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Abstract

The speed of silicon–germanium (SiGe) heterojunction bipolar transistors (HBTs) has been
dramatically increased. It is known that the speed of HBTs is dominated by the base transit
time, which could be influenced by the doping profile in the base region and the Ge
concentration. In this study, the design of the doping profile and Ge-dose concentration for
SiGe HBTs are mathematically formulated and solved by a technique of geometric
programming (GP). The solution calculated by the GP method is guaranteed to be a global
optimal. The accuracy of the adopted numerical optimization technique is first confirmed by
comparing with two-dimensional device simulation. The result of this study shows that a 23%
Ge fraction may maximize the current gain; furthermore, a 12.5% Ge may maximize the
cut-off frequency for the explored device, where a 254 GHz cut-off frequency is achieved.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

The basis of silicon–germanium (SiGe) technology is
SiGe heterojunction bipolar transistors (HBTs), which
exhibits various merits over conventional Si bipolar and
silicon metal-oxide-semiconductor field effect transistors for
implementation of high-frequency circuits. SiGe HBTs have
undergone substantial development for nearly two decades.
The operation speed of SiGe HBTs has increased dramatically,
with the consequence of relentless vertical and lateral scaling.
The HBTs’ operation speed is mainly dominated by the transit
time of base, which is strongly influenced by the doping
profile and Ge concentration in the base region [1–18]. The
determination of the doping profile and Ge concentration of
the base region is thus crucial for optimal design of SiGe HBTs
in advanced communication circuits. Diverse engineering and
theoretical approaches have been proposed to optimize the
base transient time through optimization of the base doping
profile [3–12]. An analytical optimum base doping profile

4 Author to whom any correspondence should be addressed.

by using variational calculus considering the dependence of
diffusion coefficient on base doping concentration was derived
[3]. The analytical approach has been extended to consider
the dependence of intrinsic carrier concentration on base
doping concentration [4]. An iterative approach has also been
proposed to obtain the optimum base doping profile [5], where
the dependence of mobility and bandgap narrowing on the
base doping concentration was considered [6]. Unfortunately,
the solution cannot be guaranteed to be the global optimal
result. Consequently, if the problem can be modeled as an
optimization problem and solved for a global solution, it may
benefit the SiGe technology.

A geometric programming (GP) is a type of mathematical
optimization problem that is characterized by objective and
constraint functions with a certain special mathematical form.
Recently, numbers of practical problems, particularly in
semiconductor and electrical circuit design, have been found
to be equivalent (or can be well transformed) to GP’s form
[19–31]. A new approach, interior-point algorithms, has also
been proposed to solve the large-scale GP problem efficiently
and reliably [19], which significantly benefits the development
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of advanced semiconductor and electrical circuit design. For
the SiGe HBTs, it has been reported that the triangular Ge
profiles are best suited to achieve the minimum base transit
time and trapezoidal Ge profiles are best suited to get high
current gain in SiGe HBTs [18]. The GP approach has
recently been utilized to simultaneously optimize the Ge-dose
and base doping profile in SiGe HBTs [1, 2]. However, the
co-optimization of cut-off frequency and current gain in SiGe
HBTs are still lacked.

In this work, the GP approach is advanced to pursue the
optimal Ge-dose as well as the doping profile for the high
cut-off frequency or the high current gain in SiGe HBTs.
The design of HBTs is first expressed as a special form of
an optimization problem, the so-called GP, which can be
transformed to a convex optimization problem, and then solved
efficiently. The background doping profile is adjustable to
improve the cut-off frequency and current gain. The result
shows that a 23% Ge fraction may maximize the current gain,
where a factor, current gain divided by the emitter Gummel
number, of 1100 is attained. Furthermore, to maximize the cut-
off frequency of HBTs, a Ge-dose concentration of 12.5% is
used, where the cut-off frequency can achieve 254 GHz. Note
that the accuracy of the developed optimization technique has
been confirmed by comparing it with that of a two-dimensional
(2D) device simulation. This study successfully considers the
device characteristics and manufacturing limitation as a GP
model and the result may provide an insight into the design of
SiGe HBTs.

This paper is organized as follows. In section 2, the
GP formulation of the design of HBTs and manufacturing
limitation are described. In section 3, the optimized cut-
off frequency and current gain are discussed according to the
calculated results. Finally, we draw conclusions and suggest
future work.

2. Solution methodology

Figure 1 shows the studied SiGe HBTs device for the doping
profile and Ge-dose concentration co-design, and also for a
2D device simulation. Mathematically, a doping profile tuning
problem for the high-frequency property optimization of SiGe
HBTs can be formulated as an optimization problem:

Maximum ft

s.t Nmin � NA(x) � Nmax, 0 � x � WB

0 � G(x) � Gmax, 0 � x � WB

GeAVG = 1

WB

∫ WB

0
G(x) dx

(1)

where ft is the cut-off frequency; NA(x) and G(x) are the base
doping profiles for silicon and germanium respectively, which
are spatial-dependent positive functions over the interval
0 � x � WB and x is the depth from the interface of base
and emitter into the substrate. The base doping profile of
silicon is lower than the doping level of emitter-base junction,
Nmax, and higher than the background doping, Nmin. The base
doping profile of germanium is less than the maximum value
Gmax, and GeAVG is the average value of Ge fraction, which can
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Figure 1. Illustration of the two-dimensional device structure of the
explored SiGe HBT.

be a given parameter ranging from 0 to 0.23 [2]. Assuming the
manufacturing limitation, the maximum value of Ge fraction
should be less or equal to the solubility of Ge atoms in silicon,
such as 0.25 [2]. In the present work, a peak base doping
Nmax of 1 × 1019 cm−3 at emitter edge of base and a minimum
base doping Nmin of 5 × 1016 cm−3 at collector edge of base
have been chosen to include the heavy doping induced band
gap narrowing effect in the entire base region [2]. WB is the
base width of the transistor, in which a neutral base width of
100 nm is chosen.

For a SiGe HBT, the cut-off frequency ft of a HBT is given
by [16]

1

2πft

= τF +
CJ,BE + CJ,BC

gm

+ RCCJ,BC, (2)

where τF is the forward transit time, CJ,BE is the base–emitter
junction or depletion layer capacitance, CJ,BC is the base–
collector junction or depletion layer capacitance, gm is the
transconductance and RC is the collector resistance. In this
model, the base transit time,τB , is the major part in determining
the value of τF and thus governs ft . The base transit time model
in the optimization problem is given by [16], as shown below,

τB =
∫ WB

0

n2
i, SiGe(x)

NA(x)

( ∫ WB

x

NA(y)

n2
i, SiGe(y)Dn,SiGe(y)

dy

)
dx,

(3)

where ni, SiGe(x) is the intrinsic carrier concentration in SiGe,
and Dn,SiGe(y) is the carrier diffusion coefficient of SiGe. The
x- and y-directions in equation (3) are indicated in figure 1.
Dn,SiGe(y) can be rewritten as

Dn,SiGe(y) = (1 + kSiGeGeAVG)Dn(y), (4)

where kSiGe is a constant, and Dn(y) is the carrier diffusion
coefficient of Si [2]. Therefore, we can also reformulate
equation (2) as a function of NA(x) [16]:

1

2πfTt
= τB +

(
WEPEq,E

2n2
i0

) (
γ −1

1 + kSiGeGeAVG

)
GB

+

(
kT εSiGe

n2
i02q3(Vbi − VBE)

)1/2

,

× exp

(
−qVBE

kT

)
× NA(0)1/2GB

(
γ −1

1 + kSiGeGeAVG

)

2
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+
CJ,BCkT

q2ABEn2
i0

exp

(
−qVBE

kT

)

×
(

γ −1

1 + kSiGeGeAVG

)
GB +

WBC

2vsat
+ RCCJ,BC, (5)

where VBE is the applied voltage across the emitter–base
junction, Vbi is the built-in potential voltage, vsat is the
saturation velocity, ni0 is the intrinsic carrier concentration
in a undoped Si, εSiGe is the permittivity of SiGe, WBC is the
base–collector depletion width, WE is the width of the emitter
region, ABE is the area of the base–emitter junction, k is the
Boltzmann constant, T is the temperature (kelvin), PEq,E is
the equilibrium concentration of holes in the emitter, γ is the
ratio of the effective density of states in SiGe to the effective
density of states in silicon and kSiGe is a constant. GB is the
base Gummel number, which is also a function of NA(x) [2]:

GB =
∫ WB

0

NA(x)n2
i0

Dn(x)n2
i (x)

dx. (6)

Without loss of generality, we may assume the doping profile
to be the form [2]

NA(x) = bxm, 0 � x � 0.05 WB. (7)

Here we assume m = 0 for a liner doping within 5% of the
base width near the emitter–base junction. After substituting
equation (6) into equation (5), the objective function can be
formulated as a function of the doping profile. To figure out
an ideal shape of the optimal doping profile that maximizes
the cut-off frequency, we can now consider the optimization
problem:

Minimize τB + ANA(x)GB(1 + KSiGe GeAVG)−1 + B

s.t Nmin � NA(x) � Nmax, 0 � x � WB

0 � G(x) � Gmax, 0 � x � WB (8)

NA(x) = bxm, 0 � x � 0.05WB

GeAVG = 1

WB

∫ WB

0
G(x) dx

where A and B are constants calculated by equation (5). The
base region in (8) is then discretized to M regions, xi = iWB/M,
i = 0, 1, . . . , M − 1, and the continue doping profile functions
NA(x) and G(x) can be transformed to NA(xi) and G(xi), i = 0,
1, . . . , M − 1, respectively and formulated as follows:

Minimize τB + ANA(xi)GB(1 + KSiGe GeAVG)−1 + B

s.t. Nmin � NA(xi) � Nmax, 0 � i � M − 1

0 � G(xi) � Gmax, 0 � i � M − 1 (9)

NA(xi) = bxm
i , 0 � i � 0.05M

GeAVG = 1

M

M−1∑
i=0

G(xi).

Note that NA(xi) is the discretized variables of the doping
profile in the base region; i, ranging between zero and M − 1,
is the uniformly spaced mesh points in the base region.
Through these two sets of variables, NA(xi) and G(xi), we
can co-optimize the doping profile of Si and Ge in the base
region for different given GeAVG ranged from 0 to 0.23. For
the original GP model in equation (9), there is no constraint
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Figure 2. Optimized doping profile with and without a gradient
constraint of the doping profile, where the Ge-dose concentration is
set to be zero.
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Figure 3. The doping profile obtained from the GP model and the
2D device simulation. The doping profile of TCAD simulation is
obtained by three different ion implantation processes.

to restrict the doping profile. However, the stepwise doping
profile is difficult to achieve in the realistic manufacturing
process. A constraint of the doping profile is then considered
[2]:

|N ′
A(x)| � αNA(x), (10)

where α specifies the maximum allowed gradient and is
adjustable to approximate the realistic doping profile. Figure 2
shows the doping profile of our device (0% GeAVG) with and
without a gradient constraint. The cut-off frequency of a device
with a doping profile constraint is significantly smaller than
that without a constraint. The incorporation of a gradient
constraint of doping profile is crucial for realistic device doping
profile optimization. To ensure the accuracy of the optimized
doping profile, as shown in figure 3, the doping profile is
implemented in our own device simulator [15, 32–36]. In
device simulation, we solved a set of the two-dimensional
Poisson equation as well as electron–hole current continuity
equations with calibrated mobility models and generation–
recombination models self-consistently. The mobility models
consist of surface roughness scattering, acoustic phonon
scattering and bulk motilities. The generation–recombination
models are the Shockley–Read–Hall recombination with
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doping dependence and Auger recombination. After we
obtained the dc operation point of a device, the ac simulation
is then applied to obtain the AC characteristics of HBT. In
figure 3, the solid line shows the optimized doping profile and
the dashed line shows the doping profile realized in the two-
dimensional device simulation. The cut-off frequency is then
extracted by the 2D device simulation. The cut-off frequency
in the two-dimensional device simulation approaches 70 GHz,
which is very similar to the cut-off frequency in the GP model,
71 GHz. The result confirms the accuracy of the established
GP model.

3. Results and discussion

In this section, the dependence of cut-off frequency and gain
on Ge-dose and base doping profile are first discussed. Due
to the strong influence of the shape and content of Ge on
the base transit time, the cut-off frequency and gain of SiGe
HBT are co-optimized which are subject to the aforementioned
constraints.

3.1. Cut-off frequency optimization

Figure 4(a) shows the SiGe HBT with various Ge-dose
concentrations, 2%, 8% and 12.5%, respectively. The device
with a higher Ge-dose concentration can exhibit a higher
cut-off frequency. The obtained optimized doping profiles
are changed with respect to different Ge-dose concentrations.
The result shows a more promising characteristic of SiGe
HBT than that of a pure silicon device. The Ge profiles
for HBTs with various Ge-dose concentrations, 2%, 8%
and 12.5%, are plotted in figure 4(b). Figure 4(c) presents
the dependence of cut-off frequency as a function of Ge-
dose concentration. The addition of Ge dose in silicon
can provide a high cut-off frequency; however, the cut-
off frequency is decreased as the Ge dose is increased and
higher than 12.5%. Besides, for the Ge dose and base
doping profile optimization, the background doping is also
an important factor in device characteristic optimization.
Figure 5(a) shows the impact of the background doping profile
on the cut-off frequency. As the background doping, Nmin, is
decreased from 5 × 1016 cm−3 to 3 × 1016 cm−3, the obtained
optimal cut-off frequency could be increased from 71 GHz
to 85 GHz. Figure 5(b) plots the Ge profile for devices with
different background doping concentrations. The Ge doping
profiles are the same due to the same GeAVG. Figure 6 shows
the cut-off frequency as a function of the background doping
profile and Ge-dose concentration. Since the cut-off frequency
is increased as the Ge-dose concentration is decreased, the
device with a maximum cut-off frequency is with 12.5%
Ge-dose concentration.

3.2. Current gain and cut-off frequency co-optimization

In addition, the optimization of cut-off frequency and the
current gain, β, of HBTs is crucial for communication
application, which can be significantly influenced by the base
doping profile. How to compromise the cut-off frequency
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Ge profiles for HBTs with 2%, 8% and 12.5% Ge-dose
concentrations. (c) Cut-off frequency with various Ge-dose
concentrations.

and current gain of HBTs becomes a critical issue in SiGe
technology. The current gain is defended by the ratio of
collector and can be expressed as the ratio of Gummel
numbers:

β = GE,SiGe

GB, SiGe
, (11)

where GE,SiGe is the emitter Gummel number and GB, SiGe

is the base Gummel number. Since the emitter Gummel
number depends mostly on the emitter doping profile, it
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can be treated as a positive constant in the optimization
flow. For the base Gummel number, the dependence of the
Gummel number on the base doping profile has been studied in
equation (6). Therefore, the relationship and equation (11) are
then transformed as the current gain constraint and plugged
into the GP model. Figure 7 shows the cut-off frequency as
a function of the current gain. Since the cut-off frequency is
related to the current gain and bandwidth, the obtained cut-off
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Figure 8. The maximum current gain constraint, which is added for
every Ge content and background doping to maintain sufficient
cut-off frequency.

frequency will be smaller with a higher current gain constraint.
The relation between cut-off frequency and current gain varies
with different Ge-dose concentrations. The device with 14%
Ge-dose concentration exhibits the highest cut-off frequency.
However, to obtain the maximum current gain, the device
with the highest Ge-dose concentration exhibits a favorable
characteristic. Moreover, the results show that the device with
a higher Ge-dose concentration could provide a higher gain
and thus releases the design constraint. For each of the Ge
content, the cut-off frequency is decreased with increasing
current gain constraint and then dropped significantly. The
tuning point, in which the current gain constraint starts
to significantly reduce the cut-off frequency, is decisive in
obtaining the maximum current gain with sufficient cut-off
frequency. Therefore, by careful selection of the maximum
current gain constraint, we could find the optimal current gain
constraint, β/GE,SiGe ×1011, with sufficient cut-off frequency,
as shown in figure 8, where the lower background doping
concentration and higher Ge-dose concentration may provide
the largest current gain.

As shown in figure 6, it is found that 12.5% Ge-
dose concentration and 2 × 1016 cm−3 background doping
concentration can maximize the cut-off frequency. The
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higheset cut-off frequency can reach 254 GHz. On the other
hand, for obtaining the maximum current gain, as shown
in figure 8, the Ge-dose concentration is about 23% and
the background doping is about 2 × 1016 cm−3, where the
maximized current gain constraint β/GE,SiGe × 1011 = 1100,
and the value of current gain β is about 1200. The obtained
optimal doping profile and Ge-dose concentration are plotted
in figure 9. Result shows that for the SiGe HBTs, the
triangular Ge profiles are best suited to achieve the minimum
base transit time and trapezoidal Ge profiles are best suited
to get high current gain in SiGe HBTs, which matches the
practical design consideration of SiGe HBTs [18]. The design
of Ge-dose concentration for obtaining high cut-off frequency
and high current gain is rather different. Therefore, to find a
compromise between high cut-off frequency and high current
gain, the product of cut-off frequency and current gain is
considered as a new object function. The optimized result is
shown in figure 10, similar to the result of current gain, shown
in figure 8; the device with a higher Ge-dose concentration
and a lower background doping concentration exhibits the best
result. The optimal condition for maximum cut-off frequency–
current gain product is at the point of GeAVG = 23% and
Nmin = 2 × 1016 cm−3. The correspondent optimal doping
profile and Ge profile are the dashed lines in figure 9. We
note that the object function, which is composed by the cut-off
frequency and the current gain, could be adjusted according to
designer’s interest.

4. Conclusions

In this study, the cut-off frequency and the current gain of
SiGe HBT have been optimized via a geometric programming
approach. The design of the doping profile and the Ge
concentration in the base region has been transformed into
a convex optimization problem, and solved in a cost-effective
manner. The major contributions of this study, compared with
[2], consist of

(1) transformation of the formula of cut-off frequency into a
GP form, and optimal doping profiles of Si and Ge were
simultaneously achieved;

(2) the cut-off frequency optimization with the gradient
constraint of doping profile was implemented;
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Figure 10. Co-optimization of cut-off frequency and current gain
for the SiGe HBTs.

(3) adjustable background doping of Si for the corresponding
optimization problem was advanced;

(4) considering the current gain constraint, the corresponding
high current gain and cut-off frequency were thus
achieved; and

(5) confirmation of all results with TCAD device simulation.

Our preliminary result has shown that a 23% Ge
fraction may maximize the current gain; besides, a 12.5%
Ge fraction can maximize the cut-off frequency, where
254 GHz cut-off frequency has been achieved. For the
SiGe HBTs, the triangular Ge profiles are best suited to
achieve the minimum base transit time and trapezoidal Ge
profiles are best suited to get high current gain in SiGe
HBTs. The accuracy of the adopted optimization technique
was first confirmed by comparing with two-dimensional
device simulation; consequently, the employed approach is
computationally efficient and guarantees to always find the
globally optimal solution. For concurrent optimization of
multiple dopants in a device channel, unlike other optimization
approaches, which cycle through optimizing each dopant
species with the others fixed, this approach may give the
optimal solution without the iteration. The GP formulation
of device characteristics provides an alternative way to design
SiGe HBTs. We are currently applying the GP approach for
multi-finger HBT optimization.
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