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1. Introduction

A Steiner triple system of order t, denoted STS(t), is a pair (V, 8) where V is a t-set and B is a collection of 3-element
subsets (called triples) of V such that each pair of elements occurs in a unique triple. It is well-known that an STS(t) exists
ifand only if t = 1 or 3 (mod 6). In terms of graph decompositions, an STS(t) can also be viewed as a partition of the edges
of K;, each element of which induces a triangle C3; we denote such a decomposition by Cs3|K;.

A packing of a graph T with triangles is a partition of the edge set of a subgraph G of T, each element of which induces a
triangle; the remainder graph of this packing, also known as the leave, is the subgraph T — G formed from T by removing
the edges in G. If the leave is minimum in size (that is, has the least number of edges among all possible leaves of T), then
the packing is called a maximum packing. The following result is well-known.

Theorem 1.1 ([5]). The leaves G for any maximum packing of K, with triangles are as follows:

tmod6) 0 1 2 3 4 5
G F ¢ F 0 F G

F is a 1-factor, F; is an odd spanning forest with % + 1 edges (tripole), and C4 is a cycle of length 4.
It is natural to ask for which subgraphs G of K;, C3|(K; — G). When t is odd and G is a 2-regular graph, the following result
has been obtained by Colbourn and Rosa [2].

Theorem 1.2 ([2]). Let t be an odd positive integer. Let G be a 2-regular subgraph of K;. If t = 9, then suppose that G # C4 U Cs.
Then Cs3|(K; — G) if and only if the number of edges in K; — G is a multiple of 3.
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In this paper, we consider the corresponding problem about packings of directed graphs.

A Mendelsohn triple system of order t, denoted MTS(t), is a pair (V, 8) where V is a t-set, 8 is a collection of cyclically
ordered 3-subsets of V(called Mendelsohn triples) such that each ordered pair of V appears in exactly one Mendelsohn triple
of 8. In terms of graph decomposition, the existence of an MTS(t) is equivalent to partitioning the directed edges (or edges

in short) of D, into a collection of directed 3-cycles. We denote such a decomposition by C3 | D;. It is well-known that an
MTS(t) exists ifand only if t = 0, 1 (mod 3),t % 6[1].

In this paper, we shall extend the work of Theorem 1.2 to directed graphs. We consider packings of D; with Mendelsohn
triples and prove the following result.

Theorem 1.3. Let t bea posmve integer. Let G be a vertex disjoint unzon of directed cycles in the complete directed graph D, and
suppose G # CzUC3 or C5 ift=>5,andG # C3UC3lft = 6.Then C3 | (D;—G)ifandonlyif t(t—1)—|E(G)| = 0 (mod 3).

We can get 2K; from D, where 2K; is the multigraph in which each pair of vertices is joined by exactly two edges. Thus
we have Theorem 1.4.

Theorem 1.4. Let t be a positive integer. Let G be a vertex-disjoint union of cycles in 2K;, and suppose G £ C, UCs if t = 5, and
G#CGUGIft=6.ThenCs | 2K, — G) ifand only if t(t — 1) — |[E(G)| = 0 (mod 3).

Note here that the exceptional case 2K5 — Cs can be obtained by direct construction and the other two cases remain
impossible.

2. Preliminaries

In this section, we will give some notation, symbols and lemmas which are useful in the proof of our main theorem.

Let D; be a complete directed graph of order t containing no loops so that for each vertex v in D;, deg* (v) = deg™ (v) =
t — 1. Let Dy, denote the directed complete subgraphs of D, induced by V; where V; C V(D;). Let V; be an m-set,
V, be an n-set and V; NV, = . A complete bipartite directed graph Dy, v, (Dm ) contains 2mn directed edges; e.g.
D3, = {a;ib;, bja; | 1 <i <3, 1 <j < 2} which has 12 edges. (For convenience, we call them edges instead of directed
edges.)

The join of two directed graphs G; and G, is denoted by G; Vv G, where G; and G, are vertex-disjoint. Then E(G; V G,)
E(G1) UE(Gy) UE(D Gy, |v(cy)))- For convenience, we use G; + G, to denote E(G;) U E(G,). Obviously, Dyin = Dy V Dy

Dy + Dy, 4 Dy . In the following, we denote a directed cycle of length [ by a.

Definition 2.1. Let t be a positive integer. If H is a spanning subgraph of G, then H is a t-factor of G if deg(v) = t for each
vertex v in H.

Definition 2.2. Let H be a 2-factor of G. If G is oriented such that for each vertex v in H, deg*(v) = deg™ (v) = 1, then H is
a directed 2-factor of G.

Lemma 2.1. Let C be a directed 2-factor. Then C3 | (C Vv K;) where V(C) NV (Ky) = @

The lemma can be deduced from the following example immediately.

Example 1. Let V; = Z5, V, = {00} and ES = (0, 1, 2, 3, 4). The graph T contains a single point co. Then T V ES =
DV],VZ + Cs = {(07 15 OO), (17 25 00)7 (25 33 00)7 (35 43 OO), (43 Oa OO)}'

Theorem 2.1 ([6]). Let G be a t-regular graph with t an even number. Then G can be decomposed into % 2-factors.

An analog of Petersen’s 2-factor theorem (Theorem 2.1), in the case of directed graphs, is also needed in our proof. For
clarity, we present a proof here.

Theorem 2.2. Let G be a t-regular digraph, i.e, degt(v) = deg™ (v) = t for any v € V(G). Then G can be decomposed into t
directed 2-factors (or t 1-regular directed spanning subgraphs).

Proof. Construct a bipartite graph H = (Vq, V,) from G by letting V; = V, = V(G) and a vertex a of V; is adjacent to a
vertex b of V, if and only if (a, b) is an arc in G. By assumption, we conclude that H is t-regular and thus by Hall’s condition
H has a perfect matching M = {a,bq, axb,, ..., a,b,} where n = |V (G)|.

From M, we obtain a 1-regular directed spanning subgraph (ai, by, a;;, b;, a;,, b,, ...) of G which is the desired
subgraph. Then, the proof follows by considering the perfect matchings one at a time (t of them). O

Since we shall use induction on the order t to prove our main results, the following lemmas which show the direct
construction for small orders are essential. We start at t = 5 since the cases when t < 4 are easy to be seen.
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Lemma2.2. If G= C, U C3or Cs, then Ds — G has no Cs-decomposition.

Proof. The first case is easy to see. Now, if G = Es. then, without loss of generality, we may let ES = (0, 1, 2, 3, 4) where
V(Ds) = Zs. Therefore, there are 15 edges in Ds — C5 which includes all (a, b) witha,b € Zsanda — b = 2 or 3 (mod
5). Since these 10 edges themselves cannot form a directed 3-cycle, we shall need one edge of difference 4 to combine with
two of the 10 edges with difference 2 or 3. But, this is impossible by direct checking. O

Lemma23. IfG= C3U Eg, then Dg — G has no C 3-decomposition.

Proof. Let the two directed 3-cycles be defined on A = {a, b, c} and B = {d, e, f} respectively. Then there are 18 edges in
Dy g which cannot form a directed 3-cycle themselves. Since there are only 6 edges left in A and B, no C3-decompositions
can be obtained forDg — G. O

Lemma 2.4. Suppose G # E3 UCsift =6.For 6 <t < 12,if G contains a Ez (or D), then D; — G has a C3-decomposition.
Proof. The proof follows by adding directed 3-cycles to G— C defined on V(D;) \ V(C>) to obtain a (t —5)-regular subgraph
H of D;_5 (D;—; — H is 2-regular) and then apply Theorem 2.2. O

Note that the number of directed 3-cycles (denoted by N) we add can be seen in the following table. Since they are easy
to calculate, we omit the details.

9 10 11 12
7

t 6 7 8
N 0 2 4 10 15 20

Lemma 2.5. For 7 < t < 12, if G contains a directed 3-cycle, then D, — G has a C 3-decomposition.

Proof. The idea is similar to the proof of Lemma 2.4 for 8 < t < 12. Instead of making the subgraph H(t — 5)-
regular, we need a (t — 7)-regular graph H. Therefore, for 8 < t < 12, we have a similar proof. For completeness,

we include a C3-decomposition of D; — (C3 U C3) in what follows. Let V(D;) = {a,b,c,d, e, f, g} and let the two
directed 3-cycles be defined on {a, b, c} and {d, e, f} respectively. Then D; — ({(a,b,c)} U {(d,e,f)}) = {(a,e,b),
(b,f,0), (c,d,a),(af,e), (b, df)(ced,(gad),@gf a,(gcf)@gec),beg),dbg} O

Lemma 2.6. There exist Eydecompositionsfor D3 — 83, DG — Eg, D7 — EG: Dg — Eg, Dg — Eg, D11 — EH, D12 — (Es U Eg),
and D12 — C12.

Proof. We give the proof by direct construction which can be found in the Appendix. O

Lemma 2.7. Let G contain two directed cycles with one of them C4 or ES. Then, for t = 8,9, 10, 11, 12, the graph D; — G has
a C3-decomposition if and only if t(t — 1) — |E(G)| = 0 (mod 3).
Proof. The proof can also be found in the Appendix. O

Note that if we need the case t = 13 in our main proof, we can decompose D3 — G into C 3-decomposition by finding
four vertex-disjoint 3- cycles in B’ which is the set of directed 3-cycles of D13 — G.

For example, let G = C5U C7 Let the set of directed 3-cyclesbe B” = {(e, i, ), (h, ¢, f), (j, d, a), (b, k, g)} C B'.Letanew
vertex be m,thenD3—G = B'—B"+{(m, e, i), (m, i, 1), (m, L, e), (m, h, c), (m,c, ), (m, f, h), (m, ]}, d), (m,d, a), (m, a,j),
(m, b, k), (m, k, g), (m, g, b)}.

On the other hand, if G contains a D,, then the proof follows by a similar idea as in Lemma 2.4.

With the above preparations, we are now in a position to prove our main results. For readers’ convenience, we start with
a special case.

Lemma 2.8. Let t be a positive integer such that t = 4 (mod 6). Let G be a 1-regular directed subgraph of D; such that
t(t — 1) — |E(G)| is a multiple of 3 and C, is not a component of G. Then D; — G can be decomposed into directed 3-cycles.

Proof. Fort = 4andt = 10, the proof follows by direct constructions. Assume thatt > 16. By counting, |[E(G)| = 0 (mod 3).
For convenience, let t = 6k 44,V (D;) = {v; | i € Zexq4} and V(G) = {v; | 314+ 1 < i < 6k + 3}. Now, let G = G + By where
By = {(v1, v2, v3), (vs, Vs, V6), ..., (V3—2, V31—1, V31)}. Let G’ be the graph obtained by reversing the direction of the arcs on
G. Then, the following results are easy to see:

(i) By Theorem 1.2,D;_{ — (E + E/) has a C3-decomposition where D,_ is defined on V(D) \ {vo};

(ii) by Lemma 2.1, GV {vo} has a C3-decomposition.
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Let the collection of directed 3-cycles obtained from (i) and (ii) be denoted by B; and B, respectively. Then D; — G can be
decomposed into the directed 3-cycle collection By U By U B,.
To simplify arguments, we also use the following equalities to see the process of obtaining the desired decomposition.

Di =G = D — (G+Bo) +Bo
=D, — G+ By
= Di_1 + Dv(o\(uo).(vg) — G + Bo
=D_1—G—G + (Dv o)\ {vo).{ve) T+ G) + By
= ByUB,UB, whereB; =D;_; — G — G and B, = Dy(py\(vg).(o) + G- O

In order to prove our main theorem, we first consider the case when G is a directed cycle of size very close to t, i.e., either
tort — 1.

Theorem 2.3. For each positive integer t, E3 | (Dy — a) whent = 0, 2 (mod 3) and E3 | (D — a_l) whent = 1 (mod 3).

Proof. We give the proof by induction. For small cases, the proof can be found in Lemma 2.6. Assuming inductively that the
assertion is true for values less than t, we shall prove the assertion is true for t. Note here that whent = 4 (mod 6), we can
obtain the result by Lemma 2.8 independently. The proof can be divided into two cases.

Case 1.t = 0, 2 (mod 3).

Case (1.1).t = 3 (mod 6).
Fort = 3 (mod 6),lett = 6k + 3 and let V(D;) = AUBwhereA = {oo; | i € Zy}andB = {i | i € Z3ps3}.

Furthermore, let a = (00, 001, ..., 0031, 0, 1, , 3k 4+ 2). Now, by adding o = {(k + 2, 003¢_1, ©g), (000,31( +

2,k + 2), (cosk—1,k+2,0), 0,k + 2,3k + 2)} to Ct where « is a set of four Mendelsohn triples, we obtain Ct + o =

NGV NG| NG)) ~@

C +C +B+{k+2,3k+2),(0,k+2)} where C = (00g,001,...,003%_1),C = (0,1,...,3k + 2) and

B = {(0c0g, 3k 4+ 2), (ooo, k +2), (co3k—1, k 4 2), (0031—1, 0)}. First, considering D; = Dy 4 D + Dy p, we can easily get
—(1)

Dy — C whichhasa C3 -decomposition by induction. Second, since Da g = Dayjoog,c05,_1}.8 T Diocg},8 + Dicos_1},8» W€

associate it with 8 + {(k+ 2, 3k + 2), (0, k + 2)} to obtain Da\{ccg,003_1}.8 + {D{oco}.B\tk+2,3k+2; + [fi — (k+2, 3k + DY+
A(Z)

{Diooy_11.8\k+2,00 + [ — (K42, 0)] W' — f; — f, where f; and f; are two different, edge-disjoint directed 2-factors of Dg —

such that f; contains a 2-cycle (k+2, 3k+2) and f; contains a 2-cycle (k+2, 0). In addition f1 and f, do not contain any edges

2)
of difference k+1. By Lemma 2.1, there exist C3 -decompositions for (I) and (II). Finally, (Dg — C —fi—f)" +DA\{OOO 0o3_1}B

~(2)
is left. Since the edges of difference k+1is not used, let F; = {(i, i+k+1, i+2k+2) | 0 <i < k}.Then(Dg —C —fi1—f>)—F
is a (3k — 2)-regular directed graph and can be decomposed into a set of (3k — 2) directed 2-factors, say Hy, ..., H3,_3 by
applying Theorem 2.2. For eachi = 1, 2, ..., 3k — 2, H; 4+ Do, 3 can be decomposed into a set of directed 3-cyc1es (denoted

. NG
by T;) by Lemma 2.1. Thus, (Dg — C —f1 — fz) + Dayjog.ose 118 = F1 + U2, ? Ti. We give an example in Fig. 1.

For clarity, the a—decomposition of D; — Ct can be obtained by the following steps.

Di—=Ct=Dr—(Ct+a)+a
—~(1) —~(2)
=D —(C +C +B+{k+2,3k+2),0,k+2)})+«
= Dp + Dp + Day{ocg.co5_1}.8 T Diocg}.B\k+2.3k+2) + Dicoye_q}.B\ikr2.0) + {(000, 3k + 2), (000, k + 2)}
(1) N0}
+ {(co3k—1, k+2), (00341, 0)} —(C +C +B+{(k+2,3k+2),0,k+2)}) +«
(1) )
=Dy—C )+ [(Dg— c — f1 = f2) + Da\(oog,003_11,B]
+ {D{oog).B\(k+2,3k+2) + [fi — (K42, 3k + 2)[} + {Djoog_).B\(k+2,0) + o — (k+2,0)]} + «.

Case (1.2).t = 0 (mod 6).
Fort = 0 (mod 6),lett = 6kand V(D;) = AUBwhereA = {o0; | i € Z3—1}and B = {i | i € Z3k+1}. Furthermore,

let C; = (009, 001, ...,03k_2,0,1,...,3k). Now, by adding « = {(k + 2, 003¢_2, 00g)(0<g, 3k, k + 2), (003¢_2, k +
- - ENG)ENG)
2,0), (0, k + 2,3k)} to C; where « is a set of four Mendelsohn triples, we obtain C; + « = C +C + 8+
(1) EN0)]
{(k + 2, 3k), (0,k + 2)} where C = (00p, >01,...,0032), C = (0,1,...,3k)and 8 = {(c0g, 3k), (c0g, k + 2),
EN0)]

(003k—2, k+2), (c03¢_2, 0)}. Moreover, let f; and f; be two different, edge-disjoint directed 2-factors of Dg — C  such that
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Fig.1. t =21fork = 3.

f1 contains a 2-cycle (k + 2, 3k) and f, contains a 2-cycle (k + 2, 0). Then, the main steps of Cg—decomposition of D; — a
are as follows.

NG EN))
D, — C[ =a+0a—C )+[Ds—C —fi— fr)+ Dajocg,00s21.8]'

+ {Dyoog) B\ k2,36 + [fi — (k+ 2, 30T + {Diooy_o) prikt2.0) + [ — (k+ 2,001}

Now, by induction, Dy — E(]) has a C3 decomposmon and the last two parts (I and III) also have C 3-decompositions (by
Lemma 2.1), so it is left to show that (I) has a C3—decomposition. (D — C(Z) — f1 — fo)is a (3k — 3)-regular directed graph
and by applying Theorem 2.2 and Lemma 2.1, E3|(DB — E(Z) — fi = f2 + Da\joog,005_},B)-

Case (1.3).t = 2 (mod 6).

Fort = 2 (mod 6),lett = 6k + 2 and V(D;) = AUBwhere A = {o0; | i € Zsx}and B = {i | i € Z3y42}. Furthermore,
let C; = (00p, 001, ..., 005.1,0,1,....3k + 1). Now, by adding & = {(k + 2, 0031, 50), (000, 3k + 1, k + 2),
(003k_1, k +2,0), (0, k + 2,3k + 1)} to a where « is a set of four Mendelsohn triples, we obtain a +a = E(l) +
¢ 4 B+ 2.3k + 1. 0.k + 2)) where C = (000,001,005 1), C = (0.1.....3+ 1) and p =
{(c0p, 3k+ 1), (ooo, k+2), (0031, k+2), (00311, 0)}. Moreover, letfl andfz be two different, edge dlS_]Olnt directed 2-

factors of DB — C where f; contains a 2-cycle (k+2, 3k+1) and f, contains a 2-cycle (k+2, 0). Then, the C3 decomposition
of D, — C ¢ can be obtained by the following steps.

(1) —~(2)
— Ct =a+Da—C )+[Ds—C —fi —fr)+ Dajocyc0m11.8]'

+ {Dyoog) Bk 2,36+ 1) + [fi = (k+ 2, 3k + DI + {Dyooy,_1)mv k2.0 + o — (k+ 2, )}

(1) - N
Now, by induction, Dy — C  has a C3-decomposition and the last two parts: (II) and (III) also have C3-decompositions
N —~2
(by Lemma 2.1), it is left to show that the part (I) has a C3 -decomposition. (Dg— C —f; — f2) isa (3k — 2)-regular directed
—~(2)
graph and by applying Theorem 2.2 and Lemma 2.1, C3|(DB —C  —f1—fo+ Da(oog,003_1}.8)-

Case (1.4).t = 5 (mod 6).
Fort = 5(mod 6), lett = 6k + 5 and let V(D;) = AUBwhere A = {oo; | i € Zs}and B = {i | i € Z345}. Furthermore,
let C; = (00, 01,...,0031,0,1,...,3k + 4). Now, by adding @« = {(k + 2, c03r_1, >0), (00g, 3k + 4,k + 2),
—~(1 ENV)]

(003k—1, k+2,0), (0, k + 2, 3k—|—4)}t0C[,weobta1r1C[+oe_ C +C +B+{k+2,3k+4),(0,k+ 2)} where
NG ~@

C =(000p,001,...,00%1),C =1(0,1,...,3k+4) ancl,B—{(ooo,3k+4) (0007k+2) (003k—1, k+2), (003k-1, 0)}.
Moreover, let f; and f, be two different, edge-disjoint directed 2-factors of Dg— C where f1 contains a 2-cycle (k+2, 3k—|—4)
and f, contains a 2-cycle (k + 2, 0). In addition, f; and f, do not contain any edges of difference 1, 2, 3k + 2. Then, the C3—
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decomposition of D, — a can be obtained by the following steps.

D @
D, — Cr =a+Dya—C )+[Ds—C — fi— f2) + Dajoo,c0s11.8)"

+ {Djoog) B (et 2,3k+4; + Ui — (k+ 2, 3k + D1 + {Dioosy_11.8\(kt2,0) + [ — (k+2, 013"

() N
Now, by induction, D4 — C  has a C3- decomposmon and the two parts (II) and (III) also have C3 decompositions by

Lemma 2.1. It is left to show that the part (I) has a C3-decomposition. Since the edges of differences 1, 2, 3k 4+ 2 have not
(2
beenused,letF; = {(i,i+1,i4+3) | i € Z3y5}.Then(Dg— C —f1— fo) —F;isa (3k—2)-regular directed graph and when
associated with Day{o0g,005;,_},8 €an be decomposed into a set of directed 3-cycles (denoted by F,) by applying Theorem 2.2
2

ENV)]
and Lemma 2.1. Thus, (Dg — C  — fi — f2) + Da\foop,003_11.8 = F1 + Fa.
Case2.t = 1 (mod 3).

Since the case t = 4 (mod 6) has been settled by Lemma 2.8, it suffices to consider the case t = 1 (mod 6).
Llett = 6k + 1and let V(D;) = AUBwhereA = {oo; | i € Z3—3}andB = {i | i € Zsy3}. Furthermore, let
Ct—1 = (009, 001, ..., 0034, 0, 1, ..., 3k+2). Now, by adding o = {(k+2, 003¢_4, 00g), (009, 3k+2, k+2), (0034, k+

(1) ENP))

20)(0k+23k—|—2)}t0Q1,we0bta1ncrl+a— C +C +B+{k+23k+2),(0,k+ 2)} where
_(1) —~(2)

C = (00g,001,...,03,4),C =1(0,1,...,3k+2)and B = {(0c0g, 3k+2), (000, k+2), (003k—4, k+2), (0034, 0)}.
IG))

Moreover, let f; and f5 be two different, edge-disjoint directed 2-factors of Dg— C  where f; contains a 2-cycle (k+2, 3k+2)

and f, contains a 2-cycle (k + 2, 0). In addition, f; and f, do not contain any edges of difference 1, 2, 3k.
NG)) —~(1)
Similar to Case (1.1), we canget D4 — C .When kis odd, by induction,D; — C hasa C3 -decomposition. When k is
(1) N
even, by Lemma2.8,D4 —C hasa C3-decomposition. We also associate Dy g with B+ {(k+ 2, 3k+2), (0, k+2)} and get

two parts, one is: {D{ocg B\ (k+2,3k+2) + [fi — (K42, 3k+2) 1)+ {Djooyy_y1.8\(k+2.0) + o — (k+2, 0)}" —f; — fo. By Lemma 2.2,
N EN0)]

there exist C 3-decompositions for (I) and (II) respectively. Finally, we have (Dg — C  —f1 — f2) + Da{oog,003;_4},8 l€ft. Since

2

the edges of differences 1, 2 and 3k have not been used, let F; = {(i, i+1,i+3) | i € Z3xy3}. Then[(Dg— E —fi—fo)—F ™

is a (3k — 4)-regular directed graph. By Lemma 2.1 and Theorem 2.2, we can get a set of directed 3-cycles, denoted by F, by
~Q)

associating it with DA\{000,003k_4},B- Thus (Dg — C —f1 —fz) =+ DA\{OOQ,Ong_4},B =F +F.
Then, the C3-decomposition of D — C; can be obtained by the following steps.

D IRP))
D, — Ct =Ma—C )+[Ds—C —fi— f2)+ Dafoog,005_a},B]

+ {D{oog).B\ (k+2,3k+2) + [fi — (K42, 3k + 2)[} + {Djooy,_y).B\(k+2,0) + [f2 — (k+2,0)]} + .

This concludes the proof of Theorem 2.3. O

3. Decomposing D; — G
Finally, we will prove Theorem 3.1 by induction.

Theorem 3.1. Let t be a positive mteger and let G be a vertex-disjoint union of dlrected cycles in D; while G # C ¢ when
t=0,2,3, 5(m0d6)andG;ﬁ Ct 1 whent = 1 (mod 3). Suppose G # CQUC3orC51ft_5 and G # C3UC31f
t = 6. Then C3|(Dt G)ifandonly if t(t — 1) — |[E(G)| = 0 (mod 3).

Proof. The necessity is obvious. We prove the sufficiency by induction on t. Assuming inductively that the assertion is true
for values less than t, we shall prove that it is true for t.
First, we take the following partition of t.
(1)t =0(mod 6),t =6k = 3k+ 1)+ 3k — 1);
(2)t =3 (mod 6),t = 6k + 3 = 3k + 3) + 3k;
(3)t=2(mod6),t =6k+2 = 3k+3)+ 3k —1);
(4)t =4 (mod 6),t =6k + 4 = (3k + 4) + 3k;
(5)t=1(mod 6),t =6k+ 1= 3k+3)+ 3k —2);
(6)t =5 (mod 6),t =6k+ 5= (3k+5) + 3k.
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In the following, we will discuss these cases one by one.
Case (1): t = 0 (mod 6).

Lett = 6k. By counting, |[E(G)| = 0 (mod 3).Let |[E(G)| < 6kor |E(G)| = 6k. For the former, we can add a directed 3-cycle
T to G, where V(G) N V(T) = @. This process can be repeated until |E(G)| = 6k. Therefore, it is enough to consider the case
|[E(G)| = 6k.

First, if G has a component G, such that |[E(G;)| = 3k — 1, thenlet G, = G — Gy and |E(G;)| = 3k + 1. We denote V (G;)
by A and V(G;) by B. Then we have

Dy — G = Da+Dp— (G1 +G2) +Dap
= (D4 — G1) + (Dp — G2) + Das.

By induction, D4 — G; has a Eg-decomposition. Then Dy — G, is a (3k — 1)-regular directed graph and by Theorem 2.2

and Lemma 2.1, C3|(Dg — G2 + Dp 4).
Second, if we cannot get G; and G, satisfying the condition of the first case, we can rearrange our leave by adding three
directed 3-cycles to get G} and GJ satisfying |G}| = 3k—1and |G}| = 3k+ 1. Even ifall the components of G have cardinality
0 (mod 3), we can also rearrange our leave by adding three directed 3- cycles to get G and G;.

Suppose min {3k — 1 — |E(UA C)l} =1> 0,thenlet G; = U?EG C where 3k — 1 — |E(Gy)| = I. Furthermore, let

G, = G — G;. In the following, we will choose a directed cycle C from G, and divide E into two parts: G} and G such that
|G| = 3k — 1and |G}| = 3k + 1. The details are as follows.

Forany C € G, |E(C)| > [ holds. Otherwise, if there exists one cycle denoted by C € Gy and |E(C )| < I, we can
get3k—1— |E(G U C )| < I, a contradiction to the construction of G;. Choose C € G, where C (X1, X2, ..., %) and

j>=1+1.1fl = 1, we can choose j > 4. Let xg € V(G,— C) and a = {(Xo, X1, X1), (X1, X0, X1), (X}, X0, X1)}.
Then we have

C+a =B+ Ci+ Cj_ir1 where 8 = {(x1, X)), (X1, X0), (X1, Xi1), (X1, X0)},

Cir= (X1,X2,...,x) and Cj_141 = (X0, X1, - - -, Xj).
Cj—ty1 = (Xo, X115 -+ -, X) = (Xi1, X142, - - - Xj) — XjXip1 + XoXi11 + XjXo
= Cj—1 — XjXi11 + XoXi11 + XXo  where Cj—j = (Xi41, X142, - . ., X)).

Let G = G, + Cjand G} = Go— C +Cj_1. Obviously, |G| = 3k — 1and |G}| = 3k + 1. We denote V(G?) by Aand V(G})
by B. Then we have

D — G =Dp+Das+Dpp+a—[G +(G— C)+ (C +a)]
=Dg+Ds+Dap—[G1+(Ga— C)+ B+ Ci+ Cjuip1] +«

= {Dg — [(Gz— C +Cj-1) — XXi41 + XoXi1-1 + XiXol} + [Da — (G + C)] + (Dap — B) +
= {Dg — G5 + XX141 — XoXi41 — XiXo — [f1 — (%}, X0)] — [fo — (31, %0)1} + (D4 — GY)

+ {Dpy).B\ixixor + [t = X X0) 1} + {Dysy, By 1,201 T+ 2 — Kie1. X0) 1} + Dy .8 +
= {[Dg — G — fi — fo + (X0, Xj, X14+1)] + Davjxy ,x3.8} + (Da — G})

+ {Dpy).B\ixixot + [t = i X0) 1} + {Dysy, By 1201 T+ 2 — (Rige1, X0) 1} +

Note that f; and f, are two different, edge-disjoint directed 2-factors where f; contains (x;, Xo) and f, contains (11, Xo).
Moreover, f; and f, are defined on B.

Now, by induction, Dy — G} has a C3-decomposition. By Lemma 2.1, {D{xl},g\{xj,xo} + [fi — (%, x0)1} and {Dyxy B\ (x41.%0) T+
[f2 — (X141, X0) 1} have C3-decompositions. It is left to show that (D — G5 — f1 — f2) + Dayx,,x),8 has a C3-decomposition.

Dg — G} — fi1 — fo is adirected (3k — 3)-regular graph and by Theorem 2.2 and Lemma 2.1, C3|(Dg — G5 — f1 — f2 + Da\(x; x,3,8)-
We give an example in Fig. 2 as follows. The upper ovals represent cycles in G,, the lower ovals represent the cycles in
G1 and Fig. 2 shows how to get G} and G;.
Case (2).t = 3 (mod 6).
Let t = 6k + 3, by counting, |[E(G)| = 0 (mod 3). Similar to Case 1, we only consider the case |E(G)| = 6k 4 3.
First, if G has a component G; such that |[E(Gy)| = 3k, G; = G — G; and |E(G;)| = 3k + 3. We denote V(G;) by A and
V(G,) by B. Then we have

D; — G = (Ds — Gy) + (Dp — Gy) + Dg 4.
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Fig.2. t = 6k.

By induction, D4 —Gq hasa Eg— decomposition. The difference triple (k+1, k41, k+1) (short orbit) whose corresponding
set of directed 3-cyclesis F; = {(i,i +k+ 1,i+ 2k +2) | 0 < i < k} from Dg — G,. Then Dg — G, — F; is a 3k-regular

directed graph and by Theorem 2.2 and Lemma 2.1, C3 | (Dg — G, — F1 + Dg.a).
Second, if we cannot get G; and G, satisfying the condition of the first case, we can rearrange our leave by adding three
directed 3-cycles, as follows, to get G] and G} satisfying |G]| = 3k and |G5| = 3k + 3.

Suppose min{3k — |E(UA C)|} =1> 0,thenletG; = U&G C where 3k — |E(Gy)| = L Further, let G, = G — G;.In

the following, we will choose a dlrected cycle C from G, and divide E into two parts so that we can get G} and G}, |G]| = 3k
and |G;| = 3k 4 3. The detail can be found as follows.

For any C e Go, |E(C)| > [ holds. Otherwise, if there exists one cycle denoted by C € Gy and |E(C )| < I, we can get
3k—|E(G U C )| < 1, a contradiction to the construction of G;. Choose C € Gy where C = (X1,x,...,x)andj > 1+ 1.
Let Xo € V(GZ_ C) anda = {(XO, X141, xl)v (xla Xo, Xl)» (Xja Xo0, X‘])}-

Then we have

C +a = B+ Ci+ Cj_iy1 Where 8 = {(x1, X)), (X1, X0), (X1, X14+1), (X1, X0) },

Cr= (X1,X2, ..., x) and Cj_141 = (X0, X131, - - -, X}).
Cj—t41 = Ko, X111, -+ -5 X)) = (X1, X142, -+ -, Xj) — XjX141 + XoXi1 + XjXo
= Cj_i — XjXip1 + XoXi11 + X0 where Cj = (X1, X132, -+ - » X))

Let Gt = G; + C;and G = Go— C +Cjq. Obviously, |V(G)| = 3kand |V(G5)| = 3k + 3. We denote V(G?) by A and
V(G5) by B.
Similar to Case 1, we have

D — G = {[Dg — G, — fi — fo + (X0, Xj, Xix1)] + Daypxy 53,8} + (Da — G7)
+{Dixy},\x.%0) + Ui — 5, X0) 1} + {Dwy Brpy1.x0) + [ — Rigr, x0) 1} +
Note f; and f, are two different, edge-disjoint directed 2-factors where f; contains (x;, Xo) and f, contains (X;41, Xo).
Moreover, f and f, are defined on B.
Now, by induction, D, — G} has a 63—decomposition. By Lemma 2.1, {Dyx,} 5\ixj,x0) + [fi — (%), X0) 1} and {Dy b\ ixi41.,%0) +
[f2 — (X141, X0)]} have a Eg—decomposition.

It is left to show (Dg — G5 — fi — f2) + Da\(x x},8 has a C 3-decomposition. The difference triple (k+ 1, k+ 1, k+ 1) whose
corresponding set of directed 3-cyclesis F; = {(i,i+k+1,i4+2k+2) | 0 < i < k} can be obtained from Dg — G} — f; — f».
Then Dg — G5 — fi — fo — Fy is a (3k — 2)-regular directed graph. We associate it with Da\x, x;3,8 t0 get a set of directed
3-cycles (denoted by F,) by applying Theorem 2.2 and Lemma 2.1. Thus, Dg — G5 — fi — f2 + Da\jx; 5.8 = F1 + Fa.

Case (3).t = 2 (mod 6).
By counting, |[E(G)| = 2 (mod 3), let t = 6k + 2. Similar to Case 1, we only consider the case |[E(G)| = 6k + 2.
First, if G has a component G, such that |[E(G;)| = 3k — 1,G; = G — Gy and |E(Gy)| = 3k + 3.
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Then we have

Dy — G = (D4 — G1) + (Dp — G2) + Dp 4.

By induction, D4 — G has a Eg- decomposition. The difference triples (k + 1, k 4+ 1, k + 1) and (2k + 2, 2k 4 2, 2k + 2)
from Dg — G, can form a set of directed 3-cycles F; = {(i,i+k+1,i+2k+2), (i,i+2k+2,i+4k+4) |0 <i<k}.Then
Dg — G, — Fy is a (3k — 1)-regular directed graph and when associated with D 4 can be decomposed into a set of directed
3-cycles (denoted by F,) by applying Theorem 2.2 and Lemma 2.1. Thus, Dg — G; + Dg 4 = Fy + F.

Second, suppose min{3k—1— lE(U?ec C)|} =1> 0,thenletG; = U?ec C where 3k—1—|E(G1)| = I. The remainder
of the proof of this case is similar Case 2.

Case (4).t = 4 (mod 6).

By counting |[E(G)| = 0 (mod 3), let t = 6k + 4. Similarly, as that in Case 1, we only consider the case |[E(G)| = 6k + 3.

First, if G has a component G; such that |[E(G;)| = 3k, G, = G — Gy, |[E(G3)| = 3k + 3. We denote V(G;) by B and
V(Dgr+4) \ V(G2) by A. Note |V (Dy)| = 3k + 1.

Then we have

D¢ — G = (D4 — Gy) + (Dp — G) + Dpa.

By induction, D4 — G has a Eg— decomposition. The difference triples (k + 1, k 4+ 1, k + 1) and (2k + 2, 2k + 2, 2k + 2)
(short orbit) from Dg — G, can form a collection of directed 3-cycles F; = {(i,i+k+1,i+2k+2), (i,i+2k+2,i+4k+4) |
i=0,1,...,k}. Then Dy — G, — F; is a 3k-regular directed graph and when associated with Dg 4 can be decomposed into a
set of directed 3-cycles (denoted by F,) by applying Theorem 2.2 and Lemma 2.1. Thus, Dg — G, + Dg 4 = F; + F>.

Second, suppose min{3k — |E(U?Ec C)|} =1> 0,thenletG, = U?ec C where 3k — |E(G1)| = L The remainder of the
proof of this case is similar to Case 2.

Case (5).t = 1 (mod 6).

By counting, |E(G)| = 0 (mod 3), let t = 6k + 1. Similar to Case 1, we only consider the case |E(G)| = 6k.

First, if G has a component G, such that |[E(G,)| = 3k — 3, G, = G — Gy, |[E(Gy)| = 3k + 3. We denote V(G,) by B and
V(Dgk+1) \ V(Go) by A. Note |V(Dy)| = 3k — 2.

Then we have

D; — G = (Ds — Gy) + (Dp — Gy) + Dg 4.

By induction, D4 — G; has a C3-decomposition. The difference triple (1, 2, 3k) from Dz — G, can form a collection of
directed 3-cycles F; = {(i,i4+1,i4+3) | i € Z3k+3}. Then Dy — G, — F; is a (3k — 2)-regular directed graph. We associate with
Dg 4 to get a set of directed 3-cycles (denoted by F,) by applying Theorem 2.2 and Lemma 2.1. Thus, Dg — G, +Dg 4 = F; +F,.

Second, suppose min{3k —3 — |E(U?€G C)|} =1> 0,thenletG; = U?ec C where 3k—2 —|E(G1)| = L. The remainder
of the proof of this case is similar to Case 2.

Case (6).t = 5 (mod 6).

Similar to Case 1, we only consider t = 6k 4 5 and |E(G)| = 6k + 5. Then, the proof follows by a similar argument, we

omit the details. O

4. Conclusion

Now, by combining Lemma 2.8, Theorems 2.3 and 3.1, we have proved our main result: Theorem 1.3. We also get
Theorem 1.4 as corollary of Theorem 1.3.

Theorem 1.3. Let t be a positive integer. Let G be a vertex-disjoint union of directed cycles in D, and suppose G # Ez U E3 or
Csift=5andG# C3UCsift =6.Then C3| (D; — G) ifand only if t(t — 1) — |E(G)| = 0 (mod 3).
Theorem 1.4. Let t be a positive integer. Let G be a vertex-disjoint union of cycles in 2K, and suppose G # C, U C3 or G # GCs if
t=5andG# C3UCGCsif t =6.ThenC3 | 2K; — G) ifand only if t(t — 1) — |E(G)| = 0 (mod 3).

The covering of K; with triangles was first considered by Colbourn and Rosa [3] and then by Fu, Fu and Rodger [4]. Mainly,
they prove the following.

Theorem 4.1. Let G be a 2-regular (not necessarily spanning) subgraph of K; where t is odd. Then C5 | (K; U G) if and only if the
number of edges in K; U G is a multiple of 3.

Now, by using the results we obtain in this paper, we are able to prove a digraph version. The details are omitted here.

Theorem 4.2. Let t be a positive integer. Let G be a vertex-disjoint union of directed cycles in D; and |E(G)| be the number of
edges of G. Then C3 | (D; UG) ifand only if t(t — 1) 4+ |[E(G)| = 0 (mod 3).
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Appendix

Lemma 2.6. There exist Eg-decompositionsfor D; — 63, Dg — Eg, D; — Es. Dg — Es, Dg — Eg, Dy — Eu. D, — Eu and
Dqy — (Es U EG)-
Proof. We give the proof by direct construction.

Since C3|(D3 — C3) is obvious, we only need to prove other cases.

Let Dg be defined on Zg and take (;5 0,1,2,3,4,5). ThenDs— 6 = {(i,i42,i+4)|i = 0, 1}U{(, 3+1i, 1+10)|i € Zs}.

Let D; be defined on Z; and take C¢ = (0, 1, 2, 3, 4, 5). ThenD7—C5 =1{@4,0,2),(1,3,2),3,5,4),(3,0,6), (6,4, 2),
(5,2,0),(5,6,2),(6,1,4), (0,4, 1), (603) 3,1,5),(1,6,5)}.

Let Dg be defined on Zg and take Cg = (0,1, 2, 3,4,5,6,7). Then Dg — Cg = {(5,4,3),4,7,2),(5,0,2), (6,0, 3),
(1,0,5),(3,0,7),(3,7,1),(1,5,3), (6, 3,2),(7,6,5), (7,4,1),(5,2,7), (6, 1,4), (4,0,6), (2,0, 4), (1,6, 2)}.

Let Dg be defined on Zy and take C9 = (00g, 001, 002,0,1,2,3,4,5). Then Dg — Cg = {(3, 003, 0g), (000, 5, 3),
(002, 3,0), (0, 3, 5), (000, 0, 2), (009, 2, 0), (000, 1,4), (009, 4, 1), (002, 1, 5), (002, 5, 1), (002, 2, 4), (002, 4, 2),

(001, 1,0), (001, 0, 4), (001, 4, 3), (001, 3, 1), (001, 5, 2), (001, 2, 5), (5, 4, 0), (3, 2, 1), (000, 002, 001)}.

Let Dq; be defined on Z;; and take C1; = (0, 1,2, ..., 10). Then D;; — C11 = {(0, 2,7), (1, 3, 8), (3, 5, 10), (4, 6, 0),
(5,7,1),(9,4,1),(0,5,2), (6,8,2), (7,9, 3), (8,10,4), (10, 1, 6), (8, 3, 2), (4,0, 8), (2, 10, 7), (4, 3,6), (3,9, 5),
(0,10,5),(0,7,3),(6,5,8),(0,3,1), (4,7,5), (7,10, 8), (8,5, 1), (9, 2,5), (4,2, 1), (8,0, 9), (9, 1, 10), (4, 10, 2),

(105 6’ 3)7 (25 95 6)7 (67 15 7)3 (67 97 0)5 (4’ 97 7)}'

Let Dy, be defined on Z;; and take C1; = (0,1,...,11). Then D1, — C12 = {(0,2,4), (5,7,9), (4,6, 8), (8, 10, 0),
9,11, 1),(3,2,7),(4,3,7), (5,11, 8), (3, 10, 8), (7, 11,9), (8,7, 1), (9, 0, 3), (3, 6, 9), (8, 11, 2), (5, 4, 11), (6, 5, 2),
(7,6, 10), (7,0,4), (9, 4, 10), (5,9, 2), (5, 10, 3), (5,8,0), (3,8, 1),(3,0,11), (4,1, 11), (2,0, 10), (5,3, 1), (2, 1, 6),
4,8,6), (6,11, 10), (2, 11, 7), (4210) (9,6,0),(4,9,1),(1,0,6), (2,9, 8), (1163) (1, 105) (7,5,0), (10,1, 7)}.

Let D1, be defined on Z;, and Cg U Cg can be obtained by difference 2. Then D, — (C6 U CG) ={G,i+4,i+8)|i =
0,1,2,3}U{@i,i+3,i+1),{,i+7,i+3),3Gi+1,i+6)ieZp}. O

Lemma 2.7. Let G contain two directed cycles with one of them a; or ES. Then, for t = 8,9, 10, 11,12, D — G has a E3-
decomposition if and only if t(t — 1) — |E(G)| = 0 (mod 3).

Proof. Case 1.Dg — (a; U a;).

Let Dg be defined on {a, b, c,d, e, f, g, h} and take E4 @) E4 = (e,a,f,b) U (g,c, h,d). Then Dg — (E4 U a) =
{(a,b,¢), (b,a,d), (d,a,c)(dc,b)(aeg),bf h),lgf)dhe),@hf),bzge,.eh),dfzg), g h),
d.e.f). (c.f.e), (b, h,g)}

Case 2. Dy — (C4UC5)

Let Do be defined on {a, b, ¢, d, e, f, g, h, i} and take C4 U Cs = (e, a, f,b) U (g, ¢, h, d,i). Then Dy — (C4 U Cs5) =

{(a! e? i)! (b7f7 g)? (h7 C’ e)? (d7 h’f)’ (i7f7 C)7 (h7 i! b)7 (b! g7 h)’ (d’ e! g)7 (i7 d?f)? (eV b7 i)’ (i7 h7 a)’ (a’ g?f)? (h’ g7 a)7
(f,e,c),(c,g,i),g,e),(f,h),(ab,c), (b, a,d),d,a,c),(d,c,b)}. We denote the set of directed 3-cycles of Dy —

(C4 U Cs) as Bwhich will be used later.
Case 3. D10 — (C4 U Cs)

Let Do be defined on {a, b, c, d, e, f, g, h, i, j} and take E4 U Es = (e,a,f,b)U(g,c, h,d,i). ThenDyy — (E4 U a-,) =
B—{(e,f,h), (b,a,d), (c,g, D} +{G.,e,f), G, f.h), G h,e),[b, a),G ad),(db),(cg),d g i), (i c)} where Bis

from Case 2. L
Case4.Dy11 — (C4 U Co). L N
LetDy; bedefinedon{a, b, ¢, d, e, f, g, h,i,j, k} and take C,UC7 = (h,j, i, k)U(a, b, c,d, e, f, g). Then D11 —(C4UC7) =
{G, h, k), (k, g, b), (k, b, d), (k,d,f), (k. e, g), (i,8,¢), (i,e, d), (i,d, g), (a,d, b), (a,g,f), (a,e,c), (. c,f), G, f, d),
(. d,a), G,g,e), (,e b), (,b,g), (h,a,f), (h,b,e), (h,e, a), (h,c, g), (h,g,d), (h,d,c), (i, a,k), (1j,a), (ac,k),
(c,j, k), (hlb)(flh) (b,i,f), (k,f,e), (i,c,e), (f,c,b)}.

Case5.Dqp — (C4 U Cg)
Let Dq; be definedona, b, c,d, e, f,g, h,i,j, k,land take C4 U Cg = (k,i,1,j)U(a,b,c,d,e,f, g, h).ThenD; — (C4 U
Cs) = {(, k), Li,)), k1, a), (k,al), (kb h), (k h,f) kf,d), (kd, g, (kg c) kc,e),keb),dbd,ddh),
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(Lh,o),(ce,f), (I,f, e, (eg),(gDb),(ahDb),aced,acg),df),bg,f) (hec)}UB whereB isobtained
by joining i and j to the directed 2-regular graph defined on {a, b, ¢, d, e, f, g, h},i.e.B' = Djijy (ab.c.defem Y (f,c, b, e, a) U

(g,d,b,f,h)U(c,a,g,e, h,d).Case D1 — C4U C4U (4 is similar to this one.
Case 6.D11 — (Cs U Ce).

Let D{; bedefinedon{a, b, c,d, e, f, g, h,i,j, k} andtake CsUCgs = (a, b, ¢, d, e)U(f, g, h, i, ], k). ThenD1;—(Cs5UCg) =
{(f,c,b), (f,b,a), (f,a,c), (ke d), (kdc),k,c,e),(ha,d),(a,h,d),(,ic),le,ia),(,ie),(b,d),(db),
(g’ b’ e)’ (g7 e’ b)? (a7 I‘?j)’ (a5j5 g)? (a7 g’ k)’ (b7 i’ h)’ (b’ h’ k)7 (b5 k’ i)? (C5 h? g)’ (C7 g?j)’ (C’j7 h)7 (d7 g’f)? (d’f7 i)’
(d,i,8), (e.f, 1), (e, h,)), (e.j, ), (k, g, D), (f, ). ), (k h, f)}.

Case7.Dy; — (C5U Co).

Let D1, be definedon {a, b, c,d, e, f,g,h,i,j, k,I}and CsUC7; = (h,1i,j, k,)U(a, b, c,d,e, f,g).ThenD; —(CsUC7) =
{(h,j, D, G, LKk),(G, h1D,(a, h k), (ak,h), (i k), (ck,i,Cil,elLi,(lad),(ddg),(gb),dGbf)),(dalrf,a,
(k,b,g), (k. g, d), (k,d,f), (k,f,e), (k.e,b),(,a,8),(g,f),1f d,dc),Ucb),lb,a),(hb,d),(hdb),
(h,c,f), (h,f,0), (h,g,e), (h,e g),(ac,e),(ac¢c), G af)(f.b), G b, e),G ed,(da),(c 8,080} O
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