proved. O

4. Proof of Theorem 2.1

Now, we show the proof of Theorem 2.1.
Step 1. Under the assumptions made in Section 3, for each (T, ®,,Y,) € (H 1(Q))3, neNuU

{0}, we first consider the linear generalized Neumann problem,

- <M> -p(a) - fb T, -¢'dx= fb k(Ty)Yopdx — A K F(T) (D) pdx,

H2 a a
1 b b
—B(I),Hl(b) ~p(b) - f F(T) (D) - ¢'dx +f g(Tn)Yupdx =0, 4.1)
_ b b
—(M;—(Z”)l> - p(a) - f Y| gldx = f h(T) Y gdx,

forall p € H'(Q).
Denote by Rv = (Yyi1, Pus1, Tue1) = (RYy, RD,, RT,) the unique solution of problem
(4.1), where v = (Y,, @, T,) € (H'(Q)).
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From Theorem 3.2, we know that
1Yns1llr @) < N1 = My,
[Pns1llpn@) < NallYalle < Nacil|Yallgq) € NaciMi = My,
1T ll ey < Nal|D4[l3 + NallYall,, + N5 (42)
< N3 ®allin + Naca|Yall iy + N

< N3M3 + NyciM; + N5 = M.
Now we consider the convex set

3
S= {(01,02, v3) € <H1(9)> ol € M, o2l gy < Mo, o3l g) < Ma}- (4.3)

By the estimate (4.2), we know that R maps S into S.

Step 2. We show that R is continuous on S, that is,

tim (|[RT; KT, + |[R®; - R&], + |[RY; - kY]], ) =0 44

]—)OO

if (f],(’l\);,?;) - (IN", (i),lN() inS,asj — oo.
Consider the equations

_<%>wm - Jb (RY;) yldx - Jb h(T)) (RY; Jgdx =0,

a a

(4.5)
b

_<a1R)70§2a) - 1)90(61) ~ J‘h (Rl?)l(p'dx B j h(f) <Rl7)(pdx =0,

a a

for all ¢ € H'(Q). The difference (4.5) gives

b b

_Z_; (RY] - R17> (a) - p(a) + L (Rl? - RYj>/(p’dx + L (h(f) <R}7> - h<ff]> <Rl~f]->>(pdx -0
(4.6)
By (4.6), we have
_ % (RY; - RY)(a) - p(a) + fb (RY - RY;) y'dx
’ (4.7)

o [[[n(T) (RY - RY) + RF (1(T) - n(F)) etz =o.
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Set D; = RY - RY;, and let ¢ = D; in (4.7), then
| (o) ax v fb Didx < ||RY||_||W|I..IDjll.,||T - T3] 1 (48)

Since 0 < 62 < h, we know that

min(6,1) || Dj|[3: < c1||R17||oo||h'||oo||Dj||Hl |T-7 .2 (4.9)

Since limj—>oo||’1:;' - TIIHl =0, hence we have

Jlim, ||R1?,~ - RY”Hl = 0. (4.10)
The proof of
iR, <0, -7, =0 an

is similar and is omitted. Hence, R is continuous on S.

Before the next step, we first state a regularity theorem, (see [12]). Consider the
operator

Lu = D;(a” (x)Dju + b'(x)u) + c'(x)Diu + d(x)u, (4.12)

whose coefficients a’/,b', ¢!, d (i,j =1,...,n) are continuous on a domain Q C R".

Theorem 4.1. Let u € H'(Q) be a weak solution of the equation Lu = p in Q where L is strictly
elliptic on Q, the coefficients a'l,b' (i,j = 1,....,n) are uniformly Lipschitz continuous on Q, the
coefficients ¢ (i = 1,...,n),d are essentially bounded on Q, and the function p is in L*(Q). Also,
assume that 9Q is of class C* and that there exists a function ¢ € H?(Q) for which u — ¢ € H} (Q).
Then one has also u € H*(Q) and

Il i) < C (Il + 1Pl 2@ + 10l e@) for € =C(n, %, K,00), (4.13)

where K = max{||a, b'|.,, llc", dll, }.

Remark 4.2. Theorem 4.1 continues to hold for sufficiently smooth 0Q with ¢ € H?(Q) if we
assume only that the principal coefficients a'/ are in C°(Q).

Step 3. R(S) is precompact.
By Theorem 4.1, one has the following:

||Yn+1”H2(Q) < C<||Yn+1”L2(Q) + | Y(P

n+l

Hz(g)), (4.14)
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where Y:f+1 € H%(Q) is a function for which Y,,,; — Y“D+1 € Hy(Q),

n

'

n+l

”(I)n+1||H2(Q) < C<||(I)n+1“LZ(Q) + ”g(Tn)Yn”LZ(Q) + | @ HZ(Q)>’ (4-15)

where @° € H?(Q) is a function for which ®,.; - ®* € H}(Q),

n+1

1\2 )
Tl < C( Il + [KTYa + AL T @) + [Ty ) 416)
where TZ’H € H%(Q) is a function for which T,,;; - T:fH € Hé (Q).
For (4.14)~(4.16), set
Yn+ b) - Yn+ a
Y? (x) = 1(;_ 1( )(x—a)+Yn+1(a),
(I)n+ - ®n
o7 (x) = 1“’; - +1(a) (x = a) + 1 (a), (4.17)
Tn+ b) - Tn+ a
17,0 = 1O Te@ oy a),

for all x € [a,b].
By (4.17), we obtain that

Y,1(b) = Y1 (a
Y:erl(x)': +1(;_a+1( )(x—a)+Yn+1(a)
) (4.18)
< f 1Y, ldx + V(@) < (1724 e ) My,
for all x € [a,b].
From (4.14), (4.18) and by a simple calculation, we obtain
Y1l o) < C<||Yn+1“L2(Q) + | Y!, HZ(Q)>
4 2
<C <M1 + My\/1V/2 4 C%l + %) o

EYl'
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Using the same formula, we also obtain that

'

n+1

H2(9)>

”ch+1”H2(Q) < C<||(Dn+1||L2(Q) + ||g(Tn)Yn||L2(Q) + | o

4¢?
<C( M+ gl M1+ M\[1V/2 + 21 + Tl
=72,
(4.20)
2
Mol < C(IMtlliay + KT Yo 4 22T @)+ [Ty )
a2 2 4
<C( M+ Ikl M+ A fll,(chyil) ~+ M\ (172 + 1)1 + -
= Y3.
Thus, we have
”RYn”HZ(Q) <1, ||R(Dn||H2(Q) <12, ”RTn”HZ(Q) <y, VneN (4.21)

So, R maps S into a bounded set in (H 2(Q))?, since H2(Q) is compactly imbedded in
H'(Q) (see, e.g., [9]); hence, R(S) is precompact in (H' (Q))°.

Hence by Schauder’s fixed point theorem, R has a fixed point and there exists a
(T,®,Y) € (H! (Q))3 satisfyng (2.17). Thus, we complete the proof of Theorem 2.1.
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