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1. Introduction

Chaos synchronization has been applied in secure communication [1,2], biological systems [3,4], and many other
fields [5-25]. One of the intricate types of chaos synchronization is generalized synchronization, which has been extensively
investigated recently [26-33]. The generalized synchronization is studied by applying pure error dynamics and elaborate
Lyapunov function in this paper.

The pure error dynamics can be analyzed theoretically without auxiliary numerical simulation, whereas the aid of
additional numerical simulation is unavoidable for current mixed error dynamics in which master state variables and slave
state variables are presented, while their maximum values must be determined by simulation [ 34-38]. Besides, the elaborate
Lyapunov function is applied rather than current plain square sum Lyapunov function, V(e) = %eTe, which is currently
used for convenience. However, the Lyapunov function can be chosen in a variety of forms for different systems. Restricting
Lyapunov function to square sum makes a long river brook-like, and greatly weakens the power of Lyapunov direct method.

Based on the Lyapunov direct method [39], generalized synchronization is achieved and a systematic method of designing
Lyapunov function is proposed. The technique is successfully applied to both autonomous and nonautonomous double
Mathieu systems. This paper is organized as follows. In Section 2, the method of designing Lyapunov function is presented,

* Corresponding address: Department of Mechanical Engineering, National Chiao Tung University, 1001 Ta Hsueh Road, Hsinchu 300, Taiwan, ROC.
Tel.: +886 35712121 55119; fax: +886 3 5720634.
E-mail address: zmg@cc.nctu.edu.tw (Z.-M. Ge).

0362-546X/$ - see front matter © 2009 Elsevier Ltd. All rights reserved.
doi:10.1016/j.na.2009.04.020


http://www.elsevier.com/locate/na
http://www.elsevier.com/locate/na
mailto:zmg@cc.nctu.edu.tw
http://dx.doi.org/10.1016/j.na.2009.04.020

5302 Z.-M. Ge, C.-M. Chang / Nonlinear Analysis 71 (2009) 5301-5312

and generalized synchronization is obtained. Section 3 contains the examples of autonomous and nonautonomous double
Mathieu systems, and numerical simulations show the feasibility of the proposed method. Finally, the conclusions are
drawn.

2. Design of Lyapunov function

Consider the master and slave nonlinear dynamic systems described by

x = f(t, X) (2.1)
y=f(t,y) +u(, xy) (2.2)

where x, y € R" are master and slave state vectors, f : R, XxR" — R"is a nonlinear vector function,andu : R, XxR"xR" — R"
is controller vector.

Generalized synchronization means that there is a functional relation y = g(t, X) between master and slave states as
time goes to infinity, where g : R, x R"™ — R" is a continuously differentiable vector function. Define e = y — g(t, X) as the
generalized synchronization error vector, and the error dynamics can be obtained:

e=y—g(x)
. o0g(t,x). 0g(t,x)
= y —_ X —
0x ot
= f(t,y) — Mf(t, X) — 98(t, %) +u(t, x,y). (2.3)
0x at

Based on Lyapunov direct method [39], the scheme of generalized synchronization and the procedure of designing Lyapunov
function are described as follows:
Step 1. Construct a Lyapunov function

1 T
V(t,e) = Ee A(t)e

1A (t)e? 1,\ t)e? lx t)e? 2.4
S €1+222()€2+"'+2nn()en (2.4)

where A(t) = [A;(t)] € R™" is an unknown continuously differentiable positive definite diagonal matrix to be designed.
Its derivative is

) ) 1 ..
Vit,e) = eTA(t)e + 5eTA(t)e

. . . 1. 1. 1.
= Api(t)erer + App(t)exey + - - + App(t)e en + 5)»11(03% + ikzz(f)eg +- 4 E)vnn(t)eﬁ« (2.5)

Step 2. Eq. (2.5) can be rewritten in the following form:
V(t,e) = Gi(h1, An)e? + Ga(Aaa, Aaz)ed + -+ + Gy(huny Ann)e?
+HiRa1, o A, X1, o X Y, -, Y B) T Aqig ey
+Hy (Rt oo Ay X1, oo X Y1, -5 Ve )+ Atz ]e;

+ -+ [Hn()\]]v RN )\nn’ X1y oo X, V15 oo+ 5 Yns t) + )Lnnun]en (26)
where G;(Aj;, iii) and Hi(Aq1, ..oy Apgns X1 -« o s Xy V1, - ... Yo £) (i = 1,2, ..., n) are continuous differentiable functions,
u; (i=1,2,...,n) are controllers to be determined.

Step 3. Eq. (2.6) may be classified as two general forms: (1) All G;(Ai;, A;;) depend on A;i(t) and A;(t), (2) Some of G;j(Ajj, ij)
depend on A;(t) and A;(t), the remaining Gy (A, A1) depend only on Ay (f).

Form (1) All G;(%;i, Aii) depend on A;(t) and A;i(t).
Step 4. Design the controllers u; such that

Hi()"ﬂs~-~7)‘1nn7X17~'~sxn7ylv-~~7yn»t)+)"iiui:O (i:1,2,...,n) (27)

i.e,, current mixed error dynamics has been replaced by pure error dynamics. By Eq. (2.7), we design the controllers u; such
that A; (i=1, 2, ..., n) are linear function of each other with positive coefficients.
Step 5. Design A11(t), A2 (), ..., Ay (t) such that

VE>0, 0<Ami<Ait) <Ay (=1,2,...,n) (2.8)
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where A, i, Ay ji are positive constants, and
Vt >0, Ghiii) <0 (i=1,2,...,n) (2.9)

then the Lyapunov function can be obtained and the generalized synchronization is achieved according to the Lyapunov
direct method.

Form (2) Some of G;(4;;, )ljj) depend on Aj(t) and )'»jj(t), and the remaining Gy (Akk, Xk,<) depend only on )lkk(t).
Step 4. Assume

Yk, () =1 (2.10)
Yk, Hi(Ai1, oo Aans X15 oo, X, Yo -5 Vs B) + A (D)ug = —ey (2.11)
Vi, Hiai, oo Apn X1, oo Xy Yis oo s Vs ) F A (0OU; =0 (2.12)

i.e., current mixed error dynamics has been replaced by pure error dynamics, and appropriately design the controllers
u; i=1,2,...,n) and A;(t) such that

Vvt >0, 0< )\.mjj < )ij(t) < )\.ij (2]3)
where A, j;, Ay jj are positive constants, and
V¢ >0, Gj(Aj Aj) <0 (2.14)

then the Lyapunov function can be obtained and the generalized synchronization is achieved according to the Lyapunov
direct method.

3. Generalized synchronization of double Mathieu systems

In this section, the functional relation between master and slave statesis y; = gi(t, x;)) = a(t)x;+ () (i=1,2,...,n).
To demonstrate the use of the proposed method, two examples of autonomous and nonautonomous double Mathieu systems
are presented.

3.1. Regular and chaotic dynamics of autonomous and nonautonomous double Mathieu systems

The nonlinear damped Mathieu system is [40,41]

X1 =X
. . . 3 (3.1)
Xy = —a(1 + sinwt)x; — (1 + sinwt)x] — ax;.

An autonomous double Mathieu system can be constructed by mutual linear coupling of two Mathieu systems:
X1 =X
Xy = —a(14xa)x1 — (14 X4)X; — aXy + bxs (32)
5(3 = X4 .
x4 = —(1+x2)x3 — a(1 + x)x3 — axq + bx;.

The parameters in simulation are a = 0.5, b = 1-1.254, and the initial condition is x;(0) = 0.1, x,(0) = 0.1, x3(0) =
0.2, x4(0) = 0.2. The phase portraits, Poincaré maps, bifurcation diagram, and Lyapunov exponents are shown in Fig. 1. It
can be observed that the motion is period 1 for b = 1.1, period 4 for b = 1.243, and period 8 for b = 1.246. For b = 1.24,
the motion is chaotic.

A nonautonomous double Mathieu system can also be constructed by mutual linear coupling of two Mathieu systems:

X1 =X

X = —a(1+ sinwt)x; — (1 + sinwt)x3 — ax, + bxs (33)
X3 = X4

X4 = —(1 + sinwt)x3 — a(1 + sin a)t)xg — ax4 + bx;.

The parameters in simulation are a = 0.5, b = 0.9-1, w = 1, and the initial condition is x;(0) = 0.1, x,(0) = 0.1, x3(0) =
0.2, x4(0) = 0.2. The phase portraits, Poincaré maps, bifurcation diagram, and Lyapunov exponents are shown in Fig. 2. It
can be observed that the motion is period 1 for b = 0.9, period 2 for b = 0.93, and period 4 for b = 0.934. For b = 1, the
motion is chaotic.
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Fig. 1. (a) Phase portraits and Poincaré maps (b) Bifurcation diagram (c) Lyapunov exponents for autonomous double Mathieu system.

3.2. Generalized synchronization of autonomous double Mathieu systems

The master and slave autonomous double Mathieu systems can be described by

)'(1 =X
X = —a(1+x4)x1 — (1 —|—x4)xf — ax, + bxs (3.4)
)‘(3 = X4 .

X4 = —(1+x)x3 —a(1l +x2)x§ — ax4 + bxq
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Fig. 2. (a) Phase portraits and Poincaré maps (b) Bifurcation diagram (c) Lyapunov exponents for nonautonomous double Mathieu system.
yi=Yy2+u
. 3
Y2 = —a(1+yayr — (1+ya)y] — ay> + bys + u; (3.5)
Y3 =Ys+ U3
. 3
Va=—(1+y2)ys —a(l+y2)y; — ays + byr + us.

The parameters in simulation are a = 0.5, b = 1.24, and the initial condition is x;(0) = 0.1, x,(0) = 0.1, x3(0) = 0.2,
x4(0) = 0.2,y1(0) = 0.3,y,(0) = 0.3,y3(0) = 0.4, y4(0) = 0.4.
Lete; = y; — a(t)x; — B(t) (i = 1,...,4) and subtract Eq. (3.4) from Eq. (3.5), then the error dynamics can be

obtained:
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ex — a()xg + (1) — B(t) +uy

—ae; — ae; + bes — a(y1ys — a(O)xixa) — [(1+ya)y] — a()(1 + x4)x3]
—&(t)xa + (b — 20)B(t) — B(t) +uy

es — a(t)xs + B(t) — B(t) + u3

—e3 — aeq + bey — (yay3 — a(t)xx3) — al(1 +yz)y§ —a(t)(1 +X2)X§]
— (x4 + (b —a—1B(t) — B(t) + ua.

(3.6)

Step 1. Construct a Lyapunov function

Vi(t,e)

= 1eTA(t)e
)

1 2, 1 2, 1 2, 1 2
= Eln(t)e] + 5}»22(062 + 5)»33(093 + 5)»44(t)€4~ (3.7)

Its derivative is

V(t,e)

1. . 1. .
= 5)‘-11(06% + An(b)eer + Elzz(f)eg + A (t)eze;

1. . 1. .
+ 5)»33(03% + Asz(t)esés + 5)»44(03421 + Laa(t)eqly. (3.8)

Step 2. Eq. (3.8) can be rewritten in the following form
V(t,e) = Gi(h, }\11)9% + G2 (A2, izz)eg + G3(As3, }\33)95 + G4(Aag, 5»44)33;

where

+[H1 (A1, oo Aags X1y oo, X4, Y10 - -0, Yas £) + Aqplig]ey
4+ [Ha(XM1y - ooy Aaay X1 - o o5 X4, V15 - - 5 Ya, £) + Apaliz]es
+[Hs(A11, -0y Adgy X1, oo, X4, Y1, - -+, Y4, ) + Azsus]es
+ [Ha(R11, -0 Aag, X1, 000, X2, Y15 - -+ Va, £) + Aaglig)ey (3.9)

Gi(A1, A1) = 5)»11(1“) — A11(t)

Go(A2, Ap2) = 5)»22 (t) — ary(b)

G3(A33, A33) = 5)»33 (t) — As3(t)

Ga(Aag, Aag) = 5)»44(1“) — ahgq(t)

(3.10)

Hi(ts - -0, £) = Aa(O[—6(O)x1 + B(E) — B(t) + e1] + braa(b)eq
Hy(hi1y -y 8) = App(0)er + Ap(O)[—aeq — a(yays — a(O)xax1) — (14 ya)y3 — a(t)(1 + x4)x3)

—&(t)x, + (b —2a0)B(t) — B(D)]

H3z(Mq1, ..., t) = bAyn(t)es + Ass(O)[—a(t)xs + B(t) — B(t) + es]
Hy(uar, ..o ) = Aaz(t)es + haa(t)[—es — (23 — a(D)xax3) — a((1 + y2)y3 — a(t)(1 + x2)x3)

—&(t)xg + (b —a— D) — B(O)].

Step 3. Since all G;(\j;, Rid) depend on A;(t) and iii(t) (i=1,...,4),Eq.(3.9)can be classified as form (1).
Step 4. Design the controllers

u =
U, =

Us =

Uy =

—y1 — bya + (a(t) + &(t))x1 + ba(t)xa + b (L) + B(t)
a(y1ya — a(O)x1xa) + (1 +ya)y3 — a(O)(1 +x0)x; + & ()x, — (b —20)B(t) + B(t)

—by; — y3 + (a(t) + &(t)xs + ba(t)xy + bA(t) + B(t)
1 1 (3.11)
V2y3 — a()Xax3 + a(1 + y2)y3 — a()(1 + x)x3 + (1 - 5) V3 — (1 - E) a(t)xs

+ 6 (t)xg — (b —a-— (11) B(t) + B(t)
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Hi(h1, ooy daa X, 0 X4, Y1, - Vs ) 40D =0 (i=1,...,4)

and A;; (i = 1, ..., 4) are linear function of each other with positive coefficients:

A11(t) = Aga(t)

1
A (t) = —An(b)
a

1
A33(t) = —Aq11(0).
a

Now, the mixed error dynamics is replaced by pure error dynamics:

V(t,e) = G (A, A11)e2 4 Gy (Ao, Ax)es + G3(A33, h33)e3 + Ga(haa, Aaa)ed.

Step 5. Design

1
ri(t) =
n® =1
Axn(t) = L
2 T a(l14eh)
1
A(t) = ——
50 = 20
1
Aaa(t) =
u®) = T
such that

VE>0, 0<Xinpn() =
Vt >0, 0<Amp()=
Vi >0, 0<Amas(t)=
Vt >0, 0< Ana(t) =
VE>0, Gi(h1, i) =

Vt >0, Gy(hy, An)=

Vt >0, Gs(hsz, Asz)=

Vt >0, Ga(hag, has) =

<A@ £ () =1

< Ap(t) < Aup(t) =

[ =R =l=
Q| == Q| =

< A33(t) < Anas(t) =

Q

< Aga(t) < Amaa(t) =1

— N =N

Za1(t) — A (e
: 1) — A (t)
—2—et
— <0
2(1+e1)2

1.
5)\22(1“) — aAx(t)
—2a+ (1 —2a)e!t

2a(1 + e )2
—1

(1+e7t)2

1.

5)\33@) — As3(t)
—2—et

2a(1 + e~ t)2

—2—et

(1+e71)2

1.

5)»44(0 — daq(t)

—2a+ (1 —2a)e™t

2(14+e71)2
-1

2(1 +et)2

<0 (. a=0.5insimulation)

<0 (. a=0.5insimulation)

<0 (.-a=0.5insimulation)
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(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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Fig. 3. (a) Phase portraits of master system (b) Phase portraits of x; to y; (i = 1, ..., 4) when generalized synchronization is obtained (c) Time history of
€eITors.

then the Lyapunov function can be obtained

1 - 1 - 1 - 1 5 (3.18)
e e e e .
20+e ) ' 2a(1+et) 2 2a(14et) > 2(1+4et) ?

V(t,e) =

and
24t 1 ,  24et 1 )
- —e] — —e; — ——e5 — —ej.
2(14+e7%)? (14 e7t)? (146792 2(1+e74)?

V(t, e) = (3.19)
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Fig. 4. (a) Phase portraits of master system (b) Phase portraits of x; toy; (i = 1, ..., 4) when generalized synchronization is obtained (c) Time history
of errors.

Since Lyapunov global asymptotical stability theorem is satisfied, the global generalized synchronization is achieved.
a(t) = sinwt, B(t) = cos wt are chosen in simulation, and the results are shown in Fig. 3.

3.3. Generalized synchronization of nonautonomous double Mathieu systems

The master and slave nonautonomous double Mathieu systems can be described by
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X; =X

X = —a(1 + sinwt)x; — (1+ sinwt)x; — ax, + bxs

X3 = X4

X4 = —(1+ sinwt)xs —a(1+ sinwt)xg — ax4 + bx
Vyi=Yya+u

Y2 = —a(1 +sinwt)y; — (1 + sin wt)y3 — ay, + bys + u,
Y3 =Ys+us

ya = —(1+sinwt)y; — a(1 + sinwt)y; — ays + by + ug.

(3.20)

(3.21)

The parameters in simulation are a = 0.5, b = 1, w = 1, and the initial condition is x;(0) = 0.1, x,(0) = 0.1, x3(0) = 0.2,

x4(0) = 0.2,y1(0) = 0.3, y,(0) = 0.3, y5(0) = 0.4, y4(0) = 0.4.

Lete; = y;—a(t)x;— B(t) (i=1, ..., 4) and subtract Eq. (3.20) from Eq. (3.21), then the error dynamics can be obtained:

ér = ey —a(O)x + B(6) — B(O) +uy

é; = —a(1+ sinwt)e; — ae; + bes — (1 + sinwt)(y3 — a(t)x3) — &(t)x,
+ (—a(1 +sinwt) —a+b)B(t) — () + uy

é3 = es —a(Dxs + (D) — B(O) +us

és = (1+sinwt)es — aeq + be; — a(1 + sinwt)(y3 — a(t)x3) — 6 (t)x4
+(=(1 +sinwt) —a+b)B(t) — B(t) + ua.

Step 1. Construct a Lyapunov function

1 T
V(t,e) = Ee A(t)e

1 2, 1 2, 1 2, 1 2
Eln(t)e] + 5}»22(062 + 5)»33(093 + 5)»44(t)€4~

Its derivative is

. 1. 1. -
V(t,e) = Ekn(t)Ef + Aqi(t)eier + Ekzz(f)eg + An(t)eze;

1. ) 1. .

+ 5)»33(03% + As3(t)eses + 5)»44(03‘2; + Laa(t)eqey.

Step 2. Eq. (3.24) can be rewritten in the following form

V(t,e) = Gi(h, }\11)9% + G2 (A2, izz)eg + G3(As3, 5\33)6’% + G4(A4a, 5»44)63;

+Hi(R1, -0, Aag, X1, oo Xa, Y1, - -2, Ya, ) + At ]eg
+[Hy(R1, - ooy Aag, X1, oo o, X4 Y1, -2, Ya, ) + Atz e
+[H3(R1, ..o, Aag, X1, oo o, X4, Y1, - -+, Ya, £) + Assliz]es
+[Hs1, ooy Aday X1, ooy X4y Y15 o5 Yas £) + Asalig)ey

where

. 1.

G1(A1, A1) = Ekll(f)
. 1.

Ga(Ax2, Ap2) = Ekzz(t) — axn(t)
. 1.

G3(A33, A33) = 5}»33(0

Ga(hag, hag) = %i44(f) — aAgqy(t)

Hi(Ay -0 ) = An(O[=a(0)x1 + B(E) — B(O)] + braa(t)es

Hy(A1s ..., 8) = Aqi(t)er + App(O)[—a(1 + sinwt)e; — (1+ sinwt)(y] — a()x3) — d(t)x,
+(—a(1 +sinwt) — a+ b)) — B(1)]

H3(Mi, ..., ) = baga(t)es + Az (O)[—a(0)xs + B(E) — B(0)]

Hy(A1, ... £) = Asz(t)es + Aaa(O)[—(1 4 sinwt)es — a(1 + sinwt) (y3 — a(£)x3) — @(t)xy
+ (—=(1+sinwt) —a+ b)A(t) — Bb)].

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)
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Step 3. Since some of G;(Aj;, iﬂ) depend on A;;(t) and iﬁ (t) j = 2, 4), the remaining Gy Ay, ik,<) depend only on )lkk(t) (k=

1, 3), Eq. (3.26) can be classified as form (2).
Step 4. Assume

An() =1
Ass(t) =1

Hi(A1, ooy Aags X1, -0 X4, Y1, -2, Y4, B) A1 (DU = —ey
H3(A11, ooy Aaa, X1, oo, X2, Y15 -0 25 Ya, £) + Asz(D)us = —es

Hy(Aq1, ..oy Aaas X1, o, X4, Y1, -+ -5 Y4, £) + Agp (DU =0
Hy(Aa1, ooy Aags X1, oo X, Y1, -+ o5 Y4, £) + Agg(Dug =0

and appropriately design the controllers u; (i = 1, ..., 4) and Ay, (t), Aga(t)
b . ba(t) bB(t) :
U =—y1 — ———ya+ (@(t) + a(t)x + xs+ + B(t
! N 2+sinwty4 (@(®) +atm 2 4 sinwt 4 2 4 sinwt pO

Uy = —ay; + aa(t)x; + & (t)x; + (14 sinwt)(y3 — a(t)x3) + (asinot + 3a — b)B(t) + A(t)

Uy = =y — Dy @O +aO + 2D PPO

2 + sinwt 2 + sinwt 2 2 + sinwt

Uy = —y3 + a(t)xs + a(t)xq + a(l + sinwt)(yg — ot(t)xg) + (sinwt +a— b+ 2)B(t) + B(t)

Apllt) = ———
2l() a(2 + sinwt)
1
Agg(t) = ——
() 2 + sinwt
such that

1
Vt>0, 0<ipp= < App(t) < Amzp = —
a

VE>0, 0<Xtpag=z <Ag(t) <Aiysg=1

wim ]

Vt >0, Gy(Ax,A2)= Ekzz(f) — aky(t)

—(4a + 2asin wt + w cos wt)
2a(2 + sin wt)?
—(2 +sint 4 cost
= @+ - + ) <0 (-a=0.5,o=1insimulation)
(2 + sint)?
VE >0, Ga(has, hag) = 55»44(f) — aAgqy(t)
_ —(4a + 2asin wt + w cos wt)
2(2 + sin wt)?
—(2 4+ sint + cost)

- 2(2 + sint)? <0 (.a=0.5,»=1insimulation).
sin

Now, the mixed error dynamics is replaced by pure error dynamics:

V(t,e) = [Gi(An, A11) — r1led + Ga(Ana, }»zz)ei + [G3(A33, Azz) — A33)€3 + Ga(hag, }»44)331-

Then the Lyapunov function can be obtained

1 2 1, 1 2

1
V(t,e) = —e? e [ —
¢ i B 22 +sinwt) 4

- e
2 2a(2 + sin wt) 25

and
2+sint +cost 2+sint +cost

Vt,e:—ez——e —e2 2
¢ 1 2+sint)2 2 3 22 +sint)? 4

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

Since Lyapunov global asymptotical stability theorem is satisfied, the global generalized synchronization is achieved.

a(t) = sinwt, B(t) = cos wt are chosen in simulation, and the results are shown in Fig. 4.
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4. Conclusions

The generalized synchronization is studied by applying pure error dynamics and elaborate Lyapunov function in this
paper. By classification of the forms of V(t, e), the complexity of designing suitable Lyapunov function is reduced greatly.
The proposed method is effectively applied to both autonomous and nonautonomous double Mathieu systems.
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