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Bandwidths and Profiles of Graphs

Student : Yu-Ping Tsao Advisor : Gerard J. Chang

Department of Applied Mathematics
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ABSTRACT

Bandwidth and profile in graph theery are wseful parameters for many real applica-
tions. These two parameters haye been extensively studied in the literature, This thesis
emphasizes the study of these parameters én-composite graphs.

We first discuss the bandwidth problem. The problem asks for a linear layout of a
graph to minimize stretching of edges. More precisely, the bandwidth of an injection
f:V(G) = Nis By(G) = uggé) |f(u) — f(v)]. The bandwidth B(G) of a graph G is
min B;(G) over all such injections f. In this thesis, we consider the problem for three
kinds of distance graphs, including G([n|, D), G(Z,, D) and G(N, D). We also consider
several composites of them with arbitrary graphs. For some of these composites graphs
we give exact values, and for some we only offer sharp bounds (both upper and lower
ones).

We then study the profile problem. The problem is tightly related to the band-
width problem. A profile of a proper numbering f : V(G) — [|V(G)|] is P¢(G) =

m]%fc]( f(v) = f(x)), where N[v] means the closed neighborhood of v. The profile
rzeN|v

veV(Q)

P(G) of a graph G is min P;(G) over all such proper numberings f. In this thesis, we con-
sider the problem for product of graphs and composition of graphs. In the part of product

of graphs, we barely obtain the profiles of K,, x K,, (K,V G) x K, for |V(G)| =t < s

il



with n > 4 and P,, X K,,. In the part of composition of graphs, we establish both sharp
upper and lower bounds of the profile of G[H], and proceed to determine the exact value

when G is an interval graph as well as certain graphs.
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Chapter 1

Prologue:
Introduction

In this chapter, we first describe motivations for studying the bandwidth and the
profile problems. We then introduce some definitions needed in this thesis. Finally, we

give an overview of our results.

1.1 Derivations of the problems

For an n x n symmetric matrix [A]'= {az;ldefine the row width w; of row i (1 < i < n)
as w; = max{0,7 — min{j : a;; # 0}}+-The bandwidth B(A) of the matrix A is max w;,

and the profile P(A) of the matrix is Z w;. For storage, the bandwidth represents
the maximum length of a row that mu;‘cS Zf)g stored, and the profile represents the total
amount of storage needed. In order to reduce both of them such that matrix operations
can be performed faster, we need to permute the rows and columns of A simultaneously so
that all nonzero entries of the resulting matrix lie near the diagonal and has the smallest
bandwidth(profile). There is a direct one-to-one correspondence between symmetric (0, 1)
matrices with diagonal elements 0 and graphs. The position of the nonzero entries of an
n X n symmetric matrix can define an adjacency matrix of a graph G on n vertices. So
these problems can be reformulated in terms of graphs.

The two problems of graphs have a wide range of applications including solving lin-
ear equations, interconnection network, constraint satisfaction problem, data structure,

coding theory and circuit layout of VLSI designs, which are introduced in [45]. Those

problems become very important since the mid-1960s.
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1.2 Basic definitions in graphs

This section gives some basic definitions and notation in graph theory. Other special
definitions are mentioned later when they are used.

A graph G consists of a vertex set V(G) and an edge set E(G), where each edge is
an unordered pair {u, v} of vertices called its end-vertices. For convenience, we write uv
for an edge {u,v}. If wv € E(G), then u and v are adjacent. The cardinality of V(G)
is called the order of G, and the cardinality of E(G) the size. The degree of a vertex v
in a graph G, written dg(v), is the number of edges containing v. The mazimum degree
is denoted by A(G) and the minimum degree by §(G). In a graph G, the neighborhood
of a vertex v is Ng(v) = {z € V(G) : 2zv € E(G)} and the closed neighborhood of v is
N¢lv] = {v} U N(v). If there is no ambiguity, we often use N(v) for Ng(v) and Nv] for
Ng[v]. A clique in a graph G is a set of pairwise adjacent vertices. A vertex v of a graph
G is simplicial if N(v) is a clique,

A loop is an edge whose end-vertices are‘equal. Multiple edges are edges having the
same pairs of end-vertices. A simple graphis-a-graph having no loops or multiple edges. An
isomorphism from a simple graph G to-a simple graph H is a bijection f : V(G) — V(H)
such that uv € F(G) if and only if f(u)f(v) € E(H). We say "G is isomorphic to H”,
written G = H, if there is an isomorphism from G to H. A subgraph of a graph G is
a graph H such that V(H) C V(G) and E(H) C E(G). For a subset S C V(G), the
subgraph induced by S is the graph Gg with V(Gg) = S and E(Gs) = {zy € E(G) :
z,y € S}. The complement of a graph G, written G, is a graph with V(G) = V(GQ)
and E(G) = {zy ¢ E(G) : 2,y € V(G)}. A matching in a graph G is a set of non-loop
edges with no shared endpoints. The vertices incident to the edges of a matching M are
saturated by M; the others are unsaturated. A perfect matching in a graph is a matching
that saturates every vertex.

A path is an ordered list of distinct vertices (vg, vy, ..., v,) such that v;_jv; is an edge
for 1 < i < n. The first and last vertices of a path are its end-vertices. A wu,v-path
is a path with end-vertices v and v. If a graph G has a u,v-path, then the distance

from u to v, written d(u,v), is the least length of a w,v-path; if G has no such path,



CHAPTER 1. PROLOGUE: INTRODUCTION 3

then d(u,v) = co. The diameter d(G) of a graph G is the maximum distance between
two vertices in GG. A graph G is connected if it has a u, v-path for each pair of vertices
u,v € V(G). The components of a graph G are its maximal connected subgraphs. The
connectivity of a graph G is the smallest number x(G) of vertices whose removal from G
results a disconnected graph or a trivial graph. The independence number o(G) of G is
the maximum size of a pairwise nonadjacent vertex set in G.

A cycle is an ordered list of distinct vertices (vg, vy, ..., v,), except vg = v, such that
all v;_qv; for 1 <17 < n are edges. A graph is called Hamiltonian if it has a cycle containing
all vertices of the graph. A graph with n vertices that is a path or a cycle is denoted by
P, or C,,, respectively. A complete graph of order n, written K, is a graph in which every
pair of vertices is an edge. A complete r-partite graph is a graph whose vertex set can be
partitioned into disjoint union of r nonempty parts, and two vertices are adjacent if and

only if they are in different parts. ;We use K, 5. . n, to denote the complete r-partite

graph whose parts are of sizes ny, Mo, -,/ respectively.

The join of G and H, written. G V H. is' the graph-having vertex set V(G)UV (H) and
edge set E(G)UE(H)U{zy : x €V(GY and y € V.(H)}. An n-wheel is a graph obtained
from the join of C,_; and an isolated vertex.

The Cartesian product of graphs G and H, written GLIH, is the graph with vertex
set V(G) x V(H) such that (x,y) adjacent to (z',y’) if and only if either x = 2’ with
yy € E(H) or y =4y with z2’ € E(G).

The product (or tensor product) of two graphs G and H is the graph G x H with
vertex set V(G) x V(H) such that (z,y) is adjacent to (z',¢') in G x H if za’ € E(G) and
yy' € E(H). Notice that G x H has |V(G)||V(H)| vertices and 2|E(G)||E(H)| edges.

The strong product of two graphs G and H is the graph GX H with vertex set V(G) x
V(H) such that (x,y) is adjacent to (2/,v') in G W H if and only if 22’ € E(G) with
yy € E(H), x =2’ with yy' € E(H), or y =y with za’ € E(G). Notice that GX H has
\V(G)||V(H)| vertices and 2|E(G)||E(H)| + |E(G)||V(H)| + |V(G)||E(H)| edges.

The composition of two graphs G and H is the graph G[H] with vertex set V/(G)xV (H)

such that (z,y) is adjacent to (2/,y’) in G[H] if z2’ € E(G) or x = 2/ with yy' € E(H).
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Notice that G[H] has |V (G)||V (H)| vertices and |E(G)||V(H)|> + |V(G)||E(H)| edges.
The corona of two graphs G and H, denoted by G A H, contains one copy of G and
|V (G)| copies H such that each vertex of G is joined to every vertex of corresponding
copy of H.
For convenience, in either case of the Cartesian product, tensor product, strong prod-
uct, and composition, suppose V(G) ={z; : 1 <i < |V(G)|} and V(H) ={y; : 1 < j <
\V(H)|}. We may write (x;,y;) as v; . Let R; = {v;; : 1 < j <|V(H)|} represent the ith

row (a copy of H) and C; = {v;; : 1 <1i <|V(G)|} the jth column (a copy of G).
1.3 Survey of previous results

The first survey article on bandwidth was given by Chinn, Chvatalova, Dewdney, and
Gibbs [4]. It provided many key concepts and inequalities upon which more later work
is based. Some additional survey material was included in Chung [7]. Another excellent
resource was written by Miller [55]. Lai and/William gave a goodly new looking back on
bandwidth, edge sum and profile before millennium {45].

A large number of approximation algorithms for bandwidth and profile had been ex-
tensively studied in the literature. Approximation algorithms for general graphs included
those given in [3, 11, 14, 18, 20, 28, 31, 33, 41, 53, 59, 60, 63], and for trees or caterpillars
in [19, 22, 56].

A considerable amount of work providing bounds on the bandwidth of graphs had been
published, see [25, 26, 27, 47]. We now list some of the important bounds on bandwidth
below.

For a connected graph G, Chung and Seymour [8] provided the local density lower

bound,
V(G) -1
G
where G’ ranges over all connected subgraphs of G with |V(G’)| > 2. They also showed

B(G) > max

that even in a tree with low local density the bandwidth can be arbitrarily large.

Lin [48] showed that for a connected graph G,

|S|—1
B >
(G) 2| max  max =
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where Sy = {S C V(G) : S is a maximal subset with diameter k}.

Let graph G be of order p and size g. It was conjectured by Chinn and then proved
and published by Dutton and Brigham [13] that B(G) < 2. Alavi, Liu, and McCanna
[2] gave additional material to this inequality.

Lai and Williams [44] showed that, for connected graph G, B(G) > p — r, where
r=max{r € Z : z(x — 1) < p(p — 1) — 2¢}. This bound is tight for all values of p
and ¢. Alavi, Lam, Wand, and Yao [1] provided a related result as well as a number of
bandwidth bounds that hold for special classes of graphs. Miller [55] had a similar lower
bound

B 14+ +/(2p—1)2—8¢
5 :

B(G) >p
and showed the others such like

B(G) > w(QuB(@) > L 1.

= (@)
Hare, Hare and Hedetniemi [24] showed that the bandwidth of a tree is bounded above
by the width of the tree, where width is defined as the-maximum number of vertices in any
level of a level structure on the tree: Dela ' Véga [12] gave some results on the bandwidth
of random graphs.
Very few general bounds were known for the profile of a graph. Lin and Yuan [49]
showed that P(G) > ¢ for any graph GG. They also showed that

G)(2p — K(G) — 1)
5 :

PG> ™

Lai and Williams [44] provided an existence result for graphs with a given profile.

Given integers p > 2 and 0 < ¢ < @, there is a graph G of order p and size ¢ such
that P(G) = q.
The bandwidth and profile problems have been solved for a number of classes of graphs.

[45] summarized the known exact results on many of the composite graphs.

1.4 Overview of the thesis

In this thesis, we study bandwidth and profile of graphs. We give a brief overview of

the thesis.
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In Chapter 1, we introduce basic definitions, terminologies and symbols in graphs. We
also describe motivations of studying the bandwidth and the profile problems, and known
results on these problems.

Chapter 2 is devoted to the bandwidth problem for some composites of three kinds
of distance graphs (on G([n|, D),G(Z,,D),G(N, D), respectively) with others, such as
Cartesian product, tensor product, strong product, composition and corona.

Chapter 3 considers the profile problem. The formal half of this chapter is to present
the profiles on products of complete graph with some other graphs. The latter half
discusses the profiles on composition of two general graphs.

Chapter 4 makes a conclusion, in which we also give some open problems.



Chapter 2

Allegro:
The Movement of Bandwidth

2.1 Preliminary for bandwidth

From Section 1.1 in Chapter 1, we know that the bandwidth problem can be defined
in terms of graphs as follows.
A proper numbering of a graph Glis a1-1 mapping f : V(G) — N. The bandwidth of

a proper numbering f of G is

By(G)is, max [f(@) — f(y)],

zycE(G)

and the bandwidth of G is
B(G) = min{B{(G) : f is a proper numbering of G}.

A proper numbering f is called a bandwidth numbering of G if B¢(G) = B(G).

The bandwidth problem for a graph which asks for a linear layout to minimize stretch-
ing of edges (for VLSI circuit layout application) has been extensively studied during the
past two decades.

From algorithmic points of view, the decision problem was shown to be NP-complete
by Papadimitriou in [57]. Garey, Graham, Johnson, and Knuth [16] showed that the
problem is NP-complete even for trees of maximum degree 3. Although many upper
and lower bounds for bandwidths of graphs were developed in terms of various graph

invariants, while the exact values or algorithms of bandwidths were only known for a

few classes of graphs [10, 26, 30, 34, 38, 46, 48, 58], such like B(P,) = 1, B(C,) = 2,

7
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B(K,) =n—1, B(Ky,) =m+ %] for m <n, and

max m; + 1

B(Komymyoomi) = >, 15 — {%J BQ.)= > (é), ..etc.

0<k<n—1
Among the non-algorithmic results for bandwidths, researchers are more interested in
graphs from graph operations. The classes of graphs in this line include Cartesian prod-
ucts, tensor products and strong products of certain graphs [9, 10, 23, 29, 42, 43, 64,
65, 67, 68|, sum, composition and corona of certain graphs [5, 6, 40, 51, 52, 66]. The
purpose of this chapter is to study bandwidths on three kinds of distance graphs and on
the composites of the three kinds of distance graphs with others.

Let N denote the set of positive integers, [n] be the set {1,2,...,n} and Z,, means the
set of integers modulo n. We use {1,2,...,n} for Z, if it is not vague. The first distance
graph G([n], D) we will handle is a graph with vertex set [n] and edge set {ij : ¢,5 € [n]
and |i — j| € D}, where D is a finite subset of [n].“The second one is G(Z,, D) is a graph
with vertex set Z,, and edge set{ij.: i,J € Zy and i-= j £ = (mod n) for some x € D},
where D is a subset of H%H The last‘one is-G(N; D) which is an infinite graph with
vertex set N and edge set {ij : 4, 7€ N and |i —j|'€ D}, where D is a finite subset of N.

In this chapter, we always let D = {aj,as,...,a;} and denote max D by \. Besides,
H is assumed to be a connected graph of order m with V(H) = {y; : 1 < j < m} and we
use v; ; to represent (7,y;). In the following, we lead some properties which will be used

later.
Proposition 2.1.1 If G’ is a subgraph of G, then B(G') < B(G).

Proposition 2.1.2 If a finite graph G with components G; (1 < i < m), then B(G) =

max B(G;).

1<i<m
For S C V(G), 0S denotes the set of vertices in S which are adjacent to some vertices

in V(G)\ S. For a proper numbering f, let S{ = {v € V(G) : f(v) >t + 1}.

Proposition 2.1.3 If f is a bandwidth numbering of a connected graph G, then B(G) >
0S]| fort € N.
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Proof. Let |9S/| = k,. By the definition of S}, max f(v) > ki +t. We then have
veDS]

B(G) = max |f(z) = f(v)l

zyeE(G

Vv

max{f(z) — f(y) : 2 € 9S{ and y € N(z) N (V(G)\ S{)}

Vv

max f(v) —t
UG@S{

ki

Vv

185/ |.

Proposition 2.1.4 ([8]) If G is a finite connected graph, then B(G) > m(gx‘vfi%),l)_l,

where G' ranges over all connected subgraphs of G with |V (G")| > 2.
2.2 Bandwidths on G(|n};£)) and the composites with
others

2.2.1 Bandwidth on G([n], D)

Let us start with two lemmas related to our later assumption. They are easy to prove.
Lemma 2.2.1 If ged(n, D) = d, then G([n], D) = dG([%],2) and hence B(G([n], D)) =
B(G([3],9)-

Lemma 2.2.2 [f gcd D = d and ged(n,d) = 1, then
G([n), D) = (n—d |5 )G(|| 5] Dyo@—n+ad =hed 5] D
’ d dll’d d dll’d

and hence

BG(al. D) = wac{BG([5]]. D0 me(|5]] 90}

By the lemmas above, we may assume later that D is co-prime. Let

X = {(u,)lf Z aiuizl,uiEZ},

1<i<k

1 <
c = m1n{§ Z a(u; + |ug]) © (u;)] GX}’ and co = M

1<i<k
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Notice that X # () since D is co-prime. There is one thing we need to mention is that
co depends on D.

We call (p,q) ={i:p<i<gq,i€Z} for p,q€Z, a discrete interval on Z.
Theorem 2.2.3 B(G([n], D)) = A for n > 2coA* — (2¢o + 1)\ + 3.

Proof. First, consider the numbering g : V(G(n|,D)) — [n] defined by g¢(i) = i.
Trivially, B(G([n], D)) < B,(G([n], D)) = A\. Next, we must show B(G([n],D)) > A
if n is larger than a certain number which is decided by D.

Let f be an optimal labeling and {f~1(:) : 1 < i < to} = 1<%J<m<pi,qi>, where t; =

coA? — (co+ DA +2and p; < ¢; < piy1 < Gy With piyy — g >2for 1 <i<m —1.
In the case of m > ¢oA, for each ¢ € [0, A — 1] NZ, let
N® = {Q1+£co + Z QWi * q1peg Z At € (Qreeo + 1, Qigoe, +€) N St];} .
1<i<k 1<i<k

As X # 0, N #£ (). Choose iy = qysgee, + Z aiuy) with

1<i<k

= min{ Z L] 2 Gi% pe, + Z a;u; € N(e)} )

1<i<k 1<i<k

5 i

1<i<k

> A Forl <j <k, let

2
,]/

We claim that i, € N(1<LJ< (pi, ¢;)), and thus we have ‘85{;
68 ©

Ui = Qlibeo + Z aiuge) +a; (uj —sgn(uy))). By the meaning of i,, there is an u
1<i#j<k
with i € e (pi, qi), and so i, is incident to 4 ; through the definition of G([n|, D).
Stsm

>0

Thereupon, we consider the case of m < coA—1. Because n > 2cgA? — (2co+1)A+3, by
the Pigeonhole’s Principle, there is a discrete interval (x,y) in St]; and a discrete interval
(z,w) in S_g; of order at least A, respectively. Without loss of generality, we may assume
w < z. For each i in (w — A+ 1,w), let i + hA = min{i+h)\:z’+h)\€ S{;,hEN}.
We claim that i + h;A exists for each i € (w — A + 1,w). If so, since all ¢ + h;\'s are

trivially different, then ’85{;

> \. We only need to show that for each i € (w—A+1,w),
there exists h € N such that i + hA € (x,y). If there is a i € (w — A + 1,w) such that
i1+hA<xz—1ori+h\>y+1foreach h € N, suppose i+ h is the largest number such

that i+hA <ax—1,theni+(h+ 1A >y+1. Fromi+hl <z—-1<y+1<i+(h+1)A,
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we have A\+1 < (y+1)—(z—1) < (i+ (h+1)X) — (i + hA) = A, a contradiction.
Otherwise, suppose i + hA is the smallest number such that ¢ + hA > y + 1. This
forces i + (h — )N <z —1. Fromi+h\ >y+1>ax—1> i+ (h— 1)\, we have

A+1<(y+1)—(z—1) < (i+h\) —(i+ (h—1)\) = A, a contradiction too. |

Corollary 2.2.4 If1 € D, then B(G([n], D)) = X forn > 2X* — 3\ + 3.
Proof. Clearly, co = 1if 1 € D. The result follows from By Theorem 2.2.3. [

We remark that if A is large enough in proportional to n, the formulas in Theorem
2.2.3 and Corollary 2.2.4 are both not confidential. For example, B(G([5],{2,3})) =
2 # max{2,3} and B(G([8],{3,4})) = 3 # max{3,4}. See Figure 2.1 for a bandwidth
numbering of G([8], {3,4}).

By (G([8],{3,4})) = 3 # max{3, 4}
Figure 2.1: A bandwidth numbering of G([8],{3,4}).

2.2.2 Bandwidths on the composites of G([n], D) with others

In the following, let € = min { Z lui| : (ug) € X }, where we use precisely the same
1<i<k

notation X as in Subsection 2.2.1. As it should be, ¢ also depends on D.

Theorem 2.2.5 B(G([n], D)OH) = m\ forn > emA3+ (m? — (e +1)m —e)\* — (2m —

e—2)A+2.

Proof. Obviously, the labeling g on G([n], D)OH defined by ¢(v; ;) = (i —1)m+ j makes
mA the upper bound. Because d(G([n], D)) < |%2] +e(A—1), d(H) < m — 1, and
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d(G([n], D)OH) < d(G([n], D))+ d(H), we have [me > “ﬂ nm—1 w

+e(A-1)+m—1

By solving the inequality

nm—1 <
rlte(A-1)+m—1

mA\ — 1,

we know that if n > emA3 + (m? — (e + 1)m — )A\* — (2m — & — 2)A + 2, then

nm — 1
mA — <1,
LTJ +€()\—1)+m—1
and therefore h"ljer(nA_ll)Jr 1—‘ = mA. From Proposition 2.1.4, we get
> TEAaT ) mme

nm — 1 nm — 1
B(G(lnl, DYDH) 2 [d(GQnLD)DHJ - [d(eqnw» +d<H>W = mA

forn>emXA+(m? —(e+1)m—e)A? — (2m —e—2)A+2. ]

Remark: If m = 1 in Theorem 2.2.5, then‘we obtain another version of proof of
Theorem 2.2.3. They have alniost the Same tesults. The slight and most important

difference between them is the degrees of-A'in the lower bounds restriction on n.

Corollary 2.2.6 If 1 € D, then B(G(nl;P)OH) = m\ for n > mA\3 + (m? — 2m —
DA — (2m — 3)\ + 2.

Proof. Clearly, e =1 if 1 € D. The result then follows from Theorem 2.2.5. Notice that

mA® + (m? —2m — 1)A? — (2m — 3)\ + 2 is almost independent of D. ]

Theorem 2.2.7 B(G([n], D) A H) = (m + 1)\ for n > e(m + 1)\ + (2m — me — 2¢ +
2)A% — (m—e+2)A + 2.

Proof. Let H; be the copy of H corresponding to ¢ € V(G([n], D)). Define the labeling
g on G([n], D) A H by numbering the vertices in G([n], D) with g(i) = (i — 1)(m+1) +1
for 1 < i < n, and numbering the vertices j's (1 < j < m), say j;, in H; with g(j;) =
(i —1)(m+1)+1+j for (i,5) € [n] x [m]. Let two vertices u and v be adjacent in
G([n], D) N H. Then trivially v and v are in the same V(H;) U {i} or are adjacent in

G([n], D). In the former case, it is easy to see |g(u) — g(v)| < m. In the latter case, we
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are certain that |g(u) — g(v)| < (m + 1)\ after checking carefully. These make sure that
(m+1)Ais an upper bound of B(G([n], D)AH). Next, to show that (m+1)\ is also a lower
bound. Because d(G([n], D)) < |22 | +e(A—1), and d(G([n], D)AH) < d(G([n], D)) +2,

: n(m+1)—1 n(m+1)—1 . . .
we obtain {d(G(Zn,D))-ﬂ—‘ > [L”T‘lj%(/\—l)ﬁ-‘ . By solving the inequality
n(m+1)—1

A — <
= S S I R

we know that if n > e(m + 1)A% + (2m — me — 26 + 2)A* — (m — & + 2)\ + 2, then

n(m+1)—1
22 +e(A—1)+2 <1

(m+1)A—

and therefore [%—‘ = (m + 1)\. From Proposition 2.1.4, we get

n(m+1)—1 WZ[ n(m+1)—1

d(G([n], DYAHR)| ~ | d(G([n], D)) J 2 (m+ 1A

B(G([n], D) A H) > [

for n > e(m + 1)A3 + (2m — me =26+ 20A2 = (m —c + 2)\ + 2. "

Corollary 2.2.8 If1 € D, then'B(G([n]yDY/NH ) = (m~+ 1)\ forn > (m+1)A3+mA? —

(m+ 1A+ 2.

Proof. Clearly, e = 1if 1 € D. By Theorem 2.2.7, we have the result. [

2.3 Bandwidths on G(Z,, D) and the composites with
others

2.3.1 Bandwidth on G(Z,, D)

Since G(Zy, D) = dG(Z-=, D), where d = ged(n, D), by Proposition 2.1.2 we have

B(G(Z,,D)) = B(G(Zz,=D)) .

Q=

Y

al3

Lemma 2.3.1 If ged(n, D) = 1 and ged D = d, then G(Z,,D) = G(Zn,=D) and so

1
d

B(G(Zq, D)) = B(G(Zn, 3D)).

Proof. Let f : V(G(Zy,3D)) — V(G(Z,, D)) be defined by f(i) = i’ for 1 < i < n,

where i/ = di (mod n). It is clear that f is well defined. Let f(i) = f(j), 1 <, < n.
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The definition of f tells us d(i — j) =0 (mod n). Since ged(n,d) = 1, there are x and y
in Z such that nx +dy = 1. And hence i —j = (i — j)(nx +dy) = (i — j)nx + (i — j)dy =
(i—4j)-0+0-y=0 (mod n). This ensures that f is a bijection. Next, suppose that i is
adjacent to j in G(Z,, 5D), i.e. there is a € 3D such that i = j £ 2 (mod n). Clearly,
f(i) =di =dj + dx = f(j) £ dz (mod n), where dz € d- 3D = D. It means that f(¢) is

adjacent to f(j) in G(Z,, D). From those, we know that G(Z,, D) = G(Z,, D), and so

ny q

B(G(Z,, D)) = B(G(Zy, 1D)). .

n d

Henceforth, in the following we may assume ged D = 1. Let

X, = {(Ul)]f Z CI,Z'UZ':LUZ'GZ},

1<i<k

1 /
d = min{§ Z ai(u; + |ul) « (w)f € X’}, and ¢y = [%—‘ :

1<i<k
Notice that X’ # (), since ged D =1\ Likewise, wé.must highlight again that ¢}, depends
on D except 1 € D.

We call

(p, q)n = {i:p<i<qlienl}, forl<p<g<n
P {i:1<i<qorp<i<mnyi€ln|}, forl<g<p<n

a discrete interval modulus n. Note that (p,q), = (p,n), U (1,q), for ¢ < p < n under

the meaning of modulus.
Theorem 2.3.2 B(G(Z,, D)) =2\ for n > 6c,\* — (4ch + 3)N + 4.

Proof. First, we verify B(G(Z,, D)) < 2\. Consider the labeling g : V(G(Z,, D)) — [n]

defined by

(i) = 2i—1, for 1 <4< [2]
TW= 2 +1-14), for [2]+1<i
(

It is not difficult to check that B(G(Z,, D)) < B,(G(Z,, D)) = 2). Afterwards, we need
to corroborate B(G(Z,, D)) > 2\.
Let f be an optimal labeling and {f~'(i): 1 <i<to} = U (p;,Gi)n, where ty =

1<i<m

202 — 2ch A + 1 with p; < q; < piv1 < g1 <mand pg —q; > 2for 1 <i<m— 1.
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In the case of m > 2¢{\ + 1, for each £ € [0,2XA — 1] N Z, let

N = {qwcfo + > ai Qe + Y it € (G + 1 G +c’>mSz;}.

1<i<k 1<i<k

As X' # (0, N #£ . Choose iy = Q140 + Z a,-uge) with

1<i<k

= min{ Z ;] : Qe + Z a;u; € N(ﬁ)} )

1<i<k 1<i<k

- i

1<i<k

We claim that iy € N( U (p;, ¢;)») and therefore we get ‘85{;

1<i<m

> 2\ Forl1 <5<k, let
iej = Quiee, + Z aiugz) +a, (ug-e)—sgn(uy))). By the meaning of iy, it forces that there
1<ij<k

0

is awuy, >0 with ig; € 1<ZLJ<m(pi, ¢i)n, and so iy is incident to 4y ; through the definition
of G(Z», D). o

Thereupon, we consider the case of m < 2¢{\. Because n > 6cy\? — 4ch\ + 2, by the
Pigeonhole’s Principle, there is a discrete interval (z,y), in St’; and a discrete interval
(z,w), in S_,f; of order at least 2X and A, respectively. Without loss of generality, we may
assume w < z. For each i in (w — MNFA w)y, let h; = min{h i+ hX e S{;,h € N},
and for each j in (2,2 4+ X — 1), let. k; = min{k:j—k‘)\ orj—kA+n¢€ S{;,k € N}.
We claim that ¢ + h; A in Z,, exists for each i € (w — A+ 1,w), and j — k;\ in Z,, exists
for each j € (2,2 4+ A —1),. If so, since each ¢ + h;A and j — k;\ are trivially different,

hence ‘85{; > 2X\. We only need to show that for each i € (w — A + 1, w),, there exists

h € N such that i + hX € (x,y),, and for each j € (z,z + XA — 1), there exists k € N
such that j — kX € (x,y),. If there is an i € (w — A + 1, w),, such that i + hA <z —1 or
1+hA > y+1 for each h € N, suppose i+ hA is the largest number such that i+h\ < x—1.
This forces ¢ + (h + )X\ > y+ 1. From i +h\ <z -1 < y+1 < i+ (h+ 1)\
we have A\ +1 < (y+1)—(z—1) < (i+ (h+ 1)A) — (¢ + hA) = A, a contradiction.
Otherwise, suppose i + hA is the smallest number such that i + hA > y + 1. This
forces i+ (h— DA <z —1. Fromi+hA >y+1>2—12> i+ (h— 1)\, we have
A1<(y+1)—(x—1) < (i+h)\) —(i+ (h—1)\) = A, a contradiction too. If there is
aj € (z,z+A—1), such that foreach k e N, j— kA <x—1orj—k\>y+1, asimilar

argument clarifies that it also wouldn’t happen. [
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Corollary 2.3.3 If1 € D, then B(G(Z,, D)) = 2X\ for n > 6\% — 4\ + 2.
Proof. Clearly, ¢y =11if 1 € D. The result follows from Theorem 2.3.2. [

In the following, we attempt to explore the bandwidth of G(Z,, D) when max D is

close enough or equal to L%J

Since G(Zay,, {k,n}) = dG(Zzn {£,2}), where d = ged(2n, k, n), by Proposition 2.1.2
we have B(G(Zan, {k,n})) = B(G <Z2n {%,2})). We then may assume ged(2n,k,n) = 1
without loss of generality.

For the later usage, we introduce an operation on two graphs of the same orders.

Given o € S,, and two graphs G and H with V(G) ={u; : 1 <i <n} and V(H) =
{v; : 1 < j < n}, respectively. We define a permutation product GoH, which depends on
the index order of V(G) and V(H), by

V(GoH) = VI(G)UVI(H);
E(GoH) =:F(G)UE(H)U{uv,u) 1 <i<n}.
Trivially, Petersen graph is a CsoCl5 for some o €.5,,.

Suppose 14 represents the identity permutation in S,,.

(,n);
().

Proof. In the case of ged(k,2) = 1 = ged(k, n), let function f : V(G(Zy,,{1,n})) —

Lemma 2.4 (2. () = { €10 1 S 21

ged
cd
V(G(Zgp,{k,n})) be defined by f(i) = for 1 <i < 2n, where ¢/ = 1+ (i—1)k (mod 2n)
and 1 < j < 2n. It is clear that f is well-defined. Let f(i) = f(j), 1 <14,j < 2n. The
definition of f tells us (i — j)k = 0 (mod 2n). Since ged(k,2) = 1 = ged(k,n), there
are x and y in Z such that kz + 2ny = 1. And hence i — j = (i — j)(kz + 2ny) =
(i—jg)kx+(i—j)2ny=0-2+(i—7)-0=0 (mod 2n). This ensures that f is a bijection.
Next, suppose that i is adjacent to j in G(Zsa,, {1,n}), i.e. i —j = +£1 or £n (mod 2n).
Because ged(k,2) =1, f(i)) — f(H)) =1+ G —Dk)— 1+ (j —Dk) = (1 — j)k = £k
or +nk = +k or £n (mod 2n). It means that f(i) is adjacent to f(j) in G(Zan, {k,n}).

From these, we know that G(Zg,, {k,n}) = G(Za,, {1,n}) if ged(k,2) = 1 = ged(k, n).
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In the other case ged(k,2) # 1 = ged(k,n), let

A = {aeV(G(Zy,,{k,n})):a=1+1i,k (mod 2n) for some 0 < i, <n— 1},
B = {beV(G(Zy,{k,n})):b=(14+n)+jyk (mod 2n) for some 0 < j, <n —1}.
By ged(k,n) = 1, we have that the subgraph induced by A (so is B) is isomorphic

to C,. And by ged(k,2) # 1, it is easy to know that the two induced subgraphs are

disjoint. Moreover, Np(1 + ik) = {(1 + n) + ik} for 0 < ¢ < n — 1. Those imply

G(Zop, {k,n}) = CrigC, if ged(k,2) # 1 = ged(k,n). ]
3, ifn=2;
Lemma 2.3.5 B(G(Z2,,{1,n})) = { 4 ifn42

Proof. For n = 2, as G(Z4,{1,2}) = K,, we have B(G(Z4,{1,2})) = 3.

For n > 3, to show at first that B(G(Zsn,{l.n})) > 4. Suppose that f is an optimal
labeling with By (G(Zay,, {1,n})) £ 3. Then, N/ ~1(1)) = {/7'(2), F*(3), f~'(4)} by the
fact that G(Zan, {1,n}) is 3-regular. We claim that f~'(3), f~1(4) ¢ N(f~'(2)). If not,
then n = 2, contradicting to the hypothesis:=And thus N(f~(2)) = {/~'(1), f*(5)}.
This conflicts with deg(f~1(2)) = 3. Sowweget B(G(Za,, {1,n})) > 4. Next, to verify
B(G(Zy,,{1,n})) < 4. Consider the labeling g : V(G(Zs,, {1,n})) — [2n] defined by

1+4(i— 1), if 1 <i<[%];
(i) = 4+ 4(n —1), if [2]+1<i<m
TW=Y 244(i—n—1), ifn+1<i<n+[2];
3+402n—1),  ifn+[2][+1<i<2n
It is not difficult to check that B(G(Zs,,{1,n})) < B,(G(Zs,,{1,n})) = 4. ]

Figure 2.2 shows a bandwidth numbering of G(Zs, {1,4}).
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Figure 2.2: A bandwidth numbering of G(Zs, {1,4}).

I@mma2361%0ﬂﬁ%%:{i: ZZ;?

Proof. For the case of n = 3, since (C5iyCs5 is 3-regular, B(C3iyC3) > 3. Let g :
V (C3iqC3) — [6] be a labeling such that the subgraphs induced by {¢~(1), ¢7(2), 7 *(3)},
{g71(4),971(5), g7 (6)} both are-isomorphic te Cs, and edges g~ *(1)g1(4), 971 (2)g(5),
g71(3)g7(6) € E(C5i4Cs), therr B(C3ig03) < B,(C5i4C3) = 3. Notice that CsiyCs =
G(Zg,{2,3}).

As to the case of n > 4, let f be an optimal labeling on C,,i4C,,. Due to ‘85{‘ >4,
B(CLiqCy) > ‘85{‘ > 4. To come here, we only need to explain why B(C,i;C,) < 4.
Suppose the outside n-cycle in C,,i4C), is v1v903 - - - v, _2v,_1v,v; and the inside n-cycle in
CrigCh 18 Upy1Un42Un 43 * * * Va9V _1V9,Un 11 SUch that v; is adjacent to v, ; for 1 < i < n.

Consider the labeling g : V/(C,i4C;,) — [2n] defined by

1+4(i—1), if1<i<[2]
gvi) =13 3+4(n—1), if [2]+1<q
gvip)+1, ifn+1<i<2n.

Clearly, B(C’nde’n) < Bg(Cn’Lan) = 4. |

Figure 2.3 shows a bandwidth numbering of CygiyCs.
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B(C’ging) =4
Figure 2.3: A bandwidth numbering of CyiyCs.

Gathering up the above, we have the following theorem.

Theorem 2.3.7 B(G(Zs,,{k,n})) = { Z’ ZO];}(LZZESS {(1,2),(2,3)};

40 ifn=3;

Proposition 2.3.8 B(G(Zy,,{lyn +1}))|= { £ ifn > 4

Proof. For the case of n = 3, because G(Zg,{1,2}) is 4-regular, B(G(Zg, {1,2})) > 4.
Let g : V(G(Zg,{1,2})) — [6] be alabeling defined" by

(9(1),9(2),9(3),9(4),9(5),9(6)) = (1,2,4,6,5,3).

Obviously, B(G(Ze,{1,2})) < By(G(Zs, {1,2})) = 4.

For the case of n > 4, first of all we need to clarify B¢(G(Za,,{l,n—1})) > 5 for
each labeling f. Suppose f is a labeling with B;(G(Za,,{1,n—1})) < 4. If f71(1) is
not adjacent to f~1(2), as G(Zan, {1,n — 1}) is 4-regular, max{i : f~1(i) € N(f~1(1))} >
6. Hence Bf(G(Zan,{1,n—1})) > 5, a contradiction to the assumption. This forces
that f~!(1) must be adjacent to f~1(2). Even so, since N(f~1(1)) N N(f~1(2)) = 0,
’35{‘ > 6, and thus Bf(G(Za,, {1,n—1})) > ‘35{‘ > 6. It also violates the as-
sumption. Next, we give a labeling to certify B(G(Za,,{1,n —1})) < 5. The labeling
g : V(G(Zop,{1,n —1})) — [2n] is given by

1+4(i—1), 1f1§1§{%w;
N ) A+A(n—), if [2]+1<i<m
90 =0 21 4i—n—1), ifnrl<i<ndt[2];
3+4(2n—1),  ifn+[Z][+1<i<2n
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It is easy to check that B(G(Zgy,,{1,n —1})) < By(G(Zan, {1,n —1})) = 5. ]

Figure 2.4 shows the bandwidth numbering of G(Zs, {1, 3}).
1 3

Figure 2.4: A bandwidth numbering of G(Zs, {1, 3}).

Proposition 2.3.9 B(G(Zay11.41,n})) =4

Proof. Suppose that f is an optimalilabeling-of G(Z2,.1,{1,n}). Since G(Zgp11,{1,n})
is 4-regular, max {7 : f~'(i) € N(f7(1))} > 5.and hence B(G(Zant1,{1,n})) > 4. Next,
we give a labeling to show B(G(Za,+1, {1,n})) < 4. Thelabeling g : V(G(Zay11,{1,n})) —
[2n + 1] is defined by

1+4(i—1), if1<i<[%];
3+4(n—1), if [2]+1<i<mn;
gi)=14 2+4(i—-n—-1), ifn+1<i<n+|[2];
2n + 1, ifi=n+[2]+1;
A4+4@2n+1—4), ifn+[2]+2<i<2n+1
It is easy to see that B(G(Zan+1,{1,n})) < By(G(Zgpt1,{1,n})) =4. ]

Figure 2.5 shows a bandwidth numbering of G(Zy, {1,4}).
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B(G(Zo, {1,4})) = 4
Figure 2.5: A bandwidth numbering of G(Zy, {1,4}).

4, ifn=3;
Proposition 2.3.10 B(G(Zan41,{l,n—1}))=<¢ 5, ifn=4;
6, ifn>5.

Proof. For the case of n = 3, because G(Zr, {1,2}) is 4-regular, B(G(Z,,{1,2})) > 4.
Let g : V(G(Z+,{1,2})) — [7] be the 1abeling defined by

(9(1),9(2), 9(3):9() 9(5), 9(6), 9(7)). = (1,2,4,6,7,5,3).

Obviously, B(G(Z7,{1,2})) < By{G(Zz,{1,;2})) = 4. For the case of n = 4, the labeling
g:V(G(Zs,{1,3})) — [8] defined by

(9(1),9(2),9(3),9(4),9(5),9(6),9(7),9(8)) = (1,5,2,4,9,7,3,8,6),

gives B(G(Zs,{1,3})) < B,(G(Zs,{1,3})) < 5. Suppose f is an optimal labeling such
that B;(G(Zs, {1,3})) < 4. If f71(2) ¢ N(f~'(1)), then ‘as{
regular, B;(G(Zs,{1,3})) > 5. This forces f~!(2) € N(f~'(1)), thus we can see ’85’5‘ =

=4. As G(Zs,{1,3}) is 4-

6 and hence By(G(Zs,{1,3})) > 6, a contradiction. Therefore, B(G(Zs,{1,3})) =
B;(G(Zs,{1,3})) > 5 and so B(G(Zs, {1,3})) = 5.

Next, let’s settle the case of n > 5. First, we need to show B¢(G(Zap+1,{1,n —1})) >
6 for each labeling f. Suppose f is a labeling with Bf(G(Zapt1,{1l,n—1})) < 5. If
[742) € N(f7(1)), then |95}

> 6 and hence Bf(G(Zapy1,{1,n—1})) > ‘85{‘ > 6,
a contradiction to the assumption. This forces f~1(2) ¢ N(f~'(1)). Inasmuch as
as4

G(Ziopir, {1, — 1}) is 4-regular and [N(f~1(1)) " N(F1(2))] < 2, > 44+4-

2 = 6. It also conflicts with the assumption. Next, we gives a labeling to prove
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B(G(Zap+1,{1,n —1})) < 6. The labeling g : V(G(Zopi1,{1,n—1})) — [2n + 1] is

given by
1+4(i — 1), if1<i<|2]+1;
N ) 2+4n+1—49), if|Z+2<i<n+1;
90 =N 344(i-n-2), ifni2<i<n+[2]+L
<i<2n+1

A4+4@2n+1—-14), ifn+[2]+2
(

B(G(ZH, {]_, 4})) — 6
Figure 2.6: A bandwidth numbering of G(Z1,{1,4}).

2.3.2 Bandwidths on the'compeosites of G(Z,, D) with others

In the following, let £ = min { Z lui| : (ug)¥ € X '}, where we use precisely the same
1<i<k
notation X’ as in Subsection 2.3.1. Naturally, ¢ depends on D except 1 € D.

Theorem 2.3.11 B(G(Z,,D)0H) = 2m\ forn > 4emA3+2(2m? —2(e + 1)m — ) \? —
22m —e —2)A + 2.

Proof. Obviously, the labeling g on G(Z,,, D)OH defined by

(o) { Gi=2m+) if 1
g\Wij) = (2n —2i+ 1)m + 7, if(%Hl

gives the upper bound 2mA. Because d(G(Z,,, D)) < L 2] _lJ +e(A—1),d(H) < m—1and

A

d(G(Z,,D)0H) < d(G(Z,, D))+d(H), we have [W#_))lﬂl(lﬂw > h(%‘lﬂm(;l_wr _1]

By solving the inequality

nm — 1 -
lte(A-1)+m—1

2m)\ — 17
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we know that if n > 4emA3 +2(2m? — 2( + 1)m — €)A? — 2(2m — € — 2)\ + 2), then

-1
2mA — nm <1,

V%l_lJ te(A—1)+m—1

and therefore ——nm=l = 2mA\. From Proposition 2.1.4, we get
Ugl—lJJra()\—l)er—l
B(G(Z,, D)OH) > nm — 1 > nm — 1 > 2m
" = | d(G(Z,,D)OH) | = | d(G(Z,, D)) +d(H) | ="

for n > 4emA3 4+ 2(2m? — 2(e + 1)m — ) A\? — 2(2m — & — 2)A + 2. ]

Figure 2.7 shows a bandwidth numbering of G(Zy, D)OH with |V(H)| = 5 in which

the edges are not drawn for simplicity.
e Ge 7o e J01](

o l6e17e]18e19e20

®26.0 27 23 ® 20 @ 30

® 3('® 37 33 @ 30 ® 40

1 e llel2el3e4le45
G(Zo, D). e31e32e33034035
©2] 022023024025
ellel2e]3e]14e15

o 1o 20 30 40 5
H —

B(G(Zg, D)OH) = 10X
Figure 2.7: A bandwidth numbering of G(Zy, D)OH with max D = X and |V (H)| = 5.

Remark: If m =1 in Theorem 2.3.11, then we can obtain another proof of Theorem
2.3.2. They have almost the same results. The slight and most important difference
between them is the degrees of A in the lower bounds restriction on n.

Since ¢ = 1 if 1 € D, this immediately implies

Corollary 2.3.12 If1 € D, then B(G(Z,, D)OH) = 2m\ for n > 4mA\*+2(2m? —4m —
DA — 2(2m — 3)A + 2.
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Theorem 2.3.13 B(G(Z,,D) A H) = 2(m + 1)\ for n > 4e(m + 1)\* + 2(4m — 2me —
3e+ N2 +2(e —m —2)\ + 2.

Proof. Let H; be the copy of H corresponding to ¢ € V(G(Z,, D)). Define the labeling

g on G(Z,, D) A H by numbering the vertices in G(Z,, D) with

. (26 —2)(m+1) + 1, if 1<q<[2];
g(l):{(Zn—%—i—l)(m—l—l)—l—l, if(gulggn,
and numbering the vertices j’s (1 < j < m), say j;, in H; with
o) :{ (20 = 2)(m+1) +1+7, if (i,7) € [[2]] x [m];
' (2n—2i+ 1) (m+1)+1+j, if (i,5) € ([n]\ [[%]]) x [m]

Let u and v be two adjacent vertices in G(Z,, D) A H. Then, trivially v and v are in
the same V(H;) U {i} or are adjacent in G(Z,, D). In the former case, it is easy to see
lg(uw) — g(v)| < m. Inthe latter case, weshavesthat |g(u) — g(v)| < 2(m+1)\ after checking
carefully. These make sure that 2(m + 1)Ajisran. upper bound of B(G(Z,,, D) A H). Next,
to show that 2(m+ 1)\ is also a lower bound.”Because d(G(Z,, D)) < {@J +e(A—1)

and d(G(Z,, D)\H) < d(G(Z,, D)) +2, we obtain (%W > hmn(lr]tl)(;lHJ .
[EIEY I

By solving the inequality

nim+1)—1
"—‘1+5(A—1)+2< ’
2

2(m+1)A —

we know that if n > 4e(m + 1)A\% + 2(4m — 2me — 3e + 4)A\2 + 2(e — m — 2)\ + 2, then
nim+1)—1

2(m + 1)\ — {¢J te(A—1)+2

<1,

|3

and therefore [n{i(lmﬂ)_l = 2(m + 1)A. From Proposition 2.1.4, we get
{ 2 J+a()\—l)+2

B<G<ZmD>AH>z[ n(m+1) -1 -‘Z[d"(erl)—l

d(G(Z,,D) N H) (G(Z,,, D)) + 2-‘ > 2(m+ 1)\

for n > 4e(m + 1)A3 + 2(4m — 2me — 3e + 4)A? +2(e — m — 2)\ + 2. |
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Figure 2.8 shows a bandwidth numbering of G(Zg, {1,2}) A H with |[V(H)| = 5 in

which the edges are not drawn for completely.

6~ 10)(14 ~ 18)(26 ~ 30)(32 ~ 36)(20 ~ 24)( 8 ~ 12

B(G(Zg, {1,2}) N H) = 24

Figure 2.8: A bandwidth numbering of G(Zg,{1,2}) A H with |V (H)| = 5.

With the same reason of Corollary#2.3.12, we, acquire

Corollary 2.3.14 If1 € D, thén B(G(Zn," D) N-H)-= 2(m + 1)\ for n > 4(m + 1)\3 +
2(2m + 1)A? — 2(m + 1)\ + 2.

2.4 Bandwidths on G(N; D) and the composites with
others

In this section, we use almost the same idea of the previous sections to establish the

bandwidths of G(IN, D).

2.4.1 Bandwidths on G(N, D), G(N, D)OH, G(N, D)[H],
and G(N, D)\ H

Theorem 2.4.1 B(G(N, D)) = \.

Proof. First, consider the identity numbering iy from V(G(N, D)) to N. Then we have
B(G(N, D)) < B;,(G(N, D)) = A. Next, we show that A is the upper bound. Let f be a
bandwidth numbering on G(N, D), and let t = max{f(i) : 1 <1 < A}. Since ¢ is finite,
for i € [\, there is i + k;A = min{i + kX : f(i + kX)) > t + 1,k € N}. It means that
i+ kX € S fori € [\]. Then by Proposition 2.1.3, we get B(G(N, D)) > ), as desired.n
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Theorem 2.4.2 B(G(N,D)OH) = mA.

Proof. Consider the numbering ¢ from V(G(IN, D)OH) to N defined by g(v;;) = (i —
1)m + j. Obviously, B(G(N, D)OH) < B,(G(N, D)OH) = mA\. Next, we need to show
that B(G(N, D)OH) > mA. Let f be a bandwidth numbering on G(N, D)JH, and let
t =max{f(v;;):1<i<A\1<j<m}. Sincet is finite, for each (i, j) € [A] x [m], there
is 4 4 ki A = min{i + kX 1 f(vigrr;) >t + 1,k € N} It means that f(viy@, ,—1)r;) < t,
and S0 Vi, ;nj € dS{ for each (i,7) € [A] x [m]. For each 7, let i 4 k; ;X = i’ + ki A,
where i, i € [A]. As 0 <i—4d" = (kyj — ki j)A < A, it forces i = 4" and k;; = ky ;. And

hence ‘85{

> m\. By Proposition 2.1.3, we have B(G(N, D)OH) > ‘astf

> m. ]

Theorem 2.4.3 B(G(N,D)[H]) =mA+m — 1.

Proof. Consider the numbering gidrom V(G(NyD)[H]) to N defined by g(v; ;) = (i —
1)m~+j. Then B(G(N, D)[H]) < By (G(N,D)[H}) =im(A+1)—1. Next, we have to show
that B(G(N, D)[H]) > mA + mi— 1. _Let'f be a baadwidth numbering on G(N, D)[H],

and let

t = max{f(vi;):1<i<\1<j<m}U{f(var11)},

ti = min{f(v;;):1 <j<m} forie N.

Define r(v; ;) = 7 and let ¥ = max{r(f~'(z)) : 1 <z < t}. Since ¢ is finite, min{¢; : ¢; >
t,i > U} exists, say t’ or f(v;,j,). Also, because ¢’ is finite, for each (7, j) € [A] X [m], there
is i + ki ;A = min{i + kX : f(vigrn;) >t + 1,k € N}, Evidently, i + ki jA <ig+ A —1
for each (i,7) € [A] x [m] but j = jo. Let L = {vip, ;050 1 < i < A1 < j <m}, by the
same argument as in Theorem 2.4.2, it is known that L has mA\ vertices in 85‘5. Besides,
for j # jo, Vigxa; € 0S5 \ L by the definition of #. So LU {vi4r, : j # jo} C 8S), and
hence ‘855

>mA+ (m—1). ]

Theorem 2.4.4 B(G(N,D)A H) = (m+ 1)A\.
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Proof. Let G’ = G([n], D)AH. Since D(G') < |22 | +£(A—1)+2, from the Proposition

2.1.4, we have
BGN,D)AH) > ——mt D]
|22 +e(A—1)+2
n(m+1)—1
2 n—1
T + 6()\ — 1) + 2
B An(m+1) — A
Con—14+edA—1)+2)
(m+1)A—2
- 1 4 20-DiA-T

n

Take limitation on such n that G([n], D) A H is a connected subgraph of G(N, D) A H,
and by Proposition 2.1.1, there is no doubt that B(G(N, D) A H) > (m + 1)\. Next,
to show (m + 1)\ is an upper bound of B(G(N, D) A H), we consider a numbering ¢ of
G(N,D) A H by

g(i) = (i —1)m+1, for i € N;
(t—1m+i+1<gw)<L(@E=Dm+i+m, foroisin the copy of H
corresponding to 7.

Now if two vertices = and y areiin the same eemponent {i} V H;, then we have |g(z) —
g(y)| < m. The only other vertices‘adjacent in G(IN, D) A H are those which are adjacent
in G(N, D). Assume i is adjacent to j in G(N, D). Then |g(i) —g(j)| = [(i —7)(m+1)| <
(m + 1)A. These give B(G(N,D) AN H) < B,(G(N,D) AN H) = (m + 1)A. (In fact, it is
easy to prove that B(G A H) < B(G)|V(H)| for arbitrary graphs G and H.) ]

2.4.2 Bandwidths on G(N,D) x H and G(N,D)X H

Define two parameters as

U N(v)

vEA

By( i) = min { “ksAcvn ),

B,(H) = ml?x&(H; k).
We may use them to express a lower bound of B(G(N, D) x H) as follows.

Proposition 2.4.5 Let H be a Hamiltonian graph or have a perfect matching, and let f

be a bandwidth numbering on G(N,D) x H. Then there is a t € N such that |9S]| >

mA + By(H), and therefore B(G(N, D) x H) > mA + B,(H).
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Proof.
Case 1. H is a Hamiltonian graph of order m with a spanning cycle y19s « * * Ypm_1Ym¥1-

Let A ={y;, : 1 <s </{} C V(H) such that

U N(v)| — ¢ = max [min { UNw)|—k:AC V(H)H :
veA! ko |[Al=k | [vea
And let
po= max{f(v;;):1<i<A1<j<m},
c(vig) = J,

A, = {yj ceV(H):je 'ghc(f_l([p])ﬂRl-)} for p > pand h > X+ 1,
t = min{p:|A,4 =1},
ht = min {h, . |At,h‘ = €}7

W= {w(j),j:jé u C(f‘l([t])ﬂRi),i(j)Zmaxr(f_l([t])ﬂ(?j)}-

i>hy

For1<:< A\ 1<j57<m-—1,]l¢t

i+2a; ;A = min{i4 200 Flogoen,) >t+ 1,60 € N},

Z—|— (2()7;’]' - 1))\ == Hlln{Z + (29 = 1))\ . f(vi+(20—1))\,j+1) 2 t+ 1, 0 S N},
{)-;/' _ Vit2a; ;M5 for QCLZ'J' < 2b2"j —1;
J Vit (2b; j—1)A,j+15 for QCLZ'J' > 2b2"j — 1.

For1 <i <\, j=m, let

i+ 2a;, A = min{i+ 20\ f(vipoprm) >t + 1,0 € N},

i+ (20im — DA = min{i + (20 — DA : f(vig@o-1a1) 2t + 1,0 € N},
— Ui+2ai7m)\,m7 for 2az‘,m < 2bz,m - ]-7
Yim Vit (2bi,m—1)A, 15 for 2ai,m > 2b2,m — 1.

Andlet T'={v;; : 1 <i <\ 1<j<m}. Claim |T| = mA. Suppose v;; = vj.

(1) If j,1 # m, then
1+ 2(17;7]')\ =k + 2ak,l)\ 1+ 2(17;7]')\ =k + (Qbk,l — 1))\
. or . or
j=1 ’ j=1+1 ’
i+ (205 — DA =k + 2b A i+ (2b;,; — DA =k + (2by; — 1)A
. or . .
J+1=1 ’ J+1=10+1
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Either of them forces inconsistencies or i = k, j = [.

(2) If j = m or I = m (by symmetry, we may assume j = m), then

(H{z+2%mxzk+(%w—1n

j=m=101+1 ’ o

)

1+ 2ai,m)\ =k -+ Q(ZkJ)\

7 + (2b2,m — 1))\ =k + 2ak,l)\ 7 + (2b2,m — 1))\ =k + (Qbk’l — 1))\
1=1 M =141 '

Either of them also forces inconsistencies or ¢ = k, j = m = [. In short, all v; ;s in T" are
distinct, so |T'| = mA.

Additionally, let T" = {U,-(j)“,n(j) :Vig).; € W) € NH(yj)}. Trivially, for each
Vitj); € W, there is at most a y,(j) € Npu(y;) such that vijyyrny) € T from the defi-
nition of 7. And thus |T'NT"| < {. Since 85{ DTUT,

bﬁ > |TuT|

= T+ T4~ T At

> mA+f U N@=(

’UeAt’ht

UEUA’ N(’U)

> mA\+ =7

= m\+ max {min {
ko ||Al=k

U N(v)

vEA

~kacvim)]

= mA+ B,(H).

Case 2. M = {yzj_1y2; : 1 < j < %} is a perfect matching in H.
Let A= {y;, : 1 <s </} CV(H) such that

U N(v)

vEA

~kacvan].

U N(v)

veA’

— ¢ = max [min {

ko ||Al=k




CHAPTER 2. ALLEGRO: THE MOVEMENT OF BANDWIDTH 30
And let

po= max{f(vi;):1<i<A1<j<m},
c(vig) = J,
A, = {yj ceV(H):je ighc(f_l([p]) N RZ)} for p > pand h > XA+ 1,
t = min{p: Al =0},
he = min{h: Al =0,

W= {w(j),j:jé u C(f‘l([t])ﬂRi),i(j)Zmaxr(f_l([t])ﬂ(?j)}-

i>hy

For 1 <:< A\ 1<7<m,let

1+ 2(1;1'7]')\ = mln{l + 20 : f(’l)i_i_gg)\’j) 2 t+ 1, RS N},
14+ (2617] - 1))\ = mln{z + (29 - 1))\ . f(’l)i+(29_1)>\’j+(_1)j+1) Z t+ 1, 0 e N},

e { Vit+-2a; ;X for 2&2"]‘ < 2b2"j —1;
Z7] -

U’i+(2bi,j—1)A,j+(_1)j+17 for 2@2"]' > 2bz‘,j — 1.
And let

T = {o;:1<i<\1<j<m}

T = {vigreant) Vi) € Wont) € Nu(y)) } -

With the similar argument of Case 1, we also get

U N(v)

vEA

‘astf

> mA + max {min {
ko ||Al=k

—kiAC V(H)H = mA+ B,(H).

In more general, we have the following consequences by a careful application of Propo-

sition 2.4.5.

Theorem 2.4.6 If a graph H has a spanning subgraph which consists of a disjoint union

of cycles or a matching, then B(G(N,D) x H) > mA + &(H)

We next give a weaker lower bound of B(G(N, D) x H) which is easy to obtain from

Theorem 2.4.6.
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Corollary 2.4.7 If a graph H has a spanning subgraph which consists of a disjoint union
of cycles or a matching, then B(G(N,D) x H) > mA+6(H) — 1.

Proof. Taking |A| =1 in Theorem 2.4.6, we then have this corollary. ]

Lemma 2.4.8 B(G(N, D) x H) < mA+ B(H) for any finite graph H.

Proof. Let f be a bandwidth numbering of H. Consider the numbering g : V/(G(N, D) x
H) — N defined by g(v;;) = (i — 1)m + f(y;). It is clear that B(G(N,D) x H) <
B,(G(N,D) x H) = mA + B(H). ]

We give exact values of bandwidth for some G(N, D) x H's below.

Example 2.4.9
(1)B(G(N, D) x P,,) =mA+1 forim € 2N \ {2}
(2)B(G(N, D) x Cy,) = mA+ 2 for m > 4.

Proof. It is trivial to get their upper bounds from Lemma 2.4.8. We know their lower
bounds by taking |A| = m — 1 for (1) and-JA]'= m — 2 for (2) in Theorem 2.4.6. Thus

the results hold. ]

Figure 2.9 shows a bandwidth numbering of G(N, D) x Cj with max D = 3 in which

the edges are not drawn completely.
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B(G(N,D) x C5) =5\+2
=5\ + B(C5)

Figure 2.9: A bandwidth numbering of G(N, D) x C5 with max D = 3.

With regard to G(IN, D) x P, and G(N, D) x C3, we have

{ B(G(NJD)RB,) = 2\
B(G(N, D) x C5)ie= 3A+ 1

by Example 2.4.12. In fact, B(G{N; D) X Py)’= mX—+ 1 for m € N.

For a graph H obtained front join,wergtveranother substitutional bounds.

Theorem 2.4.10 Let H, be a graph of order m, forr € [t| and H = s H, of order
m = Z m,. If H has a spanning subgraph which consists of a disjoint union of cycles

1<r<t
or a matching, then

k 1<r<t 1<r<t

max {min <m —my, + By(H,; k:))} < B(G(N,D) x H) —mA < max(m —m, + B(H,)).

Proof. By Theorem 2.4.6, we know

B(G(N,D) x H) > m)\—i—m]?x |:I1£1|1—I}c{ gAN(U) —k:AC V(H)}] .
If A with |A| =k is contained in some V' (H, ), then
—k=m— —k<m-—
vLGJAN(v) k=m—m, + vLeJANHT(U) k<m-—k.
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If not, then U N(v)| — k =m — k. This implies
ve

B(G(N,D) x H)

U N(v)

> mA 4+ max min{
k vEA

A=k

—k:AgV(H)H

= mA+max | min | min < m—m, + | U Ng, (v)
k| 1<r<t \|A|=k vEA

—k:AC v(m)}”

Next, we need to show that m>\+1max (m—m,+B(H,)) is an upper bound of B(G(N, D) x

H). Let V(Hy) ={y; : 1 <j<m}, V(H,) = {y; : Z ms+1<j< st}for

1<s<r—1 1<s<r

2 <r <k, and f, be the bandwidth numbering of H, for 1 < r < t. In addition, define

fly;) = fr(y;) for Z ms+1<j< Z ms. Suppose ¢ = Aa; + b; for each i € N,
1<s<r—1 1<s<r

where b; € [A]. Consider a numbering ¢ from V(G(N, D) x H) to N defined by

- mA—FmI?X min <m—mr+&(HT;k))] :

1<r<t

(i —Dm+1 < g(v;;) <dm,jand-g(vi;).=f Z ms  (mod m).
1<s<a;
It is not hard to check that B(G(NyD) X H) < B;(G(N,D) x H) = m\ + lrr<1a2<t(m -

m, + B(H,)). n

Corollary 2.4.11 If H, is a graph of order m for all r € [t] and H = 1<\/ H,, then

max me B,(H,; k;)] < B(G(N,D) x H) — [tmA + (t — 1)m] < max B(H,).

<r t——— 1<r<t

Proof. Since H can be spanned by a disjoint union of some cycles and a matching, the

corollary follows from Theorem 2.4.10. [

Example 2.4.12
(1)B(G(N, D) x (1<\/<t P,))=tmA+ (t—1)m+1 form > 3.

(2)B(GIN,D) x (V. Cyp))=tmA+ (t —1)m+2 for m > 4.

1<r<t

Proof. Since mkax&(Pm; k) =1 = B(P,,) for m > 3 and mgx&(cm; k) =2 = B(Cy)

for m > 4, we have those consequences from the above corollary. [
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Corollary 2.4.13 Let H' be a graph of order m' < m + §(H'). If H = K,, V H' can
be spanned by a disjoint union of some cycles and a matching, then B(G(N, D) x H) =

(m+mH)A+m' —1.
Proof. By Theorem 2.4.10 and m’ < m + 0(H'), we know

B(G(N,D) x H) = (m+m')A+max L@ggt (m —m, + By(H,:; k;))}
> (m—l—m'))\—i—min{m’—i—%(K—m;l)?mjL&(H’; 1)}
= (m+mH)A+min{m + (-1),m+ (6(H") — 1)}

= (m+mH)A+m' —1.

Next, we need to show that (m + m/)A +m’ — 1 is an upper bound of B(G(N, D) x H).

Let V(K,,) ={y; : 1 <j<m}and V(H') ={y; :m+1<j <m+m'}. Consider a

numbering g from V(G(N, D) x H)®to N defined. by
g(vij) = (@ —1)(m4=m+j for(2k—2)A+1<i<(2k—1)\,

and for (2k — DA+ 1 <@ <2k

(vi ;) = (i—1L(m+m)+5+m, forl<j<m;
g\Vij) = (i—l)(m—l—m’)_}_j_m’ f0rm+1§j§m—|—m’,

where £ € N. It is not hard to check that B(G(N,D) x H) < B,(G(N,D) x H) =
(m4+m)A+m' - 1. u
Example 2.4.14 B(G(N, D) x Ky4)) =tmA+ (t —1)m — 1 fort > 2.

Proof. We obtain the result immediately by Corollary 2.4.13. Notice that K,,;) means
K,,. This implies B(G(N, D) x K,;,) = m\ +m — 2. ]

Figure 2.10 shows a bandwidth of G(IN, D) x K33 with max D = 2 in which the edges

are not drawn completely.
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T e2002/ 022017018019

B(G(N, D) X K373) =6\+2
< 6+ B(K;g’g)

Figure 2.10: A bandwidth numbering of G(N, D) x K33 with max D = 2.

In the following, we imitate the process of argument on B(G(IN, D) x H) to give similar

results of B(G(N, D)X H). Also, first, ofally we define two parameters as

I N
vEA

Bs(H; k) = min {
—= |Al=k

B,(H) = mgx&(H; k).

—k:AgV(H)},

And we have
Theorem 2.4.15 B,(H) < B(G(N,D)X H) —m\ < B(H).

Proof. The upper bound can be easily derived by the same argument as in the proof
of Lemma 2.4.8. As to the lower bound, we discuss it in detail below. Suppose f is a
bandwidth numbering on G(N, D)X H. Let A’ ={y,, : 1 <s < {} C V(H) such that

U N[v]

ve A’

U NJv]

vEA

— ¢ = max [min {

ko ||A=k

~kacvany].
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And let

po= max{f(vi;):1<i<A1<j<m},
c(vig) = J,
A, = {yj ceV(H):je ighc(f_l([p]) N RZ)} for p > pand h > XA+ 1,
t = min{p: Al =0},
he = min{h: Al =0,

W= {vm,j:je J C(f‘l([t])ﬂRi),i(j)Zmaxr(f‘l([t])ﬂ(?j)}.

i>he
Since ¢ is finite, for each (4, j) € [A] X [m], there is ¢ + k; ;A = min{i + kX : f(vipra,) >
t+ 1,k € N}. For (i,5) € [\] x [m], let v;; = Vg, aj and let T = {v;; : 1 <@ < A,
1 < j <m}. We claim |T| = mA. For each j, let i + k; ;A =i’ + ky jA, where 7, i' € [A].
As 0 <i—i" = (ki; — kij)X < A, it forcesgs= 3" and k; ; = ky j. And hence |T| = mA.
Moreover, let T = {Uz‘(j)+)\,n(j) W0,), 1€ W Gy NH[yj]}. Trivially, for each v;(;); €
W, there is at most a y,,;) € Ng(y;) such that v; e, ;) € T from the definition of 7.
And thus |7 NT'| < ¢. Since dSE D BT

)aﬁ

> |TUT'|
= [T|+|T"| =TT

> mA+| U N[u|| -/

UeAt,ht

> mA+| U N[/ —¢

ve A’

U N[v]

veEA

T {‘ﬁi‘k{ —k:AQV(H)H

= mA+ B,(H).

We next also give a weaker lower bound of B(G(N, D)X H) which is easy to obtain

from Theorem 2.4.15.
Corollary 2.4.16 B(G(N,D)X H) > mA +(H).

Proof. Taking |A| =1 in Theorem 2.4.15, we then have the corollary. ]



CHAPTER 2. ALLEGRO: THE MOVEMENT OF BANDWIDTH 37
We also offer exact values of bandwidth for some G(IN, D) X H’s in the underside.

Example 2.4.17
(1)B(G(N,D)R P,) = mA + 1.
(2)B(G(N, D) R C,,) = mA + 2.
(3)B(G(N, D) R K,,) = mA +m — 1.

Proof. The results follow from Theorem 2.4.15. [
For a graph H obtained from join, we still give another substitutional bounds.

Theorem 2.4.18 If H, is a graph of order m,. forr € [t] and H = s H, is a graph of

order m = Z m,., then

1<r<t

ko |1<r<t 1<r<t

max {mm (m —m, + B,(H; k))] < B(G(N, D)X H) — mA < max(m —m, + B(H,)).

Proof. By Theorem 2.4.15, we know

B(G(IN,D)X H) > m)\—l—ml?x erﬂﬁ{ ULGJAN[U] —k:AC V(H)H .
If A with |A| =k is contained in some V' (H, ), then
ngN[v] —k=m-m,+ ngNHT[U] —k<m-—k
If not, then vLGJA Nv]| — k =m — k. This implies

B(G(N,D)K H)

U N[v]

> m\+ max {min {
vEA

ko |1A=k

~ksAcvn |

= mA+max | min [ min { m —m, +
ko |1<r<t \ |A|=k

vt&iﬁJH%[v]

—k:AC V(Hr)})] .

Next, we need to show that m>\+1max (m—m,+B(H,)) is an upper bound of B(G(N, D)X

H). Let V(H) = {y; : 1 <j<m}, V(H) ={y;: Y me+1<j< Y m,}for
1<s<r—1 1<s<r

2 <r <k, and f, be the bandwidth numbering of H, for 1 < r < t. In addition, define
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fly;) = fr(y;) for Z ms+1<j< Z ms. Suppose ¢ = Aa; + b; for each i € N,
1<s<r—1 1<s<r

where b; € [A]. Consider a numbering ¢ from V(G(N, D)X H) to N defined by
(i—1)m+1<g(vij) <im, and g(v;;) = f(y;) — Z ms  (mod m).
1<s<a;
It is not hard to check that B(G(N,D) X H) < B,(G(N,D)X H) = m\ + max(m —

1<r<t

my + B(Hr)). ]

Corollary 2.4.19 If H, is a graph of order m for all r € [t] and H = V. H,, then

1<r<t

max Lrilggt&(HT; k)} < B(G(N,D)X H) — [tmA + (t — 1)m| < max B(H,).

1<r<t

Proof. We may get this result directly from Theorem 2.4.18. [

Example 2.4.20

(1)B(G(N, D)X (1<\/<t P,)) =tmX+ (t — D +1 for m > 3.

(2)B(G(N,D)R( vV Cy)) = tmi\ alf=Dym 2 for m > 4.

1<r<t

Proof. Since mgx&(Pm; k) =1 = B(P,,) for m > 3 and mkaxé(C’m; k) =2 = B(Cp)

for m > 4, we have these consequences from the above corollary. [

Corollary 2.4.21 If H' is a graph of order m' < m + §(H') and H = K,, V H', then
B(GIN, D)X H) = (m+m")A+m/.

Proof. By almost the same argument as in Corollary 2.4.13, we have the result. [

Example 2.4.22 B(G(N, D)X Ky()) =tmA+ (t — 1)m fort > 2.

Proof. We obtain it immediately by Corollary 2.4.21. Notice that K,y means K,,.
This implies B(G(N; D)X K,;,) = mA +m — 1. ]



Chapter 3

Andante:
The Movement of Profile

3.1 Prerequisite for profile

The profile minimization problem arose from the study of sparse matrix technique.
It can be defined in terms of graphsas follows: A proper numbering of a graph G of n
vertices is a 1-1 mapping f : V(&) = {L2,. %, n}. Given a proper numbering f, the

profile width of a vertex v in G i

wy (V)= wfgg[xv](f (@)~ f(x)),

where N[v] = {v} U{z € V(G) : zv € E(G)}. The profile of a proper numbering f of G
is

Pr(G) = ) wy(v),

veV(Q)
and the profile of G is

P(G) = min{P;(G) : f is a proper numbering of G'}.

A profile numbering of G is a proper numbering f such that Pr(G) = P(G).

Lin and Yuan [49] proved P(P,) = n— 1, P(C,) = 2n — 3, P(K,,) = mn + (%)
for m < n and indicated that the profile minimization problem of an arbitrary graph is
equivalent to the interval graph completion problem, which was shown to be NP-complete
by Garey and Johnson [17]. Kuo and Chang [36] provided a polynomial algorithm to

achieve a profile numbering for an arbitrary tree. Aside from special classes of graphs in

39



CHAPTER 3. ANDANTE: THE MOVEMENT OF PROFILE 40

21, 36, 37, 38, 49], some people found the non-algorithmic results for profiles of composite
graphs, see [37, 38, 39, 49, 50, 54].

In this chapter, we intend to probe the properties of the profile problem for product
and composition of graphs, respectively. Most results of this chapter has been published
in [61, 62].

The profile minimization problem is equivalent to the interval graph completion prob-
lem described as below. Recall that an interval graph is a graph whose vertices correspond
to closed intervals in the real line, and two vertices are adjacent if and only if their corre-
sponding intervals intersect. It is well-known that a graph G is an interval graph if and
only if there exists an ordering vy, v, ..., v, of V(G) such that i < j < k and v;u € E(G)
imply v;v, € E(G). We call this ordering an interval ordering of G. This property can be
re-stated as: A graph G of n vertices is an interval graph if and only if there is a proper

numbering f such that
f(z) < fly) < fz)iand zz € E(G) imply yz € E(G). (3.1)

We call this property the interval-property, which-will be used frequently in this chapter.

This property leads to the perfect elimination' property which is also useful in this chapter:
f(z) < f(y) with zy € E(G) and f(z) < f(z) with zz € E(G) imply yz € E(G). (3.2)

The perfect elimination property in turn implies, in fact equivalent to, the chordality

property which is also useful in this chapter:
Every cycle of length greater than three has at least one chord. (3.3)

Having the interval property (3.1) in mind, it is then easy to see that for any proper
numbering f of G, the graph Gy defined by the following is an interval super-graph of G
with |E(Gy)| = P¢(G):

V(Gy) = V(G) and E(Gy) ={yz: f(z) < fly) < f(2),2z € E(G)}.

In other words, we have
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Proposition 3.1.1 ([49]) The profile minimization problem is the same as the interval

graph completion problem. Namely,

P(G) =min{|E(H)|: H is an interval super-graph of G}.

3.2 Profile minimization on product of graphs

3.2.1 Profile of K,,, X K,
This subsection establishes the profile of K,, x K,.

Theorem 3.2.1 Ifm =1 orn > max{m,4}, then P(K,, x K,) = 3(m —1)(mn? 4+ n* —

n—4).

Proof. As the case of m = 1 is obvious, we may assume that m > 2 and n > max{m, 4}.

First, consider a proper numbering g of K,, x K, satisfying

Js for i =lLand 1<j<n-—1;
g(vij) = mms for v = l'and j = n;
L ERE2 f0r2Si§mandj:n,

while the other vertices are assigned numbers arbitrarily, see Figure 3.1 for g of K5 x Ky

in which the edges are not drawn for simplicity.

C F )

el 2 3 ¢4 o5 6 T 8 <45 R

. . . . . . . . 11 R4

. . . ° ° ° . ° 012 R5
cCi Cy C3 Cp Cs5 Cg C; (Cs CCy

Figure 3.1: A proper numbering g of K5 x K.

The profile width of vertex v; ; is

0, fori=1land1<j<n-—1;
wy(vy ;) = mn—n—m-+1, fori=1and j=n;
IR glvig) = 2, for 2 <i<mand j=1;

g(vi ;) — 1, for2<i<mand2<j<n.
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Therefore,

P(K,, x K,) < P,(K, xK,)
= (mn—n—m+1)+mn_(k—l)—(m—l)

3

1
= Q(m —1)(mn*4+n? —n —4).

Next, we shall prove that P(K,, x K,) > 2(m — 1)(mn? + n?> — n — 4). Choose a

No|

profile numbering f of K, x K,,. Notice that P(K,, x K,,) = |E((K,, x K,)f)|. Without
loss of generality, we may assume that f(vy;) = 1. For positive integers a and b, let
ap =2(3) )+ (@—=1)(5) + (b—2)(5) +2(*,"). We consider the following three cases.

Case 1. f71(2) € Ry, say f(vi;) =7 for 1 <j <rbut f(vs;) =r+ 1 with s # 1 for
some r > 2.

We shall count the number of edgestin (Kjs < K,,)s. Notice that besides the edges in
K,, x K,,, extra edges are due to the following eliguesiin (K, x K,,)  which are independent
sets in K,,, X K.

Each row R; with 2 < ¢ < mris aeliquein (K5, x K,,)y, since for v;,, v;, € R; with
f(vip) < f(vig), we can choose k € {1;2}—Aq}; such that f(vix) =k < f(vip) < f(vig)
and vy v, € E(K,, X K,) € E((K,, X K,)¢), which imply v; ,0;, € E((K,, x K,)f).
Notice that we use the interval property (3.1) in this implication. As the property will be
used frequently, we shall not mention it every time.

Each column C; with 2 < j < r is a clique in (K, x K,)y, since for v, ;,v,,; € C;
with f(v,;) < f(vg;), we have ¢ > 2, and so f(vi1) = 1 < f(v,;) < f(vg;) and
V11045 € E(Ky, X K,,) € E((K,,, X K,)¢), which imply v, jv,; € E((K,, x K,,)f).

For the case r + 1 < n, any column C; with j > r 4+ 1 but j # t is a clique in
(K, X K,,)y, since for v, j,v,; € C; with f(v, ;) < f(v,;), we can choose x = vy, (when
q # 1) or vs; (when ¢ = 1), such that f(z) < f(v,;) < f(v,;) and zv,; € E(K,, x K,,) C
E((Kp, x Ky)¢), which imply v, jv,; € E((Ky, X Ky,)f).

Similarly, C; — {vy;} is cliques in (K, x K,); for 1 < j < n. In particular, this is

true for j = 1,1.
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Therefore, totally the graph (K, x K,); has at least e,,, = 2() (5) + (m — 1)(}) +
(n—=2)(7)+2(";") = 3(m—1)(mn*+n?—n—4) edges, which gives that P(K,, x K,,) >
s(m—1)(mn*+n? —n —4).

Case 2. f71(2) € (.

Since n > m and n +m > 5, we have e, ,;, — €pnn = (";) — (;L) + 2("51) - Q(m;) =
(n+m —5)(n —m) > 0. By an argument similar as Case 1, P(K,, X K,,) > eum >
emn = 3(m —1)(mn® +n? —n —4).

Case 3. f71(2) ¢ Ry UCY, say f(va2) = 2.

By an argument similar as Case 1, Ry — {vi11,v12}, Re — {ve1}, R; for 3 <i < m,
Cr — {vi1,v21}, Cy — {v12}, C; for 3 < j < n are all cliques in (K, x K,);. Let
/7Y(3) = vsy. Then, either vy, & R1UCy or vy ¢ RyUC;. We may assume vg; ¢ Ry UC5.
Suppose 3 < ¢ < n. For the case f(vi2) < f(v1,4), we have f(vo2) =2 < f(v12) < f(v1,4)
and vyov1, € E(K,, x K,,) C E({(,, X K,)f) implying visv1, € E((K,, X K,)f).
For the case f(vi2) > f(v1,), We have |[f(0,4) =3 < f(vi,) < f(vi2) and vsv10 €
E(K,, x K,) C E((K,, x K,)f) implying vy ,u12 € E((K,, x K,)f). So, in any case,
V12014 € E((K,, x K,,)f). Similatly, 9 50,0 € B{(K,, x K,)f) for 3 < p < m. There
are totally n +m — 4 such edges. So (K, X K,); has at least 2(7) (3) + (";%) + (") +
(m—2)(3) + (") + (") + (n—2)(%) + (n +m — 4) edges. As n > 4, this number
is greater than e,,, by (n —1)(n —4)/2 > 0 edges. Again, we have P(K,, x K,,) >

s(m—1)(mn*+n® —n —4). ]

The other cases remain are: P(Ky x Ky) =2, P(Ky x K3) =9 and P(K3 x K3) = 28.

Figure 3.2 shows the profile numberings of Ky x Ky, Ky x K3 and K3 x K3, respectively.

Y
P
1 3 4 6
2
KgXKQgQKQ KQXKggOG KgXKg

Figure 3.2: The profile numberings of Ky x Ky, Ky x K3 and K3 x K3, respectively.
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3.2.2 Profile of (K;V G) x K,

This subsection determines the profile of (K, V G) x K,, with |V(G)| =t < s.

The notations we use in this subsection are the same as above except now we let
m = s+tand V(K,V G)) = SUT, where S = {z1,29,...,2,} = V(K,) and T =
{Tst1, Tst2, ..., X5t} = V(G). We also let S; ={v;; :x; € S} and Tj = {v;; : x; € T}

for 1 < j <n. Notice that C; = S; UT].

Theorem 3.2.2 If G is a graph of order t < s and n > 4, then P((K,V G) x K,,) =

(”;) + (n? — 2)st.

Proof. To prove P((K,V G) x K,) < () + (n® — 2)st, consider the proper numbering

g of (K, V G) x K, defined by

i+ (7 —1)s, forl1<i<sand1<j<n-—1;

i+ (n—1)s+t,ah for T <ir< s and j =n;

i+jt+ (n—1)s, fors4l <i<s+tand1<j<n-—1;
i+ (n—2)s, foris+1 <@<s+tand j=n.

g(vig) =

See Figure 3.3 for g of (K, V.() x Kg where |V(G)| = 3 in which the edges are not

drawn for simplicity.

C F )

S1 Sy Sy Sy S5 Se St Ss Sy
el 5 9 13 17 21 25 29 36 R,

*2 6 10 14 <18 22 <26 <30 *37 Ry
e 3 o7 11 15 19 23 <27 31 *38 Rs

e 4 o8 12 16 220 <24 28 32 39 Ry

*40 43 <46 49 52 <55 58 61 <33 R;

T 41 44 47 50 53 56 *5H9 62 34 R

K, VG *42 45 48 *51 *54 *57 <60 *63 *35 Ry
N

W(G)|:3 T 15 T3 Ty Ts Tg T Ty Ty

Figure 3.3: A proper numbering g of (K4 V G) x Kj.
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Notice that two vertices v; ;, vy ; are adjacent in (K, V G) x K, if and only if one is
in S; and the other in T} for some j # j' or one is in 7 and the other is in 7} with
rixy € E(G). As no vertex in S; is adjacent to a vertex with smaller numbering in
(KsV G) x K, S x V(K,) is an independent set in ((K,V G) X K,,),.

For any two vertices v; ; and vy j in T'x K, with g(v; ;) < g(vi /), we may choose k from
{1,2} such that k # j'. So, g(vis) < g(vi;) < g(vy ) and vy gvp o € E((K,VG) x K,,) C
E(((K,VG)x K,),) imply that v; jus » € E(((K,;VG)xK,),). This proves that TxV (K,,)

nt

is a clique in (K, V G) x K,),, which gives ('}

) edges.

For any v; ; € S; and vy ; € Tj with 2 < j <n —1, we have g(v1,1) < g(vi;) < g(vir ;)
and vy vy ; € E(K,VG) x K,,) C BE(((K,VG) x K,,),) implying that v; jvy ; € E(((K,V
G) x K,),). It is also the case that no vertex in S; is adjacent to a vertex in 7} in
(Ks vV G) x K,,), for j =1 or n. So, vertices in S; are adjacent to vertices in T}/ in
(K, V G) x K,), for all j and j' ex¢épt j = j“€{1,n}. These give (n? — 2)st edges.

Therefore, P((K, V G) x K, )< |[E((Bs V' G). X K,,),)| = (%)) + (n? — 2)st.

Next, we shall prove that P{(K, V.G)'X K,) 2(") + (n* — 2)st. Choose a profile
numbering f of (K, V G) x K,,. For the first case; assume that f(vy ;) = 1. Let f(vay) =
min{ f(v; ;) 1 v;; € ToU...UT,}.

For any vertices v;; € S; and vy j € Ty, by the definition, v; jui j € E((Ks V G) %
K,) C BE((KsV G) x K,)f) if j # j'. Suppose j = j & {L,b}. If f(uvi;) < flviy),
then f(v11) < f(vij) < f(virj) and viqvpp € B(((Ks V G) x K,,)f) imply that v; juyj €
E((K,V G) x Kp)yp). If f(vi;) > flvp i), then f(vap) < f(vg ) < f(vij) and v, v 5 €
E(((Ks Vv G) x K,);) imply that v; juy;s € E(((KsV G) x K,)s). So, vertices in S; are
adjacent to vertices in T} for all j and j’ except j = j' € {1,b}. These give (n* — 2)st
edges.

Consider any two vertices v; ; and vy j in Ty UT5U. .. UT, such that f(v;;) < f(vy ).
For j > 2, we have f(v11) < f(vi;) < f(viy) and vy vy o € E(((K,VG)x K,,);) implying
vi v € E(KsVG) x Ky)yp). So, ToUT3U. .. UT, is a clique in (K, VG) x K,,);. This
gives ((”;l)t) edges. If TTUTyU...UT, is a clique in ((K,VG) x K,,), then these give (”;)

edges. Therefore, P((K,V G) x K,,) > () + (n* — 2)st. Now, we may assume that there
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are two non-adjacent vertices v,, and vy in Ty UTo U ... UT, with f(v,,) < f(vpq)
and ¢’ = 1.

For any two vertices v;; and vy j in Sy U S5 U ... US, such that f(v;;) < f(vy ).
If f(vpg) > f(vij), then f(vij) < f(v,q) < f(vyy) and v, 004 € E((KsV G) x K,)¢)
imply v, vy € E((KsV G) x K,);), a contradiction. Therefore, it is always the
case that f(v,4) < f(vi;) < f(vij). Except for the case when ¢ = j° = b, we have
vy o € E(((Ky V G) x K,)s), which together with the above inequalities gives that
vi vy € BE(Ks vV G) x Ky)y).

Now, if ¢ # b, we have that S, U S3U ... U S, is a clique in (K, V G) x K,);.
This gives ((”_21)5) edges. And so P((K,V G) x K,) > (("_21)8) + ((”gl)t) + (n? — 2)st >

2(("_21)t) + (n*—2)st as n > 4. Hence we may assume that if v, , and v, , are nonadjacent
in Ty UT, U...UT, with f(v,,) < f(vyq), then ¢ = b and ¢ = 1. In this case,
SoUS3U...USp_1USpi1 USpio Ui US, isatelique and Ty UT, U ... UT, is a clique
in (K, V G) x K,); except thatvertices it} axe not necessarily adjacent to vertices in
Ty. This gives P(K,V G) x K} = ("2 F (V) — £ + (n? — 2)st > (V) + (n? — 2)st as
n > 4.

For the second case, assume that f{viy11) = 1. By symmetric argument of the first
case, we also obtain P((K, V G) x K,) > () + (n? — 2)st as n > 4. ]

2

3.2.3 Profile of P,, X K,

Finally in this section, we study the profile of P, x K,.
The results in the previous subsections cover the case for Py x K, = K1 X K,,, P, x K,, =
Ky x K, = K17 x K, and P; x K,, = K; 5 X K,,. In the following we consider only for

m > 4.
Theorem 3.2.3 If m,n > 4, then P(P,, x K,) = (m —2)(3) + (m — 1)(n? — 1).

Proof. For P(P,, x K,,) < (m —2)(}) + (m —1)(n® — 1), consider the proper numbering
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g of P,, x K, defined by
(i —1)n+ 7, forl1<i<m-—2and1<j<nmn;
(m—1n+j fori=m-—-landl1<j<n-—1;
g(vij) =1 (m—1)n, fori=m —1and j = n;
(m—2n+j fori=mandl<j<n-—1,;
mn, for : =m and j = n,
see Figure 3.4 for g of P5 x Ky in which the edges are not drawn for simplicity.
C K, )
R
el «2 «3 ¢4 o5 6 7 8 9 R
*10 11 12 13 14 +15 <16 =17 18 R,
Po| 19 20 =21 22 23 24 25 <26 *27 Ry
¢ 37 38 39 40 41 42 43 44 36 Ry
*28 29 30 =31 *32 %33 34 35 <45 R;
N
C, Cy Cy Cf 2050 Csn Cr Cs  Cy
Figure 3.4:5A proper numbering g of P5 x K.
The profile width of vertex v; ; 1s
(0, fori=1and1<j<m;
n—1, for2<i<m—2andj=1;
n—1+4j, for2<i<m-—2and2<j <n;
(vr;) = 2n —1, fori=m—1and j=1;
WgVij) = 2n—1+j, fori=m—-1land2<j<n-1,;
2n — 1, fori=m —1 and j = n;
0, fori=mand1<j<n-1;
 n—1, for i =m and j = n.
Therefore,
0, for i = 1;
Zn: (vi)) = g)+(n2—1), for2 <i<m—2;
) Wolvig) = D+ (2n?—n—1), fori=m-—1;
J=1 ;
n—1, for i = m,
n
dso P(P, x K,) < Py(P,, x K,,) i) = (m—2 —1)(n* - 1).
and so P(P,, x K,) < X ;;wgvj )(2)+(m )(n )
To prove that P(Py, x K,) > (m—2)(}) + (m—1)(n?— 1), choose a profile numbering

f of P,, x K,. We use the following notation:
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Let

a; = vmén' f(vij) and f(vip,) = a; for 1 <7 < m.

A= {z :2<i¢<m—1and R; is not a clique in (P,, x K,)¢} and p = |A].
B={i:2<i<m-—1anda; <min{a;_1,a,41}} and ¢ = |B|.

Ny =A{vijury € E(Pn x Ky)) : 1 <j,5 <n}.

N = [N or| for 1 <7 <m.

Ay = A{vijviy € E(Pn x Kp)g) : 1< j =5 <n}.

Ao = [Asy| for 1 <d,i" <m.

0,3’

Aig,i/ = {Uz',jvz",j/ € E((Pm X Kn)f) 1<y < j’ < n}

< < .
A = |Az’_,i" for 1 <i,7 <m.

Claim 1. Suppose [i — 4’| = 1. Thew! A7 =i+ 2 and so \;» > n? — 2. Furthermore,
if b; = by, or f(vip,) < f(virp, )y or Riis acliqué in (P, x K,); with a; < ay, then
Ay >n—1andso Ay > n? — 1.
Proof of Claim 1. Consider anyj ¢ {b;, bigIf f(v: ;) < f(vi;), then f(vip,) < f(vij) <
f(vy ;) and v pvi; € E(Py, x K,,)) TE({(Bn X K,)¢) imply v, juy; € E(Py X K,)f).
If f(vij) > f(vey), then f(vip,) < f(ve;) < f(viy) and vy, vi; € E(Py, x K,) C
E((Pn x K,)¢) imply vy jv; ; € E((Py, X K,)¢). In any case, v; jvy ; € E((Py, X K,,)¢) for
J & {bi, b}, which give A7, > n — 2. There are already other n(n — 1) edges between R;
and Ry in E(P,, x K,), so we have \; 7 > n? — 2. For the case b; = by, there are at least
n — 1 edges v vy € E((Pn X Ky)g) for j & {b;,bi}. So, Ay >n—1and ;v > n? —1.
Now suppose b; # by. For the case f(vip,) < f(vip,), besides the n — 2 edges v; juy ;
for j & {b;, by}, we also have the edge v;,virs,, since f(vip,) < f(vip,) < f(virp,) and
Vi, Virpy, € E(Pr x Kyy) C E((Py, x Ky)y) implying vy, virp, € E((Pr % Ky)y). For the
case when f(viy,) > f(vip,) and R; is a clique with a; < ay, again f(viy,) = a; < ay =
foiy,) < f(vip,) and vip,vip, € E((Py X Ky)g) imply vy vig, € E((Py X Ky)f). In
any case, v; vy j € E((Pp x Ky)g) for j # b;, which gives A7, >n — 1 and Ay > n® — 1.
0

Claim 2. If i € A, then A=, > (";') > 3.
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Proof of Claim 2. As R, is not a clique in (P, x K,,)f, we may choose ¢ # d such
that v; v, 0 ¢ E((Py, x K,,)¢). Consider any j, 5" ¢ {c,d} with 1 < j <j <n. In the 4-
cycle (Vie, Vi—1,j, Vid, Vit1,57, Vic), We have v; v; g ¢ E((P,, x K,)f) implying v;_1 jvit1,;0 €
E((P,, x K,)y) by the chordality property (3.3). This gives that )\E_MH >(14+2+...+
(n—-2)=("3") 230
Claim 3. If i € B, then A%, > (}) > 6.
Proof of Claim 3. For any j,j’ ¢ {b;} with 1 < j <j' <mn, since f(vip,) = a; < a;—1 <
f(viz1) with v, 0,21, € E(Py, x K,,)) C E(P, x Ky)¢) and f(vip,) = a; < aiy1 <
f(vig1,5) with v p, 41 0 € E(Pp, x K,,) € E((Pr, X K,,)¢), by perfect elimination property
(3.2), vi—1,jVis1 € E((Pr x Ky)g). These give AZ |, > 1424 ...+ (n—1) = (}) > 6.
O

Having these three claims in mind, we are ready to prove the theorem. As n > 4,
there is a bijection from {{j, k} : 1 <£j < k < mjito itself such that {j, k} is disjoint from
its image {j’, k'}. This can be done by setting {4/, ¥} = {(j + ¢) mod n, (k + ¢) mod n},
where 0 = 2 when j and k are consecutive-inder modulo n, and § = 1 otherwise. We may

assume that j' > &’ for our convenience! Consider the following (m — 2)(}) disjoint sets:
Sk = {vigVik: Vie1jViciw}y

where 2 < i < m—2and 1 < j < k < n. In the 4-cycle (v;;,vi_1j7, Vik, Vit1,4, Vi ;)
(see Figure 3.5), at least one of the edge in S, must exist. These give totally at least

(m —2)(}) edges.

/UZ_ lvjl
* ° Ry
. . RZ
¢ ¢ Rin

Vit1,k!

Figure 3.5: The 4-cycle (v;;, vi—1 7, Uik, Vit1.7, Vi j)-

Among the m — 2 rows Ry, Rs,..., R,,_1, there are p rows that are not cliques in
(P, x K,,)s and the other m — 2 — p rows are cliques. Among the m — 2 — p clique rows,
let there be p’ consecutive pairs, that is, cliques R; and R with |i —i'| = 1. By Claim

1, \i,v > n? —1 for these p’ pairs and \; y > n? — 2 for the remaining m — 1 — p’ pairs of
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i and ¢/ with |i — /| = 1. These give totally at lease p'(n?> — 1) + (m — 1 — p/)(n? — 2) =
(m—1)(n*> = 1)+ (p' + 1 — m) edges.

By Claim 3, there are at least 6q extra edges from the sets A?_Li“ for i € B. By
Claim 2, there are at least 3(p — ¢) extra edges from the sets AE_LHI for i € A\ B. These

give at least 3p + 3¢ extra edges. So, we have
n
P(P, x K,) > (m—2)(2) +(m—1)(n*=1)+ @ +1—m+3p+3q).

In particular, P(P,, x K,,) > (m —2)(5) +(m—1)(n®>—1) when p'+1—m+3p+3q > 0.
So, now assume that p’ +1 —m+3p+3¢ < —1orp <m —3p—3q— 2.

Notice that there are p non-clique rows R; with 2 < i < m — 1. These rows separate
the other rows into p + 1 runs. Each run with « clique rows in Rs, R3,..., R,,_1 has
max{0,« — 1} > a — 1 consecutive pairs of cliques. Therefore, p" > m -2 —p— (p+
1) = m — 2p — 3 with equality holds_ifyand: only if @ > 1 for each run of clique rows.
Or equivalently, any two rows in/A U {RiyRs} are not consecutive, which implies that
3<i<m-—2forie A

Now, m —2p — 3 < p’ < m —3p 1 3¢=2nmply, that p + 3¢ < 1. This is possible only
when p < 1 and ¢ = 0. Suppose p =1, say A=9R;}. Then, the above inequalities are in
fact equalities, i.e., m — 2p — 3 = p' and so 3 < i < m — 2. Therefore, R;_; and R;,; are
clique rows. As ¢ = 0, we have i ¢ B and so either a;,_1 < a; or a;+; < a;. By Claim 1,
either \;_;, >n—1or A\j;,; >n—1. Soin the above calculation, we in fact have p’ + 1,

rather than p’, consecutive pairs of ¢ and ¢ with \; » > n* — 1. Thus,

n

P(Py x K,) > (m —2) (2

)+(m—1)(n2—1)+(p’+2—m+3p+3q),

where p'+2—m+3p+3¢>(m—2p—3)+2—m+3p+3¢=p+3¢—1=0and so
again P(P,, x K,) > (m —2)(}) + (m —1)(n® — 1).
Now we may suppose that p = ¢ = 0. In other words, Rs, R3,..., R,,_1 are cliques

and
a1 < ag < ...< 1 <@ and a, > apy11 > Qrig > ... > Ay (3.4)
for some r. By Claim 1, we have

Ma>n? =2 N >n?—1for2<i<m—2, Ay =n*—2.
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These together with the m — 2 clique rows gives at least (m —2)(3) + (m —1)(n* — 1) — 2
edges. In the following, two extra edges, one with an end vertex in R, and the other with
an end vertex in Ry, are to be found to make P(P,, x K,,) > (m—2)(}) +(m—1)(n*—1).
Assume, by symmetric, there is no such extra edge with a vertex in R; which we call an
Ry-edge, we shall either get a contradiction or find two other extra edges.

First, we may assume that b; # by and a1 < as and f(vyp,) > f(vay,), for otherwise
Claim 1 gives that A\;5 > n? — 1 rather than only A\;» > n? — 2 which give an extra
Ri-edge, a contradiction. Notice that the two non-edges between R; and Ry are vy, V2,
and vy p, V2 p, -

We claim that in fact a; = 1. Suppose to the contrary that a; > 1. By (3.4), we have
a,, = 1. This together with a,, < a; < as < a, implies that there is some ¢ such that a, >
a1 > ay > a; > a,, = 1. Then, for each j # b;, we have f(v;p,) < f(vip,) < f(vie1,)
and v; p,vi—1,; € E((Py, x Ky,) ) implying vy 5, vty € E((P, x K,,)f), which gives n — 1
extra Ri-edges, a contradiction. “Thus,-ay==1"

As a; =1 and f(v1p,) > as, without loss of generality, we may assume that f(vy ;) = j
for 1 < j < {¢—1but f71() = w3 & Ry, where ¢ < n. Notice that we assume
by = 1 now. By the inequalities in (3'4)," we have ¢ = a,, or { = ay. For the case
{ = a, for any j # 1, we have f(v11) = 1 < € = ap, = f(Vmp,) < f(v2;) and
v11ve; € E((Py, x K,)¢), implying vy, 025 € E((Py X Ky)f¢), which are n — 1 > 2
extra edges as desired. For the case ¢ = ay, we may assume that by = n. If £ < n, then for
any j < mn, we have f(va,) < f(vi) with vy,010 € E((Py, X K,,)¢) and f(va,) < f(vs;)
with ve,,v3; € E((PnxKy)¢), implying vy gvs; € E((PnxKy,)¢) by the perfect elimination
property (3.2). This gives n — 1 > 2 extra edges as desired. So, we may assume that
{=n.

Next, f(vi,) > f(vs1), for otherwise, f(v1,) < f(vs1) gives that f(ve,) < f(vin) <
f(vs1), this together with v ,v31 € E((P,, x K,)) implying vy ,v31 € E((Pm X Ky)f),
which is an extra Rj-edge, a contradiction. Similarly, for each j with 2 < 7 < n—1 we have
f(ve;) > f(vsn), for otherwise, f(ve;) < f(vs1) gives that f(ve;) < f(vs1) < f(vin),

this together with vy vy, € E((P,, x K,,)) implying vs 01, € E((P,, x K,)f), which is
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an extra Rj-edge, a contradiction. Also, f(vs2) > f(vs1), for otherwise, f(v42) < f(v31)
gives that for each j with 2 < j < n —1, we have f(v11) < f(vs2) < f(vs1) < f(v2),
this together with vy v9; € E((Py, x K,,)f) implying vy 9vs; € E((Py, X K,,) ), which are
n — 2 > 2 extra edges as desired. Now, for each j with 2 < j <n — 1, we have f(v3;) <
f(va;) with vgqva; € E((Pr, X Ky,)¢), and f(vs1) < f(va2) with vs 049 € E((Pn X Ky) ),

implying v jvs2 € E((P,, x K,,)f), which are n — 2 > 2 extra edges as desired. [

3.3 Profile minimization on compositions of graphs

In this section we establish bounds for profiles P(G[H]) of compositions of graphs G
and H. Also, exact value is determined when G is an interval graph as well as certain

graphs.

3.3.1 Preliminary

A close related class of graphstoiinterval graphs are chordal graphs. A graph is chordal
if every cycle of length greater than three-has-a chord. It is well-known that a graph G
of n vertices is chordal if and only if.it has a<perfect elimination ordering which is an

ordering vy, Vs, ..., v, of V(G) such that
i <j <k, vv; € E(G) and vyv, € E(G) imply v,v, € E(G). (3.5)

It is clear that an interval ordering is a perfect elimination ordering. Consequently, in-
terval graphs are chordal. Notice that v; is a simplicial vertex of the induced subgraph
Gloiisr,ont for 1 < <n.

Denote by S(G) the set of all simplicial vertices of a graph G. It is clear by the
definition that S(G) induces a subgraph Gg(g) in which every component is a clique. It
is then the case that the number of components of G'g(¢) equals to the maximum number

of an independent set in G'g(). We use s(G) to denote this number.

Suppose now G is an interval graph, and vy, vs, ..., v, is an interval ordering of G. For
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1<i<nandzeV(G), let

Ni(z) = {v; € N(x):j >i},
Ni[z] = {v; € N[z] : j > i},
N7 (v;) = {v;€ N(v) :j <i}.

If necessary, we use N~ (v;;v1,v9,...,0,) for N™(v;) to emphasize the ordering. We use

o(G;v1,vg,...,0,) to denote the number of vertices v; with N~ (v;) = (). And let 0(G) =

max o(G; vy, vy, . .., v,), where the maximum is taken over all interval orderings of G.
Lemma 3.3.1 Suppose vy,vs,...,v, is an interval ordering of an interval graph G. If
vy € N~ (vp) and Ny[v,) C N,y[v,|, then the ordering uy, us, . . ., u, resulted from vy, v, ..., vy,

by moving v, to the position just after v, is also an interval ordering of G.

Proof. For i < j < k with wuy € £(G), we shall verify that u;u;, € E(G) by considering
three cases. Let u; = vy, u; = v and up = Vj

Case 1. i/ < j' < K. In thisiease, vyvp = wuy € E(G) implies v; v € E(G) and so
ujuy € E(G).

Case 2. ¢ = k' < j' <p. In this case, v,v, € E(G) implies v € N,[v,] C N,[v,] and
so uju = vjv, € E(G).

Case 3. ¢ =j' < <p < k. Inthis case, vyvy = uu, € E(G) implies vy € N,y[v,] C

Ny[v,] and so ujuy = vyu € E(G). ]

Proposition 3.3.2 For any interval graph G, we have o(G) = s(G).

Proof. Suppose vy, v, ..., v, is an interval ordering of G with o(G; vy, va, ..., v,) = 0(G).
By the definition of an interval ordering, any vertex v; with N~ (v;) = ) is simplicial. Also,
N~ (v;) = N~ (v;) = 0 imply that v; and v; are not adjacent. So, 0(G) < s(G).

Suppose o(G) < s(G). Then, by the definitions of ¢(G) and s(G), the graph Gy
has a component C' containing no vertex v; with N~ (v;) = (. Let v, be an arbitrarily
vertex in C. For v,_; € N7 (v,), since v, is simplicial, N,_1[v,] € N,_1[vp_1]. According

to Lemma 3.3.1, we can move v,_; to the position just after v, to get a new interval
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ordering of G. Continue this process we shall get an interval ordering wy, us, . .., u, with
N~ (v,) = 0. More precisely, if N~ (vy;v1,0a,...,0,) = {Vg, Ugt1,- -, Vp1}, then in fact
Uy, Ug, . . ., Uy is obtained from vy, vy, ..., v, by moving v, into the position between v,_;
and v,. So, N7 (v;;ur, ug, ..., u,) = N (v;v1,02,...,0,) for i < q or i > p. Notice

that by the definition of C' and v,, we have N~ (v;;vy,v,...,v,) # 0 for ¢ < i < p.
Hence, N~ (v,; u1, ug, ..., u,) = 0 implies that o(G; vy, vs,...,0,) < o(Gsu, us, ..., uy),

a contradiction. This proves the proposition. [

For a graph @, define 3(G) = max{s(G) : G is an interval completion of G} and
5(G) = max{o(@) : G is an interval completion of G}. Obviously, 5(G) = 5(G) by using

Proposition 3.3.2 directly.

Proposition 3.3.3 If x is a simplicial vertex of a graph G, then x is also simplicial in

any interval completion G of G.

Proof. Suppose to the contrary:that  is not'simplicial in G. Choose an interval ordering
vy, Vg, ..., U, Of G with z = vp+ Wemay-assume that the interval ordering is chosen
such that p is as small as possible.”/Then, there are v, v, € Ng(v,) such that ¢ < r
and v,v, & E(CAJ) We may assume that ¢ is chosen as large as possible. It is the case
that ¢ < p by the interval ordering property. In fact, ¢ = p — 1 for otherwise we have
Ny_1]|vy] € N,_1[vp_1]. In this case, by Lemma 3.3.1, we may switch v,_; and v, to get a
new interval ordering of G in which x has a smaller index than p, a contradiction.

Let s be the least index with vy € N~ (v,). It is easy to see that vy, vq,..., v, is an
interval ordering of G — vsUp. If v5v, € E(G), then G- Usv, is an interval super-graph of
G with fewer edges than G, a contradiction. So, vsv, € E(G).

Since v, € Ng(vp) — Ng(vp-1), the least index ¢ with v, € N7 (v,) is p. Again,
vpv, € E(G) for otherwise vy, vs,...,v, is an interval ordering of G- vpv, which is an
interval super-graph of G with fewer edges than G.

Since v, is simplicial in G, both vsv,, v,v, € E(G) imply that v,v, € E(G) C E(@)

~

As s < g <, by the interval ordering property, v,v, € E(G), a contradiction. |
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~

Proposition 3.3.4 If I is an independent set of a graph G and I C S(G) for an interval

completion G of G, then I is also independent in G and so || <o(G).

Proof. Suppose to the contrary that x,y € I are such that xy ¢ E(G) but zy € E(@)
Choose an interval ordering vy, vs, ..., v, of G. Let z = v, and y = vy. Without loss
of generality, we may assume that p < p’ and the interval ordering is chosen so that p
is as small as possible. We then have N~ (v,) = 0, for otherwise there is some vertex
vy € N™(v,). Since v, is simplicial in G, we have N,[v,] C N,[v,]. According to Lemma
3.3.1, we can move v, to the position just after v, to get a new interval ordering of G in
which z has a smaller index than p, a contradiction.

As v = v, and y = v, are two adjacent simplicial vertices in G, we have Nglvp) =
Nglvy]. The fact that N~ (v,) = () then implies that the least index ¢ with v, € N~ (v,)
is p. It is then easy to see that G- vpUxaisian, interval super-graph of G, a contradiction.

This proves the proposition. [

3.3.2 Bounds for profiles of compositions of graphs

This subsection establishes upper‘and-lower bounds for the profiles P(G[H]) of com-
positions of graphs G and H. Exact value is also determined when G is an interval
graph.

First, an upper bound.

Theorem 3.3.5 If G is an interval supper-graph of a graph G of order m and H is a

graph of order n, then

n

PIGLH) < [B@)n? + (m— o(G)

) +o(G)P(H).

Proof. Choose an interval completion H of H. Then, G[H] is a subgraph of G[H] and so

A~ A~

P(G[H)) < P(G[H]). Choose an interval ordering 1, Ty, . . . , 2y, of G such that there are

exactly o(G) vertices x; with N~ (z;) = (). Also, choose an interval ordering y1, ya, - - ., Yn

for H. Consider the ordering

V1,1,01,2,-- -, V10, V21,022, -3 V2 -+, Um1,Um2,++3Umn
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using the lexicographical ordering. That is, (i,7) < (¢/,7') if and only if ¢ < i’ or i = ¢’
with j < 7'. We shall check below that this is an interval ordering for the supper-graph
© of G[H] with V(©) = V(G[H]) and E(©) = E(G[H]) U {v; vy : N~ (z;) 0,1 < j #
J' < n}. Suppose (i1, 1) < (i2, j2) < (i3, 73) with v;, j, v, j, € E(O).

Case 1. i1 < iy < 13.

~

In this case, v;, j,Viy 5, € E(O) implies that x;, x;; € E(G). By the interval ordering

~ A~ o~

property, z;,2;, € E(G) and so vy, j,vi, 5, € E(G[H]) C E(O).

Case 2. i1 < iy = i3.

~

In this case, v;, j, Vi, j, € E(O) implies that z;,z;, € F(G) and so N~ (z;,) # 0. By the
definition of O, we have vy, ;,v;, j, € E(O) since iy = i3 and ja # Js.

Case 3. 11 = i3 = i3.

In this case, j1 < j2 < j3. Suppose vj, j,Vi, 55 & £(©). By the definition of O, we have
N~ (z;;) = 0 and so vy, j,Viy 45 € E(@[f[]) Then, y;,vy;, € E(H) and so YinYis € E(H)
which in turn implies that v;, j, v ;, € B(GIH))'C E(©).

Therefore, © is an interval super-graph of @[f[] with |E(G)|n? + (m — U(C:'))(g) +

U(@)P(H ) edges. The theorem then follows. ]

Corollary 3.3.6 If G is a graph of order m and H is a graph of order n, then

n

PIGLH) < PG+ (m - 5(6) (

) +(G)P(H).

Proof. The corollary follows from Theorem 3.3.5 by choosing an interval completion G

~

of G with 7(G) = o(G). ]
Next, we consider a lower bound.

Theorem 3.3.7 If G is a Ky3-free graph of order m and H is a graph of order n, then

n

PIGLH) = [B@* + (m - 5(6)

) +(G)P(H).



CHAPTER 3. ANDANTE: THE MOVEMENT OF PROFILE o7

Proof. Suppose K is an interval completion of G[H]|. Notice that K is chordal.

Let

R(K) = {z; € V(G): Kpg, is not a clique in K} and n = |R(K)],

R'(K) = {x € R(K) : z is not simplicial in G}.

Claim 1. R(K) is an independent set in G.

Proof of Claim 1. Suppose to the contrary that z,z, € E(G) for some z,,z, € R(K).
By the definition of R(K), there are fourvertices vy 4, Upp, Vg.c; Vg.a in K such that v, v, ¢
E(K) and v, v,4 ¢ E(K). Since 2, € E(G)swehave {v), V., Vp.aVq.d, UppUq,cs UppVqd}
E(K) and hence vy, 40q.cVppVq.4V5a 18 @ chordléss 4-cycle, a contradiction to the fact that
K is chordal. [J

Claim 2. If z; € R(K) and x, # g are.in Ng(i), then v, v, € E(K) for 1 < a,b <n.
Proof of Claim 2. By the definition of R(K), v; jv; ¢ E(K) for two distinct vertices
v;; and v; . For 1 < a,b < n, in the 4-cycle v, qU; jU4 Vi kVp.a, SiDCE V; 0, ¢ E(K) we
have v, v, € E(K). O

Claim 3. If 6(G) < n, then K has at least (|E(G)| + [#W )n? non-horizontal edges.
Proof of Claim 3. According to Claim 1, R(K) is independent in G. Since o(G) < 7,
by Proposition 3.3.4, in each interval completion G of G, there are at least r = n—0(G) =
n — S(G) vertices x;,, Ty, ..., x;. of R(K) which are not simplicial in G. By Proposition
3.3.3, they are not simplicial in G and so are in R'(K). For each z;; choose two neighbors
Ty, # g, With x, 2, ¢ E(G). By Claim 2, there are n® non-horizontal edges vy, 4y, in
K, where 1 < a,b < n. As G contains no K3 as an induced subgraph, each {z,,, 7}
may equal to at most one {z, ,, x4, } with j # j'. Therefore, there are at least {#W n?
non-horizontal edges other than those already in G[H|. O

We are now ready to prove the theorem. First, by the definition of R(K), there are
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at least (m — n) (%) + nP(H) horizontal edges in K.
If 5(G) > n, then

n

PGlH) = B+ )]

) +nP(H)

>\E@ﬂﬁ+0n—aG»Cl

2) +0(G)P(H),

since P(H) < (g)

If 5(G) < n, then by Claim 3 we have

Pl = (B@]+ |75 |y o= (3) + Pt

n

2

> W@Wf+wf5@»()+ﬂ®ﬂﬂx

since %2 > (5) and n > o(G). The theorem then follows. ]

Corollary 3.3.8 If G is a chordal graph-of order m and H is a graph of order n, then

n

P(GlH) > [E@)nt (G

) +5(G)P(H).

Proof. The corollary follows from that any chordal graph does not contain K, 3 as an

induced subgraph. [

Notice that the difference between the upper bound in Corollary 3.3.6 and the lower
bound in Corollary 3.3.8 is at their first terms P(G)n? and |E(G)|n®. For the case when

the graph is interval, we have P(G) = |E(G)| and so

Corollary 3.3.9 If G is an interval graph of order m and H is a graph of order n, then

HGWD=P@M”Hm—a@DCL

2) + o(G)P(H). (3.6)

Figure 3.6 shows a profile numbering of Ps[H] with |V (H)| = 5 in which the edges are

not drawn for simplicity.
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G(Ps) = o(Py) =2 H—

P(Py[H]) = (6~ 1)5* + (6 —2) 3) +2P(H)
= 165 + 2P(H)

Figure 3.6: A profile numbering of Ps[H] with |V (H)| = 5.

It is our interest to know for which, graph G of order m equality (3.6) holds for any
graph H of order n. For this purpose, let

n

Q= {G . P(G[H]) = P(G)n® 4 (m — 5(G)) (2

) + 0 (G)P(H) for any graph H}

So, we have that ) contains all interval graphs.

A slightly different lower bound is as follows.

Theorem 3.3.10 If G is a graph of order m and H is a graph of order n, then either
GeQor

P(GIH) > (P(G)+1)n2+(m—n)(n

) upin

> (P(G) + 1)n? + (m — (@) (Z) +a(G)P(H)
for some nonnegative integer n < a(G).

Proof. We use precisely the same notation K,V (G),V(H),V(K), R(K),n, R'(K) as in
the proof of Theorem 3.3.7. Notice that Claims 1 and 2 in Theorem 3.3.7 are still valid
in this theorem.

Case 1. n < 7(G).

For ji,ja, ..., jm € {1,2,...,n}, The subgraph Ky, , 1<i<m} is an interval super-

graph of G and so has at least P(G) edges. For each non-horizontal edge vy jv;» j» in K,
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there are n™~2 subgraphs K{Ui’ji;lgigm} contain this edge. Since there are n" subgraphs
Ky, ;. 1<i<m}, there are at least n™ P(G)/n™~* = P(G)n* non-horizontal edges in K. By

the definition of 7, we have

n

P = PE+ -]

)+77P(H)

n

> P(G)n*+ (m —5(G)) (2

) +5(G)P(H).

This together with Corollary 3.3.6 gives that G € (.

Case 2. n > 7(G).

In this case, we claim that each K{,, ; 1<i<m) has at least P(G)+1 edges and hence the
desired inequalities hold. Suppose to the contrary that there is some K (w35, 1<i<m} having
just P(G) edges. We may view v, j, as z; and then K {vi 3, 1<i<m} is an interval completion
of G. By Claim 1, R(K) is independent, in G. By Claim 2, R(K) C S(Kyy, , 1<i<m})-
Hence, by Proposition 3.3.4, R(K) is alseindependent in K{vi’ji;lgigm}. And then n =

|R(K)| <0(G), a contradiction. ]

Corollary 3.3.11 If a(G) — (G) <2, then G€).

Proof. Suppose to the contrary that G ¢ 2. According to Corollary 3.3.6 and Theorem
3.3.10,

n

(P(G)+1)n?+ (m — a(@)) (2

) +a(G)P(H) < P(G)n*+(m —5(G)) (

for some graph H of n vertices. This gives n? < (a(G) —3(G)) ((3) — P(H)) < n(n —
1) — 2P(H), which is impossible. Therefore, G € . ]

3.3.3 Gap between the upper and the lower bounds

There is a gap between the upper bound in Corollary 3.3.6 and the lower bound in
Theorem 3.3.10. This subsection gives examples for which the upper or the lower bound

are attainable. We also give conditions for which the upper bound attains.
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Theorem 3.3.12 If G; is a graph of m; vertices for 1 < i < k with Z m; = m, then
1<i<k

P( vV G;)= min {P(Gi)—kmi(m—mi)Jr (m;m)}

1<i<k 1<i<k

Furthermore, if P( vV G;) = P(Gj) + mj(m — m;) + (m—mj)} then a( V. G;) =

1<i<k 2 1<i<k
5(G,).

Proof. The theorem follows from the fact that for any interval super-graph K of 1<\'/<k G,
at least one of {1<'§-<kV(Gi) 11 <j <k}isaclique in K. If not, there exists x,,y, €
NFEIS

V(G,) and z,,y, € V(G,) such that z,y, ¢ E(K) and z,y, ¢ E(K). And then z,2,Y,y,%,

is a chordless 4-cycle in K which is impossible. [

Theorem 3.3.13 If G; is a graph of m; vertices for 1 < i < k with Z m; = m, and
1<i<k

H a graph of n vertices, then (V. kGi)[H] =V G;[H] and so

1<i< 1<i<k

P(( vV G,)[H]) = min {P(Gi[H]) Fn; (m- ma)n? + <(m " mi)") } .

1<i<k 1<i<k 2

Proof. The first equality follows from definition. The second equality then follows from

Theorem 3.3.12. (]

Now, let G be the path P; and G2 the graph obtained from K¢ by adding a new
edge. Notice that both Gy and G, are interval graphs of 7 vertices; and G; has 6 edges
while Gy has 7 edges. Also, 0(G1) = 2 and o(Gy) = 5. Then, for any graph H of n
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vertices, we have

\_/

7
P(GiVGy) = 647 7+(
2)

P(Gy[H]) = 6n2+ (7T— n) = 8.5n% — 2.5n + 2P(H),

2

P(Go[H]) = T2+ (7—5) ”) H) =8n? —n+5P(H),

2

\—//‘\/‘\

P((GyV Gy)[H]) = min{P(G;[H]

Y

P(ColH ])}+(72”)+7n-7n
— min{P(Gy[H]), P(Ga[H])} + 73,507 — 3.5m,
o(G1VGy) = 2,
a(GyV Gy) = 5,

upper bound = 76n* + (14 — 2) <Z) +2P(H) = 82n* — 6n + 2P(H),
lower bound = (76 + 1)n* + (14 =5) (Z) +5P(H) = 81.5n* — 4.5n + 5P(H).

Depending on H, it is possible that P(G[H])) <P(Gs[H]) or P(G1[H]) > P(G2[H]).
For the former case, P ((G; V Gg)[H]) is-€qual to the upper bound; for the latter case,

P ((G1V Gq)[H]) is equal to the lewer bound.

Theorem 3.3.14 Suppose G1, G5 and H are graphs of order my, mo and n, respectively.
IfGl € Q, GQ g Q, (@2)—(@1) S P(GQ)_P(GI) Cl’ﬂdOé(GQ) S 8(G1)+2, then Gl\/GQ € Q

and

PGV G = (PG + s+ () + G + g~ (60 () + 5GP
Proof. By the assumption (2) — (') < P(G>) — P(G1) and Theorem 3.3.12, we have

P(Gl V GQ) = P(Gl) -+ mimso + (Tz

2) and 5(Gy V Go) = 5(Gy).
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Now

P(Gy[H]) + myman? + (mgn)

= PG+ = 5(Ga)) ) + G PH) + mumar + (")

= (P(Gy) +myms + ( (m1 +ma — 5(Gy)) (Z) +5(Gy)P(H)

2

2
e
< (P(Gy) + mims + ( ) ) n® + (my + ma — a(Gs)) (g) +a(G2)P(H) +2(n)

< (P(Gy) +1)n2 + (mg — a(Gy)) (2) + o(G2)P(H) + myman® + (mgn)

< P(Ga|H]) +mymon® + (mgn)

Notice that in the above formulas, the first equality follows from that G; € €2, the second

equality from that ("2") = (2)n? + my(3), the third inequality from that (%) — (3!) <

P(Gs) — P(G4) and a(Gs) < 0(Gy) +24'tHé forth inequality from that ("") = (')n* +
my (g) and 2(3) < n?, and the fifth inequality from Theorem 3.3.10. The theorem then

follows from Theorem 3.3.13. (]

Theorem 3.3.15 Suppose Gy, Gy and H._are graphs of order my, mo and n, respectively.
If G1,G5 € Q, (";2) - (";1) < P(Gy) — P(Gy) and 6(Gy) < 5(Gy), then Gy V Gy € Q2 and

P((Gl V GQ)[H]) = (P(Gl) + mimeg + (TZQ) )n2 + (m1 + Mg — E(Gl)) <Z) -+ E(Gl)P(H)

Proof. The arguments are similar to those for the proof of Theorem 3.3.14. [

3.3.4 Exact values

By using the theorems in the previous subsections, we are able to get exact values for
many P(G[H]) when G are given precisely. In this subsection, we give exact profiles of
compositions of graphs by means of the results in Subsection 3.3.2.

We first consider the case when G is a caterpillar. A caterpillar is a tree from whom
the removing of all leaves resulting a path(possibly empty). More precisely, suppose
m = r + Z s;, where r > 2 and each s; > 0. A caterpillar with the param-

2<i<r—1
eter (m;r;sg,Ss,...,S-—1) is the tree T with a vertex set V(T) = {z; : 1 < i <
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rtuU( U {yji) :1 < j < s;})and an edge set E(T) = {zxi41 0 1 < i <r—1} U

2<i<r—1

(2<z'L<Jr—1{xiyJ('Z) 1<) <si})

Theorem 3.3.16 If T is a caterpillar with the parameter (m;r; Sq, S3,...,S,—1) and H
1s a graph of n vertices, then

1

§n(3n— 1)+ P(H), form =2,

P(TH]) = X
5n((2m—|—r —4n—(r—2)+(m—-r+2)P(H), form>3.

Proof. At first, consider the function f: V(T') — {1,2,...,m} via f(z1) =1, f(yj(z)) =
flric)+jfor2<i<r—landl<j<s, f(x;) = f(rim1) +si+1for2<i<r—2

flz,—q)=r+ Z si, flx,) =r+ Z s; — 1. Clearly, f is an interval ordering of T,
2<i<r—1 2<i<r—1
and hence we have that T is an interval graph. It is trivial that (7)) = 1 if m = 2. For

m > 3, since the maximum independent subsetfof S(T') is the set of all leaves in T', by
computing the number of leaves in 7', we have ¢(1") = s(7') = m —r + 2 from Proposition

3.3.2. Apply Corollary 3.3.9, wezobtain

%n(?m—l)—i—P(H), for m = 2,
P(T[H]) = ,
5n((2m—|—r—4)n—(r—2))+(m—r—|—2)P(H), for m > 3.

.....

Py = (5) = X mamn+ m = 0)(5) + k()

1<i<j<k

Proof. Let V(Ko my..m.) = <Q<kXi with |X;| = m; and V(G) = ( U X,)UY.

1 1<i<k
Define a proper numbering f : V(G) — {1,2,...,m} with 1 < f(v) < m; for v € X; and

Z m;+1< f(v) < Z m; for v € X; (2 <i < k). Easily to check up that f is an
1<j<i—1 1<5<i

interval ordering of G and hence G is an interval graph. Since each X; JY isa clique in
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G and there are no edges between all X;’s, we may choose a vertex from each X; at will
to form an independent set of simplicial vertices with largest size k, by Corollary 3.3.9 we

finally have

Notice that if m; = 0 for each ¢, then G = K, is also an interval graph and & = 1. Hence

n

P(K[H]) = (21) n®+ (m—1) (2) + P(H).

Thereupon, we deal with some cases which are not interval graphs.

Theorem 3.3.18 If Z m; = m with m' = max m; and H 1is a graph of n vertices,
1<i<k ==

then

P 1) = 5 gl R Ry 4 (= ) () + (1)

Proof. Since Ky, ms,....m, = 1<\‘/<k: Kby Theorem:3.3.13 we have it. [ |

Corollary 3.3.19 If G = K,,, — E( J K,,,) (where min m; > 2 and m’ = max m;)
1<i<k 1<i<k 1<i<k
is a subgraph of K,, obtaining by deleting a set of all edges in an isomorphic subgraph

1<Q<kai of K,, and H 1s a graph of n vertices, then
P(G[H]) = ((”21) - <”; ) Jn? + (m —m') (Z) +m'P(H).

1<i<k
Theorem 3.3.13, Theorem 3.3.18 and Corollary 3.3.9 by a careful computing. [

Corollary 3.3.20 If G = K,, — E(My) is a subgraph of K,, obtaining by deleting a set
of all edges in an isomorphic subgraph M, of K,, (where My is a matching of k edges in

K,,) and H is a graph of n vertices, then

P(G[H)) = ((7;) — 1)n?+ (m —2) (Z) +2P(H).
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Proof. Since K,,, — E(M) = K, — E(1 0 K5), by Corollary 3.3.19 we get it. ]

<i<k

Let X,Y be two graphs. We define the graph B(X,Y) to be the union of X,Y and a
bipartite graph B with bipartition V(X), V(Y.

Theorem 3.3.21 Let G = B(K,,, K,) be connected with B # K, .., and H be a graph

of order n, then G € ) and

n

P(G[H]) = P(G)n* + (m +m' —2) (2

)+2P@n

Proof. Since o(G) = 2, we have G € 2 from Corollary 3.3.11. In the following, we first
show G # Kpine. Let f be a proper numbering on V(@) with f~1(1)f74(2) ¢ E(G),
then trivially G # K,+py. This implies G # Ky and hence 0(G) = 2. It leads

n

mcmpzp@mﬂwm+w—m<2

)+ 2

Theorem 3.3.22 Let G = B(K,,;K,,) be connécted and H be a graph of order n, then

G e and
P(G)n* + m(g) +m'P(H), for Ng(V(K,)) = V(K,,),
P(G[H]) =
P(G)n*+ (m —1) <Z) +(m'+1)P(H), for otherwise.
Proof.

Case 1. When Ng(V(K,)) = V(K,)

At first we show 5(G) = m/. Since the vertices of V (K, ) are all simplicial in G, so
are in G by Proposition 3.3.3. Besides, V (K, ) is the only maximum independent set in
@G, so is in G by Proposition 3.3.4. Hence 5(G) = m’. Using a(G) = m’, by Corollary

3.3.11, we derive

P@mpzmwﬁ+m@)+mmH)

Case 2. When Np(V(K,)) # V(K,,) (i.e. Thereis an x € V(K,,) \ Ng(V(K,)))
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In the beginning, we show o(G) = m/ 4+ 1. Since the vertices of V(K,,) U {z} are
all simplicial in G, so are in G by Proposition 3.3.3. Besides, V (K,) U {z} is the only
maximum independent set in G, so is in G by Proposition 3.3.4. Hence a(G)=m'+ 1.
Using a(G) = m’ + 1, by Corollary 3.3.11, we acquire

n

P(G[H]) = P(G)n* + (m — 1) (2

) +(m' 4+ 1)P(H).

No matter what case, G € Q. [

Corollary 3.3.23 Suppose {p;q;}¥_, is increasing. If G = K,, — E(1<Q<k K, 4) is a sub-

graph of K,, obtaining by deleting a set of all edges in an isomorphic subgraph 1<CJ<kK i

of K., and H is a graph of n vertices, then

Pt = (('y ) ~madedys (m -2 () + 2P

Proof. We may regard K,, — E( J K, ;) a8 B, ¢, K;) (where t = Z ;) for a

1<i<k
1<i<k

certain bipartite graph B # K, %;. Next; we show G=K,— E(Kp, q.)- Let V(K,, ) =

X, V(G) = (1<L:J<k X;) JY and f bea proper numbering on V(G). If f~(1) € X;, then

|E(Gy)| > |E(Kp) — E(K,,,)|- Trivially, the equality holds if and only if f~1(¢) € X;

for 1 < ¢ < p; + ¢;, and hence Gy = K, — E(K,,,,). If f7'(1) ¢ V(1<Q<kai,qi), then
Gj = K,,. Thus, we conclude that G=K,— E(K,, q.). Using Theorem 3.3.21, it forces

P(G[H]) = ((2) — prgi)n® + (m —2) <Z> +2P(H).

At the end of this subsection we consider one of the case that can not be deduced

directly by the previous properties, namely for the case when G = ), with m > 4.

Lemma 3.3.24 If m > 4 and C is a non-complete interval super-graph of C,,, then

IE(C)] > 2m — 5 + 5(C).

Proof. Since C'is chordal, C' contains at least m—3 chords of C,, and so |E(C')| > 2m—3.

The lemma is clearly true for s(C') < 2. We may now assume that s(C) > 3. It is then
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the case that m > 6. Choose an interval ordering vy, v, ..., v, of C. Let i < j < k and
v;, v;, v, are independent simplicial vertices of C'. Choose a v;-vi, path P in (), not passing
vj. As i < j <k, in this path there are adjacent vertices vy and vy with ¢/ < j < k'. By
the interval ordering property, we have v;v € E(C). Let vj, vj» be the two neighbors
of v; in C,,. Then vjv;» € E(C) as v; is simplicial in C. So ¢" = C — v; is an interval
super-graph of C,, 1 with s(C") > s(C') — 1 > 2, which implies that C’ is not a complete
graph. By the induction hypothesis, |E(C")| > 2(m — 1) — 5+ s(C) — 1. As the path P

does not pass v;, we have vy & {vj, v} and so |[E(C)| > |E(C")|+3>2m—5+s(C). n

Theorem 3.3.25 If m >4 and H is a graph of order n, then
P(C[H]) = (2m — 3)n? + (m — 2) (Z) +2P(H).
Consequently, C,, € €.

Proof. Let G = C,, and we use the same notation K,V (G),V(H),V(K), R(K),n, R'(K)
as in the proof of Theorem 3.3.7. Notice that Claims 1 and 2 in Theorem 3.3.7 are still
valid in this theorem. Consider the mterval super-graph C’ obtained from €, by adding
m — 3 chords passing a fixed vertex. Then |E(C")| = 2m — 3 and o(C’) = s(C") = 2.
Suppose C” is an interval completion of C,,, with o(C") = o(C,,). It is clear that C” is not
a complete graph, and so o(C"”) > 2. By Lemma 3.3.24, 2m — 3 = |E(C")| > |E(C")| >
2m — 5+ o(C") > 2m — 3 and so in fact P(C,,) = 2m — 3 and o (C),,) = 2.

By Corollary 3.3.6, P(Cy,,[H]) < (2m — 3)n® + (m — 2)(3) + 2P(H). To see the other
inequality, we consider two cases.

Case 1. n < 2.

For ji, 7o, ..+, jm € {1,2,...,n}, The subgraph Ky, ; 1<i<my 1s an interval super-graph
of C, and so has at least P(C,,,) = 2m—3 edges. For each non-horizontal edge v; jivy j» in
K, there are n™~2 subgraphs K {v;;,:1<i<m} contain this edge. Since there are n™ subgraphs

Ky, ;,1<i<my, there are at least n™(2m — 3)/n™ % = (2m — 3)n? non-horizontal edges in
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K. By the definition of 7, we have

;)
y

2

P(C,[H]) > (2m—3)n2+(m—n)< T P(H)

> (2m —3)n* + (m — 2)( +2P(H).

Case 2. n > 2.

In this case, we may view v; j, as z; and then C' = K {vs 5, 1<i<m} is an interval super-
graph of C,,. By Claim 1, R(K) is independent in C,,. By Claim 2, R(K) C S(C).
Hence, s(C) > n and so |E(C)| > 2m — 5+ s(C) > 2m — 5+ n by Lemma 3.3.24. As
in the proof of case 1, there are at least ((2m — 5) 4+ n)n? non-horizontal edges. By the

definition of 7, we have

n

P(Cn[H]) > (2m—5+n)n*+(m—n) (2

) +nP(H)

> (20 3)n? + (M= 2) (Z) +2P(H).

Figure 3.7 shows a profile numbering of Cg[H | with |V (H)| = 5 in which the edges are

not drawn for simplicity.
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a(Cg) =2 H—

P(Co[H]) = (2-6 — 3)5% + (6 — 2)(3) + 2P(H)
— 265+ 2P(H)

Figure 3.7: A profile numbering of Cs[H] with |V (H)| = 5.
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Corollary 3.3.26 Ifm > 5 and H is a graph of order n, then

n

P(W,,[H)) = (3m — 6)n* + (m — 2) <2

) +2P(H).

Proof. Because W,, = K1V C,,_1, it is easy to obtain from Theorem 3.3.13 and Theorem

3.3.25. .



Chapter 4

Epilogue:
Conclusions and Further Topics

This thesis studies two problems on graphs of operations: the bandwidth problem and

the profile problem. Many of our results are solved by exact formulas or sharp bounds.
In the part of bandwidth problem, the following bandwidths have been determined:
Let m = |V(H)|, gcd D =1 and A = max D. Then

1 8 ggggm’ gg)mzm — m)\ for'm larger than a certain number
(3) B(G([n], D) A H) = (m+1)X decided by D.
2 83 gggg”’ gg)l]?{)%— 2m\ for n larger than a certain number

(1) B(G(Zan, {k,n})) :{ i gtfl’;g)iss{(la2),<2,3)};

(2) B(G(Zon,{1,n—1})) = { fé i Z ; i

5\ (3) BG(Zansr, {1,0})) = 4.
4, iftn=3;
(4) B(G(Zansr, {1,n— 1)) =< 5, ifn=4
6, ifn>5.

Let m = |V(H)|, and A = max D. Then

71
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Define two parameters by

&(H;k‘)—rﬁlr}g{ gAN( v) —l{::AgV(H)}, and&(H):m]?x&(H;k);
= — N C = ) .
B,(H; k) |1g11r}€{ ULEJAN[ ]| —k:AC V(H)}, and B,(H) mkaX&(H7 k)

We have

5. If H is a graph spanned by a disjoint union of some cycles or a matching, then

B,(H) < B(G(N, D) x H) — m\ < B(H).

6. Bs(H) < B(G(IN,D)XH) — m\ < B(H).
About the part of profile problem, we have presented the following profiles:

(2) P(K,VG) x K,) = ( ") + (n? — 2)st for |V(G)] =t < s and n > 4.

{ (1) P(Kme)—%( 1)(mn? +n? —n —4) for m =1 or n > max{m, 4}.
7
(3) P(P, x K,,) = (m )( ) Al =) (n® — 1) for m,n > 4.

Let G and H be graphs of order m and n, respetctively, then

8{ (1) P(G[H]) < P(G)n* + (m — (G ))(2? +o(GYP(H).
| (2) P(GH]) > |E(G)|n? + (m —T(G){5)=+ o(G)P(H) if G is Ky 3-free.

Define
0= {G : P(G[H]) = P(G)n® + (m — 5(Q)) <Z> +0(G)P(H) for any graph H} :

We have

9. If GG is an interval graph, then G € ).

10. Suppose G1,G5 are graphs of order my,ma, respectively. If Gy € Q, Gy ¢ , (";2) —
(1) < P(Gs) — P(G1) and a(Gy) < 7(G1) + 2, then G V G5 € Q and

P((Gl V GQ)[H]) = (P(Gl) + mimeg + (TZQ) )n2 + (m1 + Mg — E(Gl)) <Z) -+ E(Gl)P(H)

11. Suppose G1,G4 are graphs of order my,ms, respectively. If G1, Gy € €, (";2) — (";1) <
P(Gy) — P(Gy) and 7(Gs) < 7(Gh), then G1 V Gy €  and

n

P((G1V Go)[H]) = (P(Gy) + myimay + (n;z) n? + (my 4+ mg — 5(G1)) (2

) +5(Gh)P(H).

12. If G ¢ Q, then P(G[H]) > (P(G) + 1)n* + (m — a(G))(3) + a(G))P(H).
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Although some results of the above two problems are obtained, there are still many
questions remain open. We describe below some of them that we concern most.

In Chapter 2, we use Proposition 2.1.3 and Proposition 2.1.4 frequently to get the
bandwidths on three simple distance graphs and some composites of them with other
arbitrary graphs. After this, we expect to solve the bandwidths of G(X, D)[H], G(X, D) x
H,and G(X,D)X H for X € {[n|,Z,} and H is an arbitrary finite graph. Moreover, we
wish to make sure that B(G(Za,,{1,n —k})) (we guess it equals to 4k) for 2 < k < n,
B(G(Zsp+s, D)) as max D close to n for s € {0,1}, B(G([n], D)« H) as max D close to n
and B(G(Z,, D) * H) as max D close to |2, for x € {0, x,&, [ ], A}. We believe deeply
that the lower bounds for B(G(N, D) x H) and B(G(N, D)X H) are valid for B(G x H)
and B(G X H), respectively, where G is an infinite graph with finite bandwidth A. Tt is
interesting to characterize graphs H that result B,(H) = B(H) and to give an efficient
algorithm to find &(H ). We are algo interested.in characterizing graphs H that result
B,(H) = B(H) and in finding to‘get an efficient algorithm to get By(H). Another nature
question is that can we extend our results to more harder distance graphs, even to general
Caley graphs.

Besides the relation between the profile minimization problem and the interval graph
completion problem, the interval property and perfect elimination property play important
roles in Chapter 3, we utilize them almost all the time.

For the profile minimization on product of graphs, we have given the profiles of K, x
K,, (K,VG)x K, for |V(G)| =t < s withn >4 and P, x K,. It is desirable to study
P(G x H) for general graphs G and H, or at least P(G x K,,) for a general graph G.
Before these, maybe we at first need to make clear the exact values of P((K,V G) x K,,)
for [V(G)| =t > s with n > 4 and of P(C,, x K,).

For the profile minimization on composition of graphs, a sharp upper bound and a
sharp lower bound of P(G[H]) are acquired. In addition, exact formula is set up when G
is an interval graph. We also determine the exact values of P(G[H]) for some non-interval
graphs G. It is our hope to find a speedy algorithm for o(G) and to characterize graphs
G in Q.
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