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Abstract—Due to limitations on transmission power of wireless devices, areas with sparse nodes are decisive to some extreme
properties of network topology. In this paper, we assume wireless ad hoc and sensor networks are represented by uniform point
processes or Poisson point processes. Asymptotic analyses based on minimum scan statistics are given for some crucial network
properties, including coverage of wireless sensor networks, connectivity of wireless ad hoc networks, the largest edge length of
geometric structures, and local-minimum-free geographic routing protocols. We derive explicit formulas of minimum scan statistics. By
taking the transmission radius as a major parameter, our results are applied to various network problems. This work offers a unified
approach to solve various problems and reveals the evolution of network topology. In addition, boundary effects are thoroughly handled.

Index Terms—Wireless ad hoc networks, wireless sensor networks, minimum scan statistics, random deployment, Poisson point
processes, uniform point processes, coverage, connectivity, grid routing, greedy forward routing, Gabriel graphs, relative

neighborhood graphs.

1 INTRODUCTION

N homogeneous wireless ad hoc networks, all wireless

devices have the same transmission radius r, and two
nodes have a link between them if they are apart from each
other no more than r. A communication session is
established either through a single-hop radio transmission
if the communication parties are within each other’s
transmission range, or through relaying by intermediate
devices otherwise. The induced network topology is called
r-disk graphs, or unit disk graphs (UDGs) if r is scaled to 1.
An r-disk graph over a vertex set V is denoted by G, (V).
Because of no need for fixed infrastructures, wireless ad hoc
networks can be flexibly deployed at low cost for various
missions such as decision making in the battlefield,
emergency disaster relief, and environmental monitoring.
In many applications, such as wireless sensor networks, a
large number of devices need to be deployed in harsh
environments. As a result, deterministic deployment
usually is not feasible, and random deployment is the only
viable solution. Hence, it is natural to model wireless
networks by r-disk graphs over random point sets, and
asymptotic analyses are interesting to the research commu-
nity [1], [2], [3], [4], [5].

In wireless communication systems, receivers can de-
code one signal at a time, so simultaneously arriving signals
are interfered and may cause transmission failure at the
receiver. Due to short transmission ranges of radio
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frequency signals, interferences are from nearby nodes.
Therefore, for a receiver, nearby nodes are not only
potential message senders but also interference sources.
Therefore, the number of nodes in one’s vicinity is an
important topological parameter in a network. In this paper,
we introduce an analytical tool called minimum scan
statistics that provide an overall lower bound of a network
for the number of nodes in one’s vicinity.

Let V be a finite point set in a bounded region A, and
C be a convex compact set.' Let #(-) be the cardinality
function. We say C’ is a copy of C, denoted by C" = C, if
C' is obtained from C by reflecting, rotating, and/or
shifting. The minimum scan statistic of V with respect to
scanning set C is the least number of points in V' covered
by a copy of C, ie., ming~c #(V N C"). However, without
further constraints, since the copy of C can be placed
outside of A, the minimum scan statistic is always 0. To
prevent meaninglessness and for applying to various
applications, we may have several variations depending
on supplementary constraints, e.g.

C'" must be fully contained in A.

C' must have at least half of its area contained in A.
C must be a disk, and the center of C' must be in A.
A has a boundary-free topology such as a sphere or a
square with toroidal metrics.

bl ol N

In this paper, we will derive asymptotics for variations 1, 2,
and 3. Note that variation 1 was the case studied by Auer
and Hornik [6], and variation 4 has similar asymptotics of
variation 1.

In literature, most works on scan statistics studied the
largest number of points covered by scanning sets. To

1. A set is convex if for any two points u, v in this set, the segment uv is
also contained in it. A set is compact if it is bounded and close.
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distinguish our work in this paper from the past results, we
called traditional ones maximum scan statistics. In [6], the
maximum and minimum scan statistics of a d-dimensional
Poisson point process over [0, T)* were studies, and asymp-
totic upper bounds and lower bounds with scan sets of
volume o(T%) as T — oo were given. With “good” scanning
sets, the upper and lower bounds in the Erddés-Rényi
regime where the average number of nodes covered by
scanning sets is with the order of ©(InT') are asymptotically
tight. Note that in [6], the copy of scanning sets must be
fully contained in [0, T]d. In [7], instead of ordinary
geometric aspects, coverage was defined by means of
Lebesgue integrable 0-1 functions, and it was proved that
the probability distribution of chromatic numbers of random
geometric graphs focuses on two consecutive integer
numbers. For more applications of scan statistics, readers
can refer to [8].

Let ID be a unit-area square or disk centered at the
origin, and X, Xs,... be independent and uniformly
distributed random points on ID. Let Po(n) be a Poisson
random variable with parameter n, independent of
{X1,Xs,...}. Given a positive integer n, the point process
{X1,Xs,...,X,} is referred to as the uniform n-point process
and is denoted by &,. Given a positive number n, the point
process {X1,Xs,..., X po(n>} is referred to as the Poisson
point process with mean n and is denoted by P,. In the
following, V), is shorthand for P, and &,. In this paper, we
assume that a wireless ad hoc and sensor network is
composed of homogeneous wireless devices represented by
Pn or X,. Let r, be the transmission radius or sensing
radius given by nmr? = (3+ o(1))Inn for some constant £.
The induced network topology is an r,-disk graph over V,.
If g is fixed, r, decreases as n goes up. We remark that
although 1, is scaled with respect to the parameter n, all
results in this paper can be scaled back to a standard unit
disk model, like the one used in [5], without too much effort
by applying the technique used in [9]. In addition, the
simplest method to interpret the model is by reading nnr?
as the average number of neighbors and $ as a tunable
parameter for node densities.

In wireless ad hoc and sensor networks, many critical
properties are related to the node density of sparse regions.
Minimum scan statistics in some sense are correspondents
of the minimum node density. In this work, three variations
of minimum scan statistics will be studied, and asymptotics
in the Erdés-Rényi regime will be derived. Those results
will be applied to various network problems, including
coverage of wireless sensor networks, connectivity of
wireless ad hoc networks, the largest edge length of
geometric structures, and local-minimum-free geographic
greedy routing.

Connectivity is one of the most extensively studied
properties in graph theory and also an essential require-
ment of wireless networks. For a given constant ¢, Dette and
Henze [10] showed that the probability of G \/E(X,L)
containing no isolated nodes converges to the Gumbel
function exp(—e~¢), and Penrose [11] further proved that
without isolated nodes, G \/h,%—?(v”) is almost surely con-

nected. In unreliable wireless networks, where nodes may
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fail independently with the same probability p, Wan et al.
[3], [12], [13] reported that the probability of the event that
G =(X,) is connected converges to exp(—pe~©). The k-

pnm

connectivity problems were studied in [2] and [4]. Let r,, =

Innt@h-DInnin+& £o 1> 1 and &, =o(lnlnn). Then,

™

G,,(V,) is almost surely (k4 1)-connected if &, — oo, and
almost surely not (k + 1)-connected if &, — —oc.

Coverage is a QoS metrics of wireless sensor networks.
In [5], a sufficient condition and a necessary condition for
k-coverage of randomly deployed wireless sensor networks
were derived to provide upper bounds for sensor network
lifetime. In [14], based on the techniques developed in [5],

it was proved that if the sensing radius is given by

Ty = w/% with &, = o(Inlnn) for k>0, then

the sensor field is almost surely (k + 1)-covered if &, — oo,

and almost surely not (k + 1)-covered if &, — —oc.

In topology control of wireless ad hoc networks,
geometric structures, such as Gabriel graphs (GGs), relative
neighborhood graphs (RNGs), Yao’s graphs, and so forth,
are fundamental tools for link management and transmis-
sion power (or transmission radius) setting. The largest
edge length of geometric structures is a good reference to
the maximal transmission radius and, therefore, is an
important parameter for setting the maximal transmission
power in the hardware design stage. For a given geometric
structure, the largest edge length is called the critical
transmission radius for this structure.

Geographic greedy routing protocols are interesting due
to their advantages in distributed and localized implemen-
tation, but a major drawback is the existence of local
minima that may trap packets and cause deliverability
problems. To solve local minimum problems, besides
applying complicated remedy mechanisms to release
packets from local minima, we can significantly reduce or
even eliminate local minima by increasing the transmission
radius. However, to prevent energy waste and signal
interferences, a small transmission radius is preferred. The
smallest transmission radius for no existence of local
minima in the network is called the critical transmission
radius for geographic greedy routing.

In this paper, we derive several explicit asymptotic
formulas of minimum scan statistics in the Erdés-Rényi
regime with respect to various boundary conditions and
then apply these results to many network problems. Our
major contributions include the following:

e Give an asymptotic formula of sensing radii for
©(lnn)-coverage.

e Give an asymptotic formula of transmission radii for
©(In n)-connectivity.

e Give a threshold of the longest Gabriel graph edge.

e Give a threshold of the longest RNG edge.

e Give a threshold of transmission radii for local-
minimum-free greedy forward routing.
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TABLE 1

Notations
G (V) the r-disk graph induced by a point set V
D a unit-area square or disk (deployment region)
Pn a Poisson point process with mean n
Xn a uniform n-point process
Vn Pr or X
Tog the transmission radius or sensing radius
Po(n) a Poisson RV with mean n
# (A) the cardinality of countable set A
B (z,r) a disk with center # and radius r
] the Euclidean norm of a point «
Al the area of a measurable set A
mca the mass center of a measurable set A
diam (A) | the diameter of A
cA {mca +c(@—meca):x € A}
a.a.s. an acronym of asymptotic almost sure
RV an acronym of random variable
f=0(g9) | AN>0,c>0st f(n) <cg(n)foralln > N
f=Q(g) | AN>0,c>0stcg(n) < f(n)foralln > N
F=60g) | () =0lg(n) and / (n] = 0 (n)

. n

f=o0(9) limy— o o) = 0
f~g limp,— 00 ;E:; =1

e Give a threshold of the grid size for local-minimum-

free grid routing.

The rest of this paper is organized as follows: In Section 2,
we define the notations used in this paper and give a useful
probabilistic lemma. In Section 3, we give asymptotics of
minimum scan statistics. In Section 4, minimum scan
statistics are applied to several problems raised in wireless
ad hoc and sensor networks. Our conclusions are provided
in Section 5. Some complicated mathematical proofs are left
in the Appendix.

2 PRELIMINARIES AND TERMINOLOGIES

In what follows, the disk of radius r centered at x is denoted
by B(x,r). For a, b € IR? and A, BC IR?, a + b denotes the
addition of two vectors, and A+ b= {a+b:Va € A}. ||z| is
the euclidean norm of a point = € IR?. |A| is shorthand for
the 2D area of a measurable set A c IR If A is a convex
compact set, mcy denotes the mass center of A. In addition,
for a positive real number ¢, we use cA to denote the set
{meca + c¢(x —mcya) : x € A}. The diameter of a set A4,
denoted as diam(A), is the supreme of the distance between
any two points in the set, i.e., diam(A) = sup, e ||z — yl|-
The symbols O, 2, ©, o, and ~ are defined in Table 1 and
always refer to the limit n — co. An event is said to be

oW 47T

Fig. 1. ¢(p) =1+ plnp—p.
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Fig. 2. The curve is of u = ¢~1(1/8), and p = 1 is the asymptotics as

[ — oo.

asymptotic almost sure (a.a.s.) if it occurs with a probability
converging to one as n — oo. RV is an acronym of random

variable. Table 1 lists notations used in this paper.
Let ¢ be the function over (0,00) defined by

¢(n) =1—p+plnp A straightforward calculation yields
¢ (p) =Inp and ¢’ (u) = 1/p. Thus, ¢ is strictly convex and
has the unique minimum zero at u = 1 (see Fig. 1). Let ¢~ :
[0,1) — (0,1] be the inverse of the restriction of ¢ to (0, 1].
We are interested in the equation = ¢~!(1/3), and the
graph of pu=¢-'(1/8) is depicted in Fig. 2. Define a
function £ over (0, c0) by
“1(1/83), if B> 1,
L) = {gjk 1o ot}ﬁlerwise.

L is a monotonic increasing function of 5. The curve of £(5)

is illustrated in Fig. 3.
The following lemma is related to the minimum of a

collection of Poisson RVs.

Lemma 1. Assume that lim,,_., lﬁ—n = (3 for some constant 3 > 0.

Let Y1,Ys,...,Y;, be I, Poisson RVs with means \,:

1. If I,=o(nvlnn), then for any [ €(0,0),

2. If

.....

Y

n

are independent and I, = Q({%),

Inn

a.a.s.

4. IfW,Ys,...,Y], are independent and I, = Q(\/3%),
then forany 3 € (3,00), min;—y,. 1, ¥; <$L£(24')Inn
a.a.s.

Proof. A proof is given in Appendix A. ]

Fig. 3. The curve is of £(3).
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3 MINIMUM SCAN STATISTICS

In what follows, C,, denotes a collection of convex compact
sets, and there exist constants 3 and ¢ such that for any
C, €C,, n|Cy| = (B+0(1)Inn and diam(C,) < co/|Ch].
According to the isodiametric inequality [23], [24], [25], we
have |C,,| < Lr(diam(C,))*. Hence, diam(C,,) = O(y/]Cy]) =

O(1/12). In this paper, there are three variations of

n

minimum scan statistics depending on additional con-

straints on scanning sets to be studied.
First, we consider the case in which each copy of C, is
fully contained in ID. Let

Sml (V, C) == #(V n C/), and

min
c=c,oclD
Sml (Vm Cn) = mln Sml (Vm Cn)-

n€Cn

We have the following theorem.

Theorem 2. For the asymptotics of S,1(Vy,Cy), it is almost
sure that

Sml (Vna Cn)

P
' Inn

L(B)| — 1.

Furthermore, if 3 < 1, we almost surely have
Pr[Sm(Vn,C,) = 0] — 1.

Note that .S, is the case studied by Auer and Hornik [6],
and Theorem 2 is consistent with the results in [6]. We also
remark that if toroidal metrics is applied, we can have the
same asymptotics even if C’ is allowed not to be contained
in ID. So, the asymptotics can be applied to network models
using toroidal metrics. In grid routing, the square deploy-
ment region is tessellated into equal-size square cells. To
eliminate local minima, we set the grid set large enough
such that all cells are nonempty. In Section 4.3, Theorem 2
will be applied to find the critical grid size.

Next, we consider the case in which each copy of C,, is
with at least one half of its area contained in ID. Let

SmZ(Va C) = #(V N Cl), and

min
o=c|cnDizio|
Sm?(vn: Cn) = mein SHLQ(V’IH Gn)-

We have the following theorem.

Theorem 3. For the asymptotics of S,2(Vy,Cy), it is almost
sure that

Sm? (V'm Cn)

Inn

Pr N%E(ﬂ) — 1.

Furthermore, if 3 < 1, we almost surely have
Pr[8m2 (Vm Cn) = 0} — L

In GGs and RNGs, each edge involves two nodes and
there exists an empty region related to this edge. In
Section 4.2, to find the largest edge length, we find the
maximal size of a corresponding empty region instead by
applying Theorem 3. Similarly, a local minimum in greedy
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forward routing is associated with an empty lens area. In
Section 4.3, Theorem 3 will be applied to find the critical
transmission radius for local-minimum-free greedy forward
routing.

Last, we consider the case in which C,, is a collection of
disks and each copy of scanning disks has its center in ID.
Without loss of generality, we may assume that the center of
C, € C, is at the origin. For such a disk C, let

Sma(V, €) = min #£(V 0 (C + a)),

and

SmS(Vna Cn) = min SmS(Van)~

w€Cy
We have the following theorem.

Theorem 4. For the asymptotics of Sp3(Vn, Cy,), we have

1. IfID is a unit-area square, it is almost sure that

Pr [M ~ min<%£(ﬂ)éﬂ)} — 1

Inn
2. IfID is a unit-area disk, it is almost sure that

Sm?)(vna Cn) 1
Pr [T ~ 5£(ﬁ)j| — 1.

3. Forany B < 1, we almost surely have

Pr[Ss(Va, Cp) = 0] — 1.

The degree of a node is the number of other nodes in the
r-disk centered at this node, and the coverage of a point is
the number of nodes in the r-disk centered at this point.
Both concepts are related to a disk with its center in the
deployment region, so we apply Theorem 4 to both
problems. Details will be given in Section 4.

To avoid falling in complicated mathematical reasoning,
we leave proofs of Theorems 2, 3, and 4 in Appendix C. In the
following section, various applications of minimum scan
statistics will be discussed. Once again, we emphasize that if
the r,-disk graph model is scaled back to the UDG model,
nar? can be read as the average number of neighbors, and 3
somehow is proportional to the node density.

4 ToproLOGY EvoLuTION OF WIRELESS AD HocC
AND SENSOR NETWORKS

Minimum scan statistics have a wide range of applications
in the research of wireless ad hoc and sensor networks. For
example, coverage of wireless sensor networks can be
approximated by minimum scan statistics. A sensor system
is said to k-cover the deployment region if every point in the
deployment region can be monitored by at least k& sensors.
Here, k is an application-dependent QoS requirement. For
instance, in an object tracking system applying triangulation
methods, at least three sensors are needed to decide the
location of an object. Thus, 3-coverage is a requirement of
such a system. Assume each sensor can monitor the area
within distance r, i.e., an object at x can be detected by
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sensor v if x is in B(u,r). If V denote the set of sensors,
we have

coverage = m]i]rjl #({ueV:ze Blu,r)})
xre

= minf#({u € V:ue Bz}

re

= Sm3(V, B(o,r)).

Hence, under this sensing model, coverage and the minimum
scan statistic in some sense are the same, and we can use
Theorem 4 to approximate the coverage of sensor networks.
Especially, if 5 > 1, ID is a.a.s. ©(Inn)-covered, and if 5 < 1,
there a.a.s. exists uncovered area. Hence, 8 =1 is the
threshold for sensing coverage. Note that although the
boundary effects are not explicitly considered here, they are
implicitly handled by the definition of 5,,,3.

A graph property is called monotone increasing if all
supergraphs of a graph with these properties also have

these properties as well. Assume 7, = (8+ o(1))/22 for

some constant 3 > 0. A constant « is the threshold of a
monotone-increasing property @ if G, (V,,) a.a.s. has Q for
any 8 > a and G, (V,) a.a.s. does not have @ for any 3 < a.
In the rest of this section, based on minimum scan statistics,
we will point out the thresholds of several important

topological properties in wireless networks. For conveni-

1/(2 —¥3) ~ 1.6 in the following discussion.

ence, let 5y = i

4.1 The Minimum Degree and Connectivity
The minimum degree of a graph G, denoted by 6(G), is the
minimum nodal degree over all nodes. In r-disk graphs, the
degree of node u is the number of nodes in B(u,r) minus 1.
Hence,

8(Gr, (Va)) = min deg(u)

n

= min #(V, N B(u,m,)) — 1

uey,

> Sm3(vm B(Oa Tn)) - L

If we can further prove that §(G,,(V,)) is asymptotically
upper bounded by S,.3(V,.,B(o,(1+¢)r,)) for any given
€>0, then 6(G, (V,)) can be approximated by
Smg(Vn, B(O7 T))

First, consider 8 > 1. By Theorem 4, for a given ¢ > 0,
there a.a.s. exists a (1 + ¢)r,-disk with center in ID covering
Sims(Vn, B(o, (1 4+ ¢)r,)) nodes. Draw a concentric er,-disk
of this (1 + ¢)r,-disk. The number of nodes in the er,-disk is
a binomial RV, and it is a.a.s. that at least one node is in the
er,-disk. For those nodes in the er,-disk, their nodal
degrees are less than the number of nodes in the
(1 +e)r,-disk, i.e., Sp3(Vy, B(o, (1 +€)ry,)). So, for any § >
1 and ¢ > 0, it is a.a.s. that

8(Gr,(Vn)) < Spms(Va, Blo, (1 +¢€)ry)).

Now, consider 5 < 1. According to [10, Theorem 1.2] and
[15, Theorem 9], it is a.a.s. that 6(G,,(V,)) = 0. Hence, we
have the following theorem.
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Theorem 5. Assume r, = (8 + o(1)),/22 for some constant
B > 0. We have

8(Gr, (V)

Inn

Pr

Inn

-~ Sm3(Vn7B(O7T77r)):| -1

It is known that a random geometric graph is a.a.s. k-
connected if its minimum degree is k [2]. Therefore, the
connectivity of wireless networks can also be estimated by S,3.
In addition, if 3 > 1, G,,(V,,) is a.a.s. O(Inn)-connected; and
if 8 <1, G, (Vy) is a.a.s. disconnected. Therefore, 3 = 1 is the
threshold for connectivity.

4.2 The Longest Edges of Geometric Structures

Geometric structures such as euclidean minimal spanning
trees, RNGs [16], GGs [17], Yao’s graphs, and Delauney
triangulations are widely used in topology control of
wireless ad hoc networks [18], [19], [20]. The largest edge
lengths of these structures are good references to the
configuration of the maximal transmission radius.

4.2.1 Gabriel Graphs

Two nodes u, v have a Gabriel edge between them
whenever the disk with segment uv as a diameter contains
no other nodes. In addition, since u, v is in ID, the disk has at
least half of its area in ID. Let pge (V) denote the largest edge
length of the GG over V. According to Theorem 3, a disk
with diameter larger than (1 + 5)2\/% for some positive
constant ¢ almost surely contains some nodes. This implies

Inn

(Pn) < (1 2
pcc(Pn) < (1+¢) .

It was further proved in [21] that for any constant € > 0,

i Pr|1— e < Pee(Pn)
n—00 Inn

<l+4e| =1

So, B = 2 is the threshold of the longest GG edge.

4.2.2 Relative Neighborhood Graphs

If w and v are two nodes, let L,, denote the lens of

B(u, [lu —v||) N B(v, ||lu — v||). The segment wv is called the

waist of L,,. Wehave |L,,| = 77(”%%””)2. In RNGs, twonodes u,

vhave an edge between them if and only if there are no other

nodes in Ly,. Let prng(V) denote the largest edge length of

the RNG over V. According to Theorem 3, any lens whose
In

waist length is larger than (1 +¢)3yy/22 for some positive

constant € a.a.s. is not empty. This implies

Inn

prnva(Pn) < (1 +¢€)5 p—

Furthermore, the following theorem can be proved.

Theorem 6. For any constant € > 0, we have

lim Pr{l—-e<

n—00 ﬁ Inn

So, 3= fy is the threshold of the longest RNG edge.
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4.3 Local-Minimum-Free Geographic Greedy
Routing

Geographic greedy routing protocols such as greedy

forward routing and grid routing are widely used in

wireless ad hoc and sensor networks. However, being

greedy algorithms, those routing protocols are suffered

from the local minimum problem.

4.3.1 Greedy Forward Routing

In greedy forward routing, each node discards a packet if
none of its neighbors is closer to the destination of the
packet than itself, or otherwise forward the packet to the
neighbor closest to the destination. Packets are discarded at
local minima, and thus deliverability is not guaranteed. To
remove local minima, all nodes should have sufficiently
large transmission radii. Let pgpr(V) denote the smallest
transmission radius such that there do not exist local
minima in the network. pgrr(V) is called the critical
transmission radius for (local-minimum-free) greedy for-
ward routing.

Let transmission radius r, = (ﬂJro(l))\/% for some
B > 0. For any pair of nodes u and v, assume v has packets
for v. If |ju — v|| <, of course, packets can be transmitted
from u to v. If ||u—v|| > ry,, let w denote the intersection
point of the circle of radius 7, centered at u and the segment
wv. Since |Lyy| = 7r(”“J;“““)2 = (3%—1- o(1))22, according to
Theorem 3, there a.a.s. exist nodes in L,,. Since nodes in
L., are neighbors of v and closer to v than u, v is not a local
minimum with respect to v. Therefore, there do not exist
local minima in the network. In other words,

Inn
pcrr(Pn) < (1+¢€)Boy/ —
vl
It was further proved in [22] that
lim Pr|1—e < P6RP) oy f g
n—00 ﬂO Inn

™

So, 3 = f3y is the threshold of the critical transmission radius
for greedy forward routing.

4.3.2 Grid Routing

In grid routing, the plane is tessellated into equal-size
square cells. Two cells are called neighboring cells if they
share a common edge. For a source-destination pair, the cell
containing the source node is called the source cell, and the
cell containing the destination node is called the destination
cell. In addition, the routing distance is defined as the
Manhattan distance between the source and destination
cells. A packet is directly transmitted from the source node
to the destination node if they are in the same cell;
otherwise, the packet is relayed by a node in neighboring
cells that are closer to the destination cell. Let ! denote the
size (edge length) of a cell. Then, v/l is the transmission
radius such that two nodes in neighboring cells can
communicate with each other.

A node is a local minimum (with respect to a given
destination node) if there do not exist neighbors in
neighboring cells that are closer to the destination cell. If
the transmission radius is at least v/5! and every cell contains
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at least one node, the network is local-minimum-free. Let
N, = Hd \/%] for some constant 3 and [, = ]% Tessellate the
deployment region ID into N? square cells with length ,,.
According to Theorem 2, if 5 > 1, every cell contains at least
one node. Hence, if r, > v/5l,, the network is a.a.s. local-
minimum-free. We have the following theorem.

Theorem 7. Let I, = (8+o(1))\/22 for some §>0 and
7 = \/5l,. If B > 1, the network is a.a.s. local-minimum-free.

4.4 Evolution of Wireless Ad Hoc Networks
For a set of homogeneous wireless devices, by setting
transmission radii large enough, the underlying network
topology can have desired properties. However, the maximal
transmission radius is specified by the hardware. Hence,
threshold information is important in the design of wireless
systems in order to fully utilize hardware limitations. In this
section, we have obtained the thresholds of several network
properties. By lining up those thresholds in increasing
order, we can see the evolution of network topology. Let
Bqo denote the threshold for property Q. Currently, we
have Bcon = feov = 1, Brve = Barr = fo = 1.6, and foe = 2.
Although Bco, = Beew, for a connected wireless sensor
network, the sensing radius is usually set to two times of the
transmission radius in order to guarantee the coverage.
Similarly, although Srne = Berr, there exist some inherent
differences between the longest RNG edge problem and the
local-minimum-free GFR problem. Actually, for the same set
of nodes, the critical transmission radius for RNG is no more
than the critical transmission radius for GFR. Those differ-
ences cannot be distinguished in the resolution of order Inn.
As a future work, it is worth to study those problems under a
finer resolution. Especially, we are interested in the transition

at each threshold. For example, for properties @, we

Inn+¢

may consider the radius given in the form of r, = 8o/~

orevenr, = ﬁQ /In n+c71Lr71Tln n+£'

5 CoNcLusIioNSs AND FUTURE WORKS

In this paper, an analytic tool called minimum scan statistics
is introduced. Corresponding to various boundary condi-
tions, three almost sure asymptotics of minimum scan
statistics are derived. These results can be applied to several
problems raised in the research of wireless ad hoc and
sensor networks, including coverage of wireless sensor
systems, connectivity of wireless ad hoc networks, local-
minimum-free geographic greedy routing, and the largest
edge length of geometric structures. In most previous works,
analyses only focused on some particular critical points of
transmission radii. On the contrary, our results reveal full
line evolution of network topology in the resolution of
©(Inn) average number of neighbors. Moreover, instead of
applying techniques like toroidal metrics to avoid boundary
effects, we explicitly and carefully handle boundary effects.
This helps us to find fundamental differences between
deployments over disk regions and square regions.
Although minimum scan statistics provide a big picture
of network topology evolution, more works are needed in
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the future. First, the works given in this paper are in the
resolution of O(Inn), but as pointed out in Section 4.4, it is
necessary to study related problems in finer resolutions.
Second, disk models are idealized but not realistic. We
should relax our assumptions and consider more general-
ized channel models. Third, the works given in this paper
are purely analytical. We ought to consider related issues
from application perspectives. The impact of imprecise
location information should also be carefully evaluated.

APPENDIX A

THE MINIMUM OF A COLLECTION OF POISSON RVs
This section is dedicated to the proof of Lemma 1. For any
positive integer n, the factorial of n, nl=1-2---n, is
estimated by Sterling’s formula

n! ~ (27m)%n"€_". (1)
Since
Pr{Po(\) = k—1] gpe

Pr[Po(\) =k e

>

for any p € (0,1), as A — oo, the lower tail distribution of a
Poisson RV can be given by

Pr[Po(\) < pA] = Y Pr[Po()) = k]

k=pA\
oL )
= Pr[Po(\) = uA
> SR =
A k
3 (’?k) Pr[Po(\) = jiA]
k=0
~ Pr[Po(\) = pAl.

We further have the following lemma. Remind that
functions ¢ and ¢~! have been defined in Section 2.

Lemma 8. For any p € (0,1), as A — oo,

1 1 1
P
V2 /il = ) VX

Proof. From (2) and then applying (1), we have

Pr[Po()\) < p)] ~ ~Ao()

Lo
PI‘[PO()\) < /J)\} ~ mme
1 A -
e
Ti- M\/27m (pA) e
—/\+p)\
T 1-u u \/27w V2
,)ﬂL;L)\ pXIn g
14 m \/271'11
1 1 1 e~ Ml—p+pulnp)

T V2r i = ) VA
1 1 L

T Ve — VA

Thus, the lemma is proved. ]

—A(w)
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The next lemma gives a.a.s. bounds for the minimum of a
collection of Poisson RVs.

Lemma 9. Assume that lim, ... == 3 for some 3> 0. Let
Y1,Ys,...,Y;, be I, Poisson RVs with means \y:

1. If I,=o(nvInn) and [>1, then for any
0<p<o¢ t(1/B3), miny_ g, Vi > p\, a.as.

2. If I, =0(/5%) and ﬁ>%, then for any
O<“<¢71(2ﬁ) min;_;

3. If Y1,Y,,...,Y;, are zndependent and I,L —Q(lnn)
then for any p such that 1) ¢—'(1/8) <pu <1 if
6>1, 2)O<M<1ifﬁ_1 or3) u=0if <1, it
is a.a.s. that min;_,

4. IfY1,Ys,..., Y, are zndependent and I, = Q(\/5%),
then for any p such that 1) ¢='(35) < p < 1if 3 >4,
2)0<,u<1z'fﬁf§,0r3)u:0ifﬁ<%,itisa.a.s.
that m1n7 1.1, }/7 Sﬂ)\n

-------

Proof. First of all, we conduct two inequalities. Let Y be a
Poisson RV with mean ),, X; be the indicator of the

event Y; < p\,, and X = X; +---+ X; . Then, X, is a
Bernoulli RV with probability Pr[Y; <u),], and
minfgl Y; < pA, if and only if X > 1. Thus,
I,
Pr{mmY; < pA } = Pr[X > 1] < E[X]
I, 3)
= Z E[X,] = L, Pr[Y < p),).
i=1
In addition, by Lemma 8§,
1 1 ‘
L, Pr[Y < pd,] ~ “Xa(p)
¢“¢71—>¢'
. ()
\/m( ) \/mn (An/Inn)o(p)
Assume that I, = o(nvInn) and 0 < p < ¢~1(1/8).

From (3) and (4),

1 I,
V2Bl — p)n

Since ¢ is decreasing over (0, 1] and 0 < p < ¢
we have ¢(u) > 1/8 and

1= A/ Inn)e(u) — 1 — Be(p) <0

=/ ) (s)

I,
Pr [mi}lY}; < ,u)\,,} S
p

Inn

H(1/B),

Thus,

Pr {nllnlﬁ < pA ] =o(1).

=1

So, Lemma 9 (condition 1) is proved.
Similarly, if I, =O(\/;) and 0<p<¢-'(3), we
have

I, 1 I
PriminyY; < pu\,| < " pl/2= O/ )l
[ﬁll—“J VIRl — ) Vo

and

1/2 = A/ Inn)p(p) — 1/2 = Be(p) <0
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Thus,
I
Pr {milnYi < u)\n] = o(1).
i—

So, Lemma 9 (condition 2) is proved.
Now, assume Y;’s are independent. Then,

I, I,
Pr {HEPY; < ,LL)\,,] =1-Pr |:II£1{1Y; > ,U)\n:|

I,
=1— || Pr[Y; > pAy)
1

1=

~

n

1= =Pr¥; < pA)

i=1
—(1=Prly < :U)‘rLDIn

>1 (e—PrlYéw)I”
_ eI PrlY<uh]
If I, = Q(%), by (4),
1 I ‘
L Pr[Y < ph,] ~ ——= ! /Il
PrlY < pA) S = ) /i

For any p such that either 1) ¢~1(1/8) <p < 1if 8> 1
or 2) 0<pu<1 if B=1, since 1—(\,/Inn)d(u) —
1 — Bp(u) > 0, we have

I, Pr]Y > p)] — occ.
In addition, if § < 1 and p =0,

I, PrlY < pA =1L, Pr[Y = 0]

_Q( ) —fBlnn — 0.
Inn

So,
I,
Pr |:mi{1Y; < ,u)\n} —1
i=

Thus, Lemma 9 (condition 3) is proved.

Assume Yj’s are independent and I, = Q(\/{%).
S1m11arly, for any p such that 1) ¢~'(35) <p <1 if
B>L2)0<pu<1if p= 2,or3),u—01f6<2,wehave
I, Pr[Y < p\,] — oo,

and

I,
o Ln}{lYi < m] >1— e PVl g
So, Lemma 9 (condition 4) is proved. a
Based on Lemma 9, we give the proof of Lemma 1.

Proof of Lemma 1. Consider the first case in which

I, =o(mvInn). If #>1, let u=¢-'(1/8). Then,
u<¢-t(1/8). From Lemma 9 (condition 1), it is
a.a.s. that

¢~'(1/8)8mn
>¢-!(1/6) Inn =

I
Irll{lyz > /1')‘71 =
L(3)Inn.
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If0< @ <1, L(#) = 0. Obviously, min", ¥; > £(§) Inn.
So, Lemma 1 (condition 1) is proved.
Next, con51der the second case in which I,, = O(,//%).

lnn

If §>3, let p=0¢"'(55). Then, u<¢-'(55). From
Lemma 9 (condition 2), it is a.a.s. that

mlnY > pN, = ¢ (25,>ﬁlnn

_¢) <25'> (268)Inn = %[,(Qﬂ/) Inn.

If 0<p <3, L(20)=0. Obviously, mln n Y >
1£(28")Inn. So, Lemma 1 (condition 2) is proved

Now, consider the third case in which Y7, Y5, ..., Y are
independent and I, = QG%). If 3> 1, let u = QS L1/8).
Wehavel > > ¢~ 1(1/3). ‘From Lemma 9 (condition 3), it
is a.a.s. that

< ph, =471 (1/)BInn

<¢ 1 (1/8)3 Inn = L(F) Inn.

If =1, let p=¢-1(1/3). We have 1> pu> 0. From
Lemma 9 (condition 3), it is a.a.s. that

I,
minY; < pA, =¢~'(1/3)Bnn

<¢ ' (1/8)3 Inn = L(F) Inn.

If 3<1, let u=0. From Lemma 9 (condition 3), it is
a.a.s. that

I
minY; =0 < L(8)Inn.

So, Lemma 1 (condition 3) is proved.

Finally, consider the last case in which Y;,Ys,...,Y7,
are mdependent and In = Q(\/i%). Similarly, if § > 3, let
p= ¢ (55); and if § < 3, let = 0. No matter Wthh one,
from Lemma 9 (condition 4), it is a.a.s. that

Iy
minY; <
i=1

L(26") Inn.

= MI»—

So, Lemma 1 (condition 4) is proved. 0

APPENDIX B
GEOMETRIC PRELIMINARIES

To prove Theorems 2, 3, and 4, we need more geometric
techniques.

B.1 Partition of Deployment Regions
If D is a unit-area square, it is partitioned into ID,(0), ID,(1),
and ID,(2) according to r. ID,(0) consists of all points in ID
apart from 0ID by at least r, ID,.(1) consists of all points in ID
apart from some side of ID by less than r and from all other
sides by at least r, and ID,(2) consists of the rest points in ID
(see Fig. 4).

If ID is a unit-area disk, it is partitioned into ID,(0) and
D, (1) according to r. ID,(0) = B(o,ﬁ —7) is a disk
consisting of all points in ID apart from 0ID by at least r,
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T 1-2r LT
b2 b0 Pl
D.() DO D) |,y
b, D) P,

Fig. 4. Partition of the unit-area square ID.

and ID,(1) =D\ ID,(0) is an annulus centered at o with
radii = —r and = (see Fig. 5).

B.2 Isodiametric Inequalities

Assume C CIR? is a convex compact set. The r-
neighborhood of C, denoted as C,, is the union of all r-disks
with centers in C, ie., C, =J,cc B(z,r). We use C_, to
denote the set of points of C that are apart from 9C by at
least r and use peri(C) to denote the perimeter of C.
According to the isodiametric inequality [23], [24], [25], the
disk of diameter d has the largest area iwd® over all
measurable sets with diameter d and also has the longest
perimeter 7d over all convex compact sets with diameter d.

Lemma 10. Suppose that C C IR* is a convex compact set with
diameter at most d. We have

|C; — C| < wdt + 7t and |C_y| > |C| — mdt.

Proof. We will explicitly prove the inequalities for C being a
polygon. If C'is a convex compact set, the lemma can be
proved by applying the fact that C' can be approximated
by a sequence of polygons contained in C. Thus, we
assume C is a polygon.

First, we prove |C; — C| < wdt + wt2. At each vertex of
C, draw two perpendicular lines to the edges of C. The
area C; — C'is divided into disjoint rectangles and sectors
(see Fig. 6). All rectangles are with the same width ¢, and
the sum of their length is equal to the perimeter of C. All
sectors (marked by x in Fig. 6) are with radius ¢, and
since the angle of each sector is supplementary to its
interior angle, the sum of their angles is equal to 27. Let
denote the perimeter of C, then |C; — C| = It + wt>. For

Fig. 5. Partition of the unit-area disk ID.
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Fig. 6. C; — C is the shaded area, composed of rectangles and sectors.

diam(C) <d, we have | <xd [25]. So, the inequality
follows.

Now, we prove |C_;| > |C| — ndt. For each edge of C,
draw a rectangle by it with width ¢ toward the inner of C.
Since C' — C_; is fully covered by these rectangles, we
have |C_;| > |C| — peri(C)t. For all compact sets with
diameter d, we have peri(C) < nd. Thus, |C_,| > |C| —
wdt is proved. 0

B.3 Tessellations

A e-tessellation divides the plane by vertical and horizontal
lines into a grid in which each grid cell has width e. Without
loss of generality, we assume the origin is a corner of some
cells. In a tessellation, a polyquadrate is a collection of cells
intersecting with a convex compact set. For example, in
Fig. 7, the shaded cells form a polyquadrate induced by a
polygon. The horizontal span of a polyquadrate is the
horizontal distance measured in the number of cells from
the left to the right. The vertical span of a polyquadrate is
defined similarly but in the vertical direction. If the
diameter of a polygon is d, the span of the corresponding
polyquadrate in a e-tessellation is at most [¢] + 1.

Lemma 11. Let S be a region composed of m cells. For a positive
constant integer T, the number of polyquadrates with span at
most T and intersecting with S is ©(m).

Proof. For a specified cell, since 7 is a constant, the number
of polyquadrates that contain the cell and have span at
most 7 is also a constant (depending on 7). For each cell
in S, the number of polyquadrates that contain the cell
and have span at most 7 is ©(1). Since there are m cells in
S, the total number of polyquadrates with span at most 7
and intersecting with S is ©(m). 0

/T~
AN
N+

Fig. 7. The cells intersecting with the polygon form a polyquadrate.
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APPENDIX C
PROOFS OF THEOREMS 2, 3, AND 4

First, we focus only on Poisson point processes. So, in
Appendices C.1, C2, and C.3, all lemmas are on P,.
Then, applying a de-Poissonization technique given in
Appendix C.4, we can extend results to uniform point
processes.

C.1 Proof of Theorem 2

Lemma 12. For any constant ' € (3, 00), it is almost sure that

Pr[Sp1 (P, Cy) < L(B)Inn] — 1.
Especially, if 5 < 1, we almost surely have
Pr[S,i(Vy, Cn) =0l — 1
Proof. For any C, € C,, let I, be the number of copies of

C,, that can be packed into ID, and Y; denote the number
of nodes in the ith copy of C,. Then, Y1,Y,...,Y;

n

are i.i.d. Poisson RVs with rate SInn, and S,,,1(V,,, C,,) <
min;<;<z, ;. We can tile @(lnn) squares with edge length

¢0y/|C,] in ID and then place one copy of C, in each
square. These copies of C,, are pairwise disjoint. Thus,

I, = Q(hm) By Lemma 1 (condition 3), we have

: - /
Sml (Pn: Cn) S 121;}” Y; S ﬁ(ﬂ ) 111 n.

Note that if 8 <1, we may choose a ' € (8,1). Since
L(B)=0, S;u(P,,C,) =0 is a.as. implied. Thus, the
lemma is proved. 0

Lemma 13. For any constant 0 < ' < (3, it is almost sure that

Pr[Sml (Pm Cn) Z ['(ﬂl) In TL] — L

Proof. Let r, be the inferior over any C, € C, of the
(smallest) distance from the mass center of C,, to 9C,.
First of all, we prove that r,, = @(\/E) Let a denote the
mass center of C, and b be a point in 0C, such that
|la — b|| = r,,. Draw two lines [; and [, that are perpendi-
cular to ab and through a and b, respectively. Since a is
the mass center and C,, is convex, a half of C), is between
l; and l;. Draw two more lines [3 and [, parallel with ab
such that I3 and 4 intersect with 9C,, and C,, is between I3
and l;. Let ¢, denote the distance between I3 and l,. The
rectangle bounded by [, I3, I3, and /4 contains one half of
Ch, 50 Ty, =Q2). Since diam(C,) = @(\/%,
we have ¢, = O(\/E) This implies r, = Q(\/@) In

addition, r,, < diam(C,,). Therefore, r, = ©(,4 /ln L) is true.

(1 - \/f:’f/)rn, and ]Ljn = (]-/En)2' Since ﬁ/ and ﬂ
are fixed, we have ¢, = ©(,/22), and M, = O(:%).

Let e, = %
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Divide ID by a ¢,,-tessellation. The distance between any
two points in a cell is at most v/2¢,,. We claim that any copy
of C, that is fully contained in ID must contain a
polyquadrate that is with span at most ©(1) and with area
atleast (8 + o(1)) 2. Let Abea copy of C, fully contained
in ID, and P be the maximal polyquadrate contained in A.
P contains \/:A since the (smallest) distance between 0 A
and 8\/714 is at least (1 — \/;)r,l = /2¢,. Thus,

\ﬁ
E

and the span of P is at most m = [#(C)] 4 1 — 9(1),
asymptotically depending only on 3, #, and ¢. In
addition, if Y is the number of nodes in P, Y is a Poisson
RV with rate at least (8 + o(1)) Inn. So, our claim is true.
Now, consider all polyquadrates that are contained in ID
with span at most m and area at least (' + o(1)) 2. Let
I, denote the number of those polyquadrates, and Y;
denote the number of nodes in the ith polyquadrate.
Then, we have S§,,1(P,,C,) > minj,1 Y;. In addition,
from Lemma 11, I, = ©(M,) = O(;%). Then, applying
Lemma 1 (condition 1), we a.a.s. have

Inn

B Inn
P12 [/ 54| = 101 = (7 + o) 22

"r]mm

Sml (Pn7 Cn) Z ['(ﬁ/) Inn.
Thus, the lemma is proved. 0

Theorem 2 is proved by Lemmas 12 and 13 and the de-
Poissonization technique given in Appendix C.4.

C.2 Proof of Theorem 3

Lemma 14. For any constant ' € (3, 00), we have

1
Ir SmZ(,Pn,Cn) S §£(ﬂ/) Inn| — 1.

Especially, if < 1, it is almost sure that
Pr[Sm2(Pn, Cn) =0] — 1.

Proof. For any C,, € C,, place pairwise disjoint copies of C,
along the boundary of ID such that each of them has
exactly one half area in ID. Let I,, be the number of copies
of C,, and Y; denote the number of nodes in the ith copy.
Then, Y1,Ys,...,Y; are iid. Poisson RVs with rate

(46+o(1))Inn. Since diam(C,) = O(,/2) for any

C, € C,, we may have I, = O(,/i%). From Lemma 1

(condition 4), we have

1
SmZ(Pn, Cn) < 11<I}1<I} Yz < 5

L(3)Inn.
Furthermore, if § < 1, we may choose a ' € (4,1), and

then S,,2(P,, C,) = 0 is a.a.s. implied. So, the lemma is
proved. 0

Lemma 15. For any constant 0 < ' < (3, we have

1
r|Sm2(Pn, Cp) > iﬁ(ﬂ/) Inn| — 1.



Proof. We will apply a similar argument used in the proof of

Lemma 13. Let r,, be the inferior of the (smallest) distance
from the mass center of C,, to 9C,, over all C,, € C,,, and
€n :21%(1 — \/%)rn We have r,= 6(\/@) and
en = @(\/%) Divide ID by a ¢,-tessellation. Obviously,
the distance between any two points in a cell is at most
V/2¢,. Consider the collection of polyquadrates each of
which is the maximal one contained in the intersection of
ID and a copy of C,, with at least half area in ID. Let I,
denote the number of those polyquadrates, and Y; denote
the number of nodes in the ith polyquadrate. Then,
Sm2(Pn, C,) > min Y.

1<i<I,

Y1,Y,,...,Y;, are categorized into two groups. First, we
consider polyquadrates that are contained in copies of C,,
fully contained in ID. All these polyquadrates are with
span at most m = [d’%(c)] +1=0(1) and with area at
least (8 +o(1))2. Let Iy, denote the number of
polyquadrates, and Y;; denote the number of nodes in
the ith polyquadrate. All Y;;’s are Poisson RVs with
rate at least (8 +o(l))lnn. From Lemma 11,
Ioy, = @(E%) = O(%). Applying Lemma 1 (condition 1),

it is a.a.s. that

Ton
HEP Yo, > L(8) Inn.

Next, we consider polyquadrates that are contained in
copies of C, not fully contained but with at least half
area in ID. All these polyquadrates are with span at
most m = (%(0)} +1=0(1) and with area at least
(B +o(1))2n. Let I, denote the number of polyqua-
drates, and Y;; denote the number of nodes in the ith
polyquadrate. All'Y; ;’s are Poisson RVs with rate at least
(30" +o(1)) Inn. From Lemma 11, I, = O(1) = O(\/55)-
Applying Lemma 1 (condition 2), it is a.a.s. that

Ly 1
mi? Y > §£(ﬁ') Inn.
i=

Thus, we have
e I,
Sm2(Pr, Cy) > min min Yy, min Y
= =

> S L(F)Inn,

N | =

and the lemma is proved. ]

Theorem 3 is proved by Lemmas 14 and 15 and the de-
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Pr [57,13(79,,,, C,) < min Gﬁ(ﬂ/)é 5’) lnn} 1

if ID is a disk, we a.a.s. have

1
Pr |:Sn13(Pn,a Cn) S iﬁ(ﬁ,) In TZ:| — 1.
Especially, if < 1, it is almost sure that

Pr[SmIS(an Cn) = O] -1

Proof. For any C,, € C,, place pairwise disjoint copies of C,

with centers in 0ID. Let I,, be the number of copies of C,
and Y; denote the number of nodes in the ith copy. Then,
Y1,Ys,...,Y;, are iid. Poisson RVs with rate at most
(38+0(1))Inn, and we may have I, = O(,/;%). From
Lemma 1 (condition 4), we have

. 1
SmS (P'm Cn) S lgg}” i S 5

L(5) Inn.

In addition, if ID is a square, we consider the copy of C,
with its center at (3,1), a vertex of ID. Let Y denote the
number of nodes in the intersection of the disk and ID.
We have Y = Po(}31Inn), and

SmS(Pan) S Y S ﬁ/ Inn.

!
1

Therefore, the lemma is proved. 0

Lemma 17. For any constant 0 < ' < 8, if ID is a square, we

almost surely have

Pr |:Sm3(7)n7 Cn) 2 min (%E(ﬁ/)aiﬂ,) 1nn:| - 17

if ID is a disk, we almost surely have

Pr l:SmS(Pm Cn) > %E(ﬂl) In n:| — 1

Proof. Choose a 3, € (8, 3). Let r and r’ be given by nrr? =

Blnn and nmr? = B 1nn, respectively. Let M, = ,f@, and
en = 1/M,. Divide ID by a ¢,-tessellation, and then for
each cell, draw a r'-disk with its center in the intersection
of this cell and ID. Since the distance between any two
points in a cell is at most Ve, =r—17, any r-disk with
center in ID must contain at least one of these 7’-disks. Let
I,, denote the number of these 7’-disks, and Y; denote the
number of nodes in the ith r’-disk. Then,
Sm3 (Pm Cn) Z lrgrllg}n }/z

If ID is a square, we partition Y7,Y5,...,Y], into three
groups. First, we consider cells contained in ID(0), and let
Ny denote the number of cells. For these cells, we have

Poissonization argument.
Y; = Po(f1 lnn) and

Ny ~ (1 T_T/2r>2— <\/i((11_)2 r)>2— @(ﬁ).

V2 T

C.3 Proof of Theorem 4
Remind that here C,, is a collection of disks whose centers
are at the origin.

Lemma 16. For any constant 3’ € (3, 00), if ID is a square, we
a.a.s. have
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From Lemma 1 (condition 1), it is a.a.s. that

min Y; > £(8) Inn.

1<i<Ny

Next, we consider cells intersecting with ID(1) but not
with ID(2), and let N; denote the number of cells. For
these cells, we have Y; > Po(} 3, Inn) and

r(1—2r)

(WY _38 :ﬁ;ﬁ :@( %)

From Lemma 1 (condition 2), it is a.a.s. that

Ny ~

1
min Y; > -
1<i<N; 2

L(8) Inn.

Last, we consider cells intersecting with ID(2), and let N,
denote the number of cells. For these cells, we have Y; >
Po(3 3 Inn) and

Ny < (g+1)2< <W+1> = o(1).

Then, it is a.a.s. that

min Y; > - ﬁ Inn.
1<i<N,
So, if ID is a square, the lemma is proved.
If ID is a disk, we separate Y;,Ys,...,Y; into two
groups. First, we consider cells contained in ID(0), and
let Ny denote the number of cells. For these cells, we

have Y; = Po(f;Inn) and Ny = O(%). From Lemma 1
(condition 1), it is a.a.s. that
in Y; > " Inn.
R, Y= L)

Next, we consider cells not fully contained in ID(0),
and let N; denote the number of cells. For these cells,
we have Y; > Po((341 4+ o(1))Inn) and N; = O(,/5%).
From Lemma 1 (condition 2),

1
min Y; > —
1<i<N, 2

L(3) Inn.

So, if ID is a disk, the lemma is proved. O

Theorem 4 is proved by Lemmas 16 and 17 and the de-
Poissonization argument.

C.4 De-Poissonization

By Chebyshev inequality, it is almost sure that Po(n — ni) <
n < Po(n + ni). Thus, an instance of P s may be generated
by X, followed by removing n — Po(n - nt) points, and an
instanceof P, maybe generated by &', followed by adding

Po(n + ni) — n random points. So, it is almost sure that

n4

§.(P_4.0) <8u(%0C) < 8,(P 1.0,

For |C,| = (B + o(1)) 22, we have

n ’

(n—n%)\cn\ <n+ng)|0n| n|C,|
- In(n + n?) -

ln(n—n%) Inn =B+ o),
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and
Sm (Pn ni Cn) ~ Sm (’P’IL+7L%7 Cn) ~ STIL(P7L7 Cn)-
Therefore,
Sm(Pna Gn) ~ Sm(X'm Cn)'
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