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Abstract—An effective simultaneous evaluation method for
the complex permittivity and permeability of lossy materials is
proposed by applying it to an arbitrarily shaped cross-sectional
post placed in a rectangular waveguide. We use one sample and
only measure �� parameters for two different locations of the
sample. The measurement of complex reflection parameter ��

is not required in this evaluation method. The scheme of electro-
magnetic field analysis for the evaluation is based on the extended
spectral-domain approach combined with the mode-matching
method, which is accurate and efficient, and can be flexibly used
for the iterative fitting operation for the estimation of material
parameters. Sample preparation and setting is significantly easier
in this method compared to conventional methods. The error
caused by deviations in the setting of a sample is investigated. The
estimated values for the sample material by this procedure show
good agreement with the results obtained using the conventional
method over the -band.

Index Terms—Arbitrarily shaped sample, hybrid method,
inverse problem, permittivity and permeability, spectral-domain
approach.

I. INTRODUCTION

A N ACCURATE evaluation of the complex permittivity
and permeability of materials is important for the design

of broadband microwave devices and equipment. Over the past
few decades, several evaluation methods have been reported for
the electromagnetic (EM) properties of lossy materials using
waveguides or coaxial lines [1]–[12]. For the simultaneous eval-
uation of and , conventional methods require data on both
the -parameters and of a sample [1]–[3], [5], [6], or
the values of or for two samples with different lengths.
The evaluation method with one sample is preferable to avoid
errors due to material inhomogeneity [7], but it has required the
complex , as well as , to evaluate complex and . The
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measurement of complex reflection parameter requires pre-
cise knowledge of the position of the sample in a longitudinal
direction with respect to the reference plane. Furthermore, mea-
surement methods based on a simple transmission-line theory
require the sample to be machined precisely to fill up the cross
section of a guiding structure exactly. The air gap between the
conductor and sample or the deformation due to the loading
of an oversized soft sample gives rise to measurement errors
[4]–[6], [8]. When the sample is a lossy and/or high permit-
tivity or permeability material, the measured amplitude of
becomes very weak and degrades the accuracy of measurement
data.

An alternative technique has been proposed to eliminate these
problems by using the sample filling only a part of the wave-
guide cross section. This technique has been used to determine
the complex permittivity [1], [3], [9] and both the complex per-
mittivity and permeability [2], [10], [11]. Compared to the rect-
angular samples used in [10] and [11], the circular cylindrical
sample used in [2] may be machined more easily, but it requires
measurements of both complex and . The method in [12]
is applicable to a sample with an arbitrarily shaped cross sec-
tion placed at an arbitrary location in the waveguide cross sec-
tion. However, it is restricted to the measurement of the complex
permittivity.

In this paper, we extend the methods reported in [10] and [12]
to evaluate the complex permittivity and permeability of a
columnar sample with an arbitrarily shaped cross section placed
in a rectangular waveguide. We use one sample and measure

parameters for two different locations, e.g., with the sample
placed in the center and near the sidewall of a waveguide. The
complex reflection parameter , which is more difficult to
measure, is not required in this evaluation method. The measure-
ment procedure is rather simple; however, the EM field analysis
should be free from errors due to approximations in the calcu-
lation process and it should enhance the efficiency for the iter-
ative fitting process of parameters with the measured data. The
EM analysis used in this evaluation is a hybrid EM method pro-
posed by the authors, combining the extended spectral-domain
approach [13], [14] with the mode-matching method [15]. A hy-
brid method, which combines an open-space spectral method
with the mode-matching method, was used for the analysis of
obstacles in a rectangular waveguide [16]. EM fields are trans-
formed by using the biorthogonal relation of eigenfunctions in
Cartesian coordinates in the present method, while fields are ex-
panded in terms of cylindrical functions in [2] and [16].
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Fig. 1. Columnar sample with arbitrarily shaped cross section placed in
waveguide.

Fig. 2. Stairstep approximation of arbitrarily shaped cross section.

Fig. 3. Aperture electric fields.

II. EM FIELD ANALYSIS

Fig. 1 shows a columnar sample with an arbitrarily shaped
cross section placed in a rectangular waveguide. The sample
may be a lossless or lossy dielectric and/or magnetic material.
The dominant wave is incident upon the sample, and the
scattered fields turned to be modes are generated with
a sample. The scattered fields are analyzed by the hybrid EM
method, i.e., the extended spectral-domain approach combined
with the mode-matching method [15].

In the present method, the sample holding region is divided
into thin slab regions ( , as shown in Fig. 2).
Each layer will be modeled as a thin rectangular waveguide
loaded partially with a sample material. The aperture electric
fields are introduced at each interface between the waveguide
regions, as shown in Fig. 3, to fulfill the continuities of electric
fields across the interfaces. Applying the equivalence theorem
[17], each region can be treated independently. When the region
is homogeneous and bounded by a perfect electric or magnetic
wall [see Fig. 4(a)], the EM fields in the regions (regions 0 and

in Fig. 2) are expanded in terms of the simple eigen-
functions, i.e., sinusoidal functions, which satisfy the boundary
conditions at the walls [see Fig. 4(a)]. However, in the th re-
gion ( in Fig. 2), which contains a sample inhomo-
geneously, the fields cannot be expressed in terms of a set of
simple sinusoidal functions. The eigenfunctions to express the
fields in the inhomogeneous th region can be constructed by
using a mode-matching procedure. The eigenvalue equations are
derived from the continuity conditions at the interfaces between

Fig. 4. First few eigenfunctions in the: (a) air region and (b) sample-loaded
region.

Fig. 5. Subregions in region ���.

the air and sample. Solving the eigenvalue equations numeri-
cally, the eigenfunctions, designated as , are obtained and
expressed in terms of the eigenvalues , , and in
subregions (1)–(3) of the th region (Fig. 5) as

(1)

where , , and are the widths of the subregions
(Fig. 5), and , , , and are the normalization
constants. The first few eigenfunctions are shown schemat-
ically in Fig. 4(b). When the subregions are composed of a
substantially different material, for example, air and a material
with loss and/or high permittivity, the eigenfunctions are local-
ized inhomogeneously. These eigenfunctions do not satisfy a
simple orthogonal relation. Instead, they satisfy the following
biorthogonal relation in the entire th region:

(2)
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where , , and are the permeabilities of the subregions
and is Kronecker’s delta. The EM fields in the inhomoge-
neous th region are expanded in terms of these
eigenfunctions as

(3)

By utilizing the biorthogonal relation (2), the EM fields can be
transformed into the spectral domain in a similar manner as in
the homogeneous air region. In the transformed domain, EM
fields can be easily related to the aperture fields

(4)

where and are the transformed aperture fields at
and (Fig. 3), respectively,

(5)

By enforcing the remaining boundary conditions, i.e., continuity
of magnetic fields on the aperture surfaces at and
(Fig. 5), we then obtain the integral equations with respect to the
aperture fields. Applying Galerkin’s procedure to these integral
equations, we obtain determinantal equations for the aperture
fields. Once the aperture fields are determined, the -parameters

and can be extracted by calculating the inner products
of the eigenmode functions of the guiding waveguide with the
aperture fields at the input and output interfaces, respectively.

III. NUMERICAL PROCEDURE AND RESULTS

The numerical procedure is based on Galerkin’s method. In
this procedure, the unknown aperture fields are expanded
in terms of the adequate basis functions

(6)

The flexible sub-sectional basis functions are utilized to express
the aperture fields in this work to adapt wide varieties of objects,
lossless or lossy, and moderate or high permeability obstacle
materials. The matrix size in this method is the order of the total
number of basis functions, and is much smaller than that of the

Fig. 6. Frequency-dependent scattering characteristics of a circular post. �� �

��� � ����, �� � ��� � ����, � � ���� mm, � � ����	 mm, and � �

����	 mm.

conventional mode-matching method, whose matrix size is the
order of the number of eigenfunctions.

Preliminary computations were carried out to confirm the va-
lidity of the proposed method. The frequency-dependent scat-
tering characteristics of a circular post placed in the waveguide
[see Fig. 6(a)] are shown in Fig. 6(b) and (c). The -parameters
calculated by the present hybrid EM method and finite-element
method (FEM) are in good agreement over the operating fre-
quency range of WR-90, as shown in these figures. Fig. 7 shows
the converging characteristics with regard to the number of stair
steps for a circular post [see Fig. 6(a)]. It is observed in the figure
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Fig. 7. Converging tendency with number of divisions � at 10 GHz.

Fig. 8. Location of sample and field distribution of �� mode.

that the 21 stair steps are sufficient to reach a stable result. Data
acquisition with this evaluation method can be processed ac-
curately even by using a personal computer with a Pentium 4
(2 GHz) chip, and the computing time is less than a few sec-
onds. The present hybrid EM method is efficient and suitable
for iterative fitting to estimate the material characteristics.

In this study, we measured a sample with both complex per-
mittivity and permeability. When the sample was placed at the
center of the test fixture, where the electric field is strong [see
Fig. 8(a)], the transmission coefficient is influenced more by the

Fig. 9. Columnar sample with trapezoidal cross section in a waveguide. � �

����mm,� � ����mm, � � ����mm, � � �����mm, and � � 	��	�mm.

TABLE I
REPRODUCTION OF 
� AND 
� . (TRAPEZOIDAL CROSS SECTION, 10 GHz)

permittivity of the sample. On the other hand, when the sample
is placed adjacent to the wall of the test fixture where the mag-
netic field is strong [see Fig. 8(b)], the transmission coefficient
is influenced more by the permeability of the sample. Therefore,
the best suited and , which provide the minimum deviation

between the measured and calculated scattering parame-
ters, can be found by performing two processes alternately. That
is, in the first process, only is varied to obtain the minimum
deviation for the sample placed at the center of the test fix-
ture. Next, is fixed at the optimal value, and only is varied
to get the minimum for the sample placed adjacent to the
test fixture wall. The estimation of and can be obtained by
repeating these almost separate processes alternately.

A virtual experiment was performed to investigate the accu-
racy of the above estimation process as an inverse problem. A
columnar sample with a trapezoidal cross section was placed in
the waveguide (Fig. 9). First, the permittivity and permeability
of the sample material were set to and (preassigned).
Complex scattering parameters with the sample loaded at the
center [see Fig. 9(b)] and loaded adjacent to the wall of the test
fixture [see Fig. 9(c)] are simulated by a commercial FEM sim-
ulator using preassigned and . The complex scattering pa-
rameters calculated by the FEM are assumed to be the virtually
measured -parameters, and the permittivity and permeability

and are assumed to be unknown hereafter. and were
estimated by the above process using the hybrid EM method.
The initial values are selected by trial and error. Table I shows
a comparison of the preassigned and and the estimated



MIYAGAWA et al.: SIMULTANEOUS DETERMINATION OF COMPLEX PERMITTIVITY AND PERMEABILITY OF COLUMNAR MATERIALS 2253

Fig. 10. Columnar sample with semicircular cross section in a waveguide.� �

���� mm, � � ����� mm, and � � ����� mm.

TABLE II
REPRODUCTION OF 	� AND 	� . (SEMICIRCULAR CROSS SECTION, 10 GHz)

and , which were obtained after four iterations. An accurate
reproduction was observed. The same estimated values and

are obtained whether the iterative process starts with the case
for the sample placed at the center or it starts with the one placed
adjacent to the guide wall. A similar virtual experiment was per-
formed for a columnar sample with a semicircular cross section
(Fig. 10), and again accurate reproduction can be observed in
Table II.

In the present characterization method, the complex permit-
tivity and permeability of a sample are evaluated by mea-
suring parameters for two different locations of the sample.
It is then necessary to determine the errors due to uncertain-
ties in the measurement of the sample positions. The error anal-
ysis was performed for the rectangular post shown in Fig. 11.
Fig. 12 shows the error rates caused by deviation of the position
of the sample loaded at the center of the -band waveguide [see
Fig. 12(a)], while no deviation of the position is assumed for
the sample loaded adjacent to the sidewall. The relative error of
the real part of the permittivity at 10 GHz is 0.013%
for the 1% deviation of position and is smaller than
that of the imaginary part . The relative er-
rors of the real and imaginary parts of the permeability,
and , are 0.016% and 0.018%, respectively. Fig. 13
shows the error rates caused by deviation of the position of the
sample loaded adjacent to the side wall [see Fig. 13(a)], while
no deviation of the position is assumed for the sample loaded at
the center. The relative errors of of the real and imaginary parts
of the permittivity and are 0.437% and 0.340%
for the 1% deviation of position (air gap) , and those of the
permeability and are 0.477% and 0.548%,
respectively.

IV. MEASUREMENT SETUP AND RESULTS

A. Measurement Setup

The experimental setup for the evaluation of the material
parameters is shown in Fig. 14. -band waveguides (WR-90;
22.86 mm 10.16 mm) are used as guiding lines. The test

Fig. 11. Columnar sample with a rectangular cross section.

Fig. 12. Error rates of caused by the deviation of position at 10 GHz.

fixture, made of a 15-mm-long waveguide with the same
cross-sectional size as WR-90, is placed between two (input
and output) guiding lines. The guiding waveguides are con-
nected to a vector network analyzer (VNA) (Agilent 8719ET)
through the waveguide to coax adapters and coaxial cables. The
measurement of the reflection parameter is not required
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Fig. 13. Error rates of caused by the air gap at 10 GHz.

in this evaluation method. We only measured parameters
for two different locations, e.g., with the sample placed at
the center and adjacent to the sidewall of the test fixture. We
also use the differences between the loaded and unloaded
sample data instead of the absolute values of to evaluate
the material parameters. While measurement of the absolute
values of scattering parameters requires the accurate position
determination of the sample from the port or reference, the
difference of between the loaded and unloaded sample is
not subject to position error in the axial direction and can be
obtained easily and accurately.

Fig. 14. �-band waveguide (WR-90) measurement system.

Fig. 15. Allocations of samples.

Fig. 16. Frequency dependency of permittivity.

The characteristics of the sample material are estimated by
the iterative fitting by numerical calculations, as explained in
Section III.

B. Measured Results

Lossy dielectrics, which consists of rubber and carbon
powder, is chosen as the sample material. Three dif-
ferent-shaped samples were prepared from the same batch,
rectangular-, T-, and H-shaped cross sections. Only complex
permittivities are measured for this material and the samples
are placed at the center of the test fixture, as shown in Fig. 15.
The frequency dependency of complex permittivity of these
samples are shown in Fig. 16, and compared with catalog
data (measured with the conventional coaxial line method by
the supplier). Good agreement among the measured results is
observed over the frequency range. It should be noted that the
cutoff frequencies of the dominant mode and the first
higher order ( ) mode of the empty waveguide are 6.56 and
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Fig. 17. Allocations of samples.

Fig. 18. Frequency dependencies of material constants. (a) Permittivity.
(b) Permeability.

13.11 GHz, respectively, and that only the dominant ( )
mode is propagating in the input and output waveguide over
the frequency range, while all the higher order modes become
evanescent.

Next, a commercially available microwave absorber
(TAKECHI Kogyogomu Co., Ltd.) was used as the sample
material with the complex permittivity or permeability. Two
different-shaped samples were prepared, i.e., rectangular- and

T-shaped cross sections, and they were placed in the test fixture,
as shown in Fig. 17. The frequency dependencies of and
of the two different-shaped samples are shown in Fig. 18, and
compared with catalog data (measured with the conventional
coaxial line method by the supplier). Good agreement is ob-
served over the measured frequency range, showing the validity
of the present procedure. Data acquisition in this measurement
method can be processed accurately even using a personal
computer with Pentium 4 (2 GHz) and a 1-GB main memory.
The computational time is less than 3.1 s for the one frequency
point of the sample with rectangular cross sections. The time
is less affected by the electrical size of sample, but it increases
with the number of layers used in the stairstep approximation
of arbitrarily shaped cross section (Fig. 2).

V. CONCLUSIONS

We have proposed a practically accurate and effective fre-
quency-dependent evaluation method of materials in the mi-
crowave region. This method is based on the accurate and ef-
ficient hybrid EM analysis method developed by the authors.

The proposed method requires a single columnar sample,
and only measures to simultaneously evaluate the complex
permittivity and permeability . The sample needs to
have the same height as the holder. however, it may have an
arbitrarily shaped cross section and does not require precise
processing for measurements. The numerical procedure for the
evaluation method uses a smaller sized matrix compared to
those in the FEM and the conventional mode-matching method,
and the memory requirement for the calculation process is
fulfilled by mobile computers. Due to the easy sample prepara-
tion, in conjunction with the efficient numerical computations,
this method is suitable for characterizing a series of material
prototypes on site.

The proposed method can be extended further to evaluate the
frequency-dependent characteristics of layered or graded inho-
mogeneous materials, and these are currently under investiga-
tion.
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