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curvilinear tooth-traces. According to the theory of gearing, the mathematical model of
the proposed gear is developed. The tooth contact analysis technique is utilized to inves-
tigate the kinematical errors of circular-arc curvilinear tooth gear drives under different
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1 Introduction

It is known that gears are widely used in industry for power
transmissions because of their high efficiencies. Liu [1] investi-
gated the characteristics of curvilinear gears and proposed the
manufacture method by applying a face-mill cutter to generate
curvilinear gears in 1988. The merits of curvilinear gears are
higher bending strength, lower noise, better lubrication effect, no
axial thrust force, avoiding edge contact, etc. [1]. In 2000, Tseng
and Tsay [2] developed a mathematical model of cylindrical gears
with curvilinear shaped teeth generated by using an imaginary
rack cutter with straight-edged tooth profiles and investigated the
tooth undercutting of curvilinear gears. However, in practical
manufacturing, gears are usually cut by a hobbing machine.
Therefore, Tseng and Tsay [3] proposed a generating process of
using a straight-edged hob cutter to generate the curvilinear gear.
A helical gear with circular tooth profiles was proposed by
Wildhaber [4] in 1926 and Novikov [5] in 1956. This type of
gears became popular in 1960s because of their low contact
stresses. Litvin and Tsay [6] investigated the mathematical model
and tooth contact analysis of circular-arc helical gears by consid-
ering the pinion and gear were generated by two imaginary
circular-arc rack cutters.

In this paper, a curvilinear tooth-trace gear pair with circular-
arc tooth profiles is proposed. The generation mechanism of the
proposed gear drive can be accomplished by considering two
complemented rack cutters with circular-arc tooth profiles and
curvilinear tooth-traces to generate the gear and pinion. The gear
pair with a curvilinear tooth-trace results in a crowning effect on
the tooth width direction. Therefore, the bearing contact is local-
ized and located at the middle section of the tooth width, and the
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proposed circular-arc curvilinear tooth gear pair is theoretically in
point contact. Thus, the proposed gear drive allows axial align-
ments and has no axial thrust force. Due to elasticity of tooth
surfaces, the instantaneous contact point is spread over an ellipti-
cal area. A larger curvature of the circular-arc tooth profiles of the
proposed curvilinear gear drive can increase the length of minor
axis of the contact ellipse, and a smaller curvature of the curvilin-
ear tooth-trace can increase the length of major axis of the contact
ellipse. Therefore, if the curvatures of two mating gear tooth sur-
faces were properly designed, the circular-arc curvilinear tooth
gear drive is a kind of gears with a higher loading capacity, and it
operates without axial thrust force. The mathematical model of the
curvilinear gear with circular-arc tooth profiles is developed ac-
cording to the gear theory [7,8] and the proposed gear generation
mechanism. The tooth contact analysis (TCA) simulation of the
circular-arc curvilinear tooth gear drive can be performed accord-
ing to the established mathematical model.

The TCA has been utilized herein to investigate the kinematical
error (KE) of the circular-arc curvilinear tooth gear drive meshing
under ideal and error assembly conditions. The location and shape
of contact ellipses of the mating gear and pinion can be also
simulated by applying the TCA results and surface topology
method [9]. Six examples are presented to show the relations
among the radius of circular-arc tooth profile, radius of curvilinear
tooth-trace, contact ratio, contact pattern, and KE of the gear pair
under different assembly conditions.

2 Mathematical Model of the Circular-Arc Curvilin-
ear Tooth Gear

Figure 1 illustrates the generating mechanism, proposed by Liu
[1] for cutting of curvilinear gears, where axis A-A represents the
rotation axis of the gear blank, and axis B-B expresses the cutter
spindle. The spindle of the face-mill cutter with radius R, rotates
about the axis B-B with an angular velocity w, and translates with
a linear velocity w;ry to the right, where r; is the pitch radius of
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the gear blank and w; is the angular velocity of it. The work piece
is indexed to one tooth and the generating cycle is repeated until
all the gear teeth and spaces are produced.

Although the gear is generated by a face-mill cutter, however, it
can also be considered that the gear is generated by a rack cutter.
In this paper, the circular-arc curvilinear tooth gear pair is gener-
ated by two complemented rack cutters %, and 3,. The normal
sections of the rack cutters 3, and 3, are shown in Fig. 2. The
enlarged normal section of the circular-arc rack cutter 2, and its
corresponding design parameters are shown in Fig. 3. Coordinate

Fig. 3 Normal cross section of the circular-arc rack cutter 3

system S£g>(X5g),Y 5g),Z(rg)) is rigidly attached to the middle of
transverse section of the imaginary rack cutter. Figure 4 illustrates
the relations between rack cutter coordinate system

Sgg)(ng), y® ,Zig) ) and rack cutter normal cross section coordinate
system S(rg . The surface equation of the imaginary rack cutter
surface %, and its unit normal vector can be expressed in coordi-
nate system SES)(XEF),YE@,Z?) as follows:

Rgg)
_xE.“’)
=[y¥
_ZE:“)
— R®)(sin a — sin 6®))
SG
R,,(1 —cos Y& = cos y(g)(— 5 +R®(cos a— cos 49(’3)))
SG
sin 7(g)<Rab + (3 — R®(cos & — cos 6’“‘”)))
(1
where
W 14
—sin™! = 9® < gin”! (2)
2R, | 2R,
and
nﬁﬁ) sin 6%
n® = n(ygc) =| = (= cos Y% cos 6¢)) (3)
n%’c) | Tsin Y¢) cos 6%

where the upper sign of symbol “*” indicates the right-side of the
rack cutter surface, 6¢) is a design parameter of the circular-arc

rack cutter ranging from 02?.) to (iffgx, Y indicates the instanta-

n

Xr 70

Z¢,Z:

Pitch plane of
the rack cutter

Fig. 4 Relationship among coordinate systems S?, S”, and S,
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Fig. 5 Coordinate systems for simulation of a gear pair
meshed with assembly errors

neous position of the rack cutter normal cross section Sf,g), «a de-
notes the normal pressure angle, R represents the radius of the

circular-arc MN, R, denotes the radius of curvilinear tooth-trace,
and W represents the tooth width of the curvilinear tooth gear.
In the generation process, the relative velocity of the gear with
respect to the rack cutter, VU2, is perpendicular to their common
normal, n. Therefore, the following equation must be observed:

n-vi2=0 (4)

Equation (4) is the so called “meshing equation.” Based on the
meshing equation, parameters Y¢), 6¢), and ¢, can be expressed
in the following implicit form:

R®@
F(#9,69,¢)) = - T( T 2R, — S9+ 2R cos a— 2R cos ¢

2 cos YO[r (= 1 + w,)cos 0¥ + RO w, sin(a - 69)
Y 1 1 1

+sin 09 F 2R @, = 2r ¢ + (+ 2R, + S w, cos y9]=0 (5)

and the locus of the rack cutter surfaces can be obtained by ap-
plying the following homogeneous coordinate transformation ma-
trix equation:

R(lg) = MICREg)
cos ¢, —sing, 0 ry(cos ¢+ ¢ singpy) || x¥
sinhy cos g 0 ri(sin =y cos ) || i
oo 0 1 0 29
0 0 0 1 1

(6)

where symbol r; denotes the radius of the gear pitch circle and ¢,
expresses the gear rotation angle during the gear generation pro-
cess. The mathematical model of the circular-arc curvilinear tooth
gear surfaces can be obtained by considering Egs. (5) and (6),
simultaneously. By applying the similar process, the mathematical
model of the curvilinear pinion surfaces with circular-arc tooth
profiles can also be derived.

3 Tooth Contact Analysis

3.1 Analysis on Kinematical Errors. The KE of a gear
drive, induced due to assembly errors, is defined as the difference
between the actual and ideal rotation angles of the output shaft
with reference to the input shaft. The assembly errors of a gear
drive can be simulated by changing the settings and orientations
of coordinate systems S,(X,,Y,,Z,) and S,(X},Y,,Z;), as shown

Journal of Mechanical Design

in Fig. 5, where coordinate systems S,(X;,Y;,Z;) and
S-(X,,Y,,Z,) are attached to the gear and pinion, respectively, in
which axes Z; and Z, stand for the rotation-axes of the gear and
pinion. Symbols ¢; and ¢; represent the actual rotation angles of
the gear and pinion under assembly errors, respectively. Coordi-
nate system S f(Xf,Y f,Zf) is the fixed coordinate system, and co-
ordinate systems S,(X,,Y,,Z,) and S,(X,,Y;,Z,) are setup for
simulations of the horizontal misaligned angle Ay, and vertical
misaligned angle Avy,. C is the ideal center distance of the gear
pair, and AC is the center distance assembly error. When applying
the TCA method to calculate the KE of the circular-arc curvilinear
tooth gear pair, the normal and position vectors of both gear and
pinion surfaces should be represented in the same coordinate sys-
tem, say, S f(X +,Yr,Zy). The position vector and unit normal vector
of the circular-arc curvilinear tooth gear surface can be trans-
formed from coordinate system S;(X;,Y;,Z;) to the fixed coordi-
nate system S{(X;,Y;,Z;) by applying homogeneous coordinate
transformation matrix equations:

R}I) =M;M,,M, R, (7)

and
n;”l) = ththLulnl (8)
Similarly, the position vector and unit normal vector of the
circular-arc curvilinear tooth pinion surface, originally represented
in coordinate system S,(X,,Y»,Z,), can be transformed to the
fixed coordinate system S/{X,,Y;,Z,) by applying the following

equations:

R_;'z) = Mszz )

and
(10)

When the gear pair is meshed with each other, the mating tooth
surfaces must satisfy the conditions of tooth continuous tangency
at their instantaneous contact point as follows:

(1 _ R®)
RV =R

2
n} ) = sznz

(11)

and
(12)

Equations (11) and (12) and two meshing equations for the gear
and pinion generations form a system of seven independent equa-
tions with eight unknowns (i.e., 6%, §7), 18, YV ¢, &, ¢/ and
¢,). The KE of the circular-arc curvilinear tooth gear pair can be
calculated by using the following equation:

(1) 2 _
n; X n;’ = 0

)
KE=A¢1(¢2)=¢1(¢2)—¢2ﬁ (13)
where T8 and T indicates the number of teeth of the gear and
pinion, and ¢(¢3) is the actual rotation angle of the gear when
the gear pair is meshed under assembly errors. A¢(¢3) is the KE
of the gear set induced by the assembly errors.

3.2 Simulation of Contact Patterns. Owing to the elasticity
of tooth surfaces, the instantaneous contact point of mating gear
tooth surfaces is spread over an elliptical area. The location of
geometric center of the instantaneous contact ellipse coincides
with the theoretical contact point, which is obtained by TCA. The
bearing contact of the gear drive is formed as a set of contact
ellipses. Usually, the contact pattern can be measured on a gear
pattern testing machine. The gear tooth surface is smeared with a
coating, and the diameter of the coating is 6.32 um.

Actually, the contact pattern can also be obtained by applying
the surface topology method and numerical simulation method.
Figure 6(a) displays the relationship among two contact tooth sur-
faces and their common tangent plane, where point Op is the
instantaneous contact point of two mating gear tooth surfaces 3,

AUGUST 2009, Vol. 131 / 081003-3

Downloaded From: http://mechanicaldesign.asmedigitalcollection.asme.org/ on 04/25/2014 Terms of Use: http://asme.org/terms



(b) Measurements on surface separation distance.

Fig. 6 Simulation of a contact ellipse (a) common tangent
plane and polar coordinates; (b) measurements on surface-
separation distance

and ,. Vector n is the common unit normal vector of these two
mating tooth surfaces, and 7 indicates the common tangent plane
to the mating tooth surfaces. The perpendicular distances mea-
sured from point P, on the tangent plane 7, to the mating tooth
surfaces X, and X, are designated as d; and d,, as illustrated in
Fig. 6(b). Thus, the total separation distance of these two mating
tooth surfaces at point P can be expressed as d=d;+d,, where
dy+d, is equal to |Z(T])—Z(T2) , and Z(Tl) and Z(Tz) represent the coor-
dinates of points P; and P, of the Z; component, respectively. An
auxiliary polar coordinate system (r, 67) is defined and parameter
r represents the distance measured outward from the contact point
O7 to the searched separation point P, as shown in Fig. 6, and 6
indicates the angular position with the range of 6 beginning from
0 to 24r. All the equal separation-distance points of two mating
tooth surfaces can be calculated by solving the following system
of equations:

Xy = X7 (14)
vy =y (15)
(Tl)
tan(0y) = —— (16)
X\
and
|2V — 29| =6.32 um (17)

Therefore, the unknown parameters can be solved by applying
Egs. (14)—(17) with a numerical method. Based on the above-

Table 1 Major design parameters for the curvilinear tooth gear
set
Design parameters Pinion Gear
Number of teeth (719) 18 36
Normal module (M) 3 mm/tooth 3 mm/tooth
Normal pressure angle (a) 20 deg
Radius of the curvilinear tooth-trace (R,;,) 30 mm
Face width (W) 30 mm

081003-4 / Vol. 131, AUGUST 2009
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Fig. 7 Kinematical errors of the gear pair with different R
under different assembly conditions (R,,=30 mm)
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Table 2 Contact ratios under different design parameters

Design parameters: M =3 mm/tooth,
A=1M, B=1M, T¥=36 teeth, T"'=18 teeth

R® R

R, «
(Figs. 1 and 4) (Fig. 3) (Fig. 3) (Fig. 3) . "
(mm) (mm) (mm) (deg) (deg) (deg) CR
30 80 80 20 _13.54 545 1.90
30 80 80 25 1153 460 161
30 40 40 20 ~15.03 4.99 2,00
20 80 80 20 _13.54 545 1.90

&1, represents the rotation angle of the gear at the beginning point of contact and ¢, represents the rotation angle of the gear

at the end point of contact.

mentioned algorithm, a computer program is developed to deter-
mine the points, which the amount of surface-separation distance
is the same as the thickness of the coating for contact pattern tests.

4 Numerical Examples for Meshing Simulations of
Gear Drives

Example 1. The relationships between the KE and radius R")
(Fig. 3) of the circular-arc cutter profile are investigated. Some
major design parameters of the circular-arc curvilinear tooth gear
pair are shown in Table 1. This example investigates the gear pair
meshing under different R(i), and it is defined that R®=R®P for
two complemented circular-arc rack cutters.

The KE curves of the mating gear pair meshing under different
assembly conditions are shown in Fig. 7. It is found that this type
of gear pair is very sensitive to the center distance variation, and
KE is decreased with the increase in RY) when the center distance
assembly error AC=0.1 mm. It is known that gears with involute
tooth profiles induce no KE with center distance assembly errors.
It means that when R approaches to infinity then the gear pair
becomes the involute profile and KE becomes zero (Fig. 7(b)).
However, if the gear pair has an axial misalignment Avy,
=0.1 deg, then the KE increases with the increase of RY. Accord-
ing to Figs. 7(c) and 7(d), this type of gears allow gear axial
misalignments.

Example 2. In this example, contact ratios of the gear pair are
studied. The contact ratio of a gear set is defined as the average
number of teeth in contact during the gear meshing. Therefore, the
contact ratio can be calculated by the gear’s rotation angle, mea-
sured from the beginning point of contact to the end point of
contact, divided by the angle formed by two successive teeth (i.e.,
360 deg/ ﬂg)). Herein, 7' is the numbers of gear teeth. Thus, the
contact ratio (CR) can be obtained from the result of TCA and
expressed by the following equation:

CR= T(g)< bi.— ‘f’lb)
- 360 deg

where angles ¢, and ¢, represent the end point of contact and
the beginning point of contact of the gear rotation angle, respec-
tively. These two angles can be determined based on the TCA
simulation results. Therefore, ¢;,— ¢;; denotes the rotation angle
of the gear while one pair of gear teeth is in mesh within the range
of gear tooth surface.

In this example, the major design parameters of the gear pair
are the same as those listed in Table 1. Table 2 illustrates the
contact ratios versus different major design parameters of the gear
set. Contact ratio increases with the decrease of the pressure angle
and radius of the cutter’s circular-arc profiles. However, the radius
R, of the face-mill cutter (i.e. radius of curvilinear tooth-trace)
takes no effect on the contact ratio.

Example 3. A value of AR is pre-designed in this example, and
AR is defined as AR=(R"” —~R®)). The major design parameters of

(18)
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the circular-arc curvilinear tooth gear set are the same as those
shown in Table 1.

KEs under different meshing conditions with different AR are
illustrated in Fig. 8, where AR=0, 2, and 4 mm. There is no KE
under ideal assembly conditions with AR=0 mm because the gear
pair is generated by two complemented rack cutters. However, the
gear pair with AR# 0 possesses a parabolic type of KE curve
under the ideal assembly condition. Relationships between KE
and AR under different meshing conditions are shown in this fig-
ure. It is found that center distance error AC has a significant
influence on the KE of the gear pair since the proposed gear drive
has circular-arc tooth profiles.

Example 4. Let us investigate the KEs of the gear pair with
different radii R,, of the curvilinear tooth-trace (Fig. 4) under
different assembly conditions. The design parameters of the gear
pair are the same as those shown in Table 1 with R =R®
=80 mm. The KE curves of the gear pair under different meshing
conditions are shown in Fig. 9.

The gear pair generated by two complemented rack cutters has
no KE meshing under ideal assembly conditions. It is found that
KE caused by the center distance assembly error is quite severe
but it is not sensitive to the value of R,. It is due to the fact that
the circular-arc curvilinear tooth gear pair is in point contacts, and
the contact point of the gear pair is located on the cross section of
ZW=0 mm (i.e. ¥?=0 deg shown in Fig. 4) under the ideal as-
sembly condition and with center distance error. Therefore, the
KE indeed depends on the circular-arc tooth profile of the gear
pair and has no relationship with the radius of curvilinear tooth-
trace of the gear pair. It is also found that KE is decreased with the
decrease of R, under a horizontal misaligned angle A, It means
that a larger curvature (i.e., a smaller R,;,) of the curvilinear tooth-
trace allows a larger tolerance to the horizontal axial misalignment
of the gear pair. However, KE is increased with the decrease of
R, under a vertical misaligned angle Avy,. Therefore, a circular-
arc curvilinear tooth gear pair is very sensitive to the center dis-
tance assembly error. However, the axial misalignments and R,
are not sensitive to the KE of the gear pair.

Example 5. The contact patterns under different assembly con-
ditions are acquired by the developed TCA computer simulation
programs. The bearing contacts are localized near the middle re-
gion of the tooth flank due to the curvilinear tooth-trace of the
gear pair. The major design parameters of the gear pair are the
same as those listed in Table 1 except that R®)=R" =40 mm with
different values of curvilinear tooth-trace R .

Figure 10 shows the contact ellipses that appeared on the gear
tooth surfaces of the gear pair with R,,=20, 30, and 40 mm, re-
spectively, under ideal assembly condition. In Fig. 10, symbol
¢, =y, indicates the rotation angle of the gear at the beginning
point of contact while ¢;=¢,, represents the rotation angle of the
gear at the end point of contact. ¢, and ¢, are obtained from
TCA results and shown in Table 2. Meanwhile, the contact ratio of
the gear drive can be calculated by applying Eq. (18). The contact
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Fig. 9 Kinematical errors of the gear pair with different R,,

Fig. 8 Kinematical errors of the gear pair with different AR
under different assembly conditions (R®) = R(9=80 mm)

under different assembly conditions (R,,=30 mm)
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Fig. 10 Contact ellipses on the gear tooth surfaces under
ideal assembly condition with different values of R,,: (a) R,y
=20 mm (R9=RP=40 mm); (b) R,,=30mm (R9=RP
=40 mm); (¢) R,,=40 mm (R9=RP =40 mm)

points of the gear pair are all located at the middle region of the
gear flank no matter R,;,=20, 30, or 40 mm, and the length of the
major axis of contact ellipses increases evidently with the increase
of R, This is due to the fact that a larger radius of R, induces a
smaller crowning effect on the tooth flank. If the radius R, tends

[
S -

N W A U1 AN O

-

Semi-major axis length of the contact ellipse (mm)

L L L

20 40 60 80 100 120 140 160 180 200

Radius Rab (inm)

Fig. 11 Relationship of design parameter R,;, versus the semi-
major axis length of the contact ellipse
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0 10
| (mm)

Fig. 12 Contact ellipses on the gear tooth surface with differ-
ent RY

to infinity, the curvilinear tooth gear becomes a spur gear. Figure
11 shows the effects of design parameter R, on the semi-major
axis length of the contact ellipse. It is found that the semi-major
axis length is proportional to R,

Example 6. One of the main advantage of the circular-arc cur-
vilinear tooth gear drive is to reduce the contact stress efficiently
by increasing the area of contact ellipses on the contact tooth
surfaces. Therefore, contact ellipse is the key index to predict the
contact situation. The area of the contact ellipse depends on the
lengths of major and minor axes of the contact ellipse. In this
example, the gear parameter R") is chosen to investigate the ef-
fects on the corresponding semi-minor axis of the contact ellipse,
while the radius of the curvilinear tooth-trace is fixed as R,
=30 mm (Figs. 1 and 4). Major design parameters for this ex-
ample are chosen the same as those listed in Table 1. It is noted
that the radii of circular-arc tooth profiles R®'=R® for two
complemented rack cutters, as shown in Figs. 2 and 3, are chosen
as 25 mm, 80 mm and 2000 mm herein.

Figure 12 shows the length of minor-axis of the contact ellipse
and it is inverse proportional to the radius R, Figure 13 shows
the relationships between the design parameter R to the length
of semi-major axis and semi-minor axis of the contact ellipse
under ideal assembly condition. It is noted that the length of the
semi-minor axis of the contact ellipse can be increased signifi-
cantly by designing of a gear drive with a smaller value of R,
but variation of R¢) almost has no effect on the length of semi-
major axis of contact ellipse. However, as stated in Example 5, the
length of semi-major axis can be increased by the increase in radii
R, of the curvilinear tooth-trace, as shown in Fig. 11.
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Fig. 13 Relationship of design parameter R versus the semi-
major and semi-minor axis lengths of the contact ellipse

AUGUST 2009, Vol. 131 / 081003-7

Downloaded From: http://mechanicaldesign.asmedigitalcollection.asme.org/ on 04/25/2014 Terms of Use: http://asme.org/terms



5 Conclusions

In this study, two complemented rack cutters are designed as
curvilinear tooth-traces with their normal sections of circular-arc
tooth profiles for generation of the proposed circular-arc curvilin-
ear tooth gear drives. Mathematical model of this type of gears
has been derived based on the theory of gearing and gear genera-
tion mechanism. The advantages of the proposed gear drive are
having a higher load carrying capacity, without axial thrust force
and not sensitive to axial assembly misalignments.

The TCA computer simulation programs have been developed
for the proposed circular-arc curvilinear tooth gear drive. The ef-
fects of the gear design parameters and assembly errors on the
contact ellipse, contact ratio and KE of the mating gear drive can
be predicted by the computer simulations. The resultant KE curve
of the gear drive can be modified into a parabolic type by appro-
priately choosing the design parameter AR.

The effects of the assembly errors and major gear design pa-
rameters on the shape of contact ellipses are acquired by applying
the developed TCA computer simulation programs and surface
topology method. The area of the contact ellipse can be adjusted
by changing the radius R, of the curvilinear tooth-trace and the
radius RY of circular-arc tooth profile of the cutter. The length of
the major-axis of contact ellipses is directly proportional to the
radius R, of the curvilinear tooth-trace. Meanwhile, the minor-
axis of contact ellipses is inverse proportional to the radius R of

081003-8 / Vol. 131, AUGUST 2009

the circular-arc tooth profile. By properly choosing a smaller
value of circular-arc tooth radius R”) and a larger curvilinear tooth
radius R, of the circular-arc curvilinear tooth gear drive, the area
of its contact ellipses can be increased significantly.
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