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Abstract: A study of charge oscillations due to 
electron- and hole-coherent, and mixing tunnel- 
ling in coupled quantum well structures is given. 
The time-dependent picture of coherent tunnelling 
of an electron and hole wave packet is obtained 
by the application of the time-development 
operator of the time-dependent Schrodinger 
equation, and the time-dependent Schrodinger 
equation with the Luttinger Hamiltonian. 
Detailed physical mechanisms involving resonant 
coherent tunnelling on electrons, valence-band 
mixing effects on heavy- and light-hole tunnelling, 
spatial and mixing multiple tunnelling effects, in 
coupled quantum wells are described. 

1 Introduction 

The possibility of utilising interwell coherent tunnelling 
in coupled quantum wells which consist of two quan- 
tum wells located sufficiently close together was first 
proposed by Luryi in 1988 11, 21. For a particle initially 
confined in one of the wells, interwell tunnelling occurs 
with an applied field. If the energy states in both wells 
are far apart, the tunnelling is nonresonant type. If the 
energy states in both wells are very close to each other, 
resonant tunnelling occurs. By changing the external 
electric field across coupled quantum wells, the reso- 
nant condition can be achieved. At resonance, high- 
speed oscillations for both electrons and holes occur 
between these two wells. Considerable efforts have 
been devoted to this oscillation effects owing to its rich 
physical nature and possible device applications [3-171. 

In the case of electron spatial tunnelling, tunnelling 
time from one well to the other well at nonresonance 
has been measured [3]. By applying an external electric 
field across coupled quantum wells, the resonant condi- 
tion can be achieved and a significant difference in tun- 
nelling time has been observed using luminescence 
spectroscopy [4-61. In addition, a real-time coherent 
oscillation of an electron wave packet in a coupled 
quantum well structure has been reported using the 
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pump and probe technique and the time-domain tera- 
hertz spectroscopy [7, 81. This oscillatory motion of the 
wave package is shown to be strongly influenced by the 
external bias voltage (see review by Brener et al. [9]). 

In the case of the hole tunnelling in the coupled 
quantum wells, the mechanisms are significantly com- 
plicated owing to band mixing effects [lo-171. Two 
possible mechanisms: spatial tunnelling (from one well 
to the other) and mixing tunnelling (between heavy 
(HH) and light hole (LH) states) are involved in the 
process. It has been shown that heavy-to-light hole 
mixing tunnelling is less effective compared with heavy- 
hole spatial tunnelling [ lo]. However, some theoretical 
studies have suggested the importance of band mixing 
effects in hole tunnelling in coupled wells and double 
barrier structures [l l-131. Several experiments also 
point to the significance of band-mixing effects on the 
spatial and mixing tunnelling of the heavy hole in cou- 
pled quantum wells [14-171. 

Electron-coherent tunnelling in coupled quantum 
wells has been described by the application of the time- 
development operator according to the time-dependent 
Schrodinger equation [18, 191. Resonant tunnelling 
effects have been shown while the energy states in both 
wells are very close to each other. In addition, the tun- 
nelling of a probability density function at resonance 
and nonresonance can be described in real time. Spatial 
hole tunnelling and mixing has been described using 
the time-dependent Schrodinger equation with the Lut- 
tinger Hamiltonian [20]. In this approach, valence-band 
mixing is taken into consideration by the Luttinger 
Hamiltonian. Thus, mixing tunnelling and spatial tun- 
nelling which happen at the same time, can be clearly 
resolved. 

2 Numerical analysis 

2. I Analysis of electron tunnelling 
To show the field-induced interwell coherent tunnelling 
in coupled quantum wells the evolution of a one- 
dimensional envelope wavefunction @(x, t )  is deter- 
mined by the time-dependent Schrodinger equation 

d 
d t  

H $ ( z ,  t )  = Zh-$(X, t )  

with BenDaniel and Duke’s effective Hamiltonian 

so as to preserve the continuity of the wavefunction. 
The additional potential lelFx due to the external 
electric field is added directly to the potential profile of 
the coupled quantum well structure. Eqn. 1 can be 
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discretised with respect to time and space [18] 
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where E, j ,  6, and n are the space interval, space index, 
time interval and time index, respectively. In the 
numerical calculations the spacc interval E and time 
interval 6 are chosen to be 1A and 1 femtosecond 
(lO-I5). With an initial wavefunction, eqn. 3 can be 
reduced to a standard Ax = b matrix equation with A 
being a complex tridiagonal matrix. This matrix equa- 
tion is solved by the Gaussian elimination method and 
time evolution can be obtained by iterative multiplica- 
tion of the inverted matrix. 

42-1,n 

(3) 

2.2 h’ole mixing and spatial tunnellings 
The tirne-dependent Schrodinger equation with the 
reduced 2 x 2 Luttinger Hamiltonian Hh is written as 
PO, 211 

R 

where 

( 5 )  

and @l(x, t )  and &x, t )  are HH and LH state envelope 
wavefurictions, respectively, yl, y2, y3 are the Luttinger 
parameters and are position-dependent in the hetero- 
junction structures, mo is the electron rest mass, the 
inplane vector k i  = k; + k:. The discretisation of 
eqn. 1 with respect to time gives [20] 

where b and n are the time spacing and time index, 
respectively. This discrete-time technique preserves nor- 
malisation of the wave function and introduces no 
extra nonlinear effect to the system. This difference 
equation can be written in a linear Ax = b matrix equa- 
tion with A being a complex symmetry matrix. The 
matrix is then solved using the L-U decomposition 
technique. Asymmetric coupled quantum well systems 
of 25-1 5 4 9  (first well width-barrier width-second well 
width in Angstroms) with a barrier height of 0.2506eV 
are investigated. In this structure the HH state in the 
first well is aligned with the LH state in the second 
well. The Luttinger parameters (yl, y2, y3) are chosen to 
be (6.85, 2.1, 2.9) in the well region and (5.15, 1.39, 
2.10), which are obtained by a linear interpolation of 
the Luttinger parameters of GaAs and AlAs, in the 
barrier region. Also, the space interval E and time inter- 
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Val 6 are chosen to be 1A and 1 femtosecond (lO-I5). 
The initial wave functions are the heavy-hole wave 
functions in the first well, and the tunnelling process is 
initiated at t = 0 without any driven force. 
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a b C 
Fig. 1 Schematic otential profiles of coupled quantum wells under 
external electric $eld% resonance and o8:resonance 
a Off resonance 
b Resonance 
c Off resonance 

resonance 1 t = O  -----~-h F=33kV/cm 
(70 -40-50) 
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x, 8, 
Fi .2 Interwell coherent tunnellin in 7040-50 coupled quantum wells 
sugect to an external electric field of33kVcm (resonance) 
Position of coupled quantum wells is shown by dotted line at t = 0 frame 
Arrows indicate oscillation of wave packet 
At 400 and SO0fs the wave packet tunnels into second well while at 1200 and 
1600 wave packet tunnels back to first well 

3 Electron tunnelling 

3. I Wave package 
Coupled quantum well systems of 70-40-50 with bar- 
rier height of 0.4eV are studied. The effective masses 
are 0.067 mo in well region and 0.1002 mo in barrier 
region. The energy difference BE is given by [ 181 

AB = E 1 F  - .Em + F ( p  + l+y) 2 (7) 
where I ,  p ,  and q denote the first well width, barrier 
width, and second well width in coupled quantum 
wells, respectively, El, and E 2 F  are the ground energy 
states in the first and second wells, respectively, assum- 
ing that two wells are isolated from each other, and E; 
is the external electric field. An external electric field of 
33 kVIcm corresponding to the resonant conditions 
between the two wells is chosen. Fig. 1 illustrates reso- 
nance in coupled quantum wells owing to the external 
electric field. The initial wavefunction is the eigenfunc- 
tion of the first well without the electric field, and the 
tunnelling process is initiated by the onset of an 
applied electric field. This provides a detailed time- 
dependent picture of field-induced coherent tunnelling 
in coupled quantum wells. In Fig. 2 the wave packet 
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tunnels from the first well to the second well during the 
first 8OOfs. However, as time increases the wave packet 
tunnels back to the first well. The arrows indicate the 
oscillation of the wave packet. 

3,2 Tunnelling probability 
To further characterise the properties of interwell tun- 
nelling based on time-dependent analysis and to show 
the effects of the barrier width, the tunnelling probabil- 
ity P(t) (which represents the tunnelling of a particle 
after a time t since the initialisation of the tunnelling 
process) can be defined using the overlap integral 
between two wavefunctions as [18] 

P( t )  = 1 - I($(? O)i4(., 4)12 ( 8 )  
Fig. 3 shows the tunnelling probability at resonance for 
70-30-50 (F = 36.7kV/cm), 70-40-50 (F = 33kV/cm), 
and 70-50-50 (F = 30kV/cm) coupled quantum well 
systems. The electric fields for these three cases are 
chosen so that AEs are close (-0.475, -0.478, and 
-0.458meV9 respectively). In all cases, the particle 
tunnels into the second well very rapidly at the 
beginning. The tunnelling process seems to slow down 
and then the particle slowly tunnels back to the first 
well. Again, the particle tunnels into the second well 
very rapidly as the beginning of the tunnelling process. 
There is a very significant difference between tunnelling 
into the second well and tunnelling back to the first 
well. This shows that field-induced interwell coherent 
tunnelling possesses an asymmetric oscillation effect. 

resonance 

1 2 3 

time, ps 
Fi7.3 , Tunnellinf pcobabdir defined by eqn. IO for coupled quantum 
we Is with various urrier widt ut resonance 
Applied electric fields are 36.7, 33, and 30kV/cm corresponding to AEs of 
-0.475, -0.478, and -0.46meV for 70-30-50, 70-40-50, and 70-50-50 coupled 
quantum wells, respectively 

In addition, Fig. 3 shows some properties and their 
dependence on the barrier width for close 1AEls. For a 
narrow barrier width (70-30-50), the tunnelling cycle is 
shorter and the maximum tunnelling probability is 
larger. This indicates that for a narrow barrier it takes 
a shorter time to tunnel through and a larger portion 
of the wave packet is involved in the tunnelling 
process. Another interesting property associated with 
the coherent tunnelling effect in coupled quantum wells 
is the peak-to-valley ratio of the tunnelling probability, 
which characterises the amplitude of the oscillation. 
The typical peak to valley ratios for 70-30-50, 7040- 
50, and 70-50-50 at resonance are 6.27, 3.58, and 2.45 
x lo2. A narrow barrier also gives a larger peak-to- 
valley ratio. 
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3.3 Effects of barrier width 
The oscillation frequency can be defined as the inverse 
of a tunnelling cycle T, which is the time required for 
the tunnelling probability P(t) to reach from a local 
maximum to next local maximum in Fig. 3. Fig. 4 
shows resonant oscillation frequency as a function of 
barrier width b in 70-6-70 symmetric coupled wells. As 
the barrier width increases, oscillation frequency 
decreases. A very strong (almost exponential) depend- 
ence of oscillation frequency on the barrier width is 
shown. This agrees quite well with the conventional 
model in which the tunnelling probability is a function 
of exp(-ab), where b is the barrier width. However, as 
the barrier width increases (two wells are decoupled), 
this almost-exponential dependence of the oscillation 
frequency seems to be weakened in the time-dependent 
model. 
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20 60 100 
barrier width b,h 

Resonant oscillation frequency us function of barrier width b in Fig.4 
7-70 symmetric coupled wells 

4 

4.7 Wave package 
Coupled quantum well systems of 25-15-25 with a bar- 
rier height of 0.2506eV, which corresponds to a 50% of 
A1 content in an AlGaAdGaAs system with a 60:40 
ratio of AE, to AE, are investigated. The Luttinger 
parameters (yl, y2, y3) are chosen to be (6.85, 2.1, 2.9) in 
the well region and (5.15, 1.39, 2.10), which are 
obtained by a linear interpolation of the Luttinger 
parameters of GaAs and AlAs in the barrier region 
[21]. In-plane wave vector kll is chosen to be 0.02 (2x/a), 
where a is the lattice constant of GaAs. The initial 
wavefunctions are the heavy and light hole wavefunc- 
tions in the first well and the tunnelling process is initi- 
ated at t = 0. 

Hole mixing and spatial tunnellings 

spatial HH tunnelling H H band 

mixing tunneliing - _ _ _ _ _  - _ -  ? _ _  - - _ -  - -_-  

LH band 

f 
spatial LH tunnelling 

Fi .5 Schematic otentiul projZes of mixing tunnelling, spatial hem 
hoE tunnellin undPsputial light-hole tunnelling in light and heavy-hoi 
bunds of coupid quantum wells with bund-mixing esfects 

An illustration of spatial tunnelling (from one well to 
the other) and mixing tunnelling (between heavy- and 
light-hole states) is given in the Fig. 5. With this 
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nonzero inplane wave vector kll, heavy- and light-hole 
wavefunctions are mixed together as the tunnelling 
process goes on. So, spatial light-hole tunnelling is pos- 
sible when a pure heavy-hole wave packet is used as 
initial function, and vice versa. 

Fig. 6 shows the interwell tunnelling of heavy hole 
and light hole in 25-15-25A coupled quantum wells. 
The initial wavefunction is the eigenfunction of the first 
well. In Fig. 6, the heavy-hole wave packet tunnels 
from the first well to the second well during the first 
215fs. However, as time increases the wave packet 
tunnels back to the first well. As shown, a larger 
portion of the wave packet is involved in this 
tunnelling process. At the same time, the wave packet 
also oscillates between the heavy-hole band and light- 
hole band, where there is no wave package in light-hole 
band at t = 0. 

0 
0 500 500 0 500 560 

x.A 
Fig.6 
pled quantum wells with band mixing (k,, = 0.02) 
Position of coupled quantum wells is shown by dotted line at t = 0 frame 

Interwell tunnelling of heavy and light holes in 25-15-25A cou- 

4.2 Mixing tunnelling 
/ Mixing tunnelling occurs between heavy- and light-hole 

states owing to band mixing effects. To characterise the 
properties of the mixing tunnelling based on the time- 
dependent analysis one can define a probability factor 
F(t) as the probability of finding the heavy hole in the 
heavy-hole band [20] 

F ( t )  = @(2, t)&* (z, t )d2  (9) 
J,h 

where #(x, t )  is the heavy hole wavefunction. When 
F(t) approaches one, the wave packet is mainly located 
in the heavy hole band. When F(t) is small, the wave 
packet has left the heavy-hole band and tunnels into 
the light-hole band. Therefore the oscillation frequency 
and amplitude of the mixing tunnelling can be fully 
described by this probability factor F(t). 

Fig. '7 shows F(t) as a function of time for HH to LH 
tunnelling. For a pure heavy hole (no probability at 
light hole band), F is equal to one at the beginning, as 
indicated by HH initial. As time passes, it is shown 
that the wave packet oscillates between the heavy-hole 
band and light-hole band with a high oscillation fre- 
quency and a small oscillation amplitude. This indi- 
cates that it takes a short time to tunnel between 
heavy- and light-hole states, and only a small portion 
of the wave packet is involved in the tunnelling process 
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(less than 25% wave packet found in the light hole 
band at maximum). For a pure light hole (LH to HH), 
as indicated by LH initial, the tunnelling cycle is longer 
and the amplitude is larger, meaning that a larger por- 
tion of the wave packet is involved in the tunnelling 
process (more than 60% wave packet found in the 
heavy hole band at maximum). This suggests that light- 
to-heavy hole is more effective in the mixing tunnelling. 

1 

h - U 

0 600 1: 10 

time,fs 
Fig.7 Mixing tunnelling probability factor F(t) de ined by eqn. 8 as 
function of time for heavy hole (HH initial) and light h e  (LH initial) as 
initial wave packets in 25-15-25d coupled quantum wells with band mixing 
(k, = 0.02 (2da)  ) 
(i) k~ initial 
(ii) LH initial 

4.3 Spatial hole tunnelling 
Spatial tunnelling occurs between the first and the sec- 
ond wells in both heavy-hole band and light-hole band. 
In the absence of band mixing effects (kll = 0), spatial 
tunnelling is similar to that in the conduction band. 
However, by taking band mixing effects into considera- 
tion, the tunnelling process is significantly affected by 
band-mixing effects. Using the same definition of the 
tunnelling probability, Fig. 8 shows P(t) of the heavy- 
hole wavefunction, which describes the spatial heavy- 
hole tunnelling. 

1 
lo -3 + 0 600 1: 

time.fs 
30 

Fig.% Spatial tunnelling probability of heavy hole as a function o time 
usin heavy hole ( H P  initial) and light hole (LH initial) as initia If wave 
pacfet in 25-15-254 coupled quantum wells with band mixing (k,, = 0.02 
(2da) ) 
(i) HH initial 
(ii) LH initial 

For a pure initial heavy hole (HH initial), the heavy- 
hole wave packet undergoes spatial tunnelling and mix- 
ing tunnelling (from heavy to light-hole band) at the 
same time. However, the heavy to light-hole tunnelling 
is less effective in the mixing tunnelling. Thus, spatial 
tunnelling is dominant and the ripples in the P(t) result 
from the modulation of the mixing tunnelling. For a 
pure initial light hole, there is no wave packet in the 
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heavy-hole band in the beginning. Due to the mixing 
tunnelling, the particle tunnels into the heavy-hole 
band and proceeds to spatial tunnelling. The light- to- 
heavy hole mixing tunnelling is very effective. Thus, a 
noticeable heavy-hole spatial tunnelling occurs even 
though there is no wave packet in the heavy-hole band 
before tunnelling. 

4.4 Effects of k,, 
The effect of band mixing as a function of k is further 
described in Figs. 9 and 10. For a small k there is only 
spatial tunnelling in Fig. 9. As k is increased the mixing 
effects are enhanced. The mixing tunnelling becomes 
clear around k = 0.02 and become dominant beyond k 
= 0.025. Also, the band-mixing effects slow down the 
HH spatial tunnelling process as the spatial oscillation 
period becomes larger if a pure initial heavy-hole wave 
packet is used. The same effect of slowing down is also 
true for mixing tunnelling (HH to LH) although the 
effect is less sensitive. 

0 0.02 0.04 
inplane wave vector 

Oscillation period as function of for HH spatial tunnelling and Fig. 9 
HH-to-LH mixing tunnelling in 25-15-254 coupled quantum wells 
(i) spatial 
(ii) mixing 

0 0.02 0.04 
inplane wave vector 

Fig. 10 
LH-to-HH mixing tunnelling in 25-15-254 coupled quantum wells 
(i) spatial 
(ii) mixing 

Oscillation period us function ofsk for LH spatial tunnelling and 

For a pure initial light hole (Fig. lo), the k also 
indicates three distinguishable areas: spatial-dominant 
(k < 0.01), transition (0.01 < k < 0.025), and mixing- 
dominant (k > 0.025). Also, the band-mixing effects 
slow down the LH spatial tunnelling process as the 
spatial oscillation period becomes larger. However, the 
mixing tunnelling (LH to HH) becomes much faster as 
k increases. This also supports that the light to heavy- 
hole mixing tunnelling is much effective than that of 
HH hole to light hole tunnelling. 
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5 Conclusions 

Compared with time-independent analysis, the method 
presented in this work offers a better picture of electron 
resonant tunnelling, hole mixing tunnelling, and spatial 
heavy and light-hole tunnelling in coupled quantum 
wells. Time evolution of the heavy- and light-hole wave 
packet in the coupled quantum wells with band-mixing 
effects was shown by a numerical implementation of 
the time-development operator of the Schrodinger 
equation with the Luttinger Hamiltonian. With this 
time-dependent analysis, light-to-heavy-hole mixing 
tunnelling was found to be more effective than heavy- 
to-light-hole mixing tunnelling, and induces a signifi- 
cant spatial heavy-hole tunnelling. The mixing tunnel- 
ling, which has a higher oscillation frequency, also 
modulates the spatial tunnelling. In addition, the band- 
mixing effects slow down the HH and LH spatial tun- 
nelling process the HH to LH mixing tunnelling while 
speeding up the LH to HH mixing tunnelling. 
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