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ABSTRACT

In 2002, Skoglund, Giese and Parkvall introduced a novel concept of
combining channel estimation, equalization and decoding. They optimized
the block error rate by designing a block code which can provide channel
estimation and error protection to the receiver at the same time. However it
is not clear that their approach will perform well on a fast-varying channel. In
this thesis, We extend their approach in order to adjust well to Gauss-Markov
channels. By deriving the pairwise error probability as a function of the
criterion for the simulated annealing algorithm, Our designed codes provide
a coding gain of about 3.5:dB and 6 dB.on the Gauss-Markov channels with

channel lengths 1 and 2 réspectively over those given in [7] at WER= 1072
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Chapter 1

Introduction

1.1 Background

Recently, wireless communication has become a popular domain be-
cause of the great demand in markets[l]. Not only the speed but also the
quality are important issues for-wireless, communication applications. For
wireless communications,~the main- design challenge arises from the harsh
propagation environment déterniined by chanhnel fading parameters. It may
be resulted from reflex and diffuse multipath loss, and cochannel interference,
and then makes reliable transmission more difficult. Multipath propagation
and limited bandwidth are the two main causes of signal distortion that lead
to intersymbol interference (ISI). ISI may lead to higher error rates in symbol
detection at the receiver. Moreover, the more obstructions in the communi-
cation path, the faster the channel varies. The general methods to combat

this problem are channel coding, channel estimation and equalization [2].



Channel estimation scheme in the receiver estimates channel parame-
ters at present by a known training sequence, and passes these parameters
to equalizer to equalize the effect on the received signal induced by channel
fading [3]. Since the training sequence dose not carry any information data
and is a waste of channel usage, an alternative approach, a blind method,
transmitting no training data but only the channel output is used for chan-
nel estimation [4]. Another hybrid approach, called semiblind, utilizes both
training data and input information to perform channel estimation [5,6].

Many surveys emphasized on,channel coding (or error control coding)
had been proposed. In 2002, Skoglund; Giese and Parkvall introduced a
novel concept of combining channel‘estimation, equalization and decoding,
where they focused on the design of an encoder rather than on schemes
employed at the receiver that can improve the performance of the parameter
estimation [7]. They tried to optimize the block error rate by designing a
block code which can provide channel estimation and error protection to the

receiver at the same time. The channel model under consideration in their



approach is given as

hi 0 0
hy - hq
0 hy
y =
0 --- 0
0 0 0
or equivalently,
y=Bh+n,B =

h

b,

by

bn-1

by

b+n=Hb+n

b —pt1

bN—p+2

by



where b € {£1}" is the transmitted codeword of a block code, n is zero-
mean complex Gaussian noise with correlation Ennf] = ¢2I;, and h =
[h1,...,hy)T is the channel coefficients and is assumed constant over the
transmission of one block b, but varied between each blocks. The optimal
joint maximum-likelihood (ML) decoder estimating channel coefficients h

and the transmitted codeword b is given as
(b, b) = argmin {|ly — Bh][*}.
Since for each fixed b, h can be expressed as
h= (BB By

we can remove the dependence on-the-ehannel of the receiver. Then, the

decision of transmitted bits is

_ . _ TR\-11nT |2
b = argberglll}]v{lly B(B'B) By|"}

= ' —Puyll?
argberg%]v{lly By |I°}

— i PLiv|? 1.1

argberglﬁl}N{H Byl (1.1)

where Pp = B(B"B)"'B” and P = I — Pg. The receiver then de-
cide which codeword is transmitted according to (1.1). By comparing their

designed code to a Hamming code working with optimal joint estimation,

4



equalization and soft decoding, they found that the designed code outper-
formed the above Hamming code significantly.

The code designed in [7] has been proved to have excellent performance
over the block Rayleigh-fading channel. However, it is not indicated how it
will perform on a more critical channel which is not block fading. Usually
the channel coefficients are changing during the period of transmission of
codeword in practice. Thus, we are interested in finding a code adequate to
a fast time-varying channel. In this thesis, we will focus on the code design
over the Gauss-Markov channel [8,9].. The reason that we are enthusiastic
about Gauss-Markov chanmel is-that it .cansimitate any fast time-varying

channel as long as the order of Markov factor is large enough.

1.2  Outline of Thesis

The remaining part is organized into four parts. Chapter 2 describes
the Gauss-Markov channel. The simulated annealing algorithm that will
be used in next section and the code design problem are also given. The
code design problem is further discussed in chapter 3, with newly derived
criterion and a complete search algorithm over the Gauss-Markov channel.

Our simulation results and comparisons to the results given in [7] are given



in chapter 4. Chapter 5 is the summary and the conclusions of this work.




Chapter 2

Preliminaries

Since what we concern in this work is to find a good code reaching low
error rate in the specific Gauss-Markov channel, in this chapter, we briefly
give the characteristics of the channel and the search algorithm we will use

for code design.

2.1 An upper bound on block error rate

For a time-varying channel 'with moise and inter-symbol interference,

the received data at time k is

T
Ty = akhk +nk,

where al = [ag,ax_1, - ,ar_p11] and M is the channel length indicating
how far the past transmitted bits affect the received bit in this time in-
stance. Furthermore, al is a complex row vector containing M transmit-
ted data from time k to time k-M+1, hy is a complex column vector with

7



M channel impulse response coefficients at time k, and n; is a Gaussian
complex noise with mean zero, variance 0. Let H = [hy, hy, -+ ,hy] be
the matrix of channel coefficient vectors representing by columns, and let
A = [a;, -+ ,ay]T represent the matrix of transmitted data representing
by rows. Also let v = [ry,--- ,rx]|T represent the received vector, while
n = [ng,--,ny|’ be the vector of noise from time 1 to time N. If channel
impulse response coefficients follow the Gauss-Markov distribution, then it
is called a Gauss-Markov channel. Moreover, the channel impulse response
h, = ah,_; + v, at time k, where,v; is a complex white Gaussian with
mean d and covariance Cy and-@ is a complex first order Markov factor
whose absolute value |a|:= ¢7“T with w/7 the Doppler spread and T the
sampling period. As we can see; Gauss-Markov channel is a channel whose

time-varying behavior is represented by Markov and Gauss random variables.

With this relation, f(H) can be written as
N
f(H) = f(h) [T (helby). (2.1)
k=2

Therefore the conditional probability density function f(r|H, A) can be ex-

pressed as

f(r[H, A) =

[Ie = (2.2)



and also the likelihood function be
f(r|A) = E[f(r|H,A)] = /H f(r[H, A)f(H)dH. (2.3)

Substituting (2.2), (2.1) into (2.3), and assuming the mean of vy is
zero and initial channel coefficient hg is known, we can derive the likelihood

function of Gauss-Markov channel as

f(r|A) = E[f(r[H,A)]

- /H f(r[HL, A) f(H)dH

= /H<H€_W> f<h1>Hf(hk’hkfl)dH- (2.4)

According to maxinium-likelihéod decoding rule, our goal is to find an

A to maximize the likelihood fufiction. That 18,
A=arg max f(r|A). (2.5)

We then marginalize the channel coefficient distribution in (2.4) to

N
f(r|A) = / / / L) T e ehe O e Dy - b
hy Jhn_1 hi \ k=1

k=1

[ e ( [ - ( [em ([ emam)an) ...th_l) i
hy hn_1 ha hy

where E depends on hy and hsy, E5 depends on hy and hg,...,Ey_1 depends



on hy_q and hy, and Ey depends only on hy. Then,

5 Ir1 — af hy|? Hp—1 Hp—1
E1 = —2 + (hl — ((Iho)) C (h1 — ((Iho)) + (h2 — Ozhl) C (hg — Ozh,l)

o
1
= - hi'ai)(r — aihi) + (hy — ok )C ™' (hy — ahy)
(b —a*h{)C! (hy — ah)
1
= ﬁ [’7’1‘2 _ Tfa?hl - TlhfaT + h{{af{a?hl]

+ [h'C 'Ry — &R C 'Ry — ah{ C 'Ry + |a*h{ C Ry

+ [h)C'hy — ahy) C'hy — a*h{'C ' hy + o’ R C ' hy] .

Ir1|?/0? and |a|*hi’C~'hy cansbe reméved in A derivation because of their

irrelevance to the maximization operation.shgC ' hy can be moved out from

10



El since it can be combined into E5. This simplifies El to

1
o?

[—T{ar{hl — Tlh{{af + h{{a*{alThl]
+hi'C'hy — a*h'C~'hy — ahi'C 'hy
—ahfC'hy — 'R C7'hy + |o*RC 7 R,
1 x T 1 H _x 1 H x T 21. H /~—1 H~—-1
—a*h{C hy — ah C ' hy
—ahl’C7'hy — "R 'C'h,

L o7 1 H _« u [ aial 2\ v—1

= ——rialhy — =rhial b {5 + 1+ a)C7" ) by
o o a

—a*h'C hy — ahC Thyg

—ah’'C7'hy — o'W C

= RhI'Gy'h, — A (a*c—1h2 + aCHhg + “"’1>

o2

* T
— (ahgfcl +aorhiot + 1 ) h,

o2

(Assume that ((C))? = (C)~' and G;' = aial/o®> + (1 + | )C')

11



= h{'Gi'hi —hi (a"C'hy+q,) — (ah)C ' + qi') by
(For notation convenience, let g, = G1(a*C*hy + q,) and q, = r1a}/c* + aC ' hy.
Also note that (G717 = G;1)

= hy'Gi'hi —hi'Gi'g, — g (GT")"hy

= h{Gi'hi —h{Gi'g, —97'G'h

= hy'Gi'hi —hi'Gi'g, — g{'GT'hi + g{'G1'g, — 97 G g,

= (hi—g)"Gy'(h —g1) - g{'G1 g,

As gf'G g, does not depend on hy, we obtain

E, = (hi— 91)HG1_1(h1 —g1)

Note that g/G g, is equal to

91'Gi'g, (@*C™hy + @ )GY'G Gy (" C hy + q4)
= (ahy’C™' +q{)Gi(a"C 'hy + q)
(since (GFGHYY = (GTHY G, =G{'G, =1)
= |a|?h’C'G.C hy + ahC7'Gq, + a*q? G,C ' h,
+a,'G1q;.
qG1q, in the above equation should be removed in E, derivation because

of their irrelevance to the integration operation (but it is relevant to the

12



maximization operation).

Finally, we have

I, = e—(E1—q{{G1Q1)dh1

T

hy

_ H
e E; el GlQldhl

Il
=

hy

e~ (m=g)G (hi=g1) g . o' Grax

I
—

hy

— leIGﬂh‘GlL

Now, consider E5 with the terms moved from the derivation of E; that are
hyC'hy — |a?h C'G,C ' hy+ah C'G1q, — a*q/'G,C ' h,y. Then

B, = V?_U;;W + (hy — aho)C ks = ahy) + K C 'hy — |o*hC'G,C 'h,
—ath_lqul =a"qy 1GC—hy
B % [Ir2* = 1303 he — rohY a5 F Ry asa; by
+(hi — a*hiC(hs — ahy) + RY C hy — |a*RYC'G,C ' h,
—ahlC'Giq, — o q/'G,C 'R,y
= %|r2|2 01 rialhy — 01 rohi aj + hHa,Za2 h,

+hC'hs — "R C T hy — ahC 7 hy + |a|*RI C R,

+h¥C7'hy — |aPRYCT'GLC 7 Ry — ah CT G g, — "¢’ GLC 7 h,.

[79]? /o can be removed in A derivation because of their irrelevance to the

13



maximization operation. hiC~'hj can be moved out from E; since it will

be combined in E3. This simplifies EQ to

1 1
—rsalhy — —ryhial + hHaza,g“h2 —a*hiC'hy — ahiC 'h,
U O'

+la*hfC hy + RYC hy — o hYCT'GLC T hy — ahi CT G Lq, — "¢ G C 7 hy
1
= h¥ (—Zagag +lafCt 4 C7 - |0z|2C1G1C’1) h
o
1
( hiC™ + —r2a2 + o' G,C™ )hg

1
—hg( C~ 1h3—|— —5T2a5 + aC™ Glfh)-
Let

G,' = aialfe*+ |aPC et~ |of’CIG.CT,

roQ;
q, = 2 2+ aC~ G1q17

and g, = G4 ( *C ths + q2) . This reduces the above equation to
hy Gy hs — g5/ Gy he — by Gy, = (ha — 9y)" Gy (ho — g5) — 95 G5 ' g,
As g G5 'g, does not depend on hy,, we obtain

E, = (hz - QQ)HG2_1<h2 - 92)~

14



Note that gl G5 g, is equal to

95 Gy'g, = (a'C'hy+q,)"GYG;'Gar(a"C 7 hs + q5)
= (ah¥C™' 4+ ¢l Gy(a*C 7 hs + q,)
(Because (G Gy ) = (GG, = G,'Gy = 1)

= |a*hC'GyC " hy + ahC'Gaq, + a* g GoC hs + g Gaqs,.

q¥ G1q, in the above equation should be removed in E3 derivation because
of their irrelevance to the integration operation (but it is relevant to the

maximization operation). Therefore;

I, = /e(Eququz)dhz
ha
— / ef(hz—gz)HGz_l(hrgz)dhz.eqfczqz
ho

_ quGQ‘h’Gﬂ.

Similarly, after we integrate over hy, for 2 < k < n, we have

I, = €ququ’“|le,

where
-1 a};af -1 2/ -1 -1 -1
G, = 5 +C 7 +[a*(CT = C G, C) and
o
Tka* _
qk — O-Qk +OZC 1Gk*1qk—1'

15



Finally, we obtain the likelihood function as

n

Flr|A) = T et G| Gyl. (2.6)
k=1

As mentioned before, we are devoted to finding a block code that has
minimum average error rate over the Gauss-Markov channel. Because the
exact analysis of P, is difficult, we choose an upper bound on P, as the crite-
rion instead. Let the code be with length NV and rate R = K/N information
bits per code bits. That is, S = {x(1),x(2),--- ,x(2%)} € {0,1}* is the set
of all codewords. Then, the average block error rate can be upper-bounded

by union bound as
P, & Pr(% #x)

= 27K Z Pr{x sx(i)|x(¢) is transmitted)

< Q_KZZPﬂn (2.7)

i jF#AL

where x is the transmitted codeword, x is the decision at the receiver, and
p;ji is the pairwise error probability of mistaken codeword x(j) when x(7)
was transmitted. According to the maximume-likelihood decoding rule, we

have



Now we are enable to derive the pairwise error probability on the condi-

tion that x(i) was transmitted and x(j) is received from substituting (2.6)

into (2.8),
by | iy €0 S 000Gy ()
pjli = P [1 & Hk ek ())H Gy (i) Qk(i)‘Gk(iN >0]
[TY, en) Grlisan J)|Gk( ] ]
Pr |lo =0
+2 [ & [T, ea @ Grar® |Gy (7)]
~ P [Z (0.0)" Gr(7)au) — () Gali)an(i)) > > (k)g r|g:<(;)>l|>]

P k=1

43P [Z (0" Ge(Dan(i) — ()" Galan(i) =D (log |'§’;8))'|)] |

Here we adopt the simulated annealing algorithm to search for good codes
based on the above criterion. The reason:is‘due to the fact that researchers
have shown great successes of using simulated annealing algorithms to con-
struct good source codes, error-correcting codes, spherical codes [10], and
also codes combining channel estimation and error protection [7] by opti-
mizing the cost functions like distortion of source codes, minimum distance,
minimum separating angle, and union bound of block error probability, and

SO O1.

17



2.2 Simulated annealing algorithm

”Anneal” means to heat and then to cool steel or glass. The cooling
stage is slowly so that the potential energy stored in the molecular con-
figuration can be minimized. A code structure is similar to the molecular
constitution in the aspect of the analogy between good distance properties
of a code and low potential energy of a molecular configuration. The outline

of simulated annealing algorithm used to find good codes is given below.

Choose initial temperature Tj, code C
Do{
Do{
Choose C’ra.random perturbation of C
Let Ae=energy(C?)-energy(C)
If (Ae<0) then C—C’
Else with probability exp(-Ae/T) C—C’
}
Until (several energy drops or too many iterations)

Lower temperature T« oT

}

18



Until (stable code configuration is obtained or running time is up )

There are two loops in this algorithm. The outer one decreases the tempera-
ture by a factor a, 0 < a < 1, and terminates when the code achieves a stable
configuration or a pre-specified running time is up. The inner one perturbs
the code until a prior assigned number of energy drops (usually 3 ~ 5) is
reached or no change happens in long enough time so that the loop will fin-
ish in finite time. To perturb a code, we randomly select one or two bits in a
codeword and flip them. In general, we use all-zero code as initial code since
it gets randomized more quickly than othet.codes at high temperature. Next
we compare the energy (or cost function) of-C and C’. If energy becomes
lower, we substitute C’ for C.If’energy-does not decrease, we still take C’
with probability exp(-Ae/T) to aweid:-becoming trapped in a local minimum.
Therefore, temperature T is a control parameter for accepting the perturbed
code. At high temperatures, exp(-Ae/T) closes to one, which means that
we accept the new code with higher probability. On the other hand, at low
temperatures exp(-Ae/T) depends more on the value of Ae. When Ae is
large, exp(-Ae/T) approaches to zero, and we are not likely to accept the
worse code. Since the energy function decides whether the code is adopted
or not, it is important to choose a good one. The energy function should

19



be designed to allow the code follow the direction of reducing its objective
function; as a result, during the time when simulated annealing algorithm
proceeds, the code has a tendency to decrease the energy. For example, for

a source code we may set the energy function to be the distortion:

1 :
E = o E m}:ndH(X, y).
y

And for a constant-weight code we might choose

E=Y ldu(xy)]™"

X7y

Being related to the union beund on the bloek error rate, the energy function
of this work is defined as“a function of 2% 3" >~ p;;. In next chapter, we
@ j#i

will start to investigate this criterion-further, and then present the set of

designed parameters in the algorithm in‘order to search for good code.

20



Chapter 3

Code Design Methodology

Based on the simulated annealing algorithm introduced in Chapter 2,
the main objective of this chapter is to present a feasible code design algo-
rithm to search for a good code. We first present the approach to transform
the pairwise error probabilityxinto a quadratic forms, then apply it as the

criterion using in the simulated annealing algorithm.

21



3.1 Computing the Pairwise Error Probabilities

Given i, j, with ¢ # j, we reform the g-matrix and G-matrix as

q;(j) [
Gi(j) 0 0 0
Q2(j)
0 Guj) 0 0
o ClNU) o
q(j,i) = G(J,1) = 0 0 ... Gy(j) 0
q; (1)
0 0 0 —Gi()
Q2<i)
0 0 0 0
i ay (i) ] :

Hence, (2.9) can be reformulated as

= Pr|a”(j,0)G(j,49)a(j, Y og 1G]
pjii = P [q (4,)G(,1)als, 1) > ; (1 g IGk(j)I)]
P quu,i)Go,z’)q@,i) =3 (s Jg;g;gg)] G

where q(j,7) is complex and Gaussian with mean m,(j,7) and covariance

22




S,(j,7). The mean and variance can be obtained as follows.

E[ﬁ;‘;f(j) + OéCilE[hO]

ElralasG) 4 aC7'Gy(j) Elay ()]

M—i—ac 'Gy-1(j)Elay_1(5)]
W + aC ' E[hy)

M+ aC G (1) E[q, (i)]

M—FO&C 1GN 1() [QN 1( )]

and
Sy(3:1) = E [alii)a” Gail} = g, ))my’ (7, 7).
Note that f(hg|hx—1) ~ CN(ahy_1,C),where CN(m,c) denotes a complex

Gaussian vector with mean m and covariance ¢. When hg is a constant

vector, hy, is complex Gaussian with mean p and covariance Sy, where

pe = Elhy] = By, [En, [bihy1]] = B, [ohy 1] = app_1 = o*hy,

23



and

Sk = El(hg — ) (g — 1) "]
= Elhyhy] — By — Byl + !
= El(ahyy + vi)(ahyy +vi) "] = a1 Bl ] = |af® B[yl
+af up—1puf | (because hy, = ahy_y + Vi, p, = 1)
= |af By ]+ Evivi] — |- Bl ] — o Byl + o pe-gs,
= |a|*E[(hy_1 — tr—1)(hp—y — 1)} + C
= (I+|a?+]af* +---+ ok C
1 — |af?*

= 1% ¢

L—la>

Because || < 1, the steady=state probability of h; (i.e. k— o0) is

1

Hence the mean vector of q(j,7) is given as

m,(j,4) = 0,

24



and

a(at’(j) a(HaG) - @(anG) wa(al@) ... ... a,(7)an (i)
a(af (j) a()ad () .- ay(faf’ (@) ... ... dy(7)ay (@)
ay(j)at’ (j) av(iax(@) .. ...

- E
a,()ai’(j) a4 () ... a@ai() a@af@) ... ... a; (1)an(7)
ay(9)af’ (j)  ax ()@ (y) - a(i)af’ (@) ... ... dy(1)an (7)
an(t)af (4) ay(@Dan() ... ... dy (1) an (2)

25




The general form of the (k,[) element in S,(j,7) is given as

Elq(n)q/ (m)]

= F

= E[mrl*]w + ;C_le_l(n)E [qk,l(n)rl*] a; (m)

*

+55ai(n) Elraf’ (m))Gry (m)C

+a?|C Gt (m) Elayy (n)afl, (m)] Gy (m) C

) a;(n)a; (m)

= (af () E[hyhfa; (m) + Efnn]) 25

g

_1_%0—1(;]{71(n)E[qk_l(n)th]af(m)alT(m)

a* L
+—5ai(n)ay, (n) Elhgg” (m )Gl 1 (m) G
+a*C™ Gyo1 (n) Bldy -1 ()G (1)) G (m)C ™
It is noticeable that channel impulse response hy and q, are recursively corre-
lated with their previous states, and therefore so are E[hyh!’], E[q,_,(n)h/]
and Elhyqf’,(m)]. After recursive substitutions,
Elbhh"] = |aEhe b))+ Elvev]]

— o (jo?Ely—shf,] + Elviv,]) + E[viv]

= |a[*Ehoh/L] + o VENivi ] + o Blvavil o) + .

26

(rka?;(n) + O‘ClG’H(")qk_l(n)) (r,a;(m) . achl_l(m)ql_l(m)> H]

(3.2)



;

la[*hohg + (Ja2®D + |a?®=2 4+ +1]al®) C ,if k=]

|a[*hoE[h/",] i k1
(
la[*hoh! + LG if k=l

= (3.3)
\ la*hoh{! ,if k# 1

and by replacing q;_; with Tk_;# +aC Gy _2qy_o, Tp_1 With al hy_; +

ni_1 we have

Ela_, (”)h{{]

_ 32_1(n32£—1<n)E[hklth] + ac_le,2<n)E[qk—2(n>h{{]

_ a4 (n)ag 4 (n) Elhy,ih;"]

(n)ag_»(n)

a2

+aC Gy _s(n) (a’f—Q

a;_(n)aj_(n) a;_o(n)ag_4(n)

— - Ehy,_hff] + aC 'Gps(n) g Elh;_sh/"]
a;_.(n)al_.(n
+(@C_1)2Gk,2(n)Gk,3(n) i 3( 3_2k 3( >E[hk,3th] —+ ...
—i—(aC_l)k_sz_Q(n)Gk_g(n) Ce Gl(n)E[ql (n)th]
with
riaj(n
Blan] = £|(“2 4 ac-'h ) b
T * H * H
— E |:a1 (n)al(Zn)hlhl + al(n)lslhl + ac—lhohl]{:|
ag g
T * o l
_ aj (n)al(n> ’Oé|1+lh0hg + 1 |Oé| C + |C¥‘1+lh0hg
o? 1 — o
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and E[hyq!” ,(m)] is intuitively equal to the Hermitian of E[q,_,(n)h{’] with
some notation changes.
Since S,(7,1) is real and symmetric, it can be represented by two real

and symmetric square roots S}/ 2(4,1):
Sq(7: 1) = S¢*(4,)8¢%(4,1).
We first concentrate on the 2MNx2MN matrix
S5, )G (7,18, (5.4).

Since it is also real and symunietric it can be expressed by its eigenvalues A,

and eigenvectors k,, as

2M N
SY2(5, )G, 1ySM2(7; Z Ak kE (3.5)
where the eigenvalues are all real and the eigenvectors can always be chosen
to be orthonormal.
From (3.5), q'(j,4)G(4,4)q(j,7) in (3.1) can be further specified as
H
A" ()G, a) = (S;2G.0aG.) SY2GGG ISy, (872Dl )

2MN

= ZAIk S, 20, )a(, 1)

2MN

n=1
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where X,, = kZSq’l/z(j, i)q(7,7) is complex Gaussian with mean
k.S, "2(j,1)Ela(j,i)] = 0,
variance
Ta—-1/2(: - SN NHiQ—1/2 1T
k'S, (4,4 Ela(j. i)a(j,i)"]S,; (4, i)k, = ki k, = 1,

and is independent in n. Hence,

P - o |G (4)]
q” (5,9)G( 1)als, )>; (1 & |Gk(j)|>]

pj|i =Pr

is the probability that a linear’ecombination of a set of independent chi-square

random variables with two degrees of freedom is greater than the constant

oy <log el ) Assuming that-there.are £ different and nonzero eigen-
values \; of q?(j,1)G(j,1)q(},4)and-indicating each orders of multiplicity

by ki, =1,..., L, the sum in (3.6) is the same as

i 2/?[ (37)

where x?(2k;) denotes a central y?-variable with 2x; degrees of freedom.

So far we have found that to calculate the pairwise error probability is
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relevant to eigenvalues of S}Z/Z(j, i)G(J, i)S;/Q(j, i). However, since
1/2/ - - CoNal/2 - -
Sq/ (j,l)G(j,Z)Sq/ (jaz)kn = Akn
S,/2(4,1)8)* (4, 1)G(4,9)S)* (j, i)kn = ASy2(j, )kn

S,(j,1)G(j, 1) (S}/z(j,z‘)kn> ~= A (83/2(3',@)1(,1)

we can obtain the eigenvalues from S, (7, 7)G(j, ¢) instead of S;/Q (7,1)G(J, z')Séﬂ(j,

and do not need to calculate the square root S;/ 2(5,4) of S4(j,1) anymore.
Now since those 2MN y2-variables in (3.7) are independent to each others,

the characteristic function ¢(¢) of Y = q*(j,4)G(j,1)q(j,1) is
o(t)= Fafeld]
L
= H N e

=1

By taking inverse Fourier tramsform, the @orresponding probability density

function is

) = o / eI

- *JfYH 1 — 2j\t) "/ 2dt,

27T
=1

and the pairwise error probability p;; = Pr (Y >3 (log “G’“( ))||>> can be

obtained as

L
1 [ o B
g — — —jtYy o . _H'l/2
P = 5n /D N /Ooe [T —2jnt) " 2dt. (3.8)

k=1 ‘%91, () I=1
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Next we adopt a closed-form expression given by Imhof [11] as the solution

of (3.8) by assuming that the eigenvalues have been ordered as

M>X > >0 >0> M0 > A > > AL

Let n = Zle Ky, then

pji = Pr [qHu,i)G(j,z’)qu,ib (1og ‘Gk@‘)]

= i(,ﬁil)! [;;l__llﬂ(x)} X (3.9)

=1

where

u Gl :
— D1 (log |Gf§<j>z) =
20

Fi(z) = 29 Y exp (z— A" (3.10)
Al

r=1,r
3.2 Simulated Annealing Algorithm for Code design

In the above section, the formula of the pairwise error probability is
derived. Substituting (3.9) and (3.10) into (2.7), it turns out to be our cri-
terion for the simulated annealing algorithm. We define the energy function

as

2K oK
EZQ_KZ Z Djlis

i=1 j=1,j#i

which results in searching for a code having minimum average block error
rate. The algorithm begins at temperature T, = 10° and terminates at
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Ty = 1077 with the decreasing factor a = 0.995. Each inner loop ends when
five successive perturbations are accepted or 300 successive perturbations are
not accepted. These parameters are chosen to allow the cooling stage be slow
enough to achieve a stable configuration. To speed up the process of random-
ization at low temperature, we randomly flip three to five bits in a codeword
in each perturbation rather than only one or two as at high temperatures. It
seems to be a reasonable acceleration for code search because a code is always
easily accepted when the temperature is high. Moreover, noting that pertur-
bation of uy, codeword will only affect.the pairwise error probabilities of those
ug,-related pairs, ie. (1,0 (2, il =4, u), (u + 1,u),..., (2% u) and
(u, 1), (u,2), ..., (u,u — 1) (u, w4 1) ., (u,2%). we have no need to calcu-
late all 2K - (2K —1) pairwiseserror probabilities. It saves about 1— % =
1—2"K+1 portion of running time, but the cost is that all pairwise error prob-
abilities must be recorded. With this condition, the energy function is now
defined as

EC)=EC) - 2% Y (gt pa)

i=1...2K itu,(iu)eC

+2_K Z (pi/‘u' +pu’|i’); (31]_)

ir=1...2K i/’ (i u)eC!
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where C represents the best code found so far, and C’ represents the resultant

code after perturbation of C.
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Chapter 4

The Designed Codes and Their Performance

We have simulated two designed codes for different channel lengths of
the Gauss-Markov channel. One is for M=1, a singular path model, and
the other for M=2, a channel with two fading paths. The codes were first
encoded as BPSK signals, suffefed fading through the Gauss-Markov channel,

and then decoded according to the‘optimal rule

N

a(r) = a(i'), where i’ = arg i (Z (@, (0)" G (i)ay(i) + log |Gk (7)]) | -
1€ 1

(4.1)

The initial channel coefficient vector hy assumed to be known at transmitter

and receiver is given as 1, and hy = 0.9h;_; + v, where v; has mean d=0

and covariance

C=v = 0.001
0 1 01
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Let the design SNR be at 10 dB. Then the variance o2 of n; can be derived

from

SNR — Ek 1 Hth
> E [l

B[00 (a2 + al?) + o2

No?
N a 2k N Oz2k Ot2
D k=2 (11 ‘|a|‘2 v |af*|ho, | > + 2 ks (11 |‘a‘|2 v+ |al®|hoel ) - }QI2U+ lou?[hoa |
N No?
N 1—0.92k 2k 1-0.92% 2k
Zk:1 10920001—1—09 —I—ZkQ 10920001—1—09

No? ’

where NV is the length of the code.

We compared the performance of our designed codes to the code pre-
sented in [7]. Figure 4.1 and 4.2 shews the word error rate (WER) for the
designed (10,5) code with"N=10, K=5 when the channel length M=1 and
M=2, respectively. Both codes use the optimal decoding rule given in (4.1).

It can be observed that our designed code indeed outperforms the code
given in [7] on Gauss-Markov channels. The coding gain is about 3.5 dB at
WER = 10~2 when M=1 and it is enlarged to 6 dB when M=2. Hence, when
the channel becomes multipath, the performance gain of the designed code
is almost double to that of the code given in [7] even though both codes

perform worse than on the single path channel (M=1).
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10 — —_— .
--| —©— designed (10,5) code} ]
—+— (10,5) code of [7]

WER

SNR [dB]

Figure 4.1: Word error rate for (10,5) code on the Gauss-Markov channel (M=1), where

SNR is calculated by (4.2).
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WER

——+— designed (10,5) code}
—6— (10,5) code of [7]

SNRI[dB]

Figure 4.2: Word error rate for (10,5) code on the Gauss-Markov channel (M=2).
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Table 4.1: comparison of complexity

Criterion for Gauss-Markov channel Criterion of [7]
number of number of number of number of
multiplication addition multiplication addition

Q(j,14) 24N-16 8N-6 Pp(i) IN2412N+13 | N248N+4

G(j,1) 54N-40 18N-12 Q(j, 1) 0 N242N+1

Sq(4,1) AN3 4 BBTNZ | 4N2418N+2 S, (i) IN24HIN+7 | 2N246N+4
—2UIN +23

S,(4,4) - G(j,1) 64N3 64N3 — 16N? || S,(4) - Q(4,1) (N +1)3 N(N +1)2

The cost of the lower error, rate is the‘ tradeoff of higher complexity
of the system. In order to make the code bé adapted to the fast-varying
characteristic of channel, the code Seafch algorithm is designed to deal with
this characteristic such that the algorithm is more complicated. Table 4.1
lists the comparison of complexities between the major computations of our
criterion and that given in [7]. The complexity is counted by how many
multiplications and additions are taken in the process. Table 4.1 records
the computation complexity needed of once energy function calculation in
simulation annealing algorithm for a code with length N. We may take

an example of N = 10, the codes demonstrated in both figures. The total
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numbers of multiplications and additions are 68795 and 63124 respectively

for our criterion, and 1961 and 1779 respectively for that given in [7].
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Chapter 5

Conclusion and Future Work

In this work, we describe the Gauss-Markov channel and its likelihood
function which is a recursive form of every prior state. Then we derive the
pairwise error probability as a function of the criterion for the simulated
annealing algorithm. By the_ simulated ahnealing algorithm we found some
codes that have better WER performance than those obtained from [7]. Our
designed codes provide a coding gam of about 3.5 dB and 6 dB on the Gauss-
Markov channels with channel lengths. 1 and 2 respectively over those given
in [7] at WER= 10"2. During the process to obtain this criterion, we found
that the complicate characteristic of the channel increases the operations
needed for code search drastically. Even though We have performed some
reductions on the criterion to speed up the algorithm, it still takes a lot of
time to search for good codes. The nature future work will be to further

speed up the algorithm by further simplifying the code search criterion.
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