
Chemical Physics Letters 478 (2009) 277–282
Contents lists available at ScienceDirect

Chemical Physics Letters

journal homepage: www.elsevier .com/ locate /cplet t
On the calculation of rate constants of the small cyclic water cluster
by anharmonic RRKM theory

Ying Shao a,*, Li Yao a, Sheng-Hsien Lin b

a Department of Physics, Dalian Maritime University, Dalian 116026, PR China
b Department of Applied Chemistry, National Chiao-Tung University, Hsin-chu, Taiwan

a r t i c l e i n f o
Article history:
Received 13 April 2009
In final form 16 July 2009
Available online 21 July 2009
0009-2614/$ - see front matter � 2009 Elsevier B.V. A
doi:10.1016/j.cplett.2009.07.051

* Corresponding author.
E-mail address: sybb37@newmail.dlmu.edu.cn (Y.
a b s t r a c t

The rate constants for concerted exchange reaction of the small cyclic water clusters ðH2OÞnð3;4Þ were
calculated with the YL method. The anharmonic effect on the concerted hydrogen exchange reaction
was examined. For the trimer water, at temperature 300 K, the anharmonic rate constant is
k ¼ 4:70� 10�4 s�1, and for the tetramer water, the value is 0:55 s�1. The tunneling effect is very small
for this two concerted hydrogen exchange reactions and can be neglected in the two reactions. The
results are in reasonable agreement with the value given by Loerting et al. Besides that, the anharmonic
effect is not significant for the concerted hydrogen exchange reaction of ðH2OÞnð3;4Þ.

� 2009 Elsevier B.V. All rights reserved.
1. Introduction

Recent studies indicate that the anharmonic effect becomes
very important in molecular and clusters [1]. In molecule reaction,
according to the RRKM theory, the total number of states and the
density of states play important roles in the calculations of rate
constant. In general, to describe the anharmonic effect, the Morse
oscillators (MOs) are commonly used. Some vibrational modes in
molecules or clusters correspond to relatively weak bonds, in this
case, the Morse potential can be used to fit the potential energy
surface and to simulate the bonding. The characteristic features
of the anharmonic effect include a decrease in vibrational bond-
stretching frequencies, and an increase in the bond lengths and
distance of bond dissociation. The requirement for anharmonic
correction to existing reaction rate theories has been emphasized
by several authors [2–5]. Our authors (Yao and Lin) have present
a new method (below, YL method) [6], which can carry out the first
principle calculations about the rate constants of molecular reac-
tions within the framework of the transition state theory (TST).
Yao et al. apply this method to examine the anharmonic effect
on the dissociation of molecular reaction [6]. The mentioned re-
sults indicated that the YL method is suitable for calculating the
rate constants of unimolecular reactions.

Due to the ubiquity of water clusters in nature, the water clus-
ter kinetics has been a focus of extensive researches. The neutral,
cyclic water clusters ðH2OÞn are important molecular species for
ll rights reserved.
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the understanding of condensation process and the nature of
hydrogen bonded networks [7–10]. For ðH2OÞ3, with all three water
molecules acting as both hydrogen bond donors and acceptors, it is
the global minimum. While, for ðH2OÞ4, the achiral ring structure
with solely donor/acceptor oxygen atoms is also found to be the
global minimum. These findings have been confirmed both theo-
retically and experimentally. The transition states to the concerted
exchange of bridging hydrogens have higher symmetry because
that the hydrogen atoms are exactly in the middle of the shortened
OO distances. On the other hand, many chemists observed signifi-
cant anharmonic effects in dissociation of clusters and molecular
systems [11–21].

In 1991, Garrect and Melius pointed out that the reaction rate
constant of trimer water, with small curvature tunneling effect
(SCT), is kð300 KÞ ¼ 10�14 s�1 [22]. However, their result was in
disagreement with the one given by Loerting et al. [23]. Loerting
et al. found that the rate constant with large curvature tunneling
effect (LCT) kð300 KÞ ¼ 3:4� 10�4 s�1 and kð300 KÞ ¼ 0:44 s�1 for
trimer and tetramer water, respectively. The purpose of this let-
ter is to compute rate constant for the concerted hydrogen ex-
change reaction of the small cyclic water clusters ðH2OÞn ðn ¼
3;4Þ as a function of energy. Therefore, we will use the YL meth-
od to examine the anharmonic effect upon the concerted hydro-
gen exchange reaction in the present Letter. Whereas the
tunneling is very important for the reactants involving the mo-
tion of hydrogen atoms [24], then the tunneling effect is
also considered in the Letter. The details of computational meth-
ods in Section 2. Numerical results and detailed discussions are
given in Section 3. Section 4 contains the main conclusion of this
work.

http://dx.doi.org/10.1016/j.cplett.2009.07.051
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2. Computational methods

2.1. Ab initio calculations

The geometries of the reactant and transition state have been
optimized, with 6-311++G** basis set, by the MP2 method and
the B3LYP method, respectively. The vibrational harmonic and
anharmonic frequencies, calculated at the same level, are used
for characterization of stationary points, zero-point-energy correc-
tions, as well as for the calculations of reaction rate constant with-
in the framework of the TST and the RRKM theory, respectively. All
stationary points have been positively identified as local minima or
transition states. The GAUSSIAN 03 program was utilized for all
ab initio calculations [25].

2.2. RRKM and anharmonic effect

For a microcanonical system, using the RRKM theory, the uni-
molecular reaction rate constant for the system with energy E is gi-
ven by [26]

kuðEÞ ¼
1
h

W–ðE� E–
a Þ

qðEÞ ; ð1Þ

where h is Planck’s constant, qðEÞ is the density of the states of the
reactant, and W–ðE� E–

a Þ is the total number of states of the acti-
vated complex. Here, E and E–

a represent the total energy given to
the system and the activation energy, respectively. Thus, in essence,
as is expected in a statistical treatment, the RRKM theory simply
states that the rate constant is proportional to the fraction of mol-
ecules having an internal energy E that are apt to react irrespective
of the way that the molecule has been activated to that energy
[27,28]. It should be emphasized that conventionally W–ðE� E–

a Þ
and qðEÞ have been evaluated in the Morse oscillator potential. No-
tice that, in general, from the definition of WðEÞ, the total number of
states can be expressed as

WðEÞ ¼
X

i

HðE� EiÞ; ð2Þ

where HðE� EiÞ denotes the Heaviside function. In this case, energy
levels Ei are calculated explicitly and WðEÞ can then be obtained by
direct counting of those states, which are below or equal to E. By
applying the Laplace transformation to Eq. (2), we obtainZ 1

0
dEe�bEWðEÞ ¼ QðbÞ

b
¼ L½WðEÞ�; ð3Þ

where b ¼ 1=kT, k is Boltzmann’s constant, T is the temperature of
the system and QðbÞ is the partition function of the system. Simi-
larly, we obtainZ 1

0
dEe�bEqðEÞ ¼ QðbÞ ¼ L½qðEÞ�: ð4Þ
Table 1
Water trimer. Energies in kcal/mol, frequencies in cm�1, bond lengths in Å, and angles in

E MP2/6-311++G**

Minimum T

Zero-point-energy (Hartree) 0.072566 0
Imaginary frequencies – 1
Total energies (Hartree) �228.52638 �
HbO distance 0.986 1
Hf O distance 0.968 0
Angle (OHbO) 144.5 1
Angle (HbOHf ) 113.2 1
Barrier (kcal/mol) 21.01
That is, Eqs. (3) and (4) denote the Laplace transformations of WðEÞ
and qðEÞ, respectively. In other words, WðEÞ and qðEÞ can be ob-
tained from Eqs. (3) and (4) by the inverse Laplace transformation.
The detail of derivation can be found in Ref. [6].

For a canonical system, according to the TST, the unimolecular
rate constant is given by

kf ðTÞ ¼
kT
h

Q –ðTÞ
QðTÞ e�

E–
a

kT ; ð5Þ

where QðTÞ and Q–ðTÞ represent the partition functions for the
reactant and activated complex, respectively. In this case, we have

Q –ðTÞ ¼
QN�1

i
q–

i ðTÞ;

QðTÞ ¼
QN

i
qiðTÞ;

8>>><
>>>:

ð6Þ

where N is the number of the vibrational modes of the reactant,
q–

i ðTÞ and qiðTÞ are the vibrational partition functions for the acti-
vated complex and the reactant for each mode, respectively.

The above discussion notes that the partition function plays a
very important role in calculating the total number of states, the
density of states and the rate constant. To investigate the anhar-
monic effect on a unimolecular reaction, the anharmonic number
and the density of states for a system of coupled MOs take a simple
form. For the MO, we have

Eni
¼ ni þ

1
2

� �
�hxi � xi ni þ

1
2

� �2

�hxi; ð7Þ

where xi is the Morse parameter, xi is the frequency of the ith
vibrational mode, and ni is the vibration quantum number of the
vibrational mode. The maximum value of ni is represented by
nmax

i . In other words, the anharmonic effect has two features: One
is that the energy spacings are not equal, and the other is the exis-
tence of a maximum quantum number nmax

i . It should be noted the
anharmonic constant xi for various molecules can be determined by
ab initio calculation. In this Letter, we shall discuss the anharmonic
rate constant of the concerted exchange reaction in the cyclic trimer
and tetramer water.

3. Discussion of results

For the concerted exchange reaction of trimer and tetramer
water, the geometric and the energetic parameters of the reactant
and transition state are collected in Tables 1 and 2, respectively,
including apparent activation energies (total energy barrier), rela-
tive energies of the transition states with respect to the reactant.
The information was obtained with the MP2/6-311++G** method,
which is based on the much cheaper B3LYP/6-311++G** method.
It need to point out that the results given by two methods are
close.
degrees. Hb corresponds to a ‘bridged’, and Hf to a ‘free’ hydrogen atom.

B3LYP/6-311++G**

S Minimum TS

.063168 0.073143 0.066243
470.9i – 1737.8i
228.48349 �229.29827 �229.25526
.229 0.984 1.229
.966 0.968 0.969
48.0 148.6 152.0
22.8 106.6 112.7

22.66



Table 2
Water tetramer. Energies in kcal/mol, frequencies in cm�1, bond lengths in Å, and angles in degrees. Hb corresponds to a ‘bridged’, and Hf to a ‘free’ hydrogen atom.

E MP2/6-311++G** B3LYP/6-311++G**

Minimum TS Minimum TS

Zero-point-energy (Hartree) 0.099865 0.089806 0.098940 0.089027
Imaginary frequencies – 1100.4i – 1463.9i
Total energies (Hartree) �305.34326 �305.30615 �305.88314 �305.70746
HbO distance 0.994 1.214 0.992 1.216
Hf O distance 0.968 0.967 0.969 0.970
Angle ðOHbOÞ 162.1 163.9 167.1 168.1
Angle ðHbOHf Þ 112.8 120.0 106.3 110.7
Barrier (kcal/mol) 16.98 16.80
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Fig. 1. The canonical rate constant versus temperature for the water trimer.

Table 3
The rate constant of the trimer at different temperatures for the canonical system.

Temperature (K) 100.0 150.0 200.0 250.0 300.0 400.0 600.0 1000.0
Total energy (kcal/mol) 0.222 0.632 1.210 1.918 2.727 4.572 8.908 19.325
Anharmonic rate constant

of canonical case (s�1)
1:46� 10�34 2:90� 10�19 1:23� 10�11 4:43� 10�7 4:70� 10�4 2.75 1:64� 104 1:93� 107

Harmonic rate constant
of canonical case (s�1)

1:83� 10�34 3:25� 10�19 1:17� 10�11 3:61� 10�7 3:35� 10�4 1.59 7:09� 103 6:50� 106

Temperature (K) 1200.0 1300.0 1400.0 1500.0 1600.0 1700.0 1800.0 1900.0 2000.0
Total energy (kcal/mol) 25.221 28.315 31.494 34.755 38.087 41.485 44.943 48.455 52.015
Anharmonic rate constant

of canonical case (s�1)
1:16� 108 2:32� 108 4:20� 108 7:04� 108 1:11� 109 1:65� 109 2:35� 109 3:23� 109 4:30� 109

Harmonic rate constant
of canonical case (s�1)

3:80� 107 7:59� 107 1:38� 108 2:33� 108 3:71� 108 5:60� 108 8:11� 108 1:13� 109 1:53� 109

Table 4
The rate constant of the trimer at different energies for the microcanonical system.

Total energy
(kcal/mol)

19.325 21.050 22.222 25.221 28.315 31.4

Anharmonic
W(E) of TS

– 1.00 5.19 1:75� 102 2:33� 103 1:97

Anharmonic qðEÞ of
reactant (1/cm�1)

– 1:16� 106 1:80� 106 5:06� 106 1:33� 107 3:33

Anharmonic rate
constant of
microcanonical
case(s�1)

– 2:57� 104 8:66� 104 1:01� 106 5:20� 106 1:78

Harmonic W(E) of TS – 1.08 4.49 1:77� 102 2:73� 103 2:64
Harmonic qðEÞ of

reactant (1/cm�1)
— 8:84� 105 1:46� 106 4:90� 106 1:55� 107 4:65

Harmonic rate constant
of microcanonical
case
(s�1)

– 3:68� 104 9:20� 104 1:08� 106 5:28� 106 1:70
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3.1. Trimer

The anharmonic and the harmonic canonical rate constants cal-
culated are presented in Table 3, at temperatures from 100 to
2000 K for a canonical system. Corresponding to Table 3, the rate
constant for the water trimer are plotted in Fig. 1. In the earlier
theoretical work [23], the rate constant was predicted to be
kð300 KÞ ¼ 3:4� 10�4 s�1, which is reasonable agreement with
our results (kð300 KÞ ¼ 4:70� 10�4 s�1 and kð300 KÞ ¼ 3:35�
10�4 s�1 are anharmonic and harmonic rate constant, respectively).
Table 3 shows that the energies for 100–1000 K are lower than the
calculated activation energy of 21.01 kcal/mol. Hence, we have to
calculate the microcanonical rate constant at higher total energies.

The relationship between the total energy of a microcanonical
system and the temperature of a canonical system is the following
[6]

E ¼ � @ ln Q
@b

� �
: ð8Þ
94 34.755 38.087 41.485 44.943 48.455 52.015

� 104 1:25� 105 6:48� 105 2:88� 106 1:13� 107 4:04� 107 1:33� 108

� 107 7:90� 107 1:79� 108 3:90� 108 8:18� 108 1:66� 109 3:26� 109

� 107 0:48� 108 1:08� 108 2:21� 108 4:15� 108 7:30� 108 1:22� 109

� 104 1:90� 105 1:11� 106 5:48� 106 2:39� 107 9:38� 107 3:36� 108

� 107 1:33� 108 3:64� 108 9:60� 108 2:43� 109 5:95� 109 1:41� 1010

� 107 4:27� 107 9:08� 107 1:71� 108 2:95� 108 4:73� 108 7:16� 108
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Fig. 3. The same as Fig. 1 but for the water tetramer.
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Table 4 shows the anharmonic and harmonic rate constants of tri-
mer water for the microcanonical system. The data are also illus-
trated in Fig. 2.

From Table 3, Fig. 1 and Table 4, Fig. 2, it is concluded that with-
in both the canonical approach and the microcanonical one, the
harmonic and the anharmonic calculations give close results. That
is, the anharmonic effect is very small for the concerted exchange
reaction of the small cyclic water clusters ðH2OÞ3. Moreover, as
seen in Tables 3 and 4, the rate constant is insensitive to the higher
energies for the microcanonical case, while it is very sensitive to
the lower temperature for the canonical case. The rate constant in-
creases with increasing energy.

3.2. Tetramer

Referring to the trimer water, the anharmonic and the harmonic
rate constants are presented in Table 5, at temperatures from 100
to 1500 K for a canonical system. Corresponding to Table 5, the rate
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Fig. 2. The microcanonical rate constant versus total energies for the water trimer.

Table 5
The rate constant of the tetramer at different temperatures for the canonical system.

Temperature (K) 100.0 150.0 200.0 250.0 300.0 350.0 400.0 600.0
Total energy (kcal/mol) 0.347 0.951 1.796 2.820 3.985 5.265 6.645 12.934
Anharmonic rate constant of canonical case (s�1) 1:16� 10�25 2:71� 10�13 3:96� 10�7 1:94� 10�3 0.55 3:01� 10 6:19� 102 5:49� 105

Harmonic rate constant of canonical case (s�1) 1:17� 10�25 2:52� 10�13 3:17� 10�7 1:32� 10�3 0.33 1:61� 10 2:98� 102 2:70� 105

Temperature (K) 800.0 900.0 1000.0 1100.0 1200.0 1300.0 1400.0 1500.0
Total energy (kcal/mol) 20.166 24.070 28.145 32.378 36.756 41.267 45.900 50.642
Anharmonic rate constant of canonical case (s�1) 1:21� 107 3:07� 107 6:15� 107 1:04� 108 1:57� 108 2:15� 108 2:77� 108 3:38� 108

Harmonic rate constant of canonical case (s�1) 8:77� 106 2:90� 107 7:68� 107 1:73� 108 3:46� 108 6:29� 108 1:06� 109 1:67� 109

Table 6
The rate constant of the tetramer at different energies for the microcanonical system.

Total energy (kcal/mol) 16.448 16.993 20.166 24.070 28.145 32.378 36.756 41.267 45.900 50.642
Anharmonic W(E) of TS – 1.00 2:25� 103 5:22� 105 2:77� 106 6:65� 108 9:57� 109 9:64� 1010 7:49� 1011 4:76� 1012

Anharmonic qðEÞ of reactant
(1/cm�1)

– 8:49� 107 6:87� 108 6:81� 109 5:75� 1010 4:22� 1011 2:73� 1012 1:58� 1013 8:28� 1013 3:95� 1014

Anharmonic rate constant of
microcanonical case (s�1)

– 3:52� 103 9:81� 104 2:30� 106 1:45� 107 4:73� 107 1:05� 108 1:83� 108 2:71� 108 3:61� 108

Harmonic W(E) of TS – 10.6 2:29� 103 1:88� 105 6:57� 106 1:40� 108 2:14� 109 2:55� 1010 2:48� 1011 2:04� 1012

Harmonic qðEÞ of reactant
(1/cm�1)

– 1:75� 107 1:26� 108 1:11� 109 8:50� 109 5:78� 1010 3:55� 1011 1:99� 1012 1:03� 1013 4:92� 1013

Harmonic rate constant of
microcanonical case (s�1)

– 1:82� 104 5:43� 105 5:07� 106 2:32� 107 7:29� 107 1:81� 108 3:84� 108 7:23� 108 1:25� 109
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Fig. 4. The same as Fig. 2 but for the water tetramer.



Table 7
The tunneling probabilities for the trimer and the tetramer, respectively.

Total energies (kcal/mol) 10.0 11.0 12.0 13.0 14.0 15.0 16.0
Probabilities 2:08� 10�7 1:12� 10�6 5:57� 10�6 2:60� 10�5 1:15� 10�4 4:79� 10�4 1:91� 10�3

Total energies (kcal/mol) 17.0 18.0 19.0 20.0 21.0 22.0 23.0
Probabilities 7:25� 10�3 2:61� 10�2 8:69� 10�2 2:46� 10�1 0.52 0.78 0.92

Total energies (kcal/mol) 5.0 6.0 7.0 8.0 9.0 10.0 11.0 12.0
Probabilities 1:71� 10�9 1:70� 10�8 1:41� 10�7 1:01� 10�6 6:41� 10�6 3:68� 10�5 1:94� 10�4 9:51� 10�4

Total energies (kcal/mol) 13.0 14.0 15.0 16.0 17.0 18.0 19.0 20.0
Probabilities 4:35� 10�3 1:86� 10�2 7:23� 10�2 2:34� 10�1 0.54 0.81 0.94 0.98
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constants for the water tetramer are plotted in Fig. 3. The anhar-
monic and the harmonic rate constants are kð300 KÞ ¼ 0:55 s�1

and 0:33 s�1, respectively, which are in reasonable agreement with
the earlier theoretical work (kð300 KÞ ¼ 0:44 s�1) [23]. Table 5 sug-
gests that the energies for 100–600 K are lower than the calculated
activation energy of 16.98 kcal/mol. Hence, we have to calculate
the microcanonical rate constant at higher total energies. Table 6
shows that the anharmonic and the harmonic rate constants of tet-
ramer water for the microcanonical system. The data are also illus-
trated in Fig. 4.

The results show that within both canonical and microcanonical
approaches, the harmonic and the anharmonic calculations give
very close results. That is, the anharmonic effect is not very pro-
nounced for the concerted exchange reaction of the small cyclic
water clusters ðH2OÞ4. The rate constant increases with increasing
energy. Moreover, as seen from Tables 5 and 6, the rate constant is
insensitive to the higher energies for the microcanonical case, but,
it is very sensitive to the lower temperature for the canonical case.

Figs. 1–4 and Tables 3–6 show that the difference of the har-
monic and the anharmonic rate constants is rather small for the
canonical case, while it is quite large for the microcanonical case.
The difference increases with increasing molecular numbers and
increasing total energy. For a system, the more the molecular num-
bers, the more vibrational mode. Thus we conclude that the anhar-
monic effect becomes obvious with increasing molecular numbers.

Furthermore, we use the following formulism to obtain the tun-
neling probabilities for trimer and tetramer in Table 7 [24],

PðE1Þ ¼
sinhðaÞ sinhðbÞ

sinh2 aþb
2

� �
þ cosh2ðcÞ

; ð9Þ

where

a ¼ 4p
�hxb

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E1 þ V0

p
V�1=2

0 þ V�1=2
1

	 
�1
;

b ¼ 4p
�hxb

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E1 þ V1

p
V�1=2

0 þ V�1=2
1

	 
�1
;

c ¼ 2p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V0V1

ð�hxbÞ2
� 1

16

s
:

Here, xb is the magnitude of the imaginary frequency, V0 is the bar-
rier height relative to reactants, and V1 is the barrier height relative
to products. V1 � V0 is the exoergicity of the reactions (neglecting
the zero-point-energies).

Table 7 shows that the tunneling probabilities increase with
increasing of the total energy. The values are about 0.5 for trimer
in the barrier of 21.0 kcal/mol, and for tetramer in the barrier of
17.0 kcal/mol, respectively. It notes that the tunneling effect is very
small for the concerted hydrogen exchange reaction of
ðH2OÞn ðn ¼ 3;4Þ.

4. Conclusions

In this Letter, we have calculated the anharmonic and the har-
monic rate constants of the concerted hydrogen exchange reaction
in the cyclic trimer and tetramer water with the YL method. For the
trimer water, the calculated rate constant is kð300 KÞ ¼ 4:70�
10�4 s�1 for the anharmonic case, and kð300 KÞ ¼ 3:35� 10�4 s�1

for the harmonic case. While, for the tetramer water, the anhar-
monic and the harmonic rate constants are kð300 KÞ ¼ 0:55 s�1

and kð300 KÞ ¼ 0:33 s�1, respectively. Our results are in good
agreement with the values (kð300 KÞ ¼ 3:4� 10�4 s�1 and
0:44 s�1) given by Loerting et al. Moreover, we observed that with-
in both canonical and microcanonical approaches, the harmonic
and the anharmonic calculations give close results, i.e., the anhar-
monic effect is not very pronounced for the concerted exchange
reaction of the small cyclic water clusters. At the same time, the re-
sults show that the difference between the harmonic rate constant
and the anharmonic one is rather small for the canonical case,
while it is quite significant for the microcanonical case. The differ-
ence of rate constant increases with increasing of molecular num-
ber and increasing of total energy, i.e., the anharmonic effect
becomes obvious with increasing molecular number. Furthermore,
the rate constants increase with increasing total energy. The rate
constants are very sensitive to the lower energies for the canonical
case, while it is insensitive to the higher energies for the microca-
nonical case. The tunneling effect is very small for the concerted
hydrogen exchange reaction of ðH2OÞn ðn ¼ 3;4Þ and can be ne-
glected in the two reactions. Hence, the present results indicate
that the YL method is suitable for studying the rate constant of
such small cyclic water clusters.
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