
~ ~ _  ~ M A T E R I A L S  
"~ SCIENCE & 

ENGINEERING 

E LS EVI E R Materials Science and Engineering A224 (1997) 216-220 

Elastic interaction between screw dislocations and a circular 
surface crack 

K.M. Lin a.*, H.C. Lin a, K.C. Chen a, H.L. Chang b 
a Department of Materials Science, Feng Chia University, Taichung, Taiwan, ROC 

b hzstitute of  Materzals Scwnce and Engineer#~g, National Chiao Tung University, Hsinchu, Taiwan, ROC 

Received 5 September 1996 

Abstract 

The behaviour of a screw dislocation around a circular surface crack was analyzed using the conformal mapping method. The 
effects of the crack length l and its radius of curvature _R on the shielding effect and the strain energy were discussed in detail. 
It was found that for a dislocation being fixed at a constant distance from the crack tip and located on a plane tangent to crack 
surface at the tip. there exists a critical crack length l* corresponding to a maximum shielding effect induced by the dislocation 
on the circular surface crack. The l* increases with R and approaches infinity as the crack becomes planar (i.e. R ~  co). The 
shielding effect vanishes as the crack disappears. It increases rapidly with l if 0 < l<< l*, regardless of R. After reaching the 
maximum, it decreases slightly for larger R but significantly for smaller R as the crack becomes longer. The shielding is more 
pronounced for larger R than that for smaller R, with the difference increasing with crack length. As a result, a surface microcrack 
propagates initially in a rather brittle manner then becomes more ductile. When the crack gets longer, it still keeps ductile for a 
less curved or a planar crack but becomes relatively brittle for a severely curved crack. In addition, the strain energy is also 
significantly influenced by crack length and increases rapidly with l when l is rather small, regardless of R. With increasing l, it 
becomes less affected by L and the variation with R is still not obvious, with larger R corresponding to a slightly higher strain 
energy. © 1997 Elsevier Science S.A. 
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1. Introduction 

It  is generally recognized that the process of  the 
fracture in metals consists o f  three steps: (1) plastic 
deformat ion to produce dislocation pile-up; (2) the 
buildup of  shear stress at the head of  the pile-up to 
nucleate a microcrack; and (3) the stored elastic strain 
energy drives the microcrack to propagate  associated 
with the dislocation emission f rom the crack tip to form 
a plastic zone. The fact that  tensile stresses are not  
involved in the microcrack nucleation process but 
needed to make the microcrack propagate  leads to the 
conclusion that  crack propagat ion  is ordinarily more 
difficult than crack initiation, and the fracture of  metals 
is predominated by the process o f  crack propagat ion.  
Therefore, the ductility of  metals is closely related to 
the behaviour  o f  dislocations in the vicinity of  the crack 
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tip, and the elastic interaction between dislocations and 
cracks has been paid much  attention. For  instance, 
using dislocation modelling, Loua t  [1] obtained the 
stress field a round  an internal crack and the image 
force on a screw dislocation. Ma jumdar  and Burns [2] 
investigated an elastic theory o f  dislocations and dislo- 
cation arrays near a sharp crack. They proved that  a 
screw dislocation always shields the crack f rom a mode  
I I I  fracture. By analysing the ductile versus brittle 
behaviour o f  crystals, Rice and Thomson  [3] proposed  
a dislocation emission criterion f rom a sharp crack tip. 
Using a planar  distribution of  cont inuous dislocations 
to simulate the plastic zone ahead of  crack tips, Bitby et 
al. [4] predicted that  the dislocations are inversely piled- 
up in the plastic zone. An  in situ observat ion of  the 
dislocation emission f rom a crack tip was carried out 
by Ohr  [5] using transmission electron microscopy. He 
found that  there exists a dislocation-free zone between 
crack tip and plastic zone. Fol lowing the Rice-Thom- 
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son model [3], Chang and Ohr [6] overcame the 
difficulty in the BCS theory [4] and established a dislo- 
cation-free zone model of fracture, which agrees with 
the observations in Ref. [5]. In addition, the interac- 
tions of  dislocations with various types of cracks [7-13] 
were studied by using conformal mapping technique, 
dislocation modelling method and thelanodynamic ap- 
proach. Recently, the screw dislocations around a ra- 
dial surface crack in a circular bar [14] and extended 
dislocations around a semi-infinite crack [15] have been 
investigated. These works were mainly focused on the 
dislocations interacting with a planar crack. 

However, at elevated temperatures, a surface microc- 
rack can be induced at the grain boundaries by environ- 
mental attack (e.g. oxidation or corrosion). Then it 
propagates along the grain boundaries under the action 
of  an applied stress. Under such circumstances, the 
surface crack is not necessarily planar but becomes 
curved. Consequently, the dislocation-curved crack in- 
teraction is also significant. It prompted us to conduct 
this study. In the following, the crack geometry is taken 
to be circular, for simplicity, with the crack length and 
its radius of  curvature as parameters. Attention is fo- 
cused Oil the effects of crack geometry on the stress 
intensity factor and the strain energy. Finally, we sum- 
marize and present our conclusions. 

2. Analysis and results 

The dislocation-crack system we analyzed is shown 
schematically in Fig. 2(a). A semi-infinite medium with 
a free surface on the x-axis of the coordinate system is 
located on the upper half-space in the complex Z-plane. 
A circular surface crack emanating from the free sur- 
face is measured by the radius of curvature R and the 
central angle c~, so that its length yields l = Rcc A screw 
dislocation with Burgers vector b around the crack tip 
is situated at the position Zo( = Xo + iyo). Then, the 
elastic interaction between dislocation and crack can be 
investigated as follows. 

2. I. Complex potential and stress field 

Using a conformal mapping method, the interaction 
system can be transformed into an upper half-space in 
the complex co-plane with a screw dislocation located at 
coo( = u0 + ivo), as shown in Fig. 2(b). The mapping 
function which relates co (= u + iv) to Z (= x + iy) is 
obtained as 

I ( Z - - R )  2 tan2(2)l  I/2 (t) co(z)=~ ~ + 

The potential function of  a screw dislocation in Fig. 
2(b) is easily obtained by an image technique to yield 
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b in(co--coo~ (2) 
f(co) = 5 7  \co - Cao/ 

with c5 o being the complex conjugate of co o. Then 
substituting Eq. (i) into Eq. (2), we obtain the complex 
potential of the dislocation-crack system as 

b /D  - Do\ 
g(Z)--J~co(Z)] = ~ lnkD _------~0 ) ,  (3) 

where 

F / z -  RV- / ~ , 2  
D = L k - Z ~  ) + t a n 2 ~ 2 ]  ~ , (4a) 

[(ZozR % = + t an2~5) /  , (4b) 
Do kk Zo+R / 

&=L<z0+R/+tan-ks)J ' ( 4 c )  

and 2" 0 denotes the complex conjugate of 2;o. 
The stress field around the crack which arises from 

the screw dislocation is related to the complex potential 
by the following equation 

%= + i<,.: = /~g ' (Z) ,  (5) 

where /~ is the elastic shear modulus, and g'(Z) stands 
for the derivative of g(Z) with respect to Z. The 
subscript z denotes a coordinate direction. Substituting 
Eq. (3) into Eq. (5) and after tedious calculation, one 
obtains the stress components as 

21zb Rp* r o sin OoN (6a) 
O'Y z 3 

7~ 19 M 2 -4- N 2 

and 

21~b Rp* r o sin OoM 
O'v_ - -  / 9  3 N2 , (6b) - zr M'- + 

where 

M +  iN= exp[i(3~b -- ~b*)] 

[r 3 exp(i30) - 2r2r0 cos 0o exp(i20) 

+ rr { exp(i0)], (7a) 

p* exp(i~b*) = Z - R, (7b) 

p exp(i~b) = Z + R, (7c) 

r exp(i0) = D = exp[i2(qS* - ~b)] + tan 2/~\71/2, 

(7d) 

and 

r0 exp(i00)= Do = ~(p,~2 exp[i2(~b*- ~b0) ] 
( \ P o /  

+ tanZk~)~ . (7e) 

The variables p~, qS~ and P0, qSo have the same 
definitions as p *, ~b * and p, q5 correspondingly with the 
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exception of Z in Eqs. (7b) and (7c) replaced by Z0. 
Notice that M, N, r and r 0 are dimensionless. Using 
numerical analysis, one proves that Eqs. (6a) and (6b) 
satisfy the boundary conditions, i.e., ~,,__ vanishes for 
y =  0 and ~ , :=  0 for Z =  R exp(ifl), where 0 </? < 
and cry, denotes the shear stress acting on a plane 
tangent to the crack surface along the z direction. Cy. 
and <,= are closely related to l and _R. For  a given crack 
length l, if _R becomes infinite (so that c~ approaches 
zero but Rc~ = l remains constant), it reduces to the case 
of a screw dislocation around a planar surface crack. 
Then Eqs. (6a) and (6b) are in agreement with the 
results obtained by Chu [7] and Juang and Lee [8]. 

2.2. Stress intensity fac tor  

For  a screw dislocation near a circular surface crack, 
the stress intensity factor at crack tip can be obtained 
by the relationship 

K = lira{ - x /2~z[Z-  R exp(i~)] (crx_ cos ~ + cry.., sin ~)} 

(8) 

as Z approaches R exp(i~). Substituting Eqs. (6a) and 
(6b) into the above equation yields 

/lb sin 00 ~ )  4(1 + cos c~ -- sin ~) 

COS- 

(9) 

K depends on the dislocation position 6%, 2o) and is 
closely related to l and R. For a given crack geometry, 
its value is negative regardless of (x0, Y0). It implies that 
a screw dislocation always shields the tip of  a circular 
surface crack from fracture. The shielding effect be- 
comes more pronounced as the dislocation comes 
nearer the crack tip. 

I f  the screw dislocation remains at a constant dis- 
tance from the crack tip, the dependence of the shield- 
ing effect on crack geometry is illustrated in Fig. 1, 
where the stress intensity factor versus the crack length 
is plotted with the parameter  R under the conditions 
d/a o = 40 and ( / =  ~r/2 + c~. The core radius of  the dislo- 
cation is a 0. Both d and (/ denoting the dislocation 
position with respect to crack tip are defined by the 
equation 

d exp(i~,) = Z 0 - R exp(i~). (10) 

That  is, the dislocation is fixed at a distance d from the 
crack tip and located on a plane tangent to the crack 
surface at the tip. Fig. 1 clearly indicates that for a 
given radius of  curvature _R, the absolute value of K 
increases rapidly from zero, reaches a maximum corre- 
sponding to a critical crack length l*, and then de- 
creases when the crack length I increases from zero. For 
a relatively short crack, there's practically no difference 

in K for a smaller or larger R. However, as the crack 
gets longer, the variation of K due to R becomes more 
significant. With increasing l the magnitude of K de- 
creases obviously for smaller R but only slightly for 
larger R if l > l*. The critical crack length l* at a given 
R also increases with R. In addition, the curve for 
larger R always lies above that for smaller R. I f  R 
approaches infinity, a curve which becomes an upper 
bound in Fig. 1 is obtained, and the magnitude of K 
increases monotonically with crack length l. This corre- 
sponds to the case of a planar surface crack, and the 
present result agrees with those in refs. [7] and [8]. 
Based upon the above analysis, one infers that under 
the action of an applied stress, the fracture of  a micro- 
crack emanating from a free surface is relatively brittle, 
regardless of the radius of curvature R (i.e. either 
planar or curved). It occurs because the shielding effect 
induced by the dislocation on the crack is rather small. 
As the crack propagates, the shielding gets more effec- 
tive and reaches a maximum if l = l*. Then the fracture 
becomes more ductile. For  a relatively long crack (if 
l > l*), the fracture of  the crack still remains ductile for 
larger R (e.g. for a planar crack), but it becomes 
relatively brittle for smaller R (e.g. for a curved crack) 
because of the obvious decreasing in the shielding of 
the dislocation. In short, as compared with a planar 
surface crack, the degradation in ductility becomes 
more significant while the crack gets more curved. 
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Fig. l. The curves of the stress intensity factor as a function of crack 
length are plotted with R as a parameter under the conditions 
d/a o = 40 and ¢' = ~/2 + :~, where d and ~ are defined in Eq. (10). 
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2.3. Strain energy and image force 

Using Eqs. (6a) and (6b) and the imaginary cutting 
technique [8], the elastic strain energy of the screw 
dislocation per unit length is obtained as 

tzb2 1 /P3°"z° sin 00"~ E = - ~ - n ~ - ~ a ~  )" (11) 

Then, the image force on the dislocation can be 
obtained through Fx-- -3E /Sxo  and F>, = -  ~E/@o. 
Substituting Eq. (11) into these relationships, one ob- 
tains the force components as 

#b_~J'3 cos ¢o cos ¢~ F~ 
" 27r ) 2po 2p 

i 

Rp [- cos(20o + 3~b o -- ¢*) + ~  
ropoh 

+ s i n ( ¢ ~ -  3 ¢ ° -  0 ° ) l } s l n :  0 o (12a) 

and 

.Fy- /~b2f.3 sin ¢o sin ¢* 
2re [ 2po 2p* 

Rp F 
+ ,._-75-~ 3/sin(20o + 3¢0 -- ¢~) 

r6PoL 

c°s(¢~ - 3¢° - -0°-)1} (12b) 
?-;o ' 

Note that by subtracting the self-stress components of 
the screw dislocation from Eqs. (6a) and (6b) respec- 
tively, it yields the image stress components on the 
dislocation. Then, substituting them into the Peach-  
Koehler equation, the same result as Eqs. (12a) and 
(12b) can also be obtained. 

Eq. (11) indicates that the elastic strain energy is a 
function of the dislocation position (xo, Yo) and closely 
related to the crack length ! and its radius of curva- 
ture R. For  any (Xo, Y0), l and R, the s~rain energy of  
the dislocation is always positive. However, its magni- 
tude is strongly influenced by these parameters. Fig. 2 
shows an example of the effect of crack geometry on 
the strain energy, where the strain energy E as a 
function of crack length l is represented with the ra- 
dius of curvature R as a parameter under the same 
conditions as those in Fig. 1, i.e. d/a o = 40 and ( /=  ~r/ 
2 + c~ so that the screw dislocation keeps at a constant 
distance d from the crack tip on a plane tangent to 
crack surface at the tip. It indicates that for a screw 
dislocation with a distance d from a crack-free surface 
( l=  0), the strain energy is approximately equal to 
4.38 (in unit of /zba/4zc). Once the microcrack is 
present, the strain energy is significantly affected by 
crack length if l <  250ao. It increases rapidly with in- 
creasing l, regardless of the radius of curvature _R. As 
the crack propagates ( l>  250ao), the strain energy in- 
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Fig. 2. The relationships of the strain energy versus crack length are 
represented with the parameter  R under the same conditions as those 
in Fig. I. Also shown in the inset is the schematic diagram of a screw 
dislocation (a) around a circular surface crack and (b) near a crack- 
free surface. 

creases sIowly and its value falls between E- -5 .0  and 
E = 5.1, with larger R corresponding to a larger value 
of E, but the difference in E for larger R and for 
smaller R is not obvious. For a finite crack length l, if 
R approaches infinity, Eq. (11) reduces to the results 
in Refs. [7] and [8]. It corresponds to the case of a 
screw dislocation near a planar surface crack. In addi- 
tion, by comparing Fig. 2 with Fig. 1, it shows that 
for a relatively long crack, the dependence of the 
stress intensity factor K on the radius of curvature R 
is very pronounced, but it is not for the strain energy 
E. This occurs because the parameter R is contained 
in the logarithmic term in Eq. (11). Therefore, E be- 
comes relatively insensitive to R. 

The image force on the dislocation is also depen- 
dent on (x0, Y0), l and R. With Eqs. (12a) and (12b), 
the trajectories of the screw dislocation around a cir- 
cular surface crack can be obtained. The dislocation is 
attracted either by the free surface or by the circular 
surface depending on its initial position. Finally, if R 
becomes infinite but l remains finite with the screw 
dislocation near the crack tip, Eqs. (12a) and (12b) 
can be reduced to the result which agrees with those 
obtained by Chu [7] and Juang and Lee [8]. 
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3. Summary and conclusions 

The elastic interact ion between a screw dislocation 
and a circular surface crack was investigated. The com- 
plex potent ial  o f  the dislocation, the stress field a round  
the crack, the stress intensity factor  at crack tip, the 
strain energ2¢ of  the dislocation and the image force on 
the dislocation were all derived. I f  the dislocation is 
fixed at a constant  distance f rom crack tip and located 
on a plane tangent  to crack surface at the tip, the 
shielding effect arising f rom the screw dislocation on a 
circular surface crack is s trongly influenced by crack 
length l when the crack is relatively short. It  vanishes 
for  l = 0 and increases rapidly with increasing l, regard-  
less of  the radius of  curvature  R of  the crack. After  
reaching a m a x i m u m  which corresponds  to a critical 
crack length l*, the shielding effect decreases slightly 
for  larger R but  significantly for smaller R as the crack 
gets longer (l > l*). The  l* increases with R. Fo r  a finite 
crack that ' s  not  very short, the shielding effect is more  
p ronounced  for larger R than for  smaller R, with the 
difference between them increasing with l. Conse- 
quently, during the p ropaga t ion  of  a surface microc-  
rack, it occurs first in a ra ther  brittle fo rm and then 
becomes relatively ductile. While the crack gets longer 
and longer, it still remains ductile for a p lanar  or  a less 
curved crack (i.e. for larger R), but  becomes relatively 
brittle for  a severely curved crack (i.e. for  smaller R). In  
short, the ductility is decreased by increasing the curva- 
ture of  the crack. In  addition, for  a given R with 

increasing l f rom zero, the strain energy initially in- 
creases rapidly, showing the same trend as the shielding 
effect, and then slowly. As the crack gets longer, it 
becomes practically independent  o f  l, with larger R 
corresponding to a higher strain energy. The var ia t ion 
with R is not  obvious for  the strain energy, which is 
significantly different f rom that  for  the shielding effect. 
Finally, the exact formulas  of  the physical  variables 
derived in this paper  can be reduced to the case of  a 
p lanar  surface crack. The  results also agree with those 
in the literature. 
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