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Abstract: Hydrologic model parameters obtained from regional regression equations are subject
to uncertainty. Consequently, hydrologic model outputs based on the stochastic parameters are
random. This paper presents a systematic analysis of uncertainty associated with the two parame-
ters, N and K, in Nash’s IUH model from different regional regression equations. The uncertainty
features associated with N and K are further incorporated to assess the uncertainty of the resulting
IUH. Numerical results indicate that uncertainty of N and K from the regional regression equations
are too significant to be ignored.
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1 Uncertainties in regional regression equations

In hydrologic and hydraulic analysis and design, system responses are often described
by empirical equations such as equation (1) in Part 1 of the accompanying paper
(Tung et al., 1995). Due to the fact that model parameters 8’s are estimated from
limited amount of data, they are subject to sampling errors. Furthermore, due to
lack of perfect fit between the observed system responses and modeled responses, the
empirical models are also subject to model uncertainty represented by the error term
€. Detail discussions on the presence of uncertainties in an empirical equation are
given by Yeh and Tung (1993) and Tung (1994).

Suppose that parameters 8’s and € in equation (1) are estimated involving uncer-
tainty and they are treated as random variables. Furthermore, assume that their first
two moments (including their covariance) are quantified. Then, by the first-order ap-
proximation {Mays and Tung, 1992; Tung and Yen, 1993), the mean and variance of
hydrologic response y for a given basin characteristics xo can be estimated, respec-
tively, by

E(ylxg) ~ gluslxg) + pe (32)
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Var(yolxo) = Vg(uslxo)' C(8)Ve(uslxg + o2 (33)

in which p, and g, are vectors of means for the stochastic model parameters 6’s
and the model error term, respectively; Vg(p,lxo) is a gradient vector measuring
the sensitivity of model response to the unit change in model parameter, that is,
Ve{pslxe) = [0g/00,], evaluated at prg; C(8) is the covariance matrix of stochastic
model parameters; o2 = variance of the model error term.

When equation (1) can be expressed as equation (18a), equation (32) becomes
equation (4a) and equation (33) reduces to

Var(yolxo) & Vg(pxo)' C(b)Ve(plx0) + o¢

I

x4 C(b)xo + o2 (34a)

il

o[l + x5(X*X) "% (34b)

which is identical to equation (4b) in Part 1.

It should be pointed out that, in the above quantification of uncertainty associated
with the dependent variable of a regional regression equation, only the parameter and
mode] uncertainties are considered while the independent variables are considered free
of errors. This treatment is consistent with the classical regression analysis by which
only the dependent variable is considered as random variable. If the uncertainties
associated with the independent variables are to be considered, special treatments in
regression analysis are required. Alternatively, a practical way is to apply raethods
such as first-order variance estimation method or probabilistic point estimation pro-
cedures to regional regression models by which model inputs, parameters, and model
error term are all treated as random variables. Presently, this study limits its scope
of quantifying uncertainties associated with hydrologic regional equations in the clas-
sical sense and demonstrates how the information provided by regression analysis can
be directly utilized.

Note that the derived regional regression equations in Part 1 provide estimations of
means, standard deviations, and correlation coefficient of N and K in the log-space,
namely, fiN, OuN; MK, Fmk and P k- Under the normality condition for In(N)
and In(K) as shown in Part 1, the statistical moments of N and K in the original space
can be analytically derived. Without making any parametric assumptions, the mean
and variance of N and K in the original space can be approximated by methods such
as first-order variance estimation technique (Tung and Yen, 1993).

Using the analytical approach assuming bivariate log-normal distribution for N and
K, the means and variances of N and K can be computed by the following general
formulas as

O'IZnX}

2

Il

Hx exp [P«lnx + (35)
op = px [explofx — 1)] (36)

in which X can be N or K in the original space and In(X) be In(N) or In(K). The
correlation coefficient of N and K in the original space can be computed as

!

PN IKIEmNmK 1

pN,K = QNQK

37)
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in which Qn = on/pn and Qx = ok /px are the coefficients of variation of N and K,
respectively.

2 Assessment of uncertainties associated with regionalized Nash’s TUH pa-
rameters

2.1 Regionalized Nash’s IUH parameters from univariate regression (UVR)

For a selected watershed with known basin characteristics, xo = (area, Lc,, length,
slope), the means of predicted In(N) and In(K) can be estimated based on the regres-
sion coefficients in Table 4. The variances associated with the predicted In(N) and
In(K) can be estimated by either equations (34a-b). By equation (34a) the covari-
ance matrix of estimated regression coefficients for each regional regression equation
is used. More specifically, the variances of In(N) and In(K) associated with a given
basin characteristic Xq, respectively, are

0'12n(No) = Var [In{No)|xe] = % ;,nC(bimn)Xoumx + UZIHN (38)
0.12n(K0) = Var[ln(Kop)lxe] = xf),anC(b;nK)xo,an + oémx (39)

in which Xgmn and Xk are, respectively, the vectors of basin characteristics in the
derived regional equations for predicting In(N) and In(K); C(bpx) is the covariance
matrix associated with byx); and o ¢ is the standard error of estimate for the corre-
sponding regional equation. The elements in Xg1,x should correspond to the derived
regional equation. The regression coefficients by, bk, the model error o¢, and the
covariance matrices for by,y and bk from the UVR are provided by most statistical
packages.

Using equation (34b), the matrix (X*X)™! associated with each derived regional
equation has to be calculated and the variances corresponding to the predicted In(N)
and In(K) can be calculated as

-1
G}zn{No),UVR = oL . uvR [1 + %6 1y (X Xinn) xO,InN} (40)

; -1
c"fniKn),UVR = Uéan,UVH [1 + Xg,an (anKXInK) Xo,hx} (41)

Using the conventional univariate regression, UVRO, the correlation between the
residuals of In(N) and In(K) is not considered. As an approximation, the sample cor-
relation between In(N) and In{K) can be used to account for the correlation between
the predicted model parameters. Based on Table 3(b) in Part 1, a value of PN 1K
= -0.753 can be used and the covariance between the predicted model parameters is
obtained as

Cov [In(Ng),In(Kp)] = —0.753 O i) UVRT €05 UVR - (42)

Based on the derived statistical moments of In(N) and In(K) from the regional equa-
tions, the means and variances of N and K can be computed by equations (35)-(37).

2.2 Regionalized Nash’s IUH parameters from mullivariate regression (MVR)

By the multivariate regression framework, the computations of means and variances
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of In(N) and In(K) are similar to those described for the UVR. Unlike the univariate
case, the correlation between the residuals of In(N) and In{K) is used in equation (13)
for computing the covariance of predicted model parameters. Furthermore, because
the multivariate regression model contains the same independent variables for differ-
ent dependent variables, the terms (X'X)™? in equations (40) and (41) are identical.

More specifically, for multivariate regression with intercept (MVRW), the vector of
basin characteristics involved in the derived regional equations for both In(N) and
In(K), referring to Table 4 in Part 1, is X{ yypw = [1, In(Area), In(Le,), In(Slope),
In?(Area), 1n*(Slope)]. The variances associated with In(N) and In{K) can be made
as

2 2 t tyy—t
Oin(Np),MVRW — O ¢, MVRW {1 + Xo MVRW (X X)MVRW XOYMVRW} (43)

2 _ 2 t vy =1
Tin(Ko)MVRW = O ¢y MVRW {1 + %o mvaw (X X) yryvrw Xo,MVRW] (44)

The covariance between the predicted In(N} and 1n(K), according to Table 4, can be
estimated by

Cov [IH(NO),IH(KQ)] = ~0.77796 Ueln(No)oMVRWa.eln(Ko)vMVRW (45)

Similarly, for multivariate regression without intercept (MVRWO), the vector of
basin characteristics used in the derived regional equations for both In(N) and In(K)
is Xg mvrwo = [n(Area), In(Lc,), In(Slope), In?(Area), In?(Slope)]. The computation
of the variances associated with In(N) and In(K) and their covariance can be made in
the same way as equations (43)-(45) using the matrix X*X)™! the standard errors,
and correlation coeflicient provided by the statistical package.

2.8 Regionalized Nash’s IUH parameters from seemingly unrelated regression (SUR)

According to Table 4 in Part 1, the basin characteristics used in the derived regional
equations for ITUH parameters by the SUR are

Xomnsur = [1,In(Area),In(Lc,),In(Slope), In*(Area), In*(Slope)]

Xomrsur = [n(Area),In(Lc,), In(Slope), In*(Area), In*(Slope)] .

Based on equation (14b), the covariance matrix of predicted In(N) and In(K) can be
estimated as

al?nNo,SUR COV(lﬂNQSUR, anO,SUR)
C{IBNO, ang)SUR =
COV(lnNg,sUR) IU.KQ,SUR) o'lano,SUR

- )
*mn,5UR C (PN sUR, BN sUR) XN sURXEN sur C(Pian,sUR: Pink SUR ) X1k sUR

t t
| Xk, 5UR C b1k SUR, BN sur) Xink suRXnk sur C(bimn,sUR, Piak,sUR ) X1k sUR
o 2
JE!nN,SUR pelnN,SURaean,SURaelnN,SURaElRK.SUR

= (46)
2
L pelnN,SUPuEan,SUR T iy sur T €k sun T sun
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in which C(biunsur, bmnsur), is a 6x6 covariance matrix of estimated regression
coefficients for In(N}, C(bmnsur, Pmk,sur) is a 6x5 covariance matrix between the
estimated regression coefficients for In(N) and In(K), C(bwk sur, bmx sur) is a 5x5
covariance matrix of estimated regression coefficients for In(K), o'y sur and ok sur
are the standard errors of estimate associated with the regional equations for In(N)
and In(K), respectively, and po,n qnx is the correlation coefficient between the resid-
uals of In(N) and In(K).

3 Assessment of uncertainty in a regionalized unit hydrograph

From equations (15) and (16), the Nash’s IUH ordinates, U{t), and those of the corre-
sponding DUH ordinates, Uy, are functions of model parameters N and K. However,
the values of model parameters, N and K, estimated from the regional regression
equations for a given watershed should only be regarded as nominal and are inher-
ently subject to uncertainties. These uncertainties, through equations (15) or (16),
will be transmitted to the resulting UH ordinates. Hence, the derived IUH and DUH
for a watershed involve uncertainty. The presence of uncertainty in UH can be incor-
porated in reliability analysis of hydraulic structures as shown by Yeh et al. (1993)
and Zhao et al. (1995).

Since the same stochastic model parameters, namely, N and K, are used to deter-
mine the UH by equation (15) or (16), the UH ordinates at different times are not
independent but correlated. Due to the nonlinear relationship between the UH ordi-
nates and the model parameters, analytical derivations of the joint probability density
function for the UH ordinates is practically impossible. As a practical alternative,
this study focuses on estimating the moments of UH ordinates and the correlation
among them.

3.1 Methods of uncertainty analysis

For a given watershed, several methods, based on the statistical information of N
and K, can be applied to estimate the statistical moments of Nash’s IUH ordinates
and those of the corresponding DUH (Tung and Yen, 1993). Although the first-order
variance method is frequently used in uncertainty analysis, it is less attractive in this
study for the following reasons: (1) great degree of nonlinearity of Nash’s ITUH model;
(2) rather large variances associated with the regionalized model parameter estima-
tors; and (3) requirement of computing derivatives of u(t) which is a cumbersome
exercise.

For the above reason, two probabilistic point-estimate (PE) methods, namely,
Rosenblueth’s method and Harr’s method were applied. The PE methods evaluate
uncertainty of a model output subject to stochastic model parameters by computing
the model’s responses at specified points in the parameter space. Therefore, proba-
bilistic PE methods do not require computations of derivatives of U(t) with respect
to N and K. By a probabilistic PE method, proper candidate points in the parameter
space for function evaluations are selected to preserve the probabilistic characteris-
tics of stochastic parameters. The general consideration is to preserve moments of
stochastic model parameters. However, the required input moments vary among prob-
abilistic PE algorithms. It has been shown by Karmeshu and Lara-Rosano (1987)
that the first-order variance method is a special case of probabilistic PE methods
when the uncertainty of stochastic parameters are small.
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3.1.1 Rosenblueth’s Point Estimation Method - In 1975, Rosenblueth proposed a
probabilistic PE algorithm to deal with uncertainty analysis of a model involving
symmetric stochastic parameters. It was later extended to handle non-symmetric
variables {Rosenblueth 1981). The fundamental principle of the method is to deter-
mine the points for model evaluation in the parameter space in such a manner that
the first three statistical moments of each individual stochastic parameter are pre-
served. The locations of the two points, x,. and x_, and the corresponding probability
masses, py. and p_, are obtained by solving

prtp. =1

P47y = P-Z- = fiy = 0

P+Zi —p-2l = o] =1

p+zy —p-z> = 5 (47)
inwhichz_ = |x_ — p|/or, 24 = x4 — p|/o, and 7 is the skew coefficient of the random

variable X. The four unknowns in equation (47) can be obtained as

/ 2
w3 o)

2. = 2y —7
N Z_
P+ = Z++Z_
p- = 1-py (48)

Once the two points in the standardized space are obtained, the corresponding points
in the original space can be respectively determined from

X_ = p—z_0

X+ = [L+Z+U (49)

For a multivariate model involving n stochastically correlated parameters,
W = g(X) = g(Xs, Xy, ..., Xa), the two-point representations for each of the variable
are computed and permuted to form the 2* points in the parameter space for model
evaluations. Hence, the moments about the origin of model output, W, can be esti-
mated as

Pym = B(W™) =~ Z """ Z P(81.80) W (81, 5a) (50)
:+’-—

in which subscript, 6;, I=1~n, is a sign indicator and can only be + or - represent-
ing the model parameter X; having the value of x4 or x;.., respectively, as the two
points locations obtained in the univariate case; Wis1,...sn) is the corresponding model
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output value evaluated at the selected point. If the stochastic model parameters are
independent, the weighing factor, p .. g, is simply the product of the marginal
probability masses from the univariate case. When correlation among the stochastic
model parameters exists, a correction term is added to the product as

n-1 n—1 n
Py, 80) = H pi,51 + Z <Z 6,-65aij> (51)

i==1 i=1 \j=i+1

in which pj; and p;. represent the probability masses at point locations x;, and x;_,
respectively; a;; is determined as

. fom
Y T (52)

i) % 9
I [1+(3)]

where g;; is the correlation coefficient between stochastic model parameters X; and
X;. The m-th order central moment of W, piw m, can be obtained from the non-central
moments, fi{y ,, by

m

pwm = Y (—1)CP (W) py s (53)

i=0

where C*=m!/[I}(m-1)!], a binomial coefficient and pw=E(W).

To yield each point estimate for the model output, the model W(X) must be eval-
uated once. From equation (50), one realizes that 2" model evaluations are required
for a model involving n stochastic model parameters. As the number of stochastic
model parameters increasing, Rosenblueth’s algorithm becomes computational less
attractive.

3.1.2 Harr’s Point Estimation Method - To circumvent the potential computational
disadvantage of Rosenblueth’s algorithm, an alternative probabilistic PE method was
proposed by Harr (1989). Harr’s algorithm ignores the skewness of the variables and,
therefore, is theoretically appropriate for treating stochastic variables having normal
distributions.

By Harr’s algorithm, a hypersphere with radius +/n centered at the origin in
the standardized parameter space is constructed for a model involving n correlated
stochastic model parameters. The points for model evaluation are selected at the
intersections of the hypersphere and the eigenvectors of the correlation matrix of the
stochastic model parameters resulting in two intersections on each eigenvector. For
problems involving n stochastic model parameters, the number of total points se-
lected for model evaluations is 2n. Thus, the amount of computations using Harr’s
algorithm is significantly less than Rosenblueth’s algorithm as n increases. To calcu-
late the statistical moments of model output, the point estimates are weighted by the
eigenvalues associated with the correlation matrix. Harr’s probabilistic PE algorithm
is summarized as the following:

1. The correlation matrix of the stochastic model parameters, Ry, is decomposed
as

Rx = VLV! (54)
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where V = [vy, vy, -+ -, Vn] is the eigenvector matrix with vq, va,- -+, v, being the
column vectors of the eigenvectors; L = diag(A1, Ag, -+, An) is the corresponding
diagonal eigenvalue matrix with Ay, A, -- -, Ay being the eigenvalues.

2. Along each eigenvector in the standardized parameter space, the coordinates of
two intersection points on the hypersphere with a radius of +/n, centered at the
origin, is determined as

Zig = :(:\/HVj, i=1,2,--+,n (55)

where z;4 and 2. is the column vectors containing the coordinates of two in-
tersection points along the I-th eigenvector, vi, in the standardized parameter
space. Then, the coordinates of the 2n intersection points in the original param-
eter space are obtained as

xixg = pEDYV?zs, i=1,2,-,n (56)

where x is the column vector containing the coordinates of the intersection points
in the original parameter space; g is the vector of the expected values of stochas-
tic model parameters; and D'/? is the diagonal matrix containing the standard
deviations of the stochastic model parameters.

3. Based on the two points selected along each eigenvector, compute the corre-
sponding model output values wir = g(x;¢) for I=1 to n.

4. The m-th order moment about the origin for the model output can be computed

as
Z/\iwim o uwE

Fum = BOWT) = =g = B (57)
;Z; i

where

wm = YTV (58)

Then, the central moments can be obtained by equation (53).

3.2 Assessment of uncertainties of regionalized unit hydrograph

The stochastic model parameters involved in the determination of UH are N and K
whose statistical characteristics can be obtained from the regional regression equations
as illustrated in Section 3.1. Therefore, referring to the above two PE methods, n=2
and the model W(X) is the IUH, U(t|N,K), by equation (15) or the DUH, U, (N,K),
by equation {16).

For a given watershed with known basin characteristics, depending on the regres-
sion procedure employed, the means and variances of N and K, and their correlation
coefficient p(N,K) can be obtained from the regional regression equations. Then,
from the two PE algorithms, four points in the N-K parameter space are chosen for
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computing the IUH and/or DUH ordinates. According to equation (50) for Rosen-
blueth’s approach or equation (57) for Har:’s algorithm, the means and variances of
U(t) and Uy, can be computed.

To compute the correlation coefficients among ordinates in a IUH, the probabilistic
PE methods can be applied to compute the expectation of the following model

J\ N1 ,
W = g(N,K) = UWU(t) = m—) (%) R RET. (59)

in which t and t' represent different time instances. Once the expectation of U(t)U(t')
is obtained, the covariance and correlation coefficient of IUH ordinates at different
times can be computed, respectively, as

Cov[U(), U)] = E{U()U()] ~ E[U(BU() (60)
and
plu(n), U] = SV U] (61)

TUETU)

in which E[U(t)] and oy are the mean and standard deviation of U(t), respectively.

Similarly, to compute the correlation coefficient arnong ordinates of a DUH of a
specified duration, the expectation of UnUy for m#m’, is calculated by the PE
methods with Uy, computed by equation (16). Then, the covariance and correlation
coeflicient of Uy, and Uyy can be obtained by equations (60) and (61), with U(t) and
U(t’) replaced by Uy, and Uy, respectively.

4 Application

To illustrate the application of the two probabilistic PE methods to assess the uncer-
tainty features of a IUH and DUH from a regional regression equations, a watershed
was selected for which the uncertainties associated with its regional ITUH and DUH
were obtained. In this application, the results of uncertainty analysis affected by the
three regional regression analysis procedures and the two PE methods were examined.
The watershed selected in this application is the portion of Tan-Shui River upstream
of Jei-Shou Bridge. The watershed characteristics are listed in Table 1 in Part 1.

Statistical moments of In(N) and In(K) from the various regional regression equa-
tions are shown in Table 7. The UVR0 and UVRI have the identical values for the
means and standard deviations of In(N) and In(K) except that UVRI1 considers the
sample correlation between the two parameters in the log-space. The statistical mo-
ments of N and K in their original space can be obtained by equations (35)-(37) and
are tabulated in Table 7.

It is interesting to note that the values of N and K of the four points selected by the
two probabilistic PE methods for uncertainty assessment of [UH and DUH as shown
in Table 8. When N and K are treated as bivariate normal variables as in UVRI,
MVRW, MVRWO, and SUR, the four points selected by Harr’s and Rosenblueth’s
methods for uncertainty analysis are identical. Under the UVRO in which N and K
are considered as independent, the four points selected by the two PE methods are
different with Rosenblueth’s method giving its points in a narrower range. Under the
analytical assumptions of lognormal distributions for N and K, the selected points by
the two PE methods are different because primarily Rosenblueth’s method considers



182

Table 7. Statistical moments of N and K for Tan-Shui watershed at Jei-Shou Bridge from different
regional equations.

HinN TInN HinK OlnK PInN,InK HN ON HK TK PNK
UVRO 1.072 04322 0.5792 0.6035 0.0000 3.206 1453 2.141 1419 0.0000
UVR1 1.072  0.4322 0.5792 0.6035 -0.702 3.206 . 1453 2.141 1419 -0.557
MVRW 1.072 04322 0.5502 0.6327 -0.780 3.206 1453 2.141 1.419 -0.604
MVRWO 0.875 0.4144 0.7081 0.5954 -0.782 2.613 1.131 2.424 1581 -0 .622
SUR 0.988 04184 0.7081 0.5954 -0.766 2.931 1.282 2424 1 .581 -0.602

Table 8. Points used in N and K parameter space by two PE methods for assessing TUH unces-

tainties.

Point #1 Point #2 Point #3 Point #4

(NK) (N.X) (N.X) (NK)
UVRO/H (3.206, 4.148) (3.206, 0.134) (5.260, 2.141) (1.151, 2.141)
UVRO/R (2.465, 1.607) (6.056, 1.607) (2.465, 5.911) (6.056, 5.911)
UVRI1/H (4.658, 0.722) (1.753, 3.560) (4.658, 3.560) (1.753, 0.722)
UVRI/R (2.465, 1.607) (6.056, 1.607) (2.465, 5.911) (6.056, 5.911)
MVRW/H (4.658, 0.632) (1.753, 3.603) (4.658, 3.603) (1.753, 0.632)
MVEW/R {2.465, 1.588) (6.056, 1.588) (2.465, 6.287) (6.056, 8.287)
MVRWO/H {3.744, 0.843) (1.482, 4.005) (3.744, 4.005) (1.482, 0.843)
MVRWO/R (2.019, 1.820) {4.767, 1.820) (2.019, 6.560) (4.767, 6.560)
SUR/H (4.213, 0.843) {1.649, 4.005) {4.213, 4.005) (1.649, 0.843)
SUR/R (2.262, 1.820) {5.389, 1.820) {2.262, 6.560) (5.389, 6.560)

Note: H = Harr’s PE method is used for estimating moments of IUH
R = Rosenblueth’s PE method is used for estimating moments of IUH
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the skewness of N and K whereas Harfs algorithm does not. Although Rosenblueth’s
method selects the four identical points for UVRO and UVRI, the weighting functions
in equation (51) for computing the moments are different. Therefore, the resulting
mean and standard deviation of IUH and DUH will not be the same.

In the following discussions, illustrations are made using the IUH because the re-
sults for the DUH are similar. The means and standard deviations of IUH ordinates
by the two PE methods with N and K obtained from different regression procedures
are shown in Figures 2 and 5. Based on these figures, comparisons were made to
evaluate the differences in the resulting IUHs by different methods under various con-
siderations.

4.1 Comparison of UH’s with parameters from different regional regression equations

Figures 2(a) and 2(b), respectively, are the means and standard deviations of UH
obtained by Harr’s PE method with N and K estimated from various regional re-
gression equations assuming that N and K have a bivariate log-normal distribution.
As can be seen, the mean IUH and the associated standard deviation obtained from
the conventional univariate regression (UVR0), assuming independence between N
and K, are quite different from those UHs considering their correlation. By Harr’s
method, consideration of correlation hetween N and K results in higher mean peak
discharge for the IUL-I. Among the three regional regression equations that consider
Pk, multivariate regression with intercept (MVRW) yields the highest peak dis-
charge, followed by multivariate regression without intercept (MVRWO). Regional
equations for N and K developed by the seemingly unrelated regression (SUR) results
in a lower peak discharge for this test case. As for the associated standard deviation,
the MVRWO, overall speaking, yields the lowest standard deviation than the other
three regression equations considering correlation in N and K. The standard devi-
ation of the IUH ordinates computed by Harr’s algorithm shows a bimodal nature
with N and K estimated from UVRI, MVRWO, and SUR during the earlier part of
the TUH.

Figures 3(a)-(b) are similar to those in Figures 2(a)-(b) in that Rosenblueth’s
method were used to calculate the mean and-standard deviation of resulting IUHs.
From Figure 3(a) one observes that the shape of mean IUHs for all regional regres-
sion equations are similar. The mean and standard deviation of the resulting TUHs
at peak discharge by Rosenblueth’s algorithm is about 1-1.5 cms/mm smaller than
those obtained by Harr’s algorithm. The UVRO, in contrast to Figure 2(a), results in
the highest peak than all other regional equations which account for correlation in N
and K. The relative position of IUHs among the four regional equations considering
Pnx 18 about the same as those by Harr’s method. There also exists greater similar-
ity in temporal variation in standard deviation among different regional equations by
Rosenblueth’s method as shown in Figure 3(b).

4.2 Comparison between two probabilistic point estimate methods
For this particular test case, a glance over Figures 2-3 reveals that, when PN is con-

sidered in regional regression equations, Harr’s method yields mean TUHs with higher
peak discharge than those by Rosenblueth’s. A more detailed comparison between
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Figure 2a. Comparison of mean IUHs by Harr’s method with N and K estimated from various
regression procedures.
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Figure 2b. Comparison of standard deviations of IUHs by Harr’s method with N and K estimated
from various regression procedures.
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the two PE methods by the regional equations are shown in Figures 4-5. Except for
the UVRO, Harr’s method results in higher mean peak discharge and larger standard
deviation for regional equations considering py -

The consistency in lower mean peak and standard deviation for the [IUH by Rosen-
blueth’s method is attributed to the underlying difference in point selection for model
evaluation between the two PE methods. Recall that Harr’s method preserves only
the first two moments of N and K implying that they are bivariate normal random
variables. On the other hand, Rosenblueth’s method preserves the first three moments
of model parameters. Under the assumption that N and K are bivariate log-normal
random variables, Rosenblueth’s method could account for the positive-skewed nature
of N and K marginally. The nonlinear relationship between the UH ordinates and the
model parameters, along with the presence of correlation, makes the explanations of
such behavior difficult. Based on the recent study by Chang et al. (1995), the ability
to incorporate the skew coefficients of involved random variables by Rosenblueth’s
method will improve the accuracy of uncertainty analysis.

To improve the competitiveness of Harr’s method in this particular application,
the selection of points for model evaluations can be made in the log-transformed
space in which both In{N) and In(K) are bivariate normal random variables. Under
a bivariate standardized normal parameter space, both Harr’s and Rosenblueth’s
methods will select four identical points for model evaluations and the skew coefficient
of lognormal random variables in the original space can be implicitly accounted for.
Due to different weights are used in computing the statistical moments of model
response (see equations {50} and (57)), the resulting uncertainty features of model
response computed by the two probabilistic PE methods will be different. However,
the numerical experiences have indicated that the differences in estimated statistical
moments between the two PE methods, when they are placed on the same common

ground, will be negligible (Chang, 1994).
5 Summary and conclusions

Due to the existence of uncertainties in regional equations, the parameters N and K
in Nash’s model cannot be predicted with absolute certainty. Consequently, the IUH
and DUH derived based on the uncertain N and K are also subject to uncertainty.
From the regional regression study, relevant statistical information can be readily
incorporated into the assessment of uncertainty associated with the JUH and DUH
of a watershed under consideration. To quantify the uncertainty features associated
with the IUH and DUH by Nash’s model, two probabilistic point estimate methods
were applied and their relative performance compared.

Results from the uncertainty analysis indicate that the effect of uncertainty in N
and K from the regional equations on the uncertainty of IUH and DUH is significant
and cannot be ignored. The correlations among the dependent variables in the re-
gional regression equations may have profound influence on the results of uncertainty
analysis and should be considered accordingly. This effect is clearly observed in this
study which shows that, around the peak, the mean and the standard deviation of
IUH obtained from the conventional univariate regression procedure is significantly
higher. The consideration of correlation coefficient between N and K, which is neg-



191

ative, leads to lower mean peak discharge and standard deviation. Therefore, using
an IUH without considering the correlation between N and K could lead to a conser-
vative design of a hydraulic structure or over-estimation of failure probability of an
existing structure.

The paper demonstrates the applicability of two probabilistic point estimation
methods to uncertainty analysis of hydrologic models. Rosenblueth’s method has
the theoretical advantage over Harr’s for its ability to account for the skew coefli-
cients of involved random variables, which often leads to improving the accuracy of
uncertainty analysis. On the other hand, Harr’s method is more computationally vi-
able to handle problems involving large number of random variables. To enhance the
accuracy of Harr’s method, one possible way is to transform the non-normal random
variables to their equivalent normal spaces (Liu and Der Kiureghian, 1986; Chang et
al., 1994) from which the selection of points for model evaluations is made.

As a last note, the uncertainty analysis conducted herein considers only the pa-
rameter and model uncertainties associated with regional regression equations. The
main purpose is to illustrate how the information from a regression analysis can be
readily incorporated and used to quantify uncertainty features of a dependent vari-
able. In case one wishes to further consider the uncertainty of independent variables,
then every terms in a regression model are random variables and the classical results
such as equation (34b) is no longer appropriate. In this circumstance, one practical

approach 1s to apply an appropriate probabilistic point estimation method or other
techniques to assess the uncertainty of the dependent variable.
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