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Abstract—This paper considers transmitter precoding in an
amplify-and-forward cooperative system where multiple anten-
nas are equipped at the source, the relay, and the destination.
Existing methods for the problem only consider the design of the
relay precoder. To further improve the performance, we include
the source precoder into the design. Using a minimum-mean-
square-error (MMSE) criterion, we propose a joint source/relay
precoder design method, taking both the direct and relay links
into account. It is shown that the MMSE is a highly nonlinear
function of the precoding matrices, and a direct minimization
is not feasible. To facilitate analysis, we propose to design the
precoders toward first diagonalizing the MSE matrix of the
relay link. This imposes certain structural constraints on both
precoders that allow us to derive an analytically tractable MSE
upper bound. By conducting minimization with respect to this
bound, the solution can be obtained by an iterative water-filling
technique.

Index Terms—Precoder, amplify-and-forward (AF), cooper-
ative transmission schemes, channel state information (CSI),
multiple-input multiple-output (MIMO), mean-square-error
(MSE).

I. INTRODUCTION

OOPERATIVE communications can realize spatial di-

versity in a distributed manner and has attracted con-
siderable attention in the past few years [2]-[11]. Most of
the existing works focused on devising, and analyzing, dif-
ferent cooperative transmission protocols such as amplify-
and-forward (AF) and decode-and-forward (DF) [2]. Also,
there have been many proposals which leverage the traditional
MIMO processing techniques, e.g., beamforming and space-
time block coding, and develop the corresponding distributed
realizations for enhancing the link quality [3]-[10]. In the
study of conventional cooperative systems, each user terminal
is commonly assumed to be equipped with a single antenna.
To further increase the spatial degrees-of-freedom, one simple
approach is to place multiple antennas at each node [11]-[14].
Current research on such MIMO cooperative networks mainly
focuses on precoder designs under the AF protocol, either for
boosting capacity [12],[13], or for improving link reliability
[14]. All of these proposals, however, consider precoders only
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Fig. 1. Three-node AF MIMO relay system.

at the relays. Some of them even neglect the direct (source-
to-destination) link in the problem formulation so as to ease
the relay precoder design [12], [14]. Hence, the available link
resources are not yet fully exploited in the existing schemes.

As far as we know, the joint source-relay precoder design
for AF MIMO relay networks which take both the direct
and relay links into account has not been studied before.
This work aims to provide a solution to this problem in
the typical three-node system scenario [12]-[14]. Using the
minimum-mean-square-error (MMSE) criterion and individual
power constraints at the source and the relay, we formulate
the design as a joint optimization problem. However, it is
found that the MMSE is a complicated function of precoding
matrices. Direct minimization with the cost function is not
feasible. To overcome the difficulty, we propose to design the
precoders toward first diagonalizing the MSE matrix of the
relay link. This imposes certain structural constraints on the
precoding matrices that allow us to derive a tractable MSE
upper bound. Minimization with this upper bound, instead of
the original MMSE, then becomes feasible and a suboptimal
closed-form solution is then obtained. The proposed precoders
can be computed via an iterative water-filling technique. The
rest of this paper is organized as follows. Section 2 introduces
the system model and problem formulation. The main results
are given in Section 3. Finally, Section 4 concludes this paper.

II. PROPOSED SYSTEM MODEL AND PROBLEM
FORMULATION

A. System Model
We consider a three-node precoded AF system over flat
fading channels as depicted in Figure 1, in which the source,

the relay, and the destination are equipped with N, R, M
antennas. Using the typical two-phase transmission scheme
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[12], [13], we can express the received signal at the destination
in a vector form as

Vo= HspFs s+ np
= HrpFrHsrFs HrpFgrng +np>
=H =W

ey
In (1) s € CF is the transmitted signal vector with zero mean
and E [ss”] = o2I; yp € C*M*! is the received signal
vector at the destination; Fg € CN*L and Fp € CE*E are
the precoding matrices at the source and the relay, respec-
tively; Hgr € CP*N, Hgp € CMXN and Hgrp € CM*E
are the channel matrices of the source-to-relay, the source-
to-destination, and the relay-to-destination links, respectively;
np; € CM*! np € C**1 and npy € CM*! are the
received noise vectors at the destination in the first-phase, at
the relay, and at the destination in the second-phase. Here,
we assume L < {N, R, M} to provide sufficient degrees of
freedom for transmission.
To recover the source signal, a linear equalizer is adopted
at the destination. The equalizer, specified with a matrix G €

CMxM is designed by minimizing the MSE
J=E{||Gyp —s|*}. @)
The optimal solution is easily shown to be [1]
Gopt = 02H" (¢2HH" + R,,) ", 3)

where R, = F [wwH ] is the covariance matrix of the com-
bined noise vector w. At the equalizer output, the detection
process is done by a symbol-by-symbol based method. Denote
the variance of the noise components at the destination as 027 >
and that at the relay as a,zw. Based on (1), (2), and (3), we

can have the MMSE as

1

Jmin =tr{(c;’ I, + Es + Eg) '}, 4)
=E
with
Es =0, 2F§H{ HspFs (5)
and

Er = FgHgRFgHgD )
—1
(U?L,rHRDFRFgHgD + O'i&[]u) HRDFRHSRFS~

(6)

We note that Er and Eg account for the MSE components
which arise due to the relay and the direct communication
links, respectively.

Note that in the considered system the source and the
destination need to know all link channel matrices for the pre-
coder design and the MMSE receiver implementation. While
each point-to-point link channel can be estimated via the
conventional training scheme, the acquisition of the "far-end"
channel, e.g., the estimation of the source-to-relay channel at
the destination, can be done by using the technique reported
in [15].

4929

B. Problem Formulation

As we can see from (4), the MMSE is a function of the
precoder matrices Fg and Fr. Hence the optimal precoders
can be obtained as the solution to the following optimization
problem:

min tr { (0,1, +Eg + ER)il}

Fs,Fr

s.t.

tr {E [FryryRFa|} =

tr {FR (Ui7rIR + UEHSRFSFgHgR) Fg} < PR,T
tr{FsE [ss"|F{} =o2tr {FsF§} < Psr  (7)

where Pg 1 and P 7 are the maximal available powers at the
source and the relay, respectively. By ignoring the direct link
and simultaneously adopting a precoder only at the relay, the
MMSE design criterion was also considered in [14] for the
AF MIMO system. In this paper, we further incorporate the
precoder at the source and consider both the direct and relay
link signals to enhance the performance of the AF MIMO
system.

III. JOINT SOURCE/RELAY PRECODER DESIGN

Taking a closer look at (4), we readily find that the minimum
MSE involves a series of matrix multiplications and inversions
and is thus a complicated function of Fg and Fg. Exact
solution to (4), therefore, is difficult to derive. In this section,
we propose an effective method for finding a suboptimal
solution. The main idea is to use a constrained precoder
structure, derive an MMSE upper bound having a simple
expression, and conduct minimization with this upper bound.
The resultant optimization problem can be solved by using the
standard Lagrange technique followed by an iterative water-
filling procedure.

A. Proposed Approach

For the special case that the direct link is absent and only
a relay precoder is used, the optimal MMSE precoder can
be analytically obtained through MSE matrix diagonalization
[14]. Motivated by this fact and toward an analytical procedure
for the joint source/relay precoder design, we propose to
find a solution via a similar matrix diagonalization technique.
Indeed, if the error matrix E in (4) can be diagonalized,
the trace operation can be easily conducted, and the whole
problem can be greatly simplified. To do that, we firstly
consider singular value decomposition (SVD) for channel
matrices in all links as:

Hsp = UyZaVE;
Hsgr = USTESTVH.

ST

Hip = UyZ,.qVI. ®)

For later use, we define 0444, 044, and o,.q; as the ith
diagonal element of X,y € RM*N 3. ¢ RF*N and
2,q € RMXE respectively.

From (4), it is seen that the error matrix E can be diagonal-
ized if F g and F i can be chosen to simultaneously diagonal-
ize Eg and ER. Such a task, however, appears quite difficult
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to achieve mainly because Er depends on the relay precoder
Fp through the matrix inversion (o7 ,HrpFrFHE, +
0%7 4Ia) L. This thus motivates us to first choose Fr to di-
agonalize o HprpFrFIHE, + UZ,dIM so that the inverse
can be easily tackled. Such an approach, though suboptimal,
will considerably simplify the analysis; more importantly, it
allows us to derive a tractable MSE upper bound which leads
to a water-filling based solution. With the aid of the SVD of
the channel matrix Hgrp in (8), an immediate choice for F
to diagonalize o7 , HrpFrFEHY, + 02 ;I is

FR = Vrderra (9)
where the diagonal X, € Rf* % and the unitary U, € CExF
are to be determined. With (9) we have

-1
(owaRDFRFgHgD + Ji7dIM)

—1
== Urd (0'72177-27’d272-2£{1 + O-TQL,dIJVI)

Uy, (10

and the matrix Eg can be rearranged into

Er = FERE U .
(UZ,TETdE$Ef{l + 0317dIM)_1 3,42, U, HgsrFs.
(1)

Equation (11) allows us to simplify the expression for Er even
further. In particular, Er can be diagonalized if U, and the
source precoder Fg are chosen so that U, HgrF g is diagonal.
Again with SVD of the Hgpr, in (8), this can be done by setting

U, =UZ

8T

12)

and

FS = Vsr257 (13)
where =, € RV*L is a diagonal matrix yet to be specified.
Combining (9) and (13), the diagonalization of Er imposes
the following structural constraint on the relay precoder

Fr =V, UL (14)
With (13) and (14), and after some straightforward manip-
ulations, the MSE cost function in (4) can be expressed as
(15), in which V = VgiVsr is a constant matrix depending
on the channels. We make the following key observations
regarding the alternative MSE expression (15): i) Since (15)
is obtained based on the particular precoding matrices Fg
in (13) and Fr in (14), it serves as an upper bound of
the true minimal MSE; ii) Compared with the original MSE
formula (4), the expression (15) is more appealing because
the unknowns involved are 3, and ¥, which are diagonal
matrices and are more amenable to handle; iii) The matrix
Eg cannot be diagonized. However, starting from (15) and
exploiting the diagonal nature of Er, we can further derive
a more tractable MSE upper bound that will be used as the
design cost function, as shown next.
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To proceed, let us use the matrix inversion lemma [16] to
rewrite (15) as

tr(E) =

-1

tr| (01 + Er) +37 (0, 2V SHELV) =,
————
=A

=tr (Afl) —

=B
tr <A’12§’ (B’l n ESA”E?)A ESA*1> .
(16)

Based on (16), the MSE upper bound can be obtained with
the aid of the next lemma.
Lemma: Let Z is a positive definite matrix, then we have

@7 60) 2 g

Proof: Considering eigen-decomposition of Z := UX U, we
have

17)

Z = UXUHX = ux'/?u” ux'/?uX,;

=Z1/2 i=Z1/2
Z-! =Ux-uf = ux"2ufuxs?2ul. (18)
=Z-1/2 =Z-1/2

Since 1 = e’ Te; = e/ Z'/?Z~'/?e;, where e; is the ith unit
standard vector, we have
1= e] Z'/2Z7 1 2e|3 < & Z' |3 |27/ ?ei 5,
=Z (i)
equivalently Z ' (i,4) > !

q y ) - Z(’L’ Z) )
where the inequality in (19) follows from the
multiplicative property of the matrix norm [16]. QED.

By setting Z = B~! + X A2 and applying the lemma
to (16), we can obtain the following key result

=Z—1(4,3)

19)

sub-

L 1

tT(E) < E o2 o2 o2 o2 2 (20)
— 0,—2 + 5,i9r,i%sr,i%rd,i +0.—2 B
= 02 .02 02, Fon n,d B=1(4,1)

Compared with the original MSE function (4), the upper
bound (20) admits a simple rational form and is analytically
tractable. Hence, we propose to design the precoders by mini-
mizing the MSE upper bound (20). By setting ps ; = U§7i and
Dri = vai in (20), the optimization problem is reformulated
as
& 1
min
Ps,i'Pris —2
i=1, L j=1 05 +

o2 o2
Ps,iPr,i% i90q.i + 0_72 Ps,i

2 e 2 —1(; 3

0% PriOr, i tO0 n,d B—1(4,3)

s.t.
tr{%, (o Ip+0.E, 22050 B} =
L

Zpr,i (0'72L7T + ngsvio-g’r’,i) S PR,T
i=1

L
atr{E,2]} = o} Zps,i < Ps,r,

=1
Ds,i > 0, DPr,i > 0, Vi.

2D
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tr{E} =
-1
-2 H~sHNHSH 2 2y H 2 -1 —2ywWH~yyHH
tr [ o721 + SESESISE (02 8,828 1+ 02 Iy) | S, 2,5, +0, 280 VISES Vs, :
=Egr =Eg
(15)
1
Pri = )
(ggp51igsr,i + U’rzl,r)
2 2 2 \1/2 2 2 2 2 -2 -2 B-1(i. )1 +
MTUn7d\/pS,iUST7iUTdai (Usp&iasr,i + Un,r) - (O-sp87iasr,i + Un,r) Un,r Os + Un,dp&i( (/L7 /L))
(22)
2 —2 -2 —1(; 5))— 2
020 (92 (752 + 03 2pea (B2 1) 1) + poao?,,)
/ 2 2 2 2 +
Hs Bi — Os (Un,d +p7’,i0n,rg1‘d,i) (23)

Ps,i = _ .
(Unfi(Bil(% Z))il(a'rzz,d + pﬂio—%,razd,i) + praiasr,io—?‘d,i)

The problem (21) can be resolved by using the standard
Lagrange technique followed by an iterative water-filling pro-
cedure [18]. After some manipulations, the resultant solution
is expressed as (22), in which [y]t = max[0,y], and
e = Ar 1/2 is the water level which should be chosen to
satisfy the power constraint at the relay. Similarly, we can
obtain p, ; as (23), where p is the water level which is chosen
to meet the total power constraint ZiLzl Dsi = Psr at the
source node, and

2 2 2
Bi = (Umd +prvi0n,rgrd,i) X

(00 2B 0, 0) 7 (02, P02, 020,) + Drio?io?as)
(24)

The computation of the proposed precoders mainly involves
the SVD of the link channel matrices in (8) and inversion of
the matrix B in (16). The computational complexity of the
proposed algorithm measured in terms of flop point operations
is summarized in Table L.

B. Simulation Results

We consider an AF MIMO relay system with L = M =
R = N = 4. The elements of each channel matrix are assumed
to be i.i.d. complex Gaussian random variables with zero mean
and unity variance. Let SNR;,, SNR,4, and SNR,; denote,
respectively, the signal-to-noise ratio per receive antenna of the
source-to-relay, relay-to-destination, and source-to-destination
links. Here, we let SNR = SNR,,- = SNR,.4, SNR,4 = 5 dB.
Also, we assume that the transmit symbols are drawn from
QPSK constellation. We compare the performance of one un-
precoded and two precoded systems. For precoded systems,
one uses the optimal relay precoder in [14], and the other uses
the proposed source/relay precoders. To further understand
the behavior of the proposed precoders, we also consider the
scenarios where the zero forcing (ZF) and the maximum likeli-
hood (ML) receivers, instead of MMSE receivers, are adopted
at the destination. Figure 2 shows the bit-error-rate (BER)
versus SNR result. From the figure we can see that: (i) The
proposed precoded system does outperform the un-precoded
one; (ii) The proposed method also outperforms that in [14];

TABLE I
COMPUTATIONAL COMPLEXITY OF PROPOSED PRECODED SCHEME.

Operation SVD (8 B! (16) psiandpr; (22),(23) | Fsand Fg  (13), (14)
Flops (14MN? + 8N3) + | 2MN?2+2MN+2N3+ | (21LI, + 14LI,)I; 2RL +2R%2L +2NL
(14RN? + 8N3) + | 13/4N?% + N?
(14M R? + 8R3)
Total (14MN? +8N3)+ (14RN? +8N3)+ (14MR?> + 8R>) + 2M N? +2MN +2N3+13/4N? + N*
+ (21LI, + 14LI)I; + 2RL + 2R?L + 2NL

N': number of transmit antennas

R: number of relay antennas

M:: number of receive antennas

L: number of transmitted symbol streams

I;-: number of iteration for computing p;. ;

Is: number of iteration for computing ps ;

I;: number of iteration of the water-filling process
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—&— Optimal relay precoded [14] (MMSE)
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—#— Proposed precoded (ZF)

—&A— Proposed precoded (MMSE)

—6— Proposed precoded (ML)

10 : : : :
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Fig. 2. BER performance comparison for non-precoded and proposed
precoded in MIMO relay systems (with different receivers).

BER

f| —e— Proposed precoded (cooperative, SNﬂsr:SNRm: 5dB)

Precoded MIMO [1] (non-cooperative)
—A— Proposed precoded (cooperative, SNﬂsr:SNer: 20 dB)
1 0’5 L L L L

0 5 10 15 20
SNR_, (dB)

Fig. 3. BER performance comparison for precoded MIMO [1] and proposed
precoded MIMO relay systems.

this is because the proposed method takes both the source
and relay link resources into consideration, simultaneously;
(iii) The proposed precoders combined with the ML receiver
yields slight performance improvement over the linear MMSE
receiver; this is because the proposed precoders are specifically
designed for the MMSE equalizer, not for the ML receiver.
We further compare the proposed cooperative system with
the conventional (non-cooperative) MIMO system in which
the MMSE precoder [1] is used at the transmitter. For fair
comparison (the same spectral efficiency), the former uses the
16-QAM whereas the latter uses 4-QAM modulation schemes.
For two different relay link conditions SNR,,, = SNR,.4=5 dB
and SNR,, = SNR, ;=20 dB, Figure 3 depicts the resultant
BER curves when the direct-link SNR, denoted by SNRq,
varies from O dB to 24 dB. As we can see, the cooperative
scheme outperforms the non-cooperative one when the relay
link SNR is high. However, for low relay link SNR the non-
cooperative system yields a better performance. With SNR4
= SNR,; = 20 dB, Figure 4 further compares the precoded
MIMO system with the proposed cooperative scheme when
channel estimation error occurs (the system parameters are
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BER
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—A— Un-precoded (cooperative)
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P

Fig. 4. BER comparison of precoded MIMO [1], un-precoded MIMO relay,
and proposed precoded MIMO relay systems (SNRs = SNR,.; = SNRgq =
20 dB).

likewise set as those in Figure 3). As in previous works (e.g.,
[19]) the estimated channel H is related to the true channel
H via the equation H = /(1 — p)H + VPAH, where AH
models the channel mismatch with elements being i.i.d. Gaus-
sian distributed with zero mean and same variance, and the
coefficient p (0 < p < 1) characterizes the channel estimation
quality. The figure shows that the cooperative systems yield
a better performance when p is small (say, p < 0.04). As p
increases, the performance of all system degrades; however,
the performance of the cooperative systems, either precoded
or un-precoded, degrades faster than that of the precoded
MIMO system. This is because, for the cooperative systems,
signal distortion due to the severe channel mismatch effect will
further deteriorate by the amplify-and-forward transmission
mechanism.

IV. CONCLUSIONS

In this paper we propose a joint source/relay precoder
design method for an AF MIMO cooperative system. With
a linear equalizer adopted at the receiver, the procoders are
designed to minimize the MSE. It is seen that the MSE is
a complicated function of precoding matrices, and a direct
minimization is not feasible. To solve the problem, we propose
an MSE-matrix-diagonalization-based approach, and this leads
to a constrained precoder structure, which then facilitates the
derivation of a tractable MSE upper bound. By conducting
minimization with respect to this upper bound, a suboptimal
solution can be obtained via the standard Lagrange technique
followed by an iterative water-filling procedure. The proposed
approach exploits all the available link resources, and can
outperform the existing relay precoding scheme.
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