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R
ecent experiments have demon-
strated the capability of measuring
the Seebeck coefficients in atomic

and molecular junctions.1�4 These experi-

ments have inspired rapid theoretical devel-

opment in the thermoelectric properties of

nanojunctions.5�15 This interest is partially

motivated by the possible application of such

nanojunctions in thermoelectric devices and

partially by the desire to understand the ther-

moelectric properties found in atomic-sized

junctions. Thermoelectric nanodevices can

be considered as new style devices which can

be integrated into chip sets in order to assist

the stability of devices by converting the ac-

cumulated waste heat into usable electric en-

ergy. As the Seebeck coefficients are rel-

evant not only to the magnitude but also to

the slope of density of states (DOSs), they can

reveal more detailed information about the

electronic structures of the nanostructured

objects bridging the nanojunctions beyond

what the conductance measurements can

provide. The Seebeck coefficient has been

used to explore the electronic structures of

molecular junctions using functional substi-

tutions for the bridging molecules.2,3,14 The

gate field has been theoretically proposed as

a means of modulating the conduction

mechanism between p-type [in which the

Fermi energy is closer to the highest occu-

pied molecular orbital (HOMO)] and n-type

[in which the Fermi energy is closer to the

lowest unoccupied molecular orbital (LUMO)]

via the sign of the Seebeck coefficient.6,7,14 Al-

though much research has been devoted to

the study of Seebeck coefficients, little is

known about the efficiency of energy conver-

sion in nanojunctions.10 As such, the objec-

tive of this research is to provide deeper in-

sights into the thermoelectric efficiency,

usually characterized as the thermoelectric

figure of merit ZT. This study has considered

the combined heat currents, including the

electronic and phononic heat currents.

Thermoelectric nanojunctions consist of

a nanostructured object sandwiched be-

tween source�drain electrodes serving as

independent electron reservoirs with dis-

tinct chemical potentials �L(R) and indepen-

dent temperature reservoirs with distinct

temperatures TL(R). The thermoelectric fig-

ure of merit ZT depends on the following

several physical factors: the Seebeck coeffi-

cient (S), the electric conductance (�), the

electronic heat conductance (�el), and the

phononic heat conductance (�ph). The ther-

moelectric efficiency in the nanoscale junc-

tions can thus be described by the dimen-

sionless thermoelectric figure of merit

presented as11

where T is the average temperature in the

source�drain electrodes. When ZT tends to
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ABSTRACT Using first-principles approaches, we investigate the thermoelectric efficiency, characterized by

the figure of merit ZT, in metallic atomic junctions and insulating molecular junctions. To gain insight into the

properties of ZT, an analytical theory is also developed to study the dependence of ZT on lengths (l) and

temperatures (T). The theory considers the combined heat current carried by electrons and phonons. We observe

a characteristic temperature: T0 � (�/�(l))1/2. When T �� T0, the electronic heat current dominates the combined

heat current and ZT � T2. When T �� T0, the phononic heat current dominates the combined heat current and

ZT tends to a saturation value. Moreover, the metallic atomic junctions and the insulating molecular junctions have

opposite trend for the dependence of ZT on lengths, that is, ZT increases as the length increases for aluminum

atomic junctions, while ZT decreases as the length increases for alkanethiol molecular junctions.

KEYWORDS: thermoelectricity · Seebeck coefficient · thermoelectric figure of
merit · electronic heat conductance · phononic heat conductance · atomic
junction · single-molecule junction · density functional theory
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infinity, the thermoelectric efficiency of nanojunctions

will reach the Carnot efficiency. To obtain a large ZT

value, the thermoelectric nanojunction would need to

have a large value of S, a large value of �, and a small

value of the combined heat conductance (�el � �ph).

Thermoelectric devices with a large value of � are usu-

ally accompanied by a large value of �el, owing to the

same proportionality with the transmission function. In

the case that �ph �� �el, the cancelation between � and

�el makes the enhancement of the thermoelectric fig-

ure of merit ZT quite a challenging task.

Using the first-principles approaches, we investi-

gate the fundamental properties of ZT in nanojunc-

tions in this paper. We focus on small-sized atomistic

systems wherein electron transport is essentially ballis-

tic. The objective of this study is to obtain qualitative

and quantitative descriptions of ZT for temperatures

and lengths of the nanojunctions. As an example, we in-

vestigate ZT for aluminum (conducting) atomic junc-

tions and alkanethiol (insulating) molecular junctions

(see Scheme 1). The Al atomic junctions are ideal test

beds for studying the charge transport in the ballistic

system at the atom scale level.16�19 In contrast to the

conductor behavior of Al atomic junctions wherein the

resonant tunneling is the major transport mechanism,

alkanethiol molecular junctions serve as insulators. Al-

kanethiols [CH3(CH2)n�1SH, denoted as Cn] are a good il-

lustration of reproducible junctions that can be

fabricated.20,21 It has been established that nonreso-

nant tunneling is the main conduction mechanism in al-

kanethiol junctions. Consequently, the conductance is

small and decreases exponentially with the length of

junction given as � � �0exp(�	l), where l is the length

of junctions and 	 
 0.78 Å�1. To obtain quantitative

description of ZT for temperatures and lengths of the

nanojunctions, the self-consistent density functional

theory (DFT) in the scattering approaches has been per-

formed. The effective single-particle wave functions
have then been applied to calculate the electric con-
ductance �, the Seebeck coefficient S, and the elec-
tronic heat conductance �el. However, in the absence
of the phononic heat conductance, the research on ZT
is incomplete. In this study, we have considered the
combined heat conductance including both electronic
heat conductance and phononic heat conductance. To
consider the phononic heat current, the macroscopic
electrodes have been taken as ideal thermal conduc-
tors with distinct temperatures. The rate of thermal en-
ergy flow between two macroscopic temperature reser-
voirs joined by a nanostructured object has been then
estimated by a weak link model equivalent to the ther-
mal Landauer formula in the weak tunneling limit.22 The
weak mechanical link is then modeled by a harmonic
spring of stiffness (K).

To gain further insights into the qualitative descrip-
tion of ZT on the dependence of the temperatures and
lengths in the nanojunctions, we have developed an
analytical theory for ZT. In the low-temperature regime
with bias nearing zero, we have expanded the Seebeck
coefficient S, the electronic heat conductance �el, and
the phononic heat conductance �ph to the lowest or-
der in temperatures. We have observed a characteristic
temperature T0 � (�/�(l))1/2, at which the electronic heat
conductance equals the phononic heat conductance,
that is, �el(T0) � �ph(T0). For T �� T0, the combined heat
conductance is dominated by the electronic heat con-
ductance (�el(T) �� �ph(T)), and it is found that ZT  T2.
For T �� T0, the combined heat conductance is domi-
nated by the phononic heat conductance (�el(T) ��

�ph(T)), and it is found that ZT tends to a saturation
value.

In addition, the relation between ZT and the junc-
tion lengths depends on the electron transport mecha-
nism. For the alkanethiol (insulating) molecular junc-
tions, the saturation value of ZT decreases as the length
increases; on the other hand, for the aluminum (con-
ducting) atomic junctions, the saturation value of ZT in-
creases as the length increases. Different characteris-
tics in ZT can be attributed to the difference in
electron transport mechanisms between the Al atomic
junctions and the Cn molecular junctions. For the Cn

junctions, the electric conductance decreases exponen-
tially [� � �0exp(�	l)] due to the insulating behavior.
Consequently, the length characteristic of ZT becomes
dominated by the electric conductance [�  exp(�	l)],
such that ZT decreases exponentially as the length in-
creases. For Al atomic junctions, the electric conduc-
tances range from 1 to 2G0, which are relatively insensi-
tive to the lengths compared with the Cn junctions,
due to resonant tunneling. In this case, the length char-
acteristic of ZT is dominated by the phononic heat con-
ductance �ph  l�2 when T �� T0; consequently, ZT in-
creases as the lengths of junctions increase. For these
reasons, the length-dependent characteristic of ZT for

Scheme 1. Schemes of the systems investigated: (a) the 3-Al atomic
junction and (b) the C4 molecular junction. Two bulk electrodes are
modeled as independent electron reservoirs with distinct chemical po-
tentials �L(R) and distinct temperatures TL(R).
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the metallic atomic junctions becomes opposite to
that of the insulating molecular junctions. Therefore,
longer conducting atomic junctions and shorter insulat-
ing molecular junctions show better thermoelectric
efficiency.

The nanojunction with a large Seebeck coefficient
is of key importance in increasing ZT. The characteris-
tic of such nanojunctions is a sharp peak around the
Fermi levels in the DOS,14 and the Seebeck coefficient
can be further optimized by applying the gate field.7,14

The widely diversified atomic-sized junctions may be
achieved by manipulating the species of nanostruc-
tured objects and the contact region. Such manipula-
tions may lead to a significant change in the density of
states (DOSs), consequently varying the Seebeck coeffi-
cient of the nanojunctions. A full exploration of all pos-
sibilities in such an unknown system may lead to
observations of the large ZT suitable for practical ther-
moelectric nanodevices. The results of this study may
be of interest to researchers attempting to develop new
styles of thermoelectric nanodevices.

The flow of the discussion for this paper is as fol-
lows. We present the analytical theory of ZT and com-
parative studies on ZT for the atomic junctions and mo-
lecular junctions of various lengths in Results and
Discussion. We then summarize our findings in Conclu-
sions. Finally, we describe the theory of first principles
calculations for ZT in Theoretical Methods.

RESULTS AND DISCUSSION
We have performed first-principles calculations to

investigate ZT in Al atomic junctions and Cn molecular
junctions using eq 14 for the Seebeck coefficient, eq 15
for the electric conductance, eq 19 for the electronic
heat conductance, and eq 23 for the phononic heat
conductance. To gain further insights into the qualita-
tive description of ZT on the dependence of the tem-
peratures and lengths, we expand the Seebeck coeffi-
cient S, the electronic heat conductance �el, and the
phononic heat conductance �ph to their lowest order
in temperatures. Equations 14, 19, and 23 can then be
described by the following power law expansions:

and

where � � ��2kB
2(��(�)/�E)/(3e�(�)), � � 2�2kB

2�(�)/
(3h), and �(l) � 8�5kB

4C2A2Y2/(15�l2). Here �(E) is the
transmission function given by eq 11; � is the chemi-
cal potential; Y is the Young’s modulus of the junction;
A (l) is the cross section (length) of the nanostructured
object sandwiched between electrodes; and C is a con-
stant, which is given by the spectral density of phonon
states at the left (right) electrode surface: NL(R)(E) �

CE.23,24 As a consequence of eqs 2, 3, and 4, the thermo-

electric figure of merit, ZT � S2�T/(�el � �ph), in the

nanojunctions has a simple form

which is valid in when TR 
 TL � T and VB � 0 V.

We observe a characteristic temperature,

T0 � (�/�(l))1/2, for ZT in the nanoscale junctions. The

characteristic temperature, T0, is defined as the temper-

ature where the electronic heat conductance equals

the phononic heat conductance, that is, �el(T0) � �ph(T0)

in small temperature regime. When T �� T0, where

�ph(T) �� �el(T), the electronic heat conductance domi-

nates the combined heat conductance, and ZT in-

creases as the temperature increases: ZT 
 �S2T/�el 


[�2�/�] T2. Similarly, when T �� T0, where �ph(T) ��

�el(T), the phononic heat conductance dominates the

combined heat conductance, and ZT tends to a satura-

tion value: ZT 
 �S2T/�ph 
 �2�/�(l).

To increase ZT � S2�T/(�el � �ph), it is necessary to

increase the Seebeck coefficient S and the electric con-

ductance �, as well as to decrease the combined heat

conductance (�el � �ph). The presence of the phononic

heat current increases the combined heat conductance,

thus suppressing the thermoelectric figure of merit ZT.

We suggest that �ph be minimized (�ph ¡ 0) by choos-

ing low elasticity bridging nanostructured object or by

creating poor thermal contacts in the nanojunctions,

while the electrons are still allowed to tunnel. In this

case, ZT 
 �S2T/�el. It is worth noting that � and �el

roughly cancel each other out in the contribution of

ZT because both are proportional to �(�). The cancela-

tion between � and �el makes the enhancement of ZT a

challenging task.

In addition, it is noted that the phononic heat cur-

rent dominates for T �� T0 where ZT tends to a satura-

tion value (ZT ¡ �S2T/�ph). The phononic heat conduc-

tance decreases as the length of nanojunction

increases: �ph 
 �(l)T3  l�2. As a consequence, ZT in-

creases as the length of the nanojunction increases in

case that the � is less sensitive to the length l such as

the metallic atomic junctions. In contrast, the insulating

molecular junctions show opposite trends. The electric

conductance of insulating molecular junctions decreases

exponentially with the length l [� � �0exp(�	l)], which in

turn, dominates the dependence of ZT on the length l.

Therefore, the length characteristic of ZT for the metal-

lic atomic junctions is opposite that of the insulating

molecular junctions. For conducting atomic junctions,

the saturation value of ZT increases as the length in-

creases. On the other hand, for the insulating junctions,

the saturation value of ZT decreases as the length in-

creases. This point is explained using two catalogs of

nanojunctions: the aluminum (conducting) atomic junc-

S ≈ RT (2)

κel ≈ �T (3)

κph ≈ γ(l)T3 (4)

ZT ≈ R2σT3

�T + γ(l)T3
f {(R2σ/�)T2, for T , T0,

R2σ/γ(l), for T . T0,
(5)
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tions and the alkanethiol (insulating) molecular junc-
tion, as discussed below.

Aluminum Atomic Junctions. Aluminum atomic junctions
are ideal test beds to study the charge transport.16�19

In order to investigate the length dependence of ther-
moelectric efficiency ZT, we study the Al atomic junc-
tions for one to four atoms sandwiched between two
bulk Al electrodes (rs 
 2). Figure 1a shows the Seebeck
coefficient as a function of temperatures for various
lengths of Al atomic junctions. The numerics show that
the Seebeck coefficient is linear in temperatures, which
corresponds well with the analytical expression in eq
2: S 
 �T. At a fixed temperature, the magnitude of the
Seebeck coefficient increases along with the increase
of the number of Al atoms due to the corresponding in-
crease of the slope in the transmission function at the
Fermi level. As shown in the inset of Figure 1b, the elec-
tric conductance is relatively insensitive to the lengths
of the junctions (typically around 1 to 2G0; 1G0 
 77 �S),
apart from a possible four-atom periodicity due to a fill-
ing factor of 1/4 in the � orbital.25 Meanwhile, as shown
in the main body of Figure 1b, the magnitude of elec-
tronic heat conductance is linear in temperatures,
which agrees well with eq 3: �el 
 �T. At a fixed temper-
ature, the dependence of the magnitude of �el on the
number of Al atoms is the same as that of �, due to the
fact that both � and �el are proportional to the transmis-
sion function �(�).

There is a characteristic temperature, T0, defined as
the temperature where �el(T0) � �ph(T0). The numerics
obtained from eqs 19 and 23 are given in Table 1, which
agree well with the equation T0 � (�/�(l))1/2 obtained
from eqs 3 and 4 in the small temperature regime. The
relation T0 � (�/�(l))1/2 predicts that the characteristic
temperatures increase as the lengths of aluminum

atomic junction increase. The reason behind this is
that the dependence of � on the lengths is weaker
than that of � (�(l)  l�2) in the Al metallic atomic
junction.

Figure 1c shows the phononic heat conductance as
a function of temperatures for various lengths of Al
atomic chains, where the Young’s modulus is given by
Y � 1.2 � 1013 dyn/cm2 from the total energy calcula-
tions.23 The phononic heat conductance increases with
T3 as predicted in eq 4. As can be seen, when T �� T0, �ph

�� �el is due to the large value of Young’s modulus
and the different temperature dependence for �el 


�T and �ph 
 �(l)T3. At a fixed temperature, �ph de-
creases as the length increases, which agrees well with
the relation �(l)  l�2. Meanwhile, the main body of Fig-
ure 1d shows the thermoelectric figure of merit as a
function of temperatures, where �ph is calculated using
Y � 1.2 � 1013 dyn/cm2 as the Young’s modulus for the
Al atomic junctions. The thermoelectric figure of merit
reaches the saturation value, ZT ¡ �2�/�(l) when T ��

T0. The increase in the number of Al atoms sharply en-
hances the saturation value of ZT (approximately, ZT 

l2S2) because of the increase in the Seebeck coefficient
and the decrease of �ph (�ph  l�2) by the lengths of the
Al atomic junction. The mechanical elasticity of the Al
junctions is sensitive to the detailed geometry in the
contact region, which is unknown in the real experi-
ment. If a mechanical link can be thwarted by creating
a poor one while the electrons are still allowed to tun-
nel, then ZT could be strongly enhanced, as shown in
the inset of Figure 1d, where the phononic heat con-
ductance �ph is taken to be zero. In this case, the ther-
mal current is only carried by electron transport so that
ZT 
 (�2�/�) T2, and T0 vanishes due to �ph � 0.

Alkanethiol Molecular Junctions. Alkanethiols
[CH3(CH2)n�1SH, denoted as Cn] are good examples of
reproducible junctions that can be fabricated.20,21 In
contrast to the conductor behavior of aluminum atomic
junctions, alkanethiol junctions serve as insulators. It
has been established that nonresonant tunneling is the
main conduction mechanism in alkanethiol junctions.
Consequently, the conductance is small and decreases
exponentially with the length of junction, as � �

�0exp(�	l), where l is the length of alkanethiol junc-
tion and 	 
 0.78 Å�1,26�30 as shown in the inset of Fig-
ure 2b. The DFT calculations involve continuum states
with large amount of energy mesh and a large basis
over 3000 plane waves. Limited by the demanding
computing resources, this study approximates the wave
functions of the Cn junctions through a simple scaling
factor exploiting the periodicity in the (CH2)2 group of
the alkanethiol chains, which leads to exponential scal-

Figure 1. Aluminum atomic junctions at VB � 0 V for 1 Al (solid black lines), 2
Al (dashed red lines), 3 Al (dot-dashed blue lines), and 4 Al (dot-dot-dashed
green lines). (a) Seebeck coefficient S as a function of T. (b) Electronic heat con-
ductance �el as a function of T. Inset shows semi-log of electric conductance
� as a function of the number of atoms. (c) Phononic heat conductance �ph as
a function of T, (d) Log�log plot of ZT as a function of T. Inset shows the case
of neglecting the phononic heat conductance �ph � 0.

TABLE 1. T0 for Various Lengths of Al Atomic Junctions

nanojunctions 1 Al 2 Al 3 Al 4 Al

T0(K) 4.2 8.6 12.9 23.1
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ing in the transmission function �(E). Meanwhile, Fig-
ure 2a shows the magnitude of the Seebeck coefficient
as a function of temperatures for various Cn junctions.
The Seebeck coefficient is linear in temperature as de-
noted in, S 
 �[(�2kB

2/3e�(�)) · (��(�)/�E)]T, and its de-
pendence on the number of carbon atoms is canceled
due to the same scaling factor, exp(�	l), for both �(�)
and ��(�)/�E. We note that the cancelation may not be
complete in the real experiments; thus, the Seebeck co-
efficient could possibly show weak length dependence
due to other effects.2,4

As shown in the main body of Figure 2b, the magni-
tude of electronic heat conductance is linear in temper-
atures, �el 
 �T. At a fixed temperature, the magni-
tude of �el decreases exponentially with n, which is the
number of carbon atoms in Cn, owing to the scaling be-
havior of �(E). As shown in Figure 2c, phononic heat
conductance increases as the temperature increases as
denoted by �ph � �(l)T3 for the Young’s modulus esti-
mated by the total energy calculations.24 At a fixed tem-
perature, �ph decreases as n�2 due to �(l)  l�2 (see Fig-
ure 2c). Due to the small transmission probability for
the insulating alkanethiol junctions, the electronic heat
conductance (note, �el  �) is much suppressed such
that �el �� �ph, as shown in Figure 2b,c.

The respective characteristic temperature, T0, for
various Cn junctions are listed in Table 2. The trend of
the dependence of T0 on lengths in Cn junctions is op-
posite to that in the aluminum atomic junctions. The
reason is that the length characteristic of � in the Cn

junctions decreases exponentially [as �(�)  exp(�	l)],
which is stronger than that of �(l)  l�2. Thus, the length

characteristic of T0 
 (�/�(l))1/2 is
dominated by �  exp(�	l). Conse-
quently, the characteristic tempera-
ture, T0, decreases as the lengths of
Cn junctions increase. The T2 regime
for ZT (where T �� T0) is significantly
suppressed owing to the insulating
behavior of of the Cn junctions.

The main body of Figure 2d shows
ZT as a function of temperatures for
various Cn junctions. The thermoelec-
tric figure of merit tends to a satura-
tion value for T �� T0. The saturation
values of ZT decrease as the lengths
increase. Owing to the insulating be-
havior of Cn junctions, ZT 
 �2�/�(l)
 l2exp(�	l) because �  exp(�	l),
�(l)  l�2, and � 
 constant. Never-
theless, there is enough experimen-
tal evidence to show that the junc-
tions have poor thermal contacts for

certain samples.31 Those samples quickly frustrate at
much smaller biases due to poor heat dissipation when
the local heating is triggered.18,32,33 In such cases, the
bridging nanostructure effectively has a very small
Young’s modulus. In the limit of extremely poor
phononic thermal contacts (effectively, �ph � 0), which
leads to ZT  �2�T2/�. It implies that ZT is not affected
by the lengths of Cn junctions [noting that �  exp(�	l)
and �  exp(�	l) cancels the length dependence], as
shown in the inset of Figure 2d. The cancelation may
not be complete in the real experiments, and as such,
ZT could possibly show weak length dependence due
to other effects.

CONCLUSIONS
In conclusion, the self-consistent DFT calculations

together with analytical expressions are applied to in-
vestigate the thermoelectric figure of merit ZT in the
nanoscale junctions. There is a characteristic tempera-
ture T0 for ZT, which is defined as the temperature
where the electronic heat conductance equals the
phononic heat conductance. When T �� T0, the elec-
tronic heat conductance dominates the combined heat
conductance and ZT (�2�/�)T2; when T �� T0, the
phononic heat conductance dominates the combined
heat conductance and ZT trends to the saturation value
�2�/�(l).

The relation between ZT and the lengths of nano-
junction depends on the conducting mechanism: for
aluminum (conducting) atomic junctions, the satura-
tion value of ZT increases as the length increases be-
cause �ph  l�2 dominates the length dependence;
while for the alkanethiol (insulating) chains, the satura-
tion value of ZT decreases as the length increases, ow-
ing to  exp(�	l), which dominates the length depen-
dence. Thus, the dependence of ZT on the lengths for

Figure 2. Alkanethiol junctions at VB � 0 V for C4 (solid black lines), C6 (dashed
red lines), and C8 (dot-dashed lines). (a) Seebeck coefficient S as a function of T.
(b) Electronic heat conductance �el as a function of T. Inset shows semi-log of
electric conductance � as a function of n, where n is the number of carbon at-
oms. (c) Phononic heat conductance �ph as a function of T. (d) Log�log of ZT as
a function of T. Inset shows the case of neglecting of the phononic heat conduc-
tance �ph � 0.

TABLE 2. T0 for Various Cn Molecular Junctions

nanojunctions C4 C6 C8

T0(K) 2.3 1.2 0.5
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the metallic atomic junctions is opposite to that for
the insulating molecular junctions. In addition, we also
find that T0 of the aluminum (conducting) atomic junc-
tion increases as the length of the junction increases;
on the other hand, T0 of the alkanethiol (insulating)
junction decreases as the length of the junction in-
creases. The difference in the length dependence be-
tween the insulating molecular junctions and the me-
tallic atomic junctions is due to different length-scaling
behavior in the electric conductance.

Of key importance to increasing the thermoelectric
efficiency is using materials with a large value of See-
beck coefficient. Such materials are usually character-
ized by a sharp peak in the transmission function near
the Fermi levels. The thermoelectric efficiency could be

further optimized by applying gate fields or choosing
low-elasticity bridging materials in nanoscale junctions.
The widely diversified atomic-sized junctions may be
achieved by manipulating the species of nanostruc-
tured objects and the contact region. Such manipula-
tions may lead to a significant change in DOSs, conse-
quently varying the Seebeck coefficient of the
nanojunctions. A full exploration of all the possibili-
ties in such an unknown system may lead to obser-
vations of large ZT values, suitable for practical ther-
moelectric nanodevices. The conclusions of this
study may be beneficial to further studies attempt-
ing to increase the thermoelectric efficiency through
the design of thermoelectric nanodevices at the
atomic and molecular levels.

THEORETICAL METHODS
In the subsection Density Functional Theory, we present an

introduction to the density functional theory (DFT) in the scatter-
ing approaches. In the subsection Theory of ZT, we briefly intro-
duce the method of applying DFT to compute the electric con-
ductance �, the Seebeck coefficient S, and the electronic heat
conductance �el. We also briefly introduce the method to calcu-
late the phononic heat conductance �ph from the weak link
model.22

Density Functional Theory. We start with a brief introduction of
how to calculate the electric current and the electronic heat cur-
rent carried by the electron transport in the DFT framework. We
picture a nanoscale junction as formed by two semi-infinite elec-
trodes held a fixed distance apart, with a nanostructured object
bridging the gap between them. The full Hamiltonian of the sys-
tem is H � H0 � V, wherein H0 is the Hamiltonian due to the
bare electrodes, and V is the scattering potential of the nano-
structured object. The nanostructured object could be a single
atom, a chain of atoms, a molecule, or any system with nanoscale
dimension. First, we calculate the wave functions of the bare
electrodes with an applied bias VB � (�R ��L)/e, where �L(R) is
the chemical potential deep in the left (right) electrode. The un-
perturbed wave functions of the bare electrodes have the form,
�EK�

0, L(R)(r) � eiK
�

· R · uEK�

L(R)(z), where uEK�

L(R)(z) describes the electrons
incident from the left (right) electrode before the inclusion of
the nanostructured object. The equation uEK�

L(R)(z) is calculated
by solving the Shrödinger equation and Poisson equation it-
eratively until self-consistency is obtained. We note that uEK�

R (z)
satisfies the following boundary condition:

where K� is the electron momentum in the plane parallel to the
electrode surfaces, and z is the coordinate parallel to the cur-
rent’s direction. The condition of energy conservation gives 1/2kR

2

� E � 1/2|K�|
2 � veff(�) and 1/2kL

2 � E � 1/2|K�|
2 � veff(��),

wherein veff(z) is the effective potential comprising the electro-
static potential and the exchange-correlation potential.

The nanostructured object is considered in the scattering ap-
proaches. The scattering wave functions of the entire system
are calculated by solving the Lippmann�Schwinger equation it-
eratively until self-consistency is obtained

where �EK�

L(R)(r) stands for the effective single-particle wave func-
tions of the entire system, which also represents the electrons
with energy E incident from the left (right) electrode. The poten-
tial V(r1, r2) the electrons experience when they scatter through
the nanojunction is

where Vps(r1, r2) is the electron�ion interaction potential repre-
sented with pseudopotential; Vxc[n(r1)] is the exchange-
correlation potential calculated at the level of the local-density
approximation; n0(r) is the electron density for the pair of biased
bare electrodes; n(r) is the electron density for the total system;
and �n(r) is their difference. The quantity GE

0 is the Green’s func-
tion for the bare electrodes. A basis of about 3000 plane waves
has been chosen for this study. The wave functions that achieve
self-consistency in the DFT framework are applied to calculate
the electric current, the Seebeck coefficient, and the electronic
heat current carried by the electrons.

These right- and left-moving wave functions, weighting
with the Fermi-Dirac distribution function according to their en-
ergies and temperatures, are applied to calculate the electric cur-
rent as

where IEE,K�

RR(LL) � [�E,K�

R(L)]*��E,K�

R(L) � �[�E,K�

R(L)]*�E,K�

R(L) and dR represents
an element of the electrode surface. Here we have assumed
that the left and right electrodes are independent electron
reservoir, with the electron population described by the Fermi
Dirac distribution function, fE

L(R) � 1/(exp((E ��L(R))/kBTL(R)) � 1),
where �L(R) and TL(R) are the chemical potential and the tempera-
ture in the left (right) electrode, respectively. More detailed de-
scriptions of theory can be found in refs 34�36.

The above expression can be casted into a Landauer�
Büttiker formalism:

where �(E) � �R(E) � �L(E) is a direct consequence of the time-
reversal symmetry, and �R(L)(E) is the transmission function of the
electron with energy E incident from the right (left) electrode

uEK|

R (z) ) (2π)-3/2 × { 1

√kR

(e-ikRz + ReikRz), z f ∞,

1

√kL

Te-ikLz, z f -∞,
(6)

ΨEK|

L(R)(r) ) ΨEK|

0,L(R)(r) + ∫ d3r1∫ d3r2GE
0(r, r1)V(r1, r2)ΨEK|

L(R)(r2)

(7)

V(r1, r2) ) Vps(r1, r2) + {Vxc[n(r1)] - Vxc[n0(r1)] +

∫ dr3

δn(r3)

|r1 - r3|} (8)

I ) ep
mi ∫ dE∫ dR∫ dK|(f E

R · IEE,K|

RR - f E
L · IEE,K|

LL ) (9)

I ) 2e
h ∫ dE[fE

R(µR, TR) - fE
L(µL, TL)]τ(E) (10)

τR(L)(E) ) πp2

mi ∫ dR∫ dK||IEE,K||

RR(LL)(r) (11)
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Theory of ZT. In this subsection, we briefly describe the method
used to calculate the Seebeck coefficient S, the electric conduc-
tance �, and the electronic heat conductance �el. We also de-
scribe the method to calculate the phononic heat conductance
�ph via the weak link model.

We begin with the description of the method for the calcula-
tion of the Seebeck coefficient. We assume that the left (right)
electrode serves as the electron and thermal reservoir with the
electron population described by the Fermi-Dirac distribution
function. We consider an extra current induced by an additional
infinitesimal temperature (�T) and voltage (�V) distributed sym-
metrically across the junctions

After expanding the Fermi-Dirac distribution function to the
first order in �T and �V, we obtain the Seebeck coefficient (de-
fined by S � �V/�T) by letting �I � 0

where Kn
L(R) � ��dE(E � �L(R))n[�fE

L(R)/�E]�(E), and �(E) � �R(E) �
�L(E). In this paper, we focus on the zero bias regime with two
electrodes at the same temperatures (�L � �R � �; TL � TR � T);
eq 13 above can be simplified as

In addition, the differential conductance, typically not sensi-
tively related to temperatures in cases where direct tunneling is
the major transport mechanism, may be expressed as

Second, the electronic heat current, which removes the thermal
energy from the left (right) temperature reservoirs, is expressed
by

Near the zero bias (�L 
 �R � �), we note that Jel
L � �Jel

R � Jel,
and as such, eq 16 can be written as

Considering an extra thermal current induced by an additional
infinitesimal temperature (�T) and voltage (�V) symmetrically
distributed across the junction, we come up with

We obtain the electronic heat conductance (defined by kel �
�Jel/�T) after expanding the Fermi-Dirac distribution function
to the first order in �T and �V expressed by

where Kn � ��dE(E � �)n[�fE/�E]�(E). Thus far, the physical quan-
tities (S, �, and �el) previously discussed are related to the propa-
gation of electrons. However, it must be noted that the heat cur-
rent can be conveyed by the propagation of electrons and

phonons. In the absence of the phononic heat conductance,
the research on ZT is incomplete. As such, in order to consider
the phonon contribution to ZT, it is assumed that the nanojunc-
tion is a weak elastic link, with a given stiffness K that we evalu-
ate from total energy calculations. Two metal electrodes are re-
garded as the macroscopic bodies under their thermodynamic
equilibrium and are taken as ideal thermal conductors. To lead-
ing order in the strength of the weak link, the mechanical link is
modeled by a harmonic spring. We then estimate the phononic
heat current (JQ

ph) via elastic phonon scattering as22

where the stiffness K � AY/l is evaluated from the
first-principles.23,24 The symbol, Y, is the Young’s modulus of the
junction, and A (l) is the cross section (length) of the nanostructured
object sandwiched between electrodes. NL(R)(E) � CE, where C is a
constant, is the spectral density of phonon states at the left (right)
electrode surface.37 Here, we have assumed that the metal elec-
trodes are thermodynamically in equilibrium as described by the
Bose�Einstein distribution function nL(R) � 1/(eE/KBTL(R) � 1). The rate
of thermal energy carried by phonons flowing between two bulk
electrodes joined by a nanostructured object is appropriately con-
sidered in the weak link model, which is valid for temperatures
lower than the Debye temperatures.22 The range of temperatures
in the current study lies within this region (the Debye temperature
is 394 K for Al and 170 K for Au). The phononic heat conductance
is defined as

After expanding the Bose�Einstein distribution function in the
left (right) electrode to the first order of �T in the expression of
the phononic heat current, the phononic heat conductance is thus
obtained:

When TR 
 TL � T, then eq 22 can be written as

where n � 1/[eE/(kBT) � 1]. Finally, when �L 
 �R � � and TR 
 TL

� T, the thermoelectric figure of merit ZT � S2�T/(�el � �ph) can be
calculated using eqs 14, 15, 19, and 23.
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